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LOI CAM DOAN

Téi xin cam doan dé tai nghién cttu trong luin vin nay la cong trinh nghién ctu
do téi thue hién duéi sut huéng dan ctia TS. Dd Qudc Tuan. Céc két qua do chinh toi
lam viéc va tinh toan do dé cdc két qua nghién citu ddm bdo trung thuc va khach quan
nhat. Cac két qué cé trong ludn van "Nghién citu nghiém lam phdt vi tru trong mo
hinh k-Gauss-Bonnet" 1a cic két qua méi va khong tring lap v6i bat ctt mot nghién
citu nao duge cong bd trude do. Cac két qua va tinh todn néu trong ludn vin 1 trung

thuc neu sai t6i hoan toan chiu trach nhiém.
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L.OI CAM ON

Dau tién, cho phép t6i dugc giti 101 cam on chan thanh va sdu sic nhat t6i T'S.
D6 Qudc Tuan, ngusi thay da truc tiép huéng dan, tan tinh gitip dd, quan tAm va chi
day toi trong suét qué trinh thuc hién dé tai luAn van nay. Thay da dinh huéng cong
viéc, gitp toi trau doi kién thitc chuyén mén ciing k¥ nang nghién ctu va tao moi diéu
kién thuén loi nhat dé t6i hoan thanh luin van véi cac két qué tot nhat.

Téi xin gt 16i cdm on Hoc vién khoa hoc cong nghé da gitp téi trau doi céc kién
thiic chuyén mon dé hoan thién ludn vin nay. Toi ciing gii 16i cAm on dén vién nghién
cttu tién tién Phenikaa (PIAS) va truong dai hoc Phenikaa da gitip do, tao diéu kién
va moi truong lam viée thudn lgi nhat cho t6i trong sudt thdi gian hoc tap va lam viéc
tai Ha Noi.

Téi xin cadm on quy phat trién khoa hoc va cong nghé qudc gia Nafosted da tai
tr¢ mot phan kinh phi cho luan vin nay trong dé tai véi ma s6 103.01-2020.15.

T6i xin gui 16i cam on va 16i tri an t6i gia dinh va ban be, nhiing ngusi luén &
bén dong vién, ting ho va gitip dd t6i trong thoi gian t6i thuce hién ludn van nay.

Msc dit t6i da c6 nhiéu ¢b gang nhung do trong thoi gian ngan va lugng kién thic
ctia ban than cling chua thuc su duge hoan thién nén luin van van khong tranh khoi
nhitng thiéu sét va han ché, t6i rat mong nhan dugce su gép ¥, chi dan ciia cic thay, co

gido va cac ban dé luan vin dude hoan thién hon.
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Chuong 1
MG DAU

Ngay nay, su phat trién vuot béc ctia khoa hoc k¥ thuat véi tién dé 1a su phat trién
cua cac nganh khoa hoc co ban. Ky nguyén ctia nhan loai dang huéng vao v tru noi
ma thue té phan 16n 14 ving t6i trong hiéu biét ciia loai nguoi. Gan day nhat vao 19
gio 20 phut ngay 25 thdng 12 nam 2021 nhéan loai da phéng thanh cdng kinh vién vong
khong gian thé hé tiép theo James Webb véi ky vong cé cai nhin xa hon vé qué khit
noi nhitng thién ha dau tién duge hinh thanh bén canh dé 1a ky vong vé su xuat hién
clia st song ngoai hanh tinh. Mot trong nhitng linh vuc c6 tidc dong manh mé nhéat
dén hiéu biét ctia con ngudi vé vii tru 1a vii tru hoc.

Vit tru hoc nghién cttu su hinh thanh, qué trinh phét trién va két thiic ciia toan bo
vl tru, khi nghién cttu vii tru & khia canh 1y thuyét ngusi ta ky vong rang 1y thuyét
hap dan lugng tit sé tréd thanh mot 1y thuyét cudi ciing gitp ching ta mé ta tuong tac
hip dan & mic nang luong cao va tao dieu kién cho su théng nhat cac tuong tac co
ban khac tit d6 cho ta mot cai nhin vé lich s hinh thanh va tién héa clia toan bd vii
tru. Tuy nhién, 1y thuyét nay cho dén thoi diém hién tai van con 1a mot dau hoi 16n,
mic du vy su quan tdm dén céc Iy thuyét hap dan tong quat van khong suy gidm
trong cac tai litu khoa hoc. Viée xdy dung cac 1y thuyét hap dan tong quat, véi viec
bao gom cac trudng phu hay céc s6 hang do cong bac cao trong phiém ham tac dung
da thu hit sy quan tAm rat 16n trong nhitng thap ky qua [1-3]. Ly do chinh 1a nhing
Iy thuyét nay c6 thé cung cap mot khudn kho ma & dé cac van dé nay sinh trong Ii
thuyét tuong d6i rong clia Einstein ¢ thé dude giai quyét. Do d6, trong noi dung ciia
cac 1y thuyét hap dan stta ddi nay, cac khia canh ctia luc hdp dan nhu cic nghiém vit
tru hoc ho#c nghiém hé den phai dudc xem xét lai va trong mot sd truong hop né dan
dén céc nghiém méi la va thi vi.

Trong vt tru hoc, su hinh thanh ctia vii tru duge phat trién béi ¥ tudng 1y thuyét
doc ddo mang tén vién canh lam phat [4-6,8], mot ky nguyén ma vu tru gian nd theo

ham mii & thoi diém ~ 10734s sau diém ky di BigBang [9]. Lam phét vil tru cung cap
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mot co ché tu nhién cho cac dieu kién ban dau ctia vl tru tit dé gidi quyét cac van de
trong vii tru hoc bao gdm vAn dé dé phang, vin dé dudng chan troi va van dé don cuc
tir. Lam phét vii tru cling giai thich nguon gbc ctia cdc nhiéu loan mat dé nguyén thiy
va du doan phd clia ching [10,11]. Trong vién canh lam phat cdc nhicu loan mat do
nguyén thiy xuat hién tit cdc thiang gidng luong tit ciia trudng lam phat. Nhitng thang
gidng nay c6 bién do & thang do chiéu dai Planck (Planck length) va trong qué trinh
lam phéat cac thing giang nay bi kéo gian va tré thanh céc dao dong co dién tir dé tao
ra st khong dong nhat thang do 16n 1a hat gidng cho su hinh thanh ciu tric thang
do 16n. Do do, lam phat vii tru két ndi cau tric thang do 16n ctia vii tru véi thang do
& mic vi mo. Nhitng nhiéu dong niy cling tao lén tinh chit bat ddng huéng duoe du
dodn trén nén biic xa nén vii tru (CMB) quan sat duge tit WMAP va Planck [12-14].

Lam phat vi tru dang duge dong dao cac nha khoa hoc quan tam va do vay co
ché gy ra lam phét 1 mot cAu hoéi rat can 10i gidi. C6 mot s6 cach tiép can vé co
ché giy ra lam phat va cich tiép can dau tién ciing 1a pho bién nhat dé 1a dua trén
mot trudng vo hudng thue don gdy ra lam phét duge goi 1a trudng inflaton. Vé co ban,
truong inflaton thusng duge cuén cham xubng gid tri cuc tiéu ciia thé nang V(¢) ciia
né trong giai doan lam phat dong thoi thé ning nay phai duse coi nhu gan nhu phing.
Sau qué trinh nay truong lam phat dao dong xung quanh diém cuc tiéu nay va céc
qué trinh tai nhiét sau pha lam phéat bat dau trong dé su phan ra cia trudng inflaton
dan dén sy hinh thanh cic hat co ban trong mé hinh chuan [10,11]. Ngoai ra, mot loat
cac nghién citu vé truong vo hudéng da duge dua ra dé nhan biét ngudn gbc ciia trudng
inflaton cling véi thé nang ctia né [15]. Pang chi ¥ ¢6 mot mo hinh lam phéat ky la
dua vao s6 hang dong ning clia truong vo hudng (k-inflation), trong dé lam phat c6
thé dat dudc ngay ca khi khong cé thé nang thuan tiy clia trudng vo hudng [16-18).
Ngoai ra, mot s6 mo hinh cé cing ¥ tudng ve lam phat vii tru duge gy ra bdi mot sb
hang dong nang khong tam thudng véi mé hinh k-inflation da dude xay dung nhu lam
phat ma (ghost inflation) [19] hay lam phat Galileon [20,21,23,24].

Mic du kich ban lam phét gidi quyét dude van dé ctia 1y thuyét vu no 16n nhu van deé
duong d6 phing va vin dé chan troi ciing nhu van dé don cuc tit van con nhing cau héi
mé chua duge gidi quyét nhu van dé diém ky di ban dau va luc hap dan luong ti. Trong
vl tru so khai tiém cén v6i thang do Planck, ta cé thé coi Ij thuyét hip dan Einstein
cting mot s6 hiéu chinh 1 1y thuyét hdp dan lugng t& hiéu dung. Phiém ham tic dung
siéu hap dan hiéu dung (The effective supergravity action) tit cic siéu day tao ra cac
diéu kién cho hiéu chinh ctia bac cao hon ctia d6 cong, c¢6 thé déng mot vai tro quan
trong trong giai doan vii tru rat sém nay. Mot trong nhitng hiéu chinh nhu vay la sb
hang bt bién top6 Gauss-Bonnet (GB) G = R? — 4R, R + R,,,,0 R [25] trong

phiém ham tac dung hiéu dung ning lugng thap ctia day di loai (heterotic superstring
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effective action) [26—-29].

Ngoai ra, s6 hang Gauss-Bonnet phat sinh trong khai trién bac hai ctia 1y thuyét
hap dan Lovelock [25], 14 téng quét héa ctia 1y thuyét hip dan Einstein. O khai trién
bac nhat 1y thuyét Lovelock tring véi I thuyét hap dan Einstein, khai trién bac hai
cho ta ly thuyét hap dan Einstein Gauss-Bonnet (EGB), chita s6 hang GB va phép bién
phéan s6 hang nay chi khic khéng trong mot khong gian ¢é s6 chiéu 16n hon hoic bang
nam vi trong khong thdi gian bén chiéu, bat bién Gauss-Bonnet hoat dong nhu mot
dao ham toan phan va khong déng gép gi vao dong luc hoc clia truong hap dan. Dé
xem xét anh hudng clia né déi véi dong e hoc ctia trudng hap dan trong khong thoi
gian bon chiéu, ngudi ta phai két hgp bat bién Gauss-Bonnet véi (cdc) truong khac,
thuong véi (céc) truong vo huéng nhu f(¢)G [30-34,37-45]. Nhu vdy, ta c6 thé coi
phép két hgp khong tam thuong f(¢)G nay nhu mot thé ning hiéu dung clia trudng
vo huéng, cac tac gid da khang dinh trong cac bai béo [32,33] cho ring lam phat c6 thé
xdy ra trong mo hinh Gauss-Bonnet vo huéng khi khong cé thé nang thuan tiy cla
truong vo hudng V' (¢). Dang chit ¥, cdc nghiém 16 den cling da duge tim thiy trong
mo hinh nay [43-45]. That khong may, nghiém lam phat va tru trong mé hinh nay da
duge chiing minh 13 khong hop 1é vé mat hién tuong luan do tinh chat khéng on dinh
gradient trong cdc nhiéu loan tensor [46].

Gan day, mot nghién ctiu trén tai licu tham khao [47] da tuyén bd rang tinh chat
dao ham toan phan ctia bat bién Gauss-Bonnet c¢6 thé dude khac phuc bang cach thay
doi ty 18 hé s6 két hop ciia s6 hang Gauss-Bonnet 1a o — /(D — 4) sau dé lay gi6i
han D — 4, trong d6 D 1a s6 chiéu ctia khong thoi gian. Do d6, ta c6 thé khong can
ghép f(¢)G nita. Y tudng nay, do dé, da nhan duge rat nhicu su chi ¥. Pang chi ¥,
mot s6 1ap ludn phan bién vé tinh hop 16 clia ¥ tuéng nay da dude rit ra trong céc bai
béo tiép theo [48-51]. Két qua 14, su két hop khong tam thudng gitta (cac) truong vo
huéng va bat bién Gauss-Bonnet dudng nhu 14 mot phan thiét yéu ctia luc hap dan
Gauss-Bonnet bén chiéu.

Lay cAm hitng tit lam phat & [16-18] va lam phat Gauss-Bonnet [32,33], trong khoa
ludn nay ching t6i mudn dé xuat nghién ctru mot kich ban méi la, trong dé bat bién
topo Gauss-Bonnet dugc phép két hop khong tam thudng véi s6 hang dong nang clia
truong vo huéng ¢ khi khong c6 thé nang V' (¢). Tt d6 khdo sat nghiém lam phét ctia
mé hinh, cu thé 1a nghiém lam phat vl tru tudn theo quy luat liy thia va kiém tra
tinh on dinh ctia nghiém trong pha lam phat. Pong thoi nghién ctu cdc nhiéu loan
tensor trong md hinh va chimg minh nghiém lam phét én dinh v6i cdc bat 6n gradient
trong céc nhiéu loan tensor.

B6 cuc trinh bay ciia khoa ludn nhu sau. Chuong 2 sé trinh bay vé mo6 hinh chuan

ctia vii tru hoc, gi6i thiéu cidc phuong trinh chi phdi su tién héa ctia toan bd vl tru va
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céc van dé trong md hinh Big Bang va chi ra vién canh lam phat nhu mot giai phap
cho cdc van dé vii tru hoc nay. Trong chuong 3, toi trinh bay khai quat vé lam phat k
va lam phat Gauss-Bonnet. Trong chutong 4, ciing 1a phan chinh ctia ludn vin sé trinh
bay chi tiét mo hinh lam phat k-Gauss-Bonnet kiém tra tinh 6n dinh ctia m6 hinh va
stt dung 1y thuyét nhiéu loan trong nghién citu nhiéu loan tensor ctia mé hinh. Chuong
5 sé 1a phan két ludn ciia ludn van va phan cudi sé 14 phan phu luc bao gom céc tinh

toan trong chuong 4 va phan tai liéu tham khéo.
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Chuong 2

MO HINH CHUAN CUA VU TRU
HOC

Té6m tit: Trong chuong nay ching ta théo ludn vé mé hinh chuan trong vii tru
hoc ACDM. M6 hinh vi tru déng vai trd quan trong trong nghién cttu v tru
hoc hién dai khi tuan theo gi& dinh vé tinh chat déng nhit va ddng huéng cta
khong thdi gian tit nguyén 1y vii tru. Dong thdi, thanh phan gid dinh 1a nguyén
nhéan giy ra su gian nd hién tai cia vii tru 13 hang s6 v tru A dai dién cho ning
luong t6i chiém ty 1& 16n nhét trong tong mat do nang lugng tai thoi diém hién
tai ciia v tru. Mo hinh don gian nhung pht hgp mot cach dang ngac nhién véi
cac quan sat.

2.1 Vi tru ddng nhit va ding hudng

Khéam phé tuyét voi nhat ma ching ta cé dude trong thé ky XX la ching ta biét
minh dang séng trong mot vii tru dang gian nd tit cic déng gép quan trong ctia Edwin
Hubble [70] cting nd luc chung khong thé boé qua ciia cac nha thién van hoc nhu Vesto
Slipher [71] va George Lemaitre [72].

Clng véi dé, tit cadc quan sat vii tru hoc hién dai khi chiing ta cang tién xa vao
vl tru, n6 dudng nhu cang don gian (xem Hinh 2.1). Vi tru hoc hién dai dua trén gia
dinh ring v tru clia ching ta gan ding 13 dong nhit va ding huéng trén cic thang
do 16n, trong d6 & thang do 16n nghia la ciac thang do 16n hon 100 Mpec.

Tinh trung binh trén thang do 16n, su phan b6 thanh ddm ctia cac thién ha tré nén
ddng nhat va ding huéng, tic 1a khong phu thudc vao vi tri va huéng. Tinh ddng nhat
va ding huéng chi ra mot dang duy nhat ctia hinh hoc khéng thoi gian cia vii tru va
duge khai quat bang mot nguyén 1y dude goi 1a nguyén 1y vii tru hoc.

Nguyén 1y Vit tru hoe tuyén bd ring Vi tru 1a ddng nhét va dgng huéng. Hai
thudt ngtt ndy khong gibng nhau ddng nhat c6 nghia 13 gidng nhau & moi diém va

10
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Hinh 2.1: Sy phan bd ctia céc thién ha thanh ddm trén thang do nhé nhung tré nén
dong déu hon trén thang do 16n va & thoi ky dau. [74]

ddng hudng c6 nghia 1a gidng nhau theo moi huéng,

0 thang do dudi 100 Mpe thi vii tru khong dong nhit va ciing khong ddng huéng.
0 day, chiing ta quan sat dudc cic cau tric ¢ dang thién ha, cum thién ha, hinh sgi va
khoang tréng réng (xem Hinh 2.1). Nhung ¢ thang do 16n hon, Vii tru gan nhu dang
huéng. Cu thé, néu ching ta dém cac thién ha thanh hai khéi 100 Mpc & cac bén theo
huéng ngucc nhau trén thién cau, ching ta sé do dudc cing mot mat do phan bo vat
chat trung binh chi sai khac trong pham vi vai phan tram. Trong khi v6i tinh dong
nhat, ching ta sé khong bao git biét chic chin tinh chat nay.

Tuy nhién, tit cdc quan sdt CMB (4nh sang xa nhat clia Big Bang ma ching ta c6
thé quan sit duge) cho thdy vii tru ctia chiing ta xap xi dong nhat va ding huéng. Su
khong dong nhat va bat dang huéng rat nhé trong nhiét d6 CMB tao ra céc hat gidng
dan dén tinh bat on dinh hip dan tit d6 hinh thanh céc cu tric thang do 16n trong
vu tru.

Ngoai ra, ching ta gid dinh rang céc nhiéu doéng duge dé cap & trén khi so sanh véi
tinh ddng nhit va ddng huéng da dude tao ra tit cdc thing gidng luong tit vi mo6 da
dugc khuéch dai trong thdi ky lam phat vii tru.
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2.1.1 Friedmann-Robertson-Laimaitre-Walker Metric

Metric mo ta gid dinh dong nhit va ding huéng trén thang do 16n duoe goi 1a metric
Friedmann-Robertson-Laimaitre-Walker (FLRW) mo t& v tru gian né ¢6 dang nhu

Sau

dr?

2 2 2

+ 77 (d6? + sin’ 9dgb2>] . (2.1)
Trong d6, a(t) 1a he s6 thang do (scale factor) - vi né cho ching ta biét khodng cdch
gitta hai diém thay ddi nhu thé nao theo thoi gian, K 13 tham sé d6 cong. K duong
tuong (mg véi vi tru déng, bang 0 trong trudng hop vi tru phang va am dbi v6i vii
tru ma.

Metric FLRW lan dau tién dugc Friedmann dua ra trong [64] va [65], sau d6 duge
suy ra trén co s¢ dang huéng va dong nhat béi Robertson va Walker trong [66], [67]
va [68]. Cong viéc clia Lemaitre [69] ciing rat can thiét dé phat trién né.

Trong metric trén, r, 6 va ¢ 1a cc toa do ddng chuyén déng (comoving coordinate).
Khoéng cach vét 1y tuong tng thu duge bang cadch nhan r véi hé sb thang do, Tphys =
a(t)r. Van téc vat Iy ctia mot vat the khi dé c6 dang

s = R = a0+ 7 = et Hr (22)

Tt phuong trinh trén ta thiy rang van téc vat 1y ciia vat thé duoce chi phéi béi 2

thanh phan bao gom: van tdc rieng clia vat thé (perculiar velocity), vpe, = a(t)r va
dong Hubble (Hubble flow), Hrphys. Vi dinh nghia tham s6 Hubble

a
H = 2 (2.3)
cho ta biét téc do gian nd ciia vii tru va c6 don vi 1a nghich dao ctia thsi gian. Tham
s6 Hubble duong tuong ting v6i mot vii tru gian nd va am tng véi vi tru co lai. N6
thiét 1ap thang do co sé trong khéng thdi gian FLRW: Thang do thdi gian trong v tru
ddng nhét duce dic trung béi thoi gian Hubble, t ~ H ! va dic trung cho thang do
do dai 1a do dai Hubble, dj, ~ H. Thdi gian Hubble cho phép ta thiét 1ap céc tinh todn
litn quan dén tudi clia vii tru trong khi d6 do dai Hubble thiét lap kich thudc (size)
clia vu tru quan sat duge va thuong duge goi 1a Chan troi Hubble (Hubble horizon),
vi né cung cap mot uée luong khodng cdch ma anh sang cé thé di chuyén dugce trong
mot v tru dang gian nd.
Mot hé toa dd khac httu ich thudng duge st dung trong nghién cttu va tru hoc,
dinh nghia thoi gian béo gidc (conformal time)
dt

dt
dr = alt) then 7= /a(t) (2.4)
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Khi d6 yéu t6 dudng (line element) FLRW c¢6 dang
ds? = a(7)[dr + dx* + P (x)*dQ?). (2.5)

Yéu t6 duong trong khudn kho ciia thoi gian bao gidc dude nghién cttu trong 1y thuyét

nhiéu loan vii tru.

2.1.2 Dich chuyén dé va toa do déng chuyén dong

Mot tinh chdt quan trong thu dudc tit khong thsi gian FLRW 1a 4nh sang bi dich
chuyén d6 khi né lan truyén trong khong thoi gian nay, dua trén su phu thudc thoi gian
ctia hé sb6 thang do. Xét mét vat thé ding yén phét xa trong hé toa do dong chuyén
dong, v6i khoang cach xuyén tdm 71, va ngusi quan sat duge xac dinh tai rg = 0.
Anh sang phéat ra tit vit thé dau tién tai thoi diem ¢; voi tan sd fi, va ngudi quan
sat thu dude tai thoi diém o voi tan s6 fy. Ta can xdc dinh mdi quan hé gitta fy va
f1. Vi 4nh sang di chuyén doc theo dudng trac dia null (null geodesics) véi dinh nghia
ds = 0, quy dao chuyén dong xuyén tam cta anh séng thang t6i ngudi quan sit ngu
¥ (d8 = d¢ = 0 va dr/dt < 0) ddn dén

dt dr

- =T (2.6)

Tiép theo ta xét su phat xa & dinh tiép theo clia séng 4nh sing. Pinh dau tién

phat ra & (t1,71) va thu duge tai (¢g,0), trong khi d6 dinh thit hai clia séng 4nh séng
(t1 + 0t1,71) va thu duge & (tg + dtp, 0). Tt phuong trinh (2.6)

/t0+5t0 dt

t1+dt1 a(t) ’ (27)

/0 dr B /to dt
nV1I—Kr?2 Ju oa(t)
trit tich phan thit 3 cho tich phan thit 2 & biéu thiic trén sau d6 lay giéi han tuong
tmg ta thu dudc méi lién hé sau
0ty 0ty

alto) ~ a(t)’ (28)

vi khoang thoi gian gitta 2 dinh ciia séng 4nh sang bang nghich ddo ciia tan sb, do d6

é _ a(to)
foa(th)

v6i ding thitc cudi ciing trong phuong trinh trén 1a dinh nghia ctia dich chuyén dé

ta co

=1+ 2z, (2.9)

2. Pai lugng nay chi phu thudc va ty sb gitta hé s6 thang do tai thoi diém thu tin hié¢u

va tai thoi diém phét xa.
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2.2 Cac phuong trinh truong Einstein

Dé ¢6 thé md td hanh vi clia toan bd vii tru trong mot tong thé thong nhat dua trén
mat do ning lugng ma né chita duge ching ta st dung Iy thuyét tuong doi rong [73]
mot 1y thuyét hap dan hién dai lan dau duge dé xuat béi A. Einstein. Trong cach tiép
can bién phan, tdc dung Einstein-Hilbert mé t4 dong luc hoc ctia metric khong thoi
gian ¢6 dang sau

Syrav = 21/{ / d'a/—g(R — 2A), (2.10)
trong d6 k = 871G = 87T/m%1 = 1/M§1, véi G 1a hang s6 hap dan Newton, my) 1a
khéi lugng Planck va My ~ 2.4 x 10"  GeV 1a khéi lugng Placnck rit gon. Trong
biéu thtic trén A 14 hang s6 vt tru, ¢ 14 dinh thitc ciia metric 9w, 114 v6 hudng Ricci.

Phiém ham téc dung tong quat sé c6 dang sau
S = Sgrav + Smatter (211)

trong d6 Smatter 1a phiém ham tac dung dai dién cho cdc thanh phan vat chat trong

vl tru ¢6 thé 1a phiém ham ctia trudng dién ti, vat chat hodc biic xa...

Véi gia dinh v tru gan nhu ddng nhit ding huéng tit nguyén 1§ vii tru véi metric
FLRW da cho, céc phuong trinh Friedmann c¢é thé thu dugce bang céch tinh toan truc
tiép tit cdc phuong trinh trudng Einstein

2K 0Sgrav

V=9 0w

Trong phuong trinh trén 7}, 1a tensor nang xung lugng thu duge ti
2 9 Smatter

1 8rG
= R’uy - §R9MV + Agl“’ = CTTMZ,, (212)

G+ Aguw =

T, =— (2.13)
g vV —9g 5g;w
Tt metric (2.1) ta tinh todn duge cdc thanh phan cia Ricci tensor 1a
Roo = _3ﬁ7 Roi =0, Rij = gij <2H2 + 24 22) : (2.14)
a a a
Tt d6 suy ra duge do cong v6 huéng (vo huéng Ricci)
. K
R:6<a+H2+2>, (2.15)
a a
Céac phuong trinh truong Einstein
K 8rG A
H+ — =—Tyo+= 2.16
2 3 100 + 3 (2.16)
2K
9ij <H2 +20 4 5 - A) = 87GT};. (2.17)
a a

hai phuong trinh (2.16),(2.17) dugc goi 1a cic phuong trinh Friedmann.
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2.2.1 M5 hinh vii tru hoc chit 16ng hoan hao

Cau héi dat ra ta sé st dung tensor nang xung luong nao la phit hgp xuét hién trong
cdc phuong trinh Friedmann (2.16),(2.17)7
Dé tra 151 cAu héi nay, xuat phat tit metric FLRW chiing ta sé ¢6 mot sb rang budc

quan trong nhu sau:

e Dau tién, ta c6 Go; = 0 tuong ting v6i Ty; = 0 diéu nay théa man tinh chat
dang hudéng vi sé khéng c¢6 dong ning luong nao theo bat ky huéng nao.

e Thu hai, vi Gij ~ Gij, do do Tz‘j ~ Gij

e Cudi cling G, chi phu thudc vao thoi gian do d6 T}, cing chi phu thudc vao

thoi gian.
Vé mit toan hoc véi 3 rang buoc trén ta cé
Too = p(1), Toi = 0, Tij = gi; P(t) (2.18)

Trong d6 p(t) 1a mat do nang lugng va P(t) 1 4p suat chit 16ng. Dang tong quat

cua tensor nang xung lugng

P
T = (p + 02> Uty + Pgpy | (2.19)

Trong d6 u, 1a van tdc 4 chiéu ctia thanh phan chdt 16ng. Trong phuong trinh
(2.19) tensor niang xung lugng khong chita cdc sé6 hang do nhdt va sé hang truyen
ning lugng thudng cé clia cic chat long thong hai s hang thudng xuat hién trong
trudng hop chét 1éng khong hoan hio. Dang vat chat dude mé ta bang phuong trinh
(2.19) duge biét dén 1a chat 16ng hoan hao.

Két hop cac phuong trinh (2.16),(2.17) va phuong trinh (2.18). Phuong trinh

Friedmann tré thanh

8rG A2 Kc?
H? = — 2.20
5Pt T (2.20)
va phuong trinh gia toc c6 dang

a e 3P Ac?
o 4+ = —— 2.21
a 3 (p c? ) * 3 (2:21)

St dung thai gian bao giac 7 cadc phuong trinh Friedmann c6 dang
8 Ac?a?

212 =" pa® + ‘T Kc?, (2.22)

3 3
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va

- = — K¢ 2.23
- P 3 c, (2.23)

v6i dau phay dic trung cho phép lay dao ham theo thdi gian bao gidc T va

a’  An@G ( 3P> N 2Ac2a?

CLI

H=—, 2.24
: (2:24)
14 hé s Hubble bao giac (conformal Hubble factor).
Trong céc phuong trinh Friedmann, p va P 1a tong mat do ning lugng va ap suat.
Do d6, ta c6 thé viét hai sb hang nay bang téng cdc déng gbp cia cdc thanh phan
riéng biét

P=D Pus P=>)P,. (2.25)

Déng gép clia hang s6 vii tru ciing nhu d6 cong ciia vii tru ¢6 thé duge coi 1a mot
thanh phan vat chat véi mat do va 4p suat tuong tmg nhu sau
A
- 8rG’
Theo dinh nghia hé s6 thang do a(t) theo dinh nghia 1a duong tuy nhién dao ham

PA Py = —ppc. (2.26)

ctia né c6 thé am. Dicu nay dan dén mot vit tru danng co lai (v6i @ 4m). Luu ¥ rang vé
trai cia phuong trinh Friedmann (2.20) 1a khong &m. Do dé, @ chi bang 0 khi K > 0
tuong tmg v6i khong gian vii tru déng. Piéu nay ngu ¥ rang, néu K < 0 va néu ton

tai mot thoi diém ma @ > 0 thi vii tru sé gian nd vinh vién.
2.2.2 MaAat d6 t6i han va cic tham sé mat do

Phuong trinh Friedmann (2.20) khi két hgp A vao tong mat do p ta thu dugc

8rG Kc?
H>=—""p—- —. 2.27
3 aQ ( )
Gid tri ctia p khi K = 0 duge goi 1a mat d6 nang lugng tSi han (critical

energy density) va c¢é dang sau

3H?
pCT = 87TG 9 (228)
gid tri hién tai cia no la
P2 = 1.878h% x 10 g cm?|. (2.29)

Thuec té chi ra rang rang gia tri clia py rat gan véi pgr do d6 vii tru ciia ta gan nhu

phing vé mit khéng gian. Day nhu mot van dé tinh chinh ciia K nhu mot su trimg
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hop déng ngac nhién con duoe goi la vin dé d6 phang (the flatness problem). Mot giai
phap kha thi cho van dé do phéng duge dua ra bang 1y thuyét lam phét sé dude ching
ta tim hiéu trong chuong 3.

Ngoai khéai niém mat do mot khai niém htu ich khac ma ching ta thudng st dung

d6 1a tham sé mat do Q duge dinh nghia nhu sau

p 8t

Q

T 13 méat d6 nang luong duge chuan hoéa téi mat dé chinh. Khi d6 phuong trinh

Friedmann dugc viét lai c6 dang

Kc?
1=0Q - T2 (2.31)
v6i dinh nghia
Kc?
tuong ing v6i mat do nang lugng
3Kc?
=_""" 2.33
P 8rGa?’ (2:33)

clia do cong khong gian, khi d6 phuong trinh (2.31) ¢6 dang
1= Q+ Q. (2.34)

Do d6 tong clia tat cd cdc tham sd mat do bao gom ca tham sé do cong khong gian
sé bang 1. D& thay néu Q ~ 1 diéu nay chimg t6 rang Qi ~ 0 ttc la vl tru gan nhu
phang vé mit khong gian. Tt cdc dit liéu méi nhét ciia vé tinh Planck [13] ta thu dugc

Qg = 0.0007 £ 0.0019 (68% ,TT,TE,EE+lowE-lensing+BAO).  (2.35)

Chuan héa p v6i mat do chinh tai thoi diém hién tai c6 dang

p 8tGp
0= = 2.36
Per,0 3H3 ( )
Véi dinh nghia ctia 2, phuong trin Friedmann (2.20) duge viét lai c¢6 dang
H? Qx
72 = 2 Qiogi(a) + —= (2.37)
0 T a

Trong d6 g;(a) ctia thanh phan ¢ phu thudc vao hé s6 thang do a va g;(ag = 1) = 1.
Do d6
)

day 1a quan hé déng(closure relation)
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2.2.3 Phuong trinh bao toan nang lugng
Phuong trinh bao toan nang lugng ¢6 dang
Vv, T" =0, (2.39)

nhu mét hé qua trong 1y thuyét tuong déi rong thong qua dong nhat thitc Bianchi. Doi
v6i metric FLRW va mot chat 1éng hoan hio phuong trinh nay c6 dang

P
p+3H (p + CQ) — 0. (2.40)

Két qua nay thu duge tit than phan pu = 0 trong phuong trinh (2.39) va duge goi
la phuong trinh lién tuc .

Phuong trinh lién tuc c6 16i gidi gidi tich néu ching ta gia thiét mot phuong trinh
trang thai c6 dang P = wpc?, v6i w 13 hing s6. Nghiém tong quét 13

p=poa 23 (w = constant), (2.41)

va py = plag = 1).
C6 ba gia tri cu thé ctia w déng mot vai tro quan trong trong vii tru hoc:
e Vit chét lanh (cold matter): w = 0, P = 0, vi p = poa>. Tit "lanh" ngu
i rang cac hat cAu thanh nén loai vt chat nay c6 déng ning nhé hon rat nhiéu
so véi nang lugng nghi (mass energy), hay céc hat nay 1a cac hat phi tuong déi
tinh.

Vat chat lanh con dude goi 1a bui va né bao gom tat ca cdc hat co ban phi tuong
déi tinh da biét, ching duge goi chung 13 baryon theo thuat ngit trong vii tru
hoc. Trong khi d6, Céc hat phi tuong déi tinh chua biét (néu chiing ton tai) dudc
goi 14 vt chat tdi lanh (CDM).

e Vit chit néng (hot matter): w = 1/3, P = p/3 véi p = ppa™. Tit "'néng’
& day ngu v cac hat cau tao 1én loai vat chat nay 1a cac hat tuong dbi tinh.
Trong ngdn ngit vii tru hoc, loai vat chat nay dudc goi 1a bitc xa, ching khong
chi bao gdm céc hat tuong ddi tinh da biét ma ciing ¢6 thé bao gdm nhiing hat
chua biét (vat chat t6i néng). Nén neutrino nguyén thity 1a tmg ctt vién cho loai
vat chat nay, nhung vi neutrino cé khéi lugng rat nhé ~ 0.1eV, bay gid né tré
thanh lanh.

e Nang lugng chan khéng (vacuum energy): w = —1, P = —p va p la
mot hang s6. Mot dang vét chat ddc biét ky la hién vAn 13 mot bi an 16n nhéat
trong v tru hoc hoat ddng nhu hang sé vii tru trong vt tru hoc va hién tai né

cung cAp mo ta tot nhat (va don gidn nhat ) ma ching ta c6 vé nang luong toi.
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2.3 Mo hinh ACDM

Mo hinh thanh céng nhéat trong vii tru hoc 1a m6é hinh ACDM. Mé hinh vii tru
dudc tao lén tit cac thanh phan A, CDM (ning lugng t6i lanh), vt chat thong thuong
baryons va biic xa (photons va cdc neutrino khong khéi lugng (massless neutrinos) (
mic dit thue nghiém chtmg minh neutrino c6 khéi lugng)).

Trong md hinh ACDM cdc phuong trinh Friedmann c¢6 dang

o2 Qo | o | o | ko
— =1 . 2.42
H? L R R I (242)
Tt dit ligu mai nhat ctia Planck [13]:
Q= 0.6889 4 0.0056, Qmo = 0.3111 £ 0.0056 (2.43)

v6i do tin cdy 68%, trong d6 0 = Qo + Qo titc 1a né bao gom céc déng gép ti
CDM va baryons, vi ching ¢6 cung dong luc hoc. Gia tri tur dit liéu Planck:

Qpoh? = 0.02242 +0.00014,  Qh? = 0.11933 £ 0.00091 (2.44)

& do tin cdy 68%. Noi dung biic xa, ttc 1a photon c¢éng v6i neutrinos c6 thé duge tinh
toan tut nhiét do cua CMB

Qoh? ~ 247 x 1077, Q,oh* ~1.68 x 107° (2.45)

Vi h = 0.68 va phuong trinh mdi quan hé déng (2.38).

Ching ta cé thé két ludn rang vl tru ngay nay chita 69% 1a hing sb va tru, 26%
13 vat chat lanh (CDM) va 5% 1a baryons. Thanh phan bitc xa va d cong khong gian
13 khong déng ké.

Tudi ctia vii tru trong md hinh ACDM sit dung cong thitc sau

1 1 a
= — [ 4 2.46
"~ H, /0 YOt + Qoo+ Qg + Qrod? (2.46)

Stt liéu céc s6 liéu bén trén ta thu duge gid tri ctia tich phan bang

0.95
to = —— = 13.73Gyr (2.47)
Hy
Gia tri thu duge tit dit lieu Planck méi nhat 1a tg = 13.787 4= 0.020 vé6i do tin cay

68%.
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2.4 Khoang cach trong viu tru hoc

Trong phan nay, ching ta sé tim hiéu tong quan mot s6 loai khoang cach dudc sit
dung trong nghién cttu vii tru hoc. Bao gom khoang cach ddng chuyén dong, khoang
céch riéng, chan troi hat, khodng cach d6 trung trong cic nghién cttu vé hang sé Hubble
tai thoi diém muon clia vii tru st dung cac nén chuan 13 céc sao bién quang va céc siéu
tan tinh loai IA, va cudi cing 1a khodng cich dudng kinh géc trong nghién cttu CMB

va cac quan sat cua BAO.

2.4.1 Khoang cich déng chuyén doéng va khoang cach riéng
Tt metric FLRW, khoang cidch dong chuyén dong binh phuong vi phan c¢6 dang

9 dr

_ 2 2

dx
dé thay né bao gom 2 thanh phan la thanh phan xuyén tdm va thanh phan ngang
(transversal). Néu y 1a khodng cach dong chuyén dong giita 2 diém thi khodng cach

riéng tai thoi diém ¢ 1a

d(x,t) = a(t)x. (2.49)
Khoang céch dong chuyén dong (comoving distance) 1a mot khai niém vé khodng céch
khong bao ham su gian né ctia va tru va do dé khong phu thudc vao thai gian.
Khoang cach riéng 1a khoang cach dude do ngay 1ap tic. Vi du, bang cach tudng
tuong ching ta cé thé kéo dai mot chiée thude ké gitta Trai dat va thién ha GN-z11
(thién ha xa nhat dugc biét dén, tai dich chuyén d6 z = 11,09). S6 do trén chiéc thudce
dé tai thoi diém t sé 1a khoang cach riéng ngay tai thoi diém dé.
Vi gia stt d©2 = 0. Khi d6 khoang cach dong chuyén dong t6i mot vat thé véi toa
do hudéng tam r la
R arcsinr, voi K =1,
X=| ———==4q1r, v6i K =0, (2.50)

01— Kr? ) ]
arcsinh r, ,v6i K = —1.

Lay dao ham theo thoi gian ¢ i 2 vé ciia phuong trinh (2.49) ta thu duge
d=ax=—-d= Hd, (2.51)
a

dua troi lai dinh luat Hubble cho ¢ = %
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2.4.2 Khoang cach va chan troi

D6i véi photon, ta c6

dy = ;EZ;) = cdn, (2.52)
trong d6 x 1a khoang cach dong chuyén dong, tit phuong trinh trén ta thay rang khoang
cach di dong chuyén dong sé bang thsi gian bio gidc nhan (dude dua ra tit phuong
trinh (2.4)) v6i van toc dnh sang.

LAy tich phan s6 hang cdt/a(t) tit te,, dén to ta thu duge khodng cdch dong chuyén
dong tit ngudn phét ra tin hidu téi ching ta, hay thoi gian bao gidc can thiét dé photon
lan truyen tit nguon phét dén ching ta

N L /1 cda” (2.53)

tem a(t')  Ja H(a')a?

Khi cAn dudi trong tich phan ctia phuong trinh trén (2.53) 1a a = 0 ttic 1A tai Big
Bang, ta c¢6 dinh nghia chan trdi dong chuyén dong (comoving horizon) X, (con duge
goi 1& chan troi hat hay chan troi vii tru). Day 1a thoi gian hinh thanh tit Vu nd 16n
cho dén thdi gian vii tru ¢ hodc hé sb thang do a. N6 ciing 1a khoang céch dong chuyén
dong tdi da ctia mdt photon (do d6 c6 tén la chan trdi hat) tit Vu no 16n va vi viy né
13 kich thuéc ddng chuyén dong ctia vl tru quan sat dugc.

Trong khi d6 can trén ctia tich phan trong phuong trinh (2.53) bang vo cling, ta

¢6 dinh nghia chan troi su kién
oo dt’ < da
Y YL 2,51
Xe(t) “Ji a(t") “Ja H(a')a'? (2.54)

Biéu thitc nay chi ¢6 ¥ nghia néu vai tru khéng sup dé. DPicu nay biéu dién cho

quang duong 16n nhat ma photon truyen di tai mot thoi diém ¢.

2.4.3 Khoang cach d6 trung

Khoang céch do trung 14 mot khai niém rat quan trong ve khoang cach cho cac quan
sat. N6 dua trén kién thitc vé do trung noi tai L clia mot nguon sang, do dé dude goi
13 nén chuan (standard candle). Vi du, Céc sao siéu mdi loai Ia 1a nén chuan.

Sau d6, do théng luogng F' ciia nguon d6 va chia L cho F', ngudi ta thu dude khoang

cach do trung binh phuong:
L

f.
Nhu vdy mdt nguon sang nam & 1 d6 dich chuyén z v6i do sang noi tai L = dFE/dt.

d2 o (2.55)

Thoéng lugng quan sat duge cho bdi cong thiic sau:

dEy
F=—— 2.
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Trong dé Ag la dién tich cia bé mat ma tai dé bic xa lan truyén déu qua
Ag = 4maly?, (2.57)

mot cau véi khoang cach riéng 14 ban kinh. Chting ta phai sit dung khodng céch riéng,
vi day 1a khoang céch titc thoi gitta ngudn va ngudi quan sat tai thoi diém thu. Luu ¥
rang 13 khodng céch ddng chuyén dong gitta ngudn va ching ta.
Ching ta khong thu duge cing mdt mitc nang lugng ctia cdc photon nhu nang lugng
lic n6 phét ra, bdi vi cac photon chiu su dich chuyén d6 vii tru, do dé:
dE  ag
dEy  a

Cudi cung, khodng thoi gian dudc st dung tai nguon ciing khac véi khodng thoi

(2.58)

gian duge st dung tai vi tri clia ngusi quan sat:
dt a
— = — (2.59)
dto ap
Ching ta c6 thé sit dung metric FLRW véi 4nh sdng truyén theo dudng tric dia
null ds? = 0 do d6 cdt = a(t)dy.
Xét cting dy & vi trf nguon phét va vi trf thu ta duge cdt = a(t)dy va cdty =
a(tp)dy. Cubi cing ta thu duge

dEy a’dE dE

F = = = 2.60
dtgAg  addtdmadx?  dtdmadx?(1 + z)? (2.60)

Do d6, khoang cach do trung dugc xac dinh la
dp = ap(1+ 2)x (2.61)

2.4.4 Khoang cach dudng kinh géc

Khoang cach duong kinh géc dua trén kién thitc vé kich thudc riéng (proper size).
Céc vat thé cé kich thude riéng da duge biét goi 1a thuée chuan (standard ruler). Gia
stt mot thude chuan cé kich thude riéng ds (nhd) ¢ dich chuyén do z va khodng céch
dong chuyén dong y. Thém vao d6, vat thé nay cé kich thude goc 1a do cling rat nhd.
Xem Hinh 2.2 dé tham khao

Tai mot thsi diém c6 dinh ¢, metric FLRW c¢6 dang

ds® = a®(t)dx>. (2.62)

Vi vat thé 1a nhé va ching ta & gbc toa do O nén khoang cach dong chuyén dong x

trung v6i khoang cach xuyén tam. Khi do6 ta co

ds = a(t)xdo. (2.63)

Pham Manh Tuyén 22 2020B Vat ly lyj thuyét



Hoc vién khoa hoc va cong nghé Luan van thac st

Géc quan sat cling rat nhd (dé ~ sin(d¢)) do dé ta c6 khoang cach dudng kinh géc

c6 dang sau

_ s _
=%

OMS

S do X

dA a(t)x. (2.64)

Hinh 2.2: Khoang cach dudng kinh géc

2.5 Lich s nhiét caa vu tru

Dich chuyén dé vii tru hoc (2.9) dua ra quy ludt vé hoat dong ctia phd biic xa vat
den cé nhiét do T5,. That vay, vi tat ca cac photon déu dich chuyén d6 theo cling mot
ty 16 ~ a~ ', nén mot hé ban dau hoat dong giéng nhu vt den sé van 1a vat den, v6i

nhiét do giam khi gian né tuan theo cong thiic
T, oxa . (2.65)

Do dé khi ching ta di ngudc vé qué kh trong suét ky nguyén biic xa thong tri,
nhiét do sé tdng theo ty 18 1/a. Dic bigt, diéu niy c6 nghia 1 tai diém ky di ban dau
(initial singularity) la mot diém cé nhiét do 16n vo han. Dicu nay dan ching ta dén
bitc tranh Big Bang néng ctia vii tru: Mot diém ky di vii tru hoc c¢é thdi gian hitu
han trong qué khit, tiép theo 1a su gian né néng, do bitc xa chiém wu thé, ¢ dé vii tru
ngudi dan véi T o< @~ va khi biic xa phén ra, sé tién t6i gian doan vt chit théng
tri (matter dominate) & d6 cdc thién ha, ngdi sao va hanh tinh hinh thanh. Cudi cliing,
ning luong chan khong chiém wu thé va dua vil tru vao moét trang théai gian nd gia toc
nhu ta quan sat duge ngay nay.

Btc tranh don gian nay cho phép chiing ta suy ludn su hién dién ctia mot vai su
kién déng chd ¥ dude tém tiat ngdn gon trong bang dudi day véi cac thi tu do 16n vé
thoi gian, dich chuyén dé va nhiét do (nang luong) tai d6 nhitng su kién nay xay ra.
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Su kién Thoi gian t  Dich chuyén dé6 z  Nhiét do T
Ky di ban dau 0 00 00
Hap dan luong ti 10743 - 1018 GeV
Lam phat > 1073 s - -
Baryogenesis < 20 ps > 10% > 100 GeV
Chuyén pha dién yéu 20 ps 101° 100 GeV
Chuyén pha QCD 20 ps 1012 150 MeV
Dark matter freeze-out ? ? ?
Neutrino decoupling 1s 6 x 10° 1 MeV
Electron-positron annihilation 6 s 2 x 10° 500 keV
Big Bang nucleosynthesis 3 min 4 x 108 100 keV
Matter-radiation equality 60 kyr 3400 0.75 eV
Recombination 260-380 kyr 1100-1400 0.26-0.33 eV
Photon decoupling 380 kyr 1100 0.26 eV
Reionization 100-400 Myr 10-30 2.6-7.0 meV
Dark energy-matter equality 9 Gyr 0.4 0.33 meV
Hién tai 13.8 Gyr 0 0.24 meV

Bang 2.1: Lich sit nhiét ctia va tru [74]
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Chuong 3
LAM PHAT VU TRU

T6m tit: Chuong nay sé trinh bay vé 1y thuyét lam phat vii tru, co ché giy ra
lam phat, trinh bay khai quat mot sé mo hinh lam phét nhu lam phét ci, lam
phét cudn cham, lam phat k, trinh bay vé bat bién Gauss-Bonnet vai tro clia né
trong nghiém lam phat tit d6 dan ra mo6 hinh lam phat Gauss-Bonnet.

3.1 CAc khai niém cd ban vé lam phéat

Trong nghién cttu vii tru hoe su hinh thanh ctia vii tru duge phét trién béi v tudng
Iy thuyét doc ddo mang tén vién canh lam phéat. Lam phat da gidi quyét rat gon gang

mot s6 cau hoi 16n nhat trong vl tru hoc, dé la:

e Tai sao vat chdt va ning luong duce trai déu khip toan bd vi tru cé thé quan

sat dugc?

e Tai sao hinh hoc ctia vii tru lai rdt phing? v tru gidn né nhanh hon nhiéu vao
thoi gian dau.
e Mot van dé khac duoce khic phuc béi lam phat 1a su ving mit ciia cdc don cuc

tr, nhitng hat ky la duge du doan la da dudc tao ra trong v tru so khai.

e Lam phét cho ching ta 15i giai thich tai sao vii tru dang gian ndé ngay tiu dau.
Sau khi qué trinh gian nd theo cap s6 nhan két thic, vii tru sé tiép tuc gian nd

(gian né Hubble) ma ta quan st dugc ngay nay.
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3.2 CAc van dé trong vii tru hoc BigBang

Trong phan nay ching ta sé tim hiéu ve cac van dé xuat hién trong mo hinh va tru

hoc Big Bang va vién canh lam phat gidi quyét cic van dé nay nhu thé nao.

3.2.1 VAn dé do phing

Van dé do phéng xuit hién tit cic tinh todn vé do cong clia vii tru tai thoi diém
hién tai xAp xi bang khéng ttc 1a vil tru gan nhu hoan toan 1 phing vé mit khong

gian. Cu thé, tham s6 mat d6 do cong duge xac dinh nhu sau(2.32)

K
gid tri quan sét tit vé tinh Planck Qo = 0.000770095% & d6 tin cay 95% [13]. Hién
nhién ta s& tu tin khi [Qxo| < 1. Dan dén

K
- H2g2

H H
a’H? < H?a?’

= Qo (3.2)

K H2 2

Hga3 H%a?

Ham xuat hién & vé phai clia phuong trinh s& cé ty 1& nhu thé nao? Khi a — 0, hay
xét riéng tai ky nguyén bitc xa thong tri, ta cé:

H2
3 ~ @ =0 (3.3)
a

C6 nghia 14, cang tién vé quéa khit, Qf cang tién thuc su rat gan dén s6 0 hay do
cong ctia vil tru 14 phing.

Ngoai suy vé thoi diém Planck (Planck time) ta c6 |Qx| < 10790, Néu vi mét 1y
do nao d6 ma Qi ~ 107 tai ki nguyén Planck, thi Qxo ngay nay sé 16n hon gip
mudi lan va sé khong thé phit hop véi quan sat. Dé phtt hop v6i cdc quan sét ngay
nay, Qx tai thoi diém Planck phai dugce xédc dinh véi do chinh xdc dén dt ca 60 chit
s6 c¢6 nghia! Day 1a mot vi du vé su tinh chinh (fine tuning problem). Déi véi van dé
d6 phang, ¥ tuéng rat don gidn dudce dua ra trong A. Guth (1981) [5] nhu sau. Xét
phuong trinh (3.1). Néu H khong déi thi Qg ~ 1/a?. Néu trude ki nguyén biic xa
théng tri, vii tru trai qua mot giai doan ma H khong doi, thi c6 thé giai thich tai sao
ngay tit dau K qua nhé ma khong can diéu chinh lai. Giai doan véi H khong d6i, hoic
gan nhu khéng déi, ngu ¥ rang a(t) ~ ef!* (hay hé s6 thang do phat trién theo cap s6
nhén) duge goi 1a lam phat.
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Giai phap cho vAn dé do phéing

Dé xem xét dinh luong céch ma lam phét gidi quyét vAn dé do phing ta gid st rang

tai thoi diém bat dau clia lam phét ta cé

K] _
g = O (3.4)

Khi két thic pha lam phat hé sb thang do da ting 1én theo hé sé eV. N 14 s6 lan e
gap (e-folds number) hay

(K] Kl on  an
ey = azsze ~e Y. (3.5)

Diéu nay dan dén tai thoi diém hién tai (vi ag = 1)

K| K| (arHp\® oy (agHy)?
Q20| = He = ach% H, ~e “Hy ) (3.6)

dé thoa man didu kién [Qxo| < 1 thi

arHy

<l (3.7)

0

Ta c6 thé u6e tinh ty 1& & phia vé trai, véi gia thiét lam phéat két thic vao k¥ nguyén
bitc xa thong tri. That viy tai ky nguyén btic xa théng tri ta cé

1/4
H? ~ H3ON dl, (3.8)

dé cé
ay ~ QN /Ho/H; (3.9)

1/4

N 1/4 /4 Py
Q = — 1

trong do6 py la thang do ndng lugng ma tai do két thic qua trinh lam phat, nhung vi
H gan nhu khéng doi trong sudt pha lam phat (dé thoa man hé s6 thang do bién doi
theo cap s6 nhan), ps la thang do mat do nang lugng cho phép ta tinh todn s6 lan e
gap (e-fold number).

Ro rang dé khong pha hong su thanh céng clia giai doan Big Bang Nucletheosis
(BBN) thi ps phai nhé hon 1 MeV* v6i rang bude nay ta c6 N > 17 Néu ta chon
thang do Planck, ta nhan duge N > 68 va chon thang nang luong GUT, N > 62.
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3.2.2 VAn dé chan troi

Khoang 380 000 nam sau Vu nd 16n, vii tru da ngudi di di dé cho phép hinh thanh
cac nguyén tit hydro dau tién. Cdc photon dudc tach ra khoi plasma nguyén thiy.
Ching ta quan sit su kién nay dudi dang nén vi séng vi tru (CMB), mot anh hao
quang sau vu nd Big Bang néng. Déng chu ¥, bitc xa nay gan nhu la ddng hudéng hoan
toan, véi di huéng 6 nhiét do CMB nhé hon mdt phan nghin.

Hinh 3.1: Bitc xa nén vi séng vii tru (CMB) - Hinh anh cung cip bdi vé tinh Planck
Co quan Vil tru chau Au ESA.

Van dé dudsng chan troi xuat hién khi chiing ta tinh toan kich thuéc goc ciia dudng
chan troi hat tai thoi diém tai hop (recombination) va nhan thdy rang né chi 1a mot
phan nho ciia bau troi CMB. Néu khéng ¢6 qué trinh nhan qué nao c6 thé xay ra vuot
qué 1 d6 thi dicu gi da giy ra su ding huéng cao ciia nhiét d6 CMB?.

Tinh toan dinh lugng khoang cach cia duong chan trsi hat ta c6 cong thic sau

dH:a(t)/Ot%za/Oa%. (3.11)

Trong mot v tru théng tri bdi vat chat va biic xa (cac thanh phan khac khong
dang ké) biéu thitc trén trd thanh

a da 2a
Ay — _ ( Qoa+ Qo — Q> 3.12
H “/o Hov/Qoa + 4o HoQuno Vo + o — /o (3.12)

Trong khi d6 khoang cach duong kinh géc duge tinh theo cong thirc

dA:a(t)/tto% =a/j%. (3.13)
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Tuong tu ta xét vii tru trong thdi ky vat chat va biic xa théng tri

2a

p —a/l da B
AT a HOV Qm0d+ Q?"O Bl HOQMO

Ta co6 ty 1é

(\/Qmo + Q0 — \/Qm()a + Q,«()) . (314)

d7H _ \/Qmoa +Q — \/QrO (3 15)
dA \/QmO + QrO - \/QmOa + QTO7 '
ty 1& nay c6 xu huéng tién dén 0 khi @ — 0 va tai thoi diém tai hop:
d
d—H(arec = 107%) = 0.018(radial), (3.16)
A

gid tri nay ¢d 1° trén bau troi CMB. Do d6 ta c¢6 khoang 47 /(0.018)% ~ 104 ving bi
ngat két ndi nhan qua trén bau troi. Néu khong cé di thoi gian dé céc ving nay két

noi, tai sao ching lai trong giéng nhau dén vay? DAy 1a van dé chan troi.

particle horizon
dp (nrec )

e 2
= dA('Urec

surface of
last-scattering

Hinh 3.2: Céc ving ngat két nbi nhan qua [74].

Giai phap cho vin dé chan troi

Tuong tu véi vin dé do phing. Gia st ban dau c6 mot giai doan lam phét sao cho:

(l(t) — aier(t_ti) — alg_Hf(tf_t)’ (317)
. Khi d6 ta co J I
LN 0 N (3.18)
dA CLfo
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dé di > dy, ta can diéu kién:

< eVl 3.19
o, ~° (3.19)

Tring v6i diéu kién trong van dé do phang. Cting mét gidi phap cho hai vin dé khéc

nhau day dudng nhu 1a mot dau hiéu t6t va mot diem cong cho 1y thuyét lam phat.

3.3 Co ché gay ra lam phét

Dé nghién ctru lam phat vt tru ching ta can két hop hai nhanh chinh ctia vat 1y hién

dai bao gom
e Ly thuyét tuong déi tong quat (GR).
e Co hoc lugng ti: cu thé 1a Iy thuyét truong lugng tit (QFT).

Ly thuyét tuong dbi tong quat dude sit dung dé du doan hanh vi cia toan bo vi tru.
Ngay nay, cdc quan sat vii tru [13] [14] chi ra vii tru dang gian nd gia téc do mot loai
nang luong bi an c¢6 dic tinh phan hdp dan (anti gravity) dugc goi 1a ning lugng toi
(DE). Nhu da dé cap ¢ chuong truée trong md hinh ACDM, A dai dién cho mat do
ning luong chan khong khong ddi xuat hién trong phuong trinh Einstein dugce goi 1a
hang s6 vil tru - gia tri duong ciia A gy ra pha gian nd theo cAp s6 nhan (pha de
Sitter). Téc do gian nd phu thudc vao do 16n clia mat do nang lugng chan khong. Doi
v6i nang lugng tdi, con s6 nay cuc ky nho. Viée wde lugng gid tri pp thong qua tinh
todn QFT va so sénh két qua véi gid tri quan sat duge dan dén vAn dé tinh chinh
(fine-turning problem) ndi tiéng ctia hang s6 vil tru [75]. Vin dé nay dudc mo ta nhu
sau: Gia tri quan sat duge pp vao khoang 10747GeV* [13] trong khi d6 thang do tu
nhién ctia mat do ning lugng chan khong 1a Planck scale vao ¢d 107GeV?. D& thiy su
khac biét 1én dén 123 bac do 16n! ké ca khi ta gia thiét mot trang théi gid chan khong
(false vacuum state) xudt hién sau chuyén pha dién yéu & 103GeV? su sai khéc van
qué 16n ¢G 55 bac do 16n [76].

Dé gidi quyét cdc van dé vii tru hoc (van dé do phing, vin dé dudng chan trdi, vAn
dé don cuc tir,...) lam phét yéu cau méat dd nang luong chan khong khéng doi 16n hon
rat nhiéu so véi nang luong t6i. Ngoai ra, dé lam phat c¢6 ¥ nghia, vii tru ciing can
dimg lam phét vao mot thoi diém nao d6 dé nhuong chd cho su gian nd Hubble quen

thuoc ma ta quan sat thiy ngdy nay.
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3.3.1 Cd sd ly thuyét cho lam phat vii tru

Dé xem xét co ché nay x4y ra nhu thé ndo ching ta can vugt ra ngoai khuén khd

ctia Iy thuyét tuong ddi rong cu thé & day ta can 1y thuyét truong luong ti.

Pinh nghia.— Ly thuyét truong luong tii: Trong vat 1y 1y thuyét, Iy thuyét
truong luong ti (QFT) 1a mot khung 1y thuyét két hop 1y thuyét trusng co dién,
thuyét tuong dbi hep va co hoc luong tit va né dude sit dung dé xdy dung céc
mo hinh vat 1y cia cac hat ha nguyén tu.

Ly thuyét truong luong tit c6 thé giai thich cdch ma chan khéng cé ning luong.
Mot truong luong ti nhan mot gia tri ndo d6 tai moi diém trong khong gian goi la
cuong do truong (field strength). Cuong do truong xac dinh dé 16n cia luc ma mot
truong luong ti tac dung 1én cac truong va cac hat khac.

é ning

Thi

Ning lugng

Cuong do truong
Hinh 3.3: Trudng luong tit va do thi thé nang tuong tng véi cudng do trusng.

Mot vi du dé dé hinh dung 13 tit trudng, tit trudng cang manh (cu thé 1a cic dudng
stic tit cang day dic) thi luc tit tdc dung dusi dang luc kéo hodc ddy sé cang manh.
Trong 1y thuyét truong luong tit mot hat co ban tuong ting véi mot dao dong trong
truong hay la mot goi nang lugng nhd duge tao ra bdi dao dong cua trusng luong tu.
Trudng lugng ti ¢6 thé chita nang luong ndi tai ngay ca khi truong d6 khong cé hat
nao. Ngoai ra, né luén c6 xu huéng gidm xudng mtic ning lugng thap nhat (trang théi
chan khéng - vacuum state) qud trinh chuyén dén trang thai chan khong nay khong
phai ngay 14p tiic ma bang cich thay ddi cuong do truong ting budc mot. Néu ta vé
biéu do6 thé ning ciia mot trudng tuong tmg véi cudng do clia truong dé, né ¢ dang
gidng nhu céc hinh 3.3 néu trudng dang ton tai trang thai ning lugng cao (cudng do

truong cao), thi né sé giam xuong miic cuc tieu va sé ton tai on dinh 6 do.
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Niang lugng

Cuong do truong

Hinh 3.4: Trang thai chan khong cua truong huong ti

Trén thuc té mbi quan hé gitta ning luong clia trudng va cudng do truong c¢é thé
phtic tap hon nhiéu. Mét trong nhitng trudng hop nhu vay 1a trudng cé thé ton tai mot
mitc nang luong ti thiéu cuc bo (local minimum energy) hay mot trang théi gid chan

khong cia truong (false vacuum state) duge minh hoa trong hinh vé sau

Truong lan xubng vi tri gid chan khong

é nang

Th

Niang lugng

Cuong do truong

Hinh 3.5: Trang théi gia chan khéng hay mic ning luong t6i thiéu cuc bod

Trang thai gid chan khong nay cung cap chinh xdc mdt mat do nang luong chan

khong khéng ddi can thiét cho qué trinh lam phat.
Ta gid st rang mot truong nhu vAy ton tai va dit tén né la: "trudng inflaton".

2020B Vit i lif thuyét
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Dinh nghia.— Truong inflaton: Truong inflaton 1& mot truong vo hudng gid
dinh dugc 1y thuyét dé thic day lam phat vl tru trong vil tru rat so khai.
Trudsng, do Alan Guth dua ra Iy thuyét ban dau, cung cap mot co ché trong dé
mot khoang thoi gian gian nd nhanh chéng tir 1073% — 10734 gidy sau khi gian
ban dau nay c6 thé duoc tao ra. Hinh thanh mot vii tru phu hop véi su dong
nhit va ddng hudéng khong gian quan sét duge.

Y tudng ban dau vé lam phat do Alan Guth dé xudt nam 1979 [5] nhu sau: Trong
vil tru so khai, mot truong vo hudéng phang c6 cudng do trudng cao do nhiét do khic
nghiét tai thoi diém d6. Khi vii tru nguoi di, trudng sé mat dan cudng d6 va ning
luong. Tuy nhién, né bi méc ket tai trang thai ning luong t6i thiéu cuc bd. Vit tru tiép
tuc nguoi di nhung trudng khoéng giam cudng d6. Dé lam dude diéu nay né phai vuot
qua rao thé. Khi ton tai § trang thai gid chan khong trudng c6 mot mat do nang lugng
khong d6i rat 16n chinh diéu nay 1a co ché giy ra lam phat. Ban chat gian nd theo cap
s6 nhan ctia lam phat nhanh chéng théi biing thé tich vii tru, khién vii tru tré vé trang
thai trong rong va lam lanh né dén nhiét do cuc thap. Co ché lam phat va lam lanh
vl tru nay sé dién ra vinh vién néu truong inflaton van bi mac ket tai trang thai gia
chan khong nay.

Tuy nhién, duya vao nguyén ly bat dinh Heisenberg, céc trudng lugng tit ¢6 xu huéng
dao dong ngau nhién dén céc gid tri khac nhau ciia cuong do truong vi vy 6 mot thoi
diém nao d6 truong dao dong sang phia bén kia clia rao thé (hiéu tng xuyén ngam
lugng t1t) va nhanh chéng roi xuéng trang thai chan khéng thuc khi d6 lam phéat két
thic tai thoi diém nay dong thoi toan bo truong lam phét sé giam ning luong. Trang
thai chuyén pha ciia truong lam phét tit trang thai gia chan khong vé trang thai chan
khong thuc khong lam nang lugng ciia truong lam phat bién mat ma ton tai trong thoi
gian ngin dudi dang cac hat inflaton. Né gidng nhu toan bo san ciia trudng duce dich
chuyén xudng tai moi diém trong khong gian; nhitng gi da timg 1a trudng lam phét
thuan tiy dude chuyén ddi thanh mot nén céc hat inflaton. Nhitng hat d6 khong on
dinh va ching rat nhanh chéng phan ra nang lugng ciia chiing vao cic truong luong ti
khéc. Cac hat inflaton phan ra thanh cic hat quen thudc ctia mo6 hinh chuén - quark,
electron, v.v. Vi vy, chan khong ctia lam phat duge chuyén doi thanh mot dai duong
hat cuc néng. Ching ta néi rang vii tru da dude tai nhiét héa’ hodc ham néng lai boi
qué trinh nay. Trén thuc té, qué trinh nay sé hAm néng vl tru dén mitc nang lugng
cuc 16n ma ching ta mong doi da ton tai ngay sau Vu né 16n. Tai thoi ky nay vi tru
buée vao giai doan bitc xa théng tri dude du doan thanh cong trong mo hinh BigBang
néng. DAy 1a trinh tu so bo dude trinh bay trong bai bao gc ciia Alan Guth [5]. Tuy

nhién, mo6 hinh ctia Guth gap phai mot sé van dé. Van dé quan trong 1a lam thé nao
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dé lam phét dimg lai dong thoi du dodn 15 thuyét ctia mo hinh nay khéng phu hop véi
céc quan sét CMB. Y tudng ctia Guth hién duge goi 1a lam phét cii. N6 da giai quyét
mot s6 van dé trong vii tru hoc va né ciing truyen cadm htng cho cédc nha vat 1y khac
tim ra céc gidi phap tot hon, chi yéu bang cach thay déi ban chit cta trudng 1a lam
phing thé ning cta né dé cho phép thoat khéi lam phét trén toan vil tru mét cich
suon sé hon. Cac md hinh lam phat mdéi nay thanh cong hon va ching ta sé xem xét

chiing trong phan sau.

3.4 Lam phat cudn cham

Trong phan nay ching ta sé tim hiéu vé mo hinh lam phéat méi khic phuc diém yéu
trong md hinh lam phét cu ciia Alan Guth duge goi la Lam phat cuén chdm (slow roll
inflation). Lam phat cuén chdm lan dau duge dé xuat bdi ba nha khoa hoc Andrei
Linde [6], Andreas Albrecht va Paul Steinhardt [7], vao ndm 1982, chi vai nim sau de
xudt ctia Guth. Y tudng vé lam phat cudn cham 1a truong lam phéat khong bi méc ket &
mic t6i thidu cuc bo cia thé ndng ma né ndm trén mot dang thé ning gan nhu phang
dan dén mot ho thé sau hon. Trong trudng hop dé, trudng sé lan rat xudng doc thé
dé. Nhu vay, nang luong sé giam rat cham. Diéu dé sé van cung cap cho ching ta mét
d6 nang luogng gan nhu khéng d6i can thiét dé cung cip ning luong cho lam phat va
sau d6, khi téc do tang toc vé phia hd thé, lam phat sé két thic. Nhung né khong két
thiic nhu mot qua trinh ngdu nhién, né ciing khong yéu cau duong ham luong tit dé
bit dau. Thay vao dé, toan bd cdc ving ciia vii tru lam phét sé dat dén miic cuc tiéu
nay cting véi thoi diém dimg Lam phat va do d6 vl tru sé duge hdm néng ¢ moi noi
cing mot lic. Piéu nay mang lai cho ching ta vii tru dic néng gian nd ma ching ta
biét trong mo hinh Vu no 16n. Do tinh chat tu nhién ctia vat 1y luong tit Khi trudng
lam phét lan xuéng hé thé nang, cuong do trusng sé dao dong mot chiut. Dicu dé cé
nghia 1& mot s6 khu vuce ctia vii tru sé két thic lam phét trude nhitng khu vuc khéac
mot chit Va dieu dé sé dan dén su dao dong vé mat do va nhiét do rat nho clia vat
chat dugc tao ra sau lam phat. Va ching ta thay nhing bién dong dé trong Nén Vi
song Viu tru.

Nhu dé cdp & trén nghién ctu lam phat ta can md rong 1y thuyét tuong ddi rong
cu thé 13 Iy thuyét trudng luong tit. Céc hat co ban trong nghién ctu vat 1y hat hién
dai duge biéu dién bang céc trudng lugng ti tuong tng cta ching. cdc hat co ban nay
duge biéu hién dudi dang dao ddng trong céc trudng. Trong I3 thuyét trudng luong ti,
trudng vo huéng dai dién cho cédc hat co ban ¢é spin bang khéng va giéng nhu trang
thai chan khong vi chiing cé ciing s6 luong tit v6i chan khong. VAt chat ¢ 4p suat am

p = —p biéu dién cho trang thai giéng nhu chan khong vét 1y (physical vacuum like
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state), noi ton tai cdc thang gidng lugng tit clia tat ca cac loai trudng vat chat. Mot
truong vo hudng thue don inflaton ¢ = ¢(x,t) ton tai trong vii tru so khai, gid tri ctia
truong hay cuong do truong phu thoc vao vi tri  clia truong trong khong gian ngu
¥ rang thé ning ctia né phu thudc vao cuong do trudng tuong tng nhu ta da chi ra
mdot cach dinh tinh trong phan trude. Cudng do trudng cling phu thuoc vao thoi gian
va do dé6 né cung c6 dong nang tuong tng. Nhu vay mat do nang lugng py cia truong
inflaton ¢ 1a

pe = pl+ ph. (3.20)
Tac dung tuong tng cta trudng inflaton ¢ chinh tac ¢6 dang
4 1 2
S = /d zv/—g [—Q(W) —V(9)] . (3.21)
Tensor nang xung lugng cua trucng
—2 0(y/—gL 1 o
T = V) Lo 56000 - gV () + 0006 (322)

V9 5g;u/ 2

Céc thanh phan clia tensor pr

Too = *¢ + (V¢) V(9), (3.23)

zbz—%j—f#+:2<¢> V)| o000 (321)

Khi d6 mét dé nang luong va ap suat ctia trudng lam phat c6 dang

Po = — *¢ toa ( $)* +V(9) (3.25)

va
1. 1.
pe=3Ti =35 = 7(V¢) V(9). (3.26)
Trong thoi gian x4y ra lam phét, trudng lam phat gan nhu dong nhat. Do tinh dong

nhat 1én s6 hang gradient ctia truong la khong dang ké. Khi dé, ta c6

1.
=SP4 V(0) (3.27)
1.
= 2P V(o) (3.29)
v6i V(¢) > 0. Tham s6 phuong trinh trang théi

po  9*+2V(0) 1+ (2V(9)/¢?)
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Dé c6 dicu kién cho tham sb phuong trinh trang théi 1
—-1<w<l. (3.30)

Néu s hang dong nang ¢? > V(¢) thi w & 1. Ngugc lai néu s6 hang thé ning V' (¢)
chiém wu thé tic 1a V(¢) > q52 thi w ~ —1. V&i truong hop thé nang chiém wu thé
ta c6 diéu kién 4p suat am Dy = —pg hay thé nang 1a thanh phan chinh thic day lam
phét.
Trong khi d6 1y bién phan téc dung (3.21) theo ¢ ta thu duge phuong trinh chuyén
dong cua truong vo hudng
O¢ = V'(¢). (3.31)

Trong khong thoi gian FLRW ta thu duge

b — ;(v%) +3Ho+V'(¢) =0, (3.32)

, a . .
trong d6 H = — la tham so6 Hubble.
a
Mot lan nita ta xét trudng déng nhat sb hang th hai chita gradient ctia trucng

duce bo qua
b+ 3Hd+V'(¢) = 0. (3.33)

Phuong trinh (3.33) hoan toan c6 thé thu duge tit phuong trinh lién tuc thong qua
cac phuong trinh cho pg va py nhu san

po = —3H(py + ps), (3.34)

dan dén

0d+V'(9)d = —3HP = ¢+3Hd=—-V'"(¢). (3.35)

P4y 1a phuong trinh truong cho trudng vo huéng dong nhat trong mot vii tru gian
né (FLRW).

Luwu ¥ rang trong trusng hgp khong thai gian Minkowski (—1, 1, 1, 1) phuong trinh
chuyén dong cho truong vo6 huéng cé dang

o =-V'(9), (3.36)

s6 hang 3Hqﬁ = 0 vi H = 0 trong Minkowski spacetime. V6i phuong trinh (3.36)
cho mot trudng doéng nhat khi ta so sanh v6i phuong trinh trong co hoc ¢6 dién cho
mot hat trong mot truong hap dan cé thé niang V() véi gia toc hap dan cé dang
7 = —VV (7). Do d6 ta c6 thé coi nhu truong lin dan xubng thé ning ctia né nhu 1

tang d4 lin dan xudng thung liing nhu hinh vé sau
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Thé nang V(¢)

Cuong do truong ¢
Hinh 3.6: Truong v6 huéng trong khong thoi gian Minkowski va dang thé nang ctia no.

Dé thay trong vii tru gian né FLRW noi déng gép ciia s6 hang 3H ¢ la khac khong
cu thé s6 hang nay déng gép nhu mot s6 hang ma sdt lam cham su phat trién cla
truong ¢. Hay s6 hang nay lam cho trudng ¢ lin cham xuéng thé ning V' (¢) trong

2. 2 ~ CL s ’ N N
qué trinh gian nd cta va tru H = —. Truc quan héa qué trinh nay nhu sau
a

Thé nang V(¢)

Cudng do truong ¢

Hinh 3.7: Trudng inflaton trong co ché slow-roll
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3.4.1 Diéu kién cho lam phéit cuén chadm

Phuong trinh Friedmann tht hai 4p dung cho truong inflaton ¢ c¢6 dang

a AtG
— = ———(po+3pg).- (3.37)
a 3
Lam phat 1a mot giai doan gian né gia téc do dé @ > 0 dan dén diéu kién sau
1
Po+3ps <0 = py < =205, (3.38)
dan dén . /1
(33 -v©) <=3 (33 + Vo). (3.30)

Trudng lam phét lan chdm xudng thé niang ctia né dong thai lam phéat duge thic day
chit yéu béi thé ning dan dén bat ding thic trén théa man khi

¢’ < V(9). (3.40)
Lay dao ham 2 vé ctia (3.40) theo thoi gian ta thu duge

|

< 5V’(¢), (3.41)

tit phuong trinh chuyén dong ctia trusng inflaton (3.33) ta c6

G+ 3Ho+V'(¢) =0, (3.42)
ta bé qua sb hang ¢ = CCZ;T;ZS dan dén
V'(¢) = —3Hg, (3.43)
thay vao bat phuong trinh (3.41)
b < o (~3HY), (3.44)

bd qua phan hé s6 ta va lay tri tuyét déi 2 vé thu duge dicu kién sau

6| < |3HG|, (3.45)

két hop véi dieu kién (3.40) day 1a hai diéu kién cudn chdm (slow roll condition) xay

ra.

0 < V(o) (3.46)
6| < [3H4|. (3.47)

Pham Manh Tuyén 38 2020B Vat ly lyj thuyét



Hoc vién khoa hoc va cong nghé Luan van thac st

Lay dao ham 2 vé ctia phuong trinh (3.43) theo thoi gian ta thu duge

3(Ho + Ho) = =V"(¢)o, (3.48)
vi H gan nhu khong ddi trong sudt pha lam phéat do d6 s6 hang H c6 thé dugc bo qua
va ta ¢cé ”( ) )
. V ¢ ¢
= — 3.49
=", (349
tlt phuong trinh (3.45) ta thu dugce
V"(9)¢ :
— 3H 3.50
g < 3HY, (3.50)
dan dén
V"(¢)| < H”. (3.51)

3.4.2 Cac tham sb cudn chim

Ta dinh nghia cic tham s6 cudn chdm € va n dudce dinh nghia duéi dang tham sb
Hubble va thé nang V' gitp ching ta dinh luong tham sé cuén cham
H

— (3.52)

€EHg —

stt dung cong thitc a(t) oc e = N = In a phuong trinh trén c¢6 theer duge biéu dién

dIn(H)
€g = — N (3.53)
v6i N 1a e-folds number do dé .
Ny = —li (3.54)
2HH
Phuong trinh Friedmann ddu tién cho ¢ trong khong thoi gian phing FLRW c¢6
dang
H? = %?)quﬁ. (3.55)

Néu céc dicéu kién cudn cham (3.46),(3.47) dugce théa man, ching ta cé thé lay xap xi
cudn cham phuong trinh Friedmann(3.55) c¢6 dang

G
= —V
3

H? (). (3.56)

Lay dao ham theo thdi gian ci 2 vé ctia phuong trinh trén c¢é dang

HH = “fv’(qs)gb. (3.57)
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Thay V'(¢) tit phuong trinh (3.43) vao phuong trinh trén ta thu duge
H = —4nG¢*. (3.58)
Tiép tuc thay H tit phuong trinh trén vao phuong trinh cho eg (3.52) ta thu dugc

H _AnG

Mt khéc tir phuong trinh (3.43) ta c6
- V()
= — ) 3.60
R (3.60)
Thay vao phuong trinh (3.59)
4G (V' (p)? 4GV (9)?
= = 3.61
0= ( 0> ) O+ (3:61)

v6i H? thu duge tit phuong trinh Friedmann (3.56) thay vao phuong trinh nay ta thu

dugc
4n GV ()’ ! (V’((b) P My (V(9)) (3.62)
EH pr— 2 pu— pr— . .
87G 167G \ V(¢) 2 \V(9)
Je)
nhu viy tham sb cudén cham duge biéu dién dudi dang thé nang cé dang
M 2 (V! 2
=& ( ((b)) : (3.63)
2 \V(o)
tham s6 cudn cham thit hai 7y cé thé duge biéu thi nhu sau
¢
= ——, 3.64
NH Ho ( )
tuong tu v6i e ta thu duge
1 (V"(¢) V"(9)
= — == M 2 y 365
w =5 (vier) = (7)) (3:69)
ngoai ra néu st dung phuong trinh (3.43) ta thu duge
V" ()
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3.4.3 S e - folds

Lam phét duge dinh lugng thong qua sb e-fold (e-folds number) ki higu 1a N truée
thoi diém két thic lam phat. Trong pha lam phét N sé giam va bang 0 tai thoi diém
lam phat két thtc. Khi tinh todan N ta sé di nguoc tit thoi diém két thic lam phét
(N = 0) dén thdi ky bat dau lam phat (N dat gia tri 16n nhat). Trong pha lam phat
hé s6 thang do a(t) phat trién v6i mot hé s6 cuc 16n chinh vi vay né do s6 lan thoi
gian phat trien. Gid tri can thiét cia N dé gidi quyét cdc van dé vii tru hoc nhu dé
cAp & phan truée 1a N ~ 60 — 75. D& tim sb e-fold ta gia thiét rang trong sudt pha
lam phét hé s6 thang do phét trién nhu sau

a(t) = a(ty)e™, (3.67)

hay
a(t) = a(ty)e 1), (3.68)

thanh phan Ht tao thanh s lan e-fold
N = Ht, (3.69)

lay dao ham 2 vé phuong trinh trén theo thdi gian ta thu dugc

AN
dt
khi d6 t .
_ [ _ [Ty (M
N_/ti Hdt_/ti adt_ln<ati>. (3.71)

Chiing ta c6 thé tinh toan N(t) = N(¢(t)) = N(¢) phu thudc vao trudng vo hudng
thong qua phép bién ddi tich phan va dang ctia thé ning clia trudng vo6 huéng

ty tr __dt
N(¢) = Ht = Hdt:/ti H 4 ods

t;

or H slow-roll 1 i V(gb)
_ [T g TR do|. 3.72
®i Cb ¢ ]\4p12 ¢y Vl(‘b) ¢ ( )

lwu ¥ rang & day ta sit dung didu kién slow-roll (3.43) 3H$ = —V'(¢). Do dé sb e-fold
c6 thé duge xac dinh thong qua dang thé ning ciia trudng lam phat. Ngoai ra tham sb
slow-roll ¢6 thé duge biéu dién dudi dang s6 e-fold nhu sau

el 1 dH  1dHdN | 1 dlN

H> H? 4t  H?dN dt | H? dt

€Eg — (373)
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3.4.4 Tong két lam phat cit va slow roll inflation

Lam phat két thic dot ngot
Truomg lin xudng vi tri gia chan khong A g;:i ;:d:]% tni:‘:x?:‘;l:fgfgb:g:l;.;h
true vacuum : N
. ; _ / ..................... .
Higu img xuyen ngim lugng tir
(Quantum tunneling)
Citomg do tritong Cutomg do trtong Cutimg d trtomg

(a) Truong lan xuong vi tri gid (b) Truong thyuc hién hiéu Gng (c) Lam phat ket thic ngay 1ap
chén khoéng. xuyén ngam lugng tir. tic.

Hinh 3.8: Lam phat ca.

Curg 3 truong Cutmg 46 trutmg &

(a) Trudng 1&n cham & vi trf (b) Qud trinh lam phéat bat (c) Trudng lin xubng vi trf cue
xap xi gid chan khong. dau va tiép dién. tiéu va dao dong tai do.

Hinh 3.9: Lam phat cudon cham.
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3.5 M6 hinh lam phat &k (k inflation)

Lam phat k (k inflation) duge dé xuat bsi ba nha khoa hoc C. Armendariz-Picon,
T. Damour va V. Mukhanov [16] Lam phat k c6 s6 hang dong niang phi chinh tac.
Phiém ham tac dung trong moé hinh nay c6 dang

S=y=g [—16;(;3 L P(X, (b)] | (3.74)

trong d6 P(X,¢) 1a mot ham bat ky clia trudng inflaton ¢ va s6 hang dong ning
X = iauqba“gb. Tensor niang xung luong thu duge bang cach 1ay bién phan tic dung
theo metric ¢6 dang

_ 9P(X,9)

T = X 0,00, — P(X, 9) gy - (3.75)

Tensor nang xung luong nay tuong tng véi mot chat long hoan héo cé 4p suat

p=P(X,9), (3.76)
va mat do nang luong
=2X op P(X, ) (3.77)
p - aX ) ) .
v6i van toc 4 chieu cé dang
O
U, =0 (3.78)

v6i o 1a dau clia gb Céc phuong trinh Friedmann c¢6 dang trong khong thoi gian FLRW

c6 dang
1
H? = — .
. 1
H=— )

p

= 14 khéi luong planck rit gon. D6i véi lam phét ta cé dieu kién sau

P /8rG

e ) (3.81)
a

c6 thé duoc biéu thi dusi dang tham s6 cuén cham

H
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tham s6 cudn cham cé thé dude xac dinh dusi dang tham s6 dong Hubble nhu sau
€0 =7 (3.83)
va

€, =

dln|e| .
> .
iz, (3.84)

v6i Hj, 1a hang s Hubble trong qué trinh lam phat tai mot thoi diém khi mot mode
k cu thé r0i khéi duong chan trsi va NV 1a s e-fold

N=In <a> . (3.85)

a;
Pao ham béc nhat ctia tham sé dong Hubble theo thoi gian c¢6 dang
éi = €641, (386)

v6i 2 tham s6 dong Hubble dau tién c¢6 dang

€] — €= §7p 5 (387)
v 3 d +
_ pPTPp
€y — oOH dt < P ) . (388)

Phé cong suat ctia cdc nhiéu loan vo huéng va nhiéu loan tensor 1a chi s6 phé vo
huéng n va ty sd tensor-to-scalar 7 trong mé hinh k-inflation dudc tinh toan trong [17]

dugce biéu dién dudi dang tham sé dong Hubble ¢6 dang

HQ
Pr= ——%— , (3.89)
82 M2cge kel
2 H?
P=—— , (3.90)
7T2 Mg csk=ah
ng = 1— 261 — €9, (391)
r = 16¢g€;. (3.92)
Trong d6 téc ddo Am thanh cho nhiéu loan c6 dang
Op/0X
2
= ) 3.93
= pox (3.93)

Nhu véy, lam phat & 1a mé hinh lam phat dic biét khi yéu t6 chinh gay ra lam
phét 14 thanh phan dong nang ciia trudng vo huéng thay vi thé nang clia truong nhu
cdc mé hinh chinh t&c. M6 hinh md ra mét cach tiép cdn méi mé cho nghién ctu co

ché gy ra lam phat vii tru.
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3.6 MO0 hinh lam phat Gauss-Bonnet

Trong phan nay ching ta cting tim hiéu vé mét mo hinh hdp dan bac cao v6i thanh
phan 1a s6 hang bat bién Gauss-Bonnet. Tim hiéu tai sao chting ta lai quan tam dén
s6 hang Gauss-Bonnet, né déng vai tro gi trong vii tru sém va cudi ciing 13 mé hinh

lam phat Einstein Gauss-Bonnet do P.Kanti va cong su dé xuat nam 2015 [32,33].

3.6.1 Vai tro ciia sé6 hang Gauss-Bonnet
S6 hang Gauss-Bonnet

S6 hang Gauss-Bonnet c6 dang
G = R*— 4R, R"™ + Ry ,n R"". (3.94)

S6 hang nay xuat hién trong khai trién bac hai ciia Iy thuyét hdp dan Lovelock [25]
day 1a mot 1y thuyét hap dan tong quét hon 1y thuyét hap dan Einstein. Ly thuyét hap
dan Lovelock duge mo td bdi mot phiém ham téc dung tong quat trong d6 chita tong
goi 1a céc tensor Lovelock [25]. Khai trién bac nhat trong ly thuyét hdp dan Lovelock
chinh 14 1 thuyét tuong d6i tong quat hay 1y thuyét hdp dan Einstein. Khai trién bac
hai clia Iy thuyét nay 1a 1y thuyét hidp dan Einstein-Gauss-Bonnet, trong dé chta s6
hang Gauss-Bonnet va bién phan s6 hang nay chi khéc khong trong khéng gian cé sb
chiéu 16n hon hodc bang nam. Trong khong thoi gian bén chiéu, s6 hang Gauss-Bonnet
dong vai trd nhu mot dao ham toan phan va khong déng gép vao dong luc hoc cia
khong thai gian. Dé nghién ctu trong khéng thai gian 4 chi¢u sé hang Gauss-Bonnet
phai duge két hop khéng tam thudng véi mot trudng vo hudng ¢ va su két hop nay

dan dén 1y thuyét hap dan Einstein-Scalar-Gauss-Bonnet.

Tai sao s6 hang Gauss-Bonnet lai quan trong cho lam phat vii tru

Mac du kich ban lam phét gitip ching ta gidi quyét cic van dé xuat hién trong vi
tru hoc vu nd 16n, nhu vin dé chan troi, vin dé do phing va vin dé don cuc tir, nhung
van con cac van dé chua dude giai quyét nhu diém ky di ban dau va hap dan luong ti.

That vay, Doi v6i vii tru rat sém (nguyén thiy) khi tiém can thang Planck (Planck
scale), Ly thuyét hap dan Einstein cting mot s6 hiéu chinh duge coi 1 1y thuyét hiéu
dung ctia 1y thuyét hap dan luong ti. Ly thuyét situ day duge coi 1a mot tng cit vién
hita hen nhat cho hap dan lugng ti va trong ly thuyét siéu day bao gom céc sb hang
hiéu chinh d6 cong bac cao c¢é thé déng vai tro rat quan trong trong vii tru rat sém.
Mot trong sé nhitng s hang d6 1a s6 hang Gauss-Bonnet xuat hién trong tic dung

hiéu dung nang luong thap ctia day di loai (the low-energy effective action of heterotic
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string) [26-29]. Lam phét 1a mot vién canh x4y ra trong vii tru rat so khai do dé rat
c6 kha nang s6 hang Gauss-Bonnet déng vai tro rat quan trong trong nghiém vii tru

hoc nay.

3.6.2 Tong quan md hinh lam phit Gauss-Bonnet

M6 hinh Lam phat Gauss-Bonnet lan dau dudce dé xuat bdi P.Kanti va cc cong
sut [32,33] v6i phiém ham téc dung c6 dang sau

S = [d'ey=g |, - 5(VoP + g1(9). (3.95)

Trong d6 ham ghép f(¢) 1a mot ham s6 bat ky clia truong vo hudng giy ra lam
phét ¢ dudc két hop khéng tam thudng véi s6 hang Gauss-Bonnet. Déng chi y trong
m6 hinh nay khong xuét hién s6 hang thé ning V' (¢) clia truong vo hudng, k = 871G
13 hang s6 két hop hap dan, ¢ 1a dinh thiic ctia metric tensor 9w, 1212 v6 huéng Ricci.

Lay bién phan tac dung (3.95) theo metric tensor va trudng vo hudng dan dén céc
phuong trinh truong

1 1
R,uy - §g,uuR + Ppauﬂvaﬁf = a,u¢81/¢ - §guy(v¢)27 (396)

va 1 .
ﬁau[\/—_gﬁ“cﬁ] + G =0. (3.97)

Trong d6 f' = df /d¢, xk* = 1 cho thuan tién tinh toan va P,avp duge dinh nghia 1a
Puavs = Ruavp + 29,1583, + 29ap B + RYuiw9plas (3.98)
hay
af 2 « «@ R
— Ryo9u VPNV f — Ry VPV f. (3.99)
Metric m6 t4 khong thoi gian phing dong nhat ding hudéng 14 FLRW phing c6 dang
ds® = —dt* + a*(t)0;;dx’da’. (3.100)

Dang tudng minh ctia cdc phuong trinh truong (3.96),(3.97) nhu sau

6H? (1+ Hf) = ¢, (3.101)
2(1+ Hf)(H* + H)+ H* (1 + f) z—;q'b?, (3.102)
$+3Hp—3fH*(H*+ H) =0. (3.103)
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Trong d6 H = a/a 1a tham s6 Hubble va dau chidm trén ky hiéu cho dao ham theo
thoi gian t.

Dé chinh x4c chiing ta can dang chinh x4c ctia f(¢). P. Kanti va cong su [32,33] xét
ham ghép c6 dang binh phuong f(¢) = A¢? vdi hiang s6 két hop A gy ra cdc nghiém
lam phat. Trong thoi gian sém, trong co ché hip dan manh (strong gravity regime),
s6 hang Gauss-Bonnet chiém wu thé hoan toan so véi s6 hang vo huéng Ricci [32, 33]
v6i co ché nay doéng luc hoc ctia vii tru khong cho thiy thay doi dang ké nao mién 14
truong vo hudéng nhan cac gia tri rat 16n hay tuong tmg v6i A nhan mot gid tri 16n ké
ca khi chiing ta bé qua s6 hang vo huéng Ricci. V6i gan ding nay, ta sé bo qua cac sb
hang bang 1 trong cdc dau ngodc xudt hién trong cic phuong trinh trudng (3.101) va
(3.102). Khi d6 ta thu duge phuong trinh

. H?
H+H*(1—-— =0, (3.104)
HdS
véi Hgs = —5/24) do d6 A < 0. Diéu nay ngu ¥y mot nghiém de Sitter, v6i H 1a

mot hang s6 va do dé H= 0, v6i A < 0 mo6 t& mot pha gian né lam phat. Thay vao
phuong trinh(3.104) ta thu duge 2 nghiém véi nghiém Hig = —5/24\ 1a mot nghiém
repeller va mét nghiém la H = 0 mo t4 khdng thoi gian Minkowski, 1a mdt attractor.
LAy tich phan phuong trinh (3.104)

a(t) = agexp(Hgst), (3.105)

tit nghiém (3.105), ta thdy rang lam phat dugc gy ra bdi s6 hang Gauss-Bonnet.
Ngoai ra trudng vo huéng dude gidi thong qua phuong trinh(3.103) c6 dang

¢(t) = ¢o exp (-;Hdst> : (3.106)

K& c& trong cac trudng hop tong quat, ching ta cé thé tinh tich phan phuong trinh

(3.104) thu duge

b4
H= a5 (3.107)

5 :
\/1 + 5CH§SCL2

V6i O 1a hang sb tich phan. Ta thiy rang khi vii tru gidn né, Hang sé6 Hubble sé
giam dan. Do d¢, chiing ta phai didu chinh v=2 = 2CH3/5 = C/12)\ dé lam phét
x4y ra trong mot thoi gian da dai. Trong truong hop nay, hé sé thang do ¢6 thé thu

duge bang cach gidi gidi tich phuong trinh (3.107) sit dung phép ddi bién @ = v tan w

/2 2 _
\/a_2_|_y_2—|—ylog< v ”) :,/;(Hto), (3.108)

a
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a(t)
[\]

-

(A=-10)

025 05 075 1 125 15 175 2
t
Hinh 3.10: Hé s6 thang do nhu mét ham ctia thoi gian v6i C = 0 va ||\ =
0.1,0.2,0.5,1,2,10 (tit trén xudng dudi) [32,33]

trong d6 to 1a hang s6 tich phan. Vi nghiém thu duge véi hé s6 thang do (3.108) khong
& dang tudng minh do d6 nghiém tudng minh thu duge cho trudng voé huéng khong thé
6 dang phu thudc tuong minh vao ¢ ma chi thu duge dang phu thudc theo a nhu sau

20>5/4 (a2 + V2>5/4

¢:CO <5 a5/2 )

trong d6 Cp 1a mot hang s6 tich phan khac. Tit phuong trinh nay, ching ta c6 thé
thiy ring ban dau trudng vo huéng gidm. Tuy nhién, trong co ché a? > 12, trudng

(3.109)

v6 huéng tréd thanh khong doi.

B4t 6n dinh trong mo hinh lam phat Gauss-Bonnet

Nhu vdy trong truong hop khong cé thé nang ctia truong vo huéng V' (¢) lam phat
ciing ¢6 thé dude xuat hién trong hdp dan Gauss-Bonnet, budc tiép theo ta can kiém
tra tinh on dinh ctia mo hinh lam phat nay thong qua cac tinh toan nhiéu loan tit cong
viee ctia Getbogi Hikmawan, Jiro Soda va céc cong su [46]. Xuat phét tit nhiéu loan
tensor

ds? = —dt* + a® (0;; + hyj) dz'da? (3.110)
trong d6 h'; = h'; = 0. Tt metric (3.110) thu duge tdc dung bac hai ciia nhiéu loan

tensor c6 dang
S = 8/d4a3 [(1 + Hf)hijhj — 9(1 + f)hij,kh J.k ' (3.111)

T d6 thu duge phuong trinh chuyén doéng ctia cic nhiéu loan tensor ¢6 dang

1+ f
—hi; =0, (3.112)

) al .
hij + [3H—|— a] hij + g
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v6i o = (1 4+ Hf) duge dinh nghia va k 1a s6 song. Luu ¥ rang hé chita ghost néu
a < 0. Vi su ton tai ctia ghost ngu ¥ rang mo hinh 13 khong phit hop véi thue té, ching
ta phai tranh kha nang nay. Tl phuong trinh (3.112), ta thay rang su 6n dinh ctia hé
dugc x4c dinh théng qua sb hang cudi cuing, trong khi s6 hang thit hai la s hang ma
sat. M6 hinh 6n dinh d6i v6i nhiéu loan tensor khi binh phuong téc¢ do &m thanh hiéu

dung la duong )
1+ f
«

c? > 0. (3.113)
Kiém tra su 6n dinh ctia nhiéu loan tensor ciia moé hinh bang cach kiém tra gié tri

2

2
cua Cg.

Hinh 3.11: Su phét trién theo thdi gian ctia binh phuong téc d6 am thanh hiéu dung

¢? clia md hinh duge vé dudi dang ham ctia s6 lan e gap [46]

Tit cac phuong trinh chuyén dong (3.101)-(3.103), ching ta ¢ thé thu duge su
tién hda theo thdi gian déi véi cg cho mot s6 gia tri A nhu cé thé thay trong hinh 3.11.
Béi vi Cz 14 4m trong sudt thoi gian lam phat, ching ta cé thé két ludn rang hé

khong 6n dinh dudi cac nhiéu loan tensor.
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Chuong 4

MO HINH LAM PHAT
k-GAUSS-BONNET

Tém tét: Trong chuong nay, ciing 1a phan chinh ciia ludn véan trinh bay mo
hinh lam phat theo quy luat liy thita k-Gauss-Bonnet. M6 hinh cho nghiém 6n
dinh bf\ing hai phuong phép la dong Iuc hoc va nhiéu loan liy thita. Dong thai
tinh bat 6n dinh trong gradient ctia cdc nhiéu loan tensor khong ton tai trong
mo hinh.

Lay cam hiing tit lam phéat & va lam phat Gauss-Bonnet. Cau hoi dit ra c6 thé
tong quat héa mo hinh lam phét Gauss-Bonnet bang cach thay ham ghép f(¢) —
J(¢, X) khi hAm ghép méi niy c6 dang bat ky clia truong inflaton va sé hang dong
ning ctia né. Pong thai truong vé hudng duoe tong quat héa khi xét trusng vé hudng cé
thé 1 truong vo huéng phatom véi phuong trinh trang thai w = p/p < —1 [56,57]c6
thé gy ra lam phat.

$= [day=g [}; + P(¢, X) — ;J(cb, X)g| . (4.1)
ludn van sé xét truong hgp don gidn nhat ctia ham ghép J(¢, X) va P(¢, X) nhu sau
P(6,X) = X & J(6,X) = J(X), (4.2)

trong d6 X dudc dinh nghia la
X = —;v,@vw, (4.3)

trong d6 w = 1 tuong tng véi trudng vo hudng chinh tic vd w = —1 tuong tng véi
truong vo huéng phantom.
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4.1 Thiét 14p cd ban

V6i céc gid thiét ¢ trén ta cé phiém ham tdc dung trong moé hinh kGB cé dang
J(X)

= [d'zy/=g [§+X—8Q , (4.4)

trong d6 dé thuan tién cho cac tinh toan ta thiét 14p Mg =1 (Mg 14 khéi Iugng Planck
rit gon), J(X) 1a mdt ham bat ky ciia X va s6 hang Gauss-Bonnet duge dinh nghia
la
G = R?— 4R, R" + Rpo RM"°. (4.5)
Lay bién phan tac dung (4.4) theo nghich ddo metric g"” ta thu duge phuong trinh
truong Einstein ¢6 dang (xem phu luc A)

Guw = (Rupvo — 9uwRpe) VPV — G000
1
+ RV, NPT+ Ry VNPT — RV,
+ w0006 — 5 9u0ad0" 6 — <J'G0,00,6, (4.6)

trong d6 0 = V,V# 1a toén ti d’Alembert , V,, 1a dao ham hiép bién and J' = 0xJ
ky hiéu cho phép lay dao ham theo X.

Mit khéac, 1y bién phan téc dung theo trudng ¢ cho ta phuong trinh chuyén dong
cua truong vo huéng cé dang

(8= J'G) 06 = V. (J'G)V 6, (4.7)

trong d6 O = ﬁau(\/—gaﬂ).
Trong ludn van nay, ching ta sé tdp trung vao khong thdi gian phang dong nhat
dang huéng Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

ds? = —dt?2 + exp[2a(t)](dx2 + dy® + de)v (4.8)

trong d6 exp[2a(t)] 1& hé s6 thang do gid tri cia né chi phu thuge vao thoi gian do
tinh dong nhat ctia khong gian.
Céc phuong trinh truong Einstein c¢6 dang

-2 237 pv) Wk 2
= + =0 — — 4.
« aJ 6gb 5 J'Go*, (4.9)

21 — af)i = —3a2 + 62J + 263 J — ;¢2, (4.10)

phuong trinh chuyén dong clia trudng vo huéng
d .

b (J'G) = (8~ TG) (6 +3a6) (4.11)
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va s6 hang Gauss-Bonnet G c¢6 dang

G =24¢* [¢® +d . (4.12)

4.2 Lam phat theo quy luat lay thita (power-law
inflation)

Nghiém lam phat theo quy luat liy thita [58,59] v6i hé s6 thang do dudc xét theo

céc anzats sau [18,24, 57, 60]
a = (log(t), ¢ = {log(t) + o, (4.13)
va ham ghép J(X) c¢6 dang lily thita
J(X) = AX". (4.14)

O day ¢g, n, and X 1a cdc hing sb tuy ¥. Ta thiy rang hé s6 thang do lic nay ¢ dang
lity thita nhw sau, exp[2a(t)] = t*. Dan dén d6i v6i ¢ > 0 phit hop v6i nghiém gian
ng, trong khi d6 ¢ > 1 tuong tng v6i nghiém lam phét va tru [58,59]. Nhu vay, cac
phuong trinh (4.9), (4.10) va (4.11) s& dugc biéu dién dudi dang cdc phuong trinh dai

s6 nhu sau
—CP ATl + “’g =0, (4.15)
2¢ — 3¢% + 4w HE2(2¢0 - B — “’252 =0, (4.16)
(1-3¢) [we + 1202 (P = )] =0. (4.17)
O day, ta c6 rang budc n = —1 dé tat ca cac phuong trinh truong c6 cing ty 16 véi t 2,

Mit khac, d (J'G) /dt = 0 cho nghiém lam phét theo quy luat liy thita nay. Méi quan
hé nay ngu ¥ rang G ~ (J)7t ~ X2 va do d6 JG ~ X. Dan dén ham ghép J(X)
khong gip van dé ky di trong truong hop 1a nghich dao ctia X tic la J(X) = X!
khi ta xét trong giGi han chan khong X — 0.

Tiép theo chiing ta sé giai chinh x4c cédc phuong trinh nay. That vy, tit phuong
trinh (4.17) ta thu dugc

W€ = —120w7 12 - 0), (4.18)

Trong d6 ta bé qua nghiém gian nd, ¢ = 1/3, véi mbi lien hé nay thay vao phuong
trinh (4.15) ta thu duge

wE = 2XC(C + 1), (4.19)
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Tiép tuc thay vao phuong trinh (4.16) cho ta phuong trinh ctia ¢ c6 dang
A+3)C2+ (22X =3)C+Ar=0. (4.20)

Phuong trinh nay cho ta nghiém chinh xéc cia ¢ ¢6 dang

C 3-20+/3(3-8)) 21)

= 2(3+ \)

Tuy nhién chi c¢6 nghiém

(o 3— 20+ ,/3(3—8)) )

234+ N) ’

1a phit hgp cho lam phét (xem hinh 4.1). Mat khéc véi rang bude ¢ > 1 ngu ¥ cho
gi4 tri ctia tham s6 A nam trong ving —3 < A < 0. D& thiy khi \ cang gan —3, hay
A= —-3+4+¢€v6i 0 < e <1, thigia tri gan ding ctia ( = (; trd thanh ( ~ 9/e > 1.

Thém vao dé, gid tri 4m ciia A ngu v rang w = —1 tuong tmg thu dugc tit phuong
trinh (4.19). do d6, ¢ phai la trudng phantom [56,57] trong m6 hinh nay dé cé lam
phét. Lwu ¥ rang cdc mé hinh lam phéat Gauss-Bonnet véi ham ghép thong thuong
f(¢)G voéi truong vo hudng 14 phantom giy ra lam phdt liy thita trong truong hop
khong c6 thé nang V(@) ciing duge xem xét trong [30].

4
15}

.~
~
. F
-~
~
~
~
~
~

"
.
-

—73‘7‘”—2””—1””, “‘1““2””3

Hinh 4.1: (1 1a ham cta \. Trong do,Duong mau do phia trén tuong tng véi ¢, va
dudng cong nét lien mau xanh (_.

Ngoai ra, lam phat ludt liy thita trong cdc mo hinh vo huéng chinh tic da duoc
chting minh 14 ¢6 co ché 16i thodt duyén dang (graceful exit problem) [77]. Do d6, cAu
hoi dit ra lidu lam phat AGB theo luat liiy thita c¢6 thita nhan mot 16i thodt duyén
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dang hay khong? Dé giai quyét van dé quan trong nay, trude tién ching ta can luu ¥
rang lam phat kGB theo lut liy thita khong do thé ning giy ra ma la do s6 hang
dong nang, tuong tu nhu lam phat £ [16,17] cing nhu lam phat Galileon [22,23]. Do
do, ¢ sé khong dao dong sau khi két thic lam phat vi khong c6 V(¢). Hon nita, mo
hinh kGB ¢6 su chuyén dich-déi xting ciia ¢, diéu nay sé ngin can cac tuong tac truc
tiép gitta ¢ va vt chat ciia mo hinh chuan [23]. TAt ca nhing su kién nay chi ra rang
dudng nhu rat khé dé c6 mot 16i thoat thuan lgi theo céch phd bién trong lam phéat
kGB. May mén thay, cdc nghién citu gan day trong tai lidu [23,78,79] da chi ra rang
c6 thé thoat ra khéi lam phat do s6 hang dong ning thong qua qué trinh tao hat hap
dan, hay con goi 1a tdi ham néng bang hap dan [80-82]. Do vdy ciing c6 thé c6 mot
16i thoat duyén dang nhu vAy trong khudn kho ctia lam phat AGB theo luat liiy thira
théng qua viéc tai hAm néng bang hdp dan. Mot khao sat chi tiét vé van dé nay sé
dugc trinh bay & phan khéc.

4.3 Phan tich sy 6n dinh (stability analysis)

Trong phan nay ching ta sé khéo sat su 6n dinh ctia nghiém lam phét theo ludt liy

thita trong pha lam phét bang 2 phuong phap

e Phuong phap dong luc hoc.

e Phuong phdp nhiéu loan luat liy thia.

4.3.1 Phuong phap dong luc hoc (Dynamical system method)

Dé st dung phuong phap doéng luc ching ta sé bién d6i cic phuong trinh trudng
thanh hé phuong trinh déng luc bang cach dua vao cic bién dong luc khong thit nguyén

nhu sau .
X = ? Y =Ja, Z=JG. (4.23)
«Q
V6i dinh nghia cac phuong trinh dong luc c¢6 dang
aX ¢
—_— == 4.24
da &2’ (4.24)
dY . «Q
—=J+Y—= 4.25
do + a2 (4.25)
dz  dZ 1 A
= = — (4.26)

do~ dt & &
trong d6, o = [ adt déng vai tro nhu mot bién dong luc thsi gian. Thue té s6 hang
nay chinh 1a s6 e-folds N dudc dé cap & phan truée khi ta dinh nghia & = H = % v6i
N =1n(a(t)/ay) = [ Hdt.
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Theo dé cac phuong trinh truong (4.9),(4.10) va (4.11) dua vé dudi dang cc bién
dong luc 1an lugt nhu sau

—wX%(Z —4) +24Y — 24 =0, (4.27)
ay N
2= wX?+2Y (e +2) —4e — 6 =0, (4.28)
«
dX 5 (dZ
—Z-8)+X|—+(Z-8 3) ] =0. 4.29
2= X (G (Z-8)e+3) (4.29)
Trong ba phuong trinh trén chi c6 hai phuong trinh la doc lap va € = peRal 7] la
«
tham s6 cuon cham.
Véi bién dong luc Z ta cob
, & at : é
Z7=JG= 24J'(X)a4 <1 + d2> = 24&J'(X)¢4 (1 + d2>
J(X)¢"
Véi J(X) ¢6 dang liy thita hay J(X) = AX™ khi d6 ta c6
dJ(X) _ W .o\ 1
J(X) = S5 —ax = (£47) 1.31
() =" = o (26 (4.31)
Thay (4.31) vao phuong trinh (4.30) ta thu dugce
Z=2m () gt 4.32
() el (4.32)
Dé thay v6i rang budc n = —1 s& cho ta phuong trinh (4.32) c¢6 dang
96 1
7 =| FAe+D (4.33)
X4
Luu y rang chinh rang buéc n = —1 cho ta nghiém diém ¢ dinh sé hoan toan tuong

duong véi nghiém liiy thita tim duge & phan trén.
Mit khéc tit phuong trinh (4.30) ta c6 thém moi lién hé gitta bién Z véi bién X

va Y nhu sau

dJ(X) dJ dt .
Z=1JG= 246" = ——244"
J'G Ty 24ad (1+¢€) - dX24a (1+¢)
. A3 &’
= Ja"24(1+ €) = 24Y " (1 + ¢)
X w
Y 1
I PYIR S o | (4.34)
wX dX /do + Xe
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tuong duong véi

~ 240+ D) \da T

wXZ (df(

(4.35)

Tt cdc phuong trinh (4.28),(4.29), (4.33) va (4.35) ta thu dugc hé phuong trinh

tuong tng sau

do

ax
do

7 _96)‘(f +1)

4 Y
wXZ (dX
= Xe|.
24(e+1) <da * 6)

dY .
2—— —wX2+2Y(e+2)—4e—6=0,

(Z—S)+X<Z§+(Z—8)(e+3)> =0,

(4.36)

Tu hé phuong trinh trén ta thu hé phuong trinh dong luc duéi dang tudng minh cta

hé dong luc nhu sau

dX X5z X3y .

= — + X,
do 96\ A \w
vy XYY -2)Z Xw

T A

Y 41,

iz (Z—-18) (X - 12)w)

do 4 \w

trong d6 ta cé biéu thiic ciia tham s6 cuén cham € = —

X4z

(4.37)

(4.38)

(4.39)

— 1. Luu ¥ rang & day

khong st dung phuong trinh rang budc (phuong trinh Friedmann thit nhét)(4.27),

phuong trinh nay sé duge stt dung trong phan sau trong biéu dién trén khong gian pha

2 chiéu (X ,Y') gibng nhu trong tai lidu [63].

Tiép theo chiing ta s& gidi hé phuong trinh dong luc (6.70)-(4.39) dé tim céc

nghiém diém cb dinh (fixed points). V& mat toan hoc, cdc diém cb dinh 1a nghiém ctia

hé phuong trinh sau day

dX dY dZ

Dl s 4.40

da da  da ( )
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Giai hé phuong trinh trén ta thu duge céc diém cb dinh tuong tng nhu sau:

X =0 X2 = 46X X2 = 1(3£vo—20w?)
A=Y =10:Be=Ye = 2wV/6AiCe=(Ve= 1(94+v0—-240?) s
8 8

Z =38 7 = 7 =

= 1 (3£ V9 —240?)
D={Yy= 1 (3F VO —240?) . (4.41)
Zr = 15 (6 — 8 w? F2V0 — 240?)

Dé thay d6i véi diém c6 dinh C_ ta c6 v6i X2 = 52/(_2“ trong d6 & va (4 thu duge
tit phan tinh todn trudc trong truong hop nghiém c6 dang liy thita. Nhu vay diém cb
dinh (X2,Y_, Z) s¢ tuong duong véi nghiém lam phat liiy thita tir tinh toin phin
trude. Do d6, khao sat su on dinh va tinh chit héi tu ciia diém cb dinh nay sé cho ta
tinh chat tuong duong véi nghiém lam phat theo quy luat liiy thita. Cac diém c6 dinh
khac A, B,C,, D 1 cac truong hop khong 6n dinh ho#ic khéng phai 1a nghiém lam
phéat nén ta s¢ khong xem xét cac nghiém nay.

Nhu vay diém ¢ dinh can tim dé khio sat su 6n dinh ciia lam phét ludt liy thia

trong mo hinh k-Gauss-Bonnet 1a

X2 = 1(3-vo—24\?)
Co={y = I{o—o—amwr) ;. (4.42)
7 = 8

Dé xem xét nghiém nay c6 on dinh hay khéng? chiing ta sé khai trién nhiéu loan hé
phuong trinh déng luc xung quanh diém ¢ dinh nay. Khi dé, hé dong luc duge khai

trién c6 dang sau

as%  (6A+vI—203—3) _  (Vo—2an—3)"’

do A oX 75 or
VI =24\ -3 (4N + V9 —24)\ -3
— \/ <16)\ )52, (4.43)
Yy 1 B 6\ +v9 — 24\ —3
dd:\/\/9—24)\—35X—( >5Y
da 3 2\
1

+ o1 (VO —24x-3) 67, (4.44)
doz SA+v9—24\ -3

By )sz. (1.45
do 2A\

§ day ta sit dung diéu kién cho trudng 1a phantom w = —1.
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Tiép theo ching ta sé 14y nhiéu loan theo cap sé nhan (exponential perturbation)

cua cac bien dong hoc nhu sau

60X = Agexp[ral, (4.46)
Y = Ayexp[ra], (4.47)
07 = A, exp[Tal. (4.48)

trong d6 dau ctia T sé xéc dinh tinh chat on dinh ciia diém cb dinh. Péc biét, néu
mdt tdp hop cdc phuong trinh nhidu loan c6 bat ky 7 duong nao, thi cic nhiéu loan
d ~ exp[ra] sé tang lén rat 16n khi @ — 00, giy ra tinh chat bat on dinh cta diém
¢d dinh. Nguoc lai, diém ¢ dinh 13 on dinh néu tat cd cdc nghiém cta 7 déu Am vi
§ ~ exp[Ta] s& c6 tién t6i khong khi o — o0.

DPé cu thé héa, cdc phuong trinh nhiéu loan ¢ thé duge viét duéi dang phuong

Ay
(Ay) = 0. (4.49)

trinh ma tran nhu sau

Ay My My M3
M A, | =M My Mo

A, Mz M3y Msz| \ A,
Trong do
O6A + V9 — 24\ — 3
M11 = — i b\ - T, (450)
. (Vo= -3 .
12 — A\ ) ( : )
VVO = 24X — 3 (4) + v — 24X - 3)
Mg = — , (4.52)
16\
V9 — 24\ —
My = \/ & 5 37 (4.53)
A+ V9 — 24\ —
My = At 92)\ S T, (4.54)
V9 — 24\ —3
Mg — ( >, (4.55)
24
My, =0, (4.56)
Msy =0, (4.57)
SA+vV9—24\—3
M33 = — i 2\ — T. (458)

Vé mit toan hoc, phuong trinh ma tran trén c6 nghiém khong tam thudng khi va chi
khi
det M =0, (4.59)
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tuong tng v6i mot phuong trinh da thiic cho 7 nhu sau

a37'3 + &27’2 +a17T+ag = 0, (460)
trong do
as = —1 < 0, (4.61)
—26A3 — 4 (/9 — 24X\ — 3) \?
ag = ( ) y (462)
2\3
—1120% — 2 (17v/9 — 24X — 81) A2 + 15 (V9 — 24X — 3) A
a; = 3E , (4.63)
_ —160X% — 72v/9 — 24X\ + 46802 4 75¢/9 — 24 A\ — 297\ — 18/9 — 24\ + 54
ag = 9)\3 .
(4.64)

V6i nghiém lam phét luy thita (power-law) voi A = —3 + € va 0 < € < 1 ta dé tinh
duagc

as ~ —9 < 0, (4.65)
ap ~ —27 < 0, (4.66)
ag ~ —27 < 0. (4.67)

Nhu vay tat ca cdc hé sb a;(i = 0, 3) trong phuong trinh da thtic déu Am dan dén
diém c¢6 dinh dang xét thuc su 6n dinh chéng lai cdc nhiéu loan ctia trudng.

Dé xac thuc diéu nay ta sit dung phuong phép sb dé quan sat tinh chat on dinh
cia didm b dinh niy trong khong gian pha 3 chidu X, Y, Z. Nhu hinh 4.2 cho thiy
cac dudng véi diéu kién ban dau khéc nhau sau mét thoi gian sé déu hoi tu ve diém
cd dinh C_.

Ngoai biéu dién khong gian pha 3 chiéu ching ta hoan toan c¢é thé biéu dién tinh
chat hoi tu vé diém cb dinh trong khong gian 2 chi¢u bang cach stt dung phuong trinh
Friedmann tht nhat lam phuong trinh rang budc khi nay bién dong luc Z sé duge bidu
dién théng qua 2 bién dong luc con laila X va Y

4(X%w +6Y —6)

7 = _ . (4.68)
X2w

Déan dén phuong trinh cho dZ/do c¢6 dang

a7z 24 |2 dX dYy
oy -1 - 4.69
do wX?2 X( ) da do ( )

Pham Manh Tuyén 59 2020B Vat ly lyj thuyét



Hoc vién khoa hoc va cong nghé Luan van thac st

Hinh 4.2: Tinh chat 6n dinh trong khong gian pha 3 chiéu.

Tuong tu ta ciing tim duge diém c¢b dinh tuong tng véi Z = 8 1a

1

X_=—(3-v9—240?)

¥ (4.70)
Vo= (9 - V9 —24)?)
Hé dong luc véi 2 phuong trinh duge thu vé dang sau

dX 1 ,4 e
— = — (X?4+6) X3+ X 4.71
o = X)X+ X, (471)
dY:1XQ(Y—Q)(X2—6Y+6)—1(X2+2Y—2) (4.72)
da 24\ 2 ' '

Tuong tu lay nhiéu loan cdc phuong trinh dong luc nay xung quanh fixed point ta thu
duoc

X  3—8)\—,/3(3=8)\) .
doX _ ( )6X

4.
dov 2\ ’ (4.73)
d5Y 3 —8\— \/3(3—8)\)

— - z 5Y. (4.74)

L&y nhidu loan cic bién dong luc theo cip s6 nhan 6X, §Y ~ exp [Ta, ta thu dugce

Pham Manh Tuyén 60 2020B Vat ly lyj thuyét



Hoc vién khoa hoc va cong nghé Luan van thac st
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Hinh 4.3: Tinh chat 6n dinh trong khong gian pha 2 chiéu.

cac tri riéng tuong tng

3—8\—/3(3 —8A
T12 = 2\ ( ) (475)

Dé thiy, 719 ~ —3 < 0 cho nghiém lam phat v6i A = =3 +eva 0 < € < 1. Vay
nghiém 6n dinh trong khéng gian 2D (xem hinh 4.3).

4.3.2 Phuong phap nhiéu loan liiy thita (power-law perturba-
tion method)

Trong phan nay chiing ta sé khéo sat tinh 6n dinh ctia mé hinh lam phat AGB bang
phuong phép nhiéu loan lity thita. Phuong phap nay ducc thuc hién bang cich tinh
céc nhiéu loan clia trudng ¢ va hé sé thang do « trong cdc phuong trinh trudng va
phuong trinh trudng vo huéng. Xét cac nhiéu loan ciia trudng ¢ va hé s6 thang do
duéi dang liiy thita sau dé tim phuong trinh nhiéu loan duéi dang ma tran, tim diéu
kién nghiém khong tam thudng véi det A = 0 dé suy ra phuong trinh nhiéu loan dudi
dang da thiic va diéu kién tuong tu nhu truong hop hé dong luc d6 1a tat ca céc hé sb
trong phuong trinh dé phai am dé khi thdi gian tién dén v6 cling cac nhiéu loan nay
tién dan dén 0 thi nghiém 13 6n dinh nguge lai cdc nhidu loan sé tang 1én rat 16n khi

thoi gian ting 1én va nghiém khi d6 sé khong 6n dinh.
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Pau tién dé thuc hién phuong phap nay ta xét phuong trinh Friedmann tht nhéat
(4.9) va thu duge
w - . w .
§¢2 =304 — 3&°J + gj’g& (4.76)

) w -
thay so hang §¢2 vao phuong trinh Friedmann thit hai (4.10) ta thu dugc

AN | .
i=—362+ 2 J+ 2(56° + 206) — — J'G*. (4.77)
2 2 16
Ciing v6i phuong trinh chuyén dong ctia trusng vo hudng ta cé
V2. ] .
&= 362 + O;J + (50" + 24ci) 1°J6J'g¢2, (4.78)
-1 ) 1 . . I,
b= ggJ’gb — 3a (1 - 8GJ’> 0 gJ”qu + ggqs. (4.79)

Ta sé dung hai phuong trinh nay dé khio sat su 6n dinh ctia nghiém lam phat luat liy
thita bang phuong phap nhiéu loan liy thira.
LAy nhiéu loan cdc phuong trinh nay ta thu dugc

— dé — Gador + ; [6%0.] + 26 J6a] + ; (56° + 266)6.J + J(15¢°06r + 2604)]

= f@* (G0 + T/ 626G + 20.0'Gsd| = 0, (4.80)

— 8¢+ ;5<gj/¢5) — 30(cd) + 25(9J’d¢) + ;5(@7'&) + ;5<J/Q'¢i) =0. (4.81)
Ta x6t cdc nhibu loan ctia hé s6 thang do o vi trudng ¢ c6 dang sau

o da=Au " (4.82)

o S = Ayt (4.83)

Khi d6 ta sé thu duge cdc phuong trinh (4.80) va (4.81) dudi dang céc phuong

trinh dai so sau

m (2ON(C(26 +1) + (3¢ +2)m = 2) + E(6C+m ~ 1)) |

= )
2 _
L% )\m(2C+m2-32)(3C+m 1)A¢ 0, (4.84)
4 2 2 3 — 4
~ 3m (60C'A + 4¢2\ (m 4n23+3)+4u(7m 16>+5)Aa
B 4y _ apr3y _ A
m(3C +m 1) (355 A —36¢°A—¢ )A¢ — 0. (4.85)
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Ta c¢6 thé biéu dién hai phuong trinh dai s6 trén dudi dang phuong trinh ma trén

sau
Aa — All Al? Aa
= = 4.
A <A¢> [Am A | \ Ay 0, (4.86)
trong dé
m (20A(6¢(2¢ + 1) + (3¢ +2)m — 2) + E2(6¢ +m — 1))
A =— e : (4.87)
202 m(2 2)(3 —1
A = ¢ m((—}—m;—g (36 +m >, (4.88)
3m (60C*N + 4¢2A (m? — dm + 3) + 43N (Tm — 16) + ¢
Ay = — ( ¢ ¢ ( & ) CN ) 5), (4.89)
m(3¢ +m — 1) (36¢4\ — 36¢3\ — &4
o ) ™
Céc nghiém khong tam thuong ctia phuong trinh (4.86) ton tai khi va chi khi
det A =0, (4.91)
phuong trinh nay cho ta mot phuong trinh da thitc cho m nhu sau
mf(m) = m(agm® + asm* + aym® + azm? + aym + ay) = 0, (4.92)

vi cdce he 86 a;’s (i = 1 — 6) duge cho bdi

244\
ag = Ta
72¢4H(4¢ — 1)\2
as = 56 5
0 — 24CH[C(47¢ — 22) 4+ 3]A% — 36(C — 1)C3AE2 4+ 4C(3¢ + 1) + &6
_ 2 :
az = 516 [24<4[<(<(54C —25) +8) — 1JA? = 36(¢ — 1)¢*(9¢ — 2)A¢?

+8¢ (9¢2 + 3¢ — 1) At + (9¢ — 2)¢°]

= 516(3< — 1) [-48¢°(¢(3¢ = 8) + 1)A = 36(¢ — 1)¢P(6¢ — 1)AE?
+4¢ (9¢2 +6¢ — 1) A&* + (6¢ — 1)€°] .

a1:O.

as
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Tit cac phuong tinh (4.18),(4.19) va diéu kién truong phantom w = —1 cho ta

3(¢—1)¢
(C+1)27

§==20(C+ 1A

A=—

hai diéu kién nay dan dén

1
(S VT k
3(4¢ — 1)
BT
~(9¢(5¢—2)+1)
_ 1 ,
C3(1-30)%(2¢ + 1)
as = <2_1 5
2(3¢ —1)3
0y — (C2 = 1)
CL1:0.

V6i dieu kién cho lam phat ¢ > 1 dan dén tat ci cdc hé s6 a; 14 duong (hodc Am
néu nhan -1 vao 2 vé ciia phuong trinh) do dé nghiém lam phét thuec su 6n dinh chéng

lai cdc nhiéu loan trudng.

4.4 Nhiéu loan tensor trong mé hinh tGB

Trong phan nay ching ta sé tim hiéu khai quat vé 17 thuyét nhidu loan vii tru cling
voi d6 1a khao sat tinh chat on dinh trong gradient ctia céc nhiéu loan tensor cta
m6 hinh AGB diéu ma duge chimg minh [46] 14 bat 6n trong md hinh Gauss-Bonnet

inflation cua P.Kanti va cac cong su.

4.4.1 Téng quan vé 1y thuyét nhiéu loan vii tru

Mot trong nhitng muc tiéu quan trong nhat ctia Vi tru hoc hién dai 1a giai thich
nguon goc clia cdc nhidu loan nguyén thiy (primodial fluctuations) duge cho 1a céc
hat giéng hinh thanh cdu tric thang do 16n trong vii tru. Trude khi dé xuat vién canh
lam phat vii tru, cdc nhiéu loan ban dau da dudc coi 1a duong nhién va pho ciia ching
da dugce ¢b dinh dé phu hop véi cdc quan sat. Vi vay, v tru hoc ¢ dién nhdm mo ta

vl tru hién tai bang cich sap xép cac dicu kién ban dau mot cach thich hop.
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Mit khéc, lam phét vii tru cb ging gidi thich ngudn gbe thuc su clia céc nhiéu loan
ban dau va du doan chinh xéc quang phd. Piéu nay c6 nghia 1a vii tru hoc hién tai c6
thé kiém tra khi so sanh cac du dodn tir 1y thuyét nay véi cic quan sat.

Theo lam phét vii tru, cdc nhidu loan nguyén thiiy bat ngudn tit cc thing gidng
lugng tit. Trong thoi ky lam phat, ching duge kéo dan dén thang do siéu dudng chan
troi (super horizon). Do d6, lam phat gitip két ndi cdc cu tric thang do 16n ctia vii
tru v6i nguon gdec vi mé clia né. Ngoai ra, pho két qua ctia nhitng tinh khéng dong
nhat nay dudng nhu khéng qué nhay cadm véi cac chi tiét ctia bat ky mo hinh cu thé
nao va cé hinh dang gan nhu bat bién vé ty 1&. Két qua la, ching ta sé c6 mot du doan
cu thé cho quang phd cta tinh di huéng trong Neén vi séng vt tru.

Ly thuyét nhiéu loan tuyén tinh: Theo cdc quan sét CMB, vil tru so khai
khong hoan toan dong nhit ma ton tai cic dic tinh bat dong nhat nhé (small imho-
mogeneities) day 1a mot xap xi t6t cho khai trién 1y thuyét nhidu loan bac nhat (tuyén
tinh). Diéu nay c6 thé duge thuc hién bang cach tdch moi dai luong (phu thudc vao
thoi gian va toa do), &(t,x), thanh mot phan 1a dong nhat, £(¢), chi phu thudc vao
thoi gian vii tru va mot phan 1a nhidu loan, 0&(¢, ), phu thudc vao ca thoi gian va toa
do khong gian,

E(t,x) = &(t) + 0&(t, ). (4.93)

Bing cach thic nay, ching ta c6 thé tinh toin cic phuong trinh Einstein & bac
tuyén tinh. Theo cdc phuong trinh Einstein, Tinh khong dong nhat trong phan bd vat
chat gy ra nhiéu loan trong metric tensor va ngudc lai.

Nhiing nhiéu loan nay cé thé duge phan tach thanh cédc phan vo huéng (scalar),
vecto va tensor va trong phép xap xi tuyén tinh, cc loai nhiéu loan khac nhau nay
phét trién doc 1ap va cé thé duge phan tich mét cich riéng biét. 0 day ching ta phan
loai cdc nhiéu loan.

Nhiéu loan metric: Metric ctia mot vii tru FRW phang, dong nhét va dang hudng

v6i cac nhidu loan rat nhé duge biéu dién nhu sau

ds* = g drtde’ = —(1 + 2®)dt* + 2aB;dz"dt + a® [(1 — 2W)6;; + Fij] d'da’.

(4.94)
Theo Phan tach vo hudng-vector-tensor (SVT), chiing ta cé thé bicu dién B; va
E;; nhu sau
Bi=0,B—-S;, 0'S;=0, (4.95)
va
Ejj = 20,;E + 20K + hij, 0'K; = 0, h = 0'h;; = 0. (4.96)
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Trong d6, ®, ¥, B; va Ej; lan lugt 1a cdc ham lapse (lapse functions), do cong
khéng gian (spatial curvature), vector dich (shift vector) va shear tensor.

Bang céch nay, ching ta da tach metric ban dau thanh céc phan v huéng, vector
va tensor riéng biét.

Trong ludn van nay tdi tdp trung vao phan nhiéu loan tensor ciia metric c6 dang
sau

ds® = —dt® + a*(t) [0 + hij) da'da?. (4.97)

Trong d6 h;j 1a transverse, tiic 1a h;;; = 0 va khong c6 vét, tic 1a h; = 0. Céc
nhiéu loan tensor 1a bat bién gauge.
Phan tiép theo ta sé tinh todn vin tdc Am thanh ciia cdc nhiéu loan tensor trong

md hinh AGB va chi ra van tdc nay 16n hon 1.

4.4.2 Nhiéu loan tensor trong mé hinh £GB
T phiém ham téc dung trong mo hinh kGB
R 1
S = / d'vv/=g |= — 29,00"6 — —J(X)G]|. (4.98)
2 2 8
LAy bién phan tac dung theo g"¥ cho ta phuong trinh trudng Einstein c6 dang
G + Pupo V7 J — 00,00,6 + ;}g,u,&,(ﬁ@”(b + gj'gauwm —0,  (4.99)
trong do
R
PupoV?J =G0V — RV, V] — Ry, V.V + EVMV,, (4.100)
+ Rps 9/ VPNV T + Rpe VIV .
Phuong trinh(4.99) duge biéu dién dudi dang
w w
G = —Pupwo V7 J +w0,00,¢ — §gw,30¢80(b — gJ/Qaugb&,gb. (4.101)
Mit khéc phuong trinh chuyén dong clia trudng voé huéng ¢ dang
1 1 1
(1 — 8J'Q> V3¢ — ggVﬂJ'V‘% — gJ'VHgV’% = 0. (4.102)
Phuong trinh Einstein ngu y
Gm/ = T,uy- (4103)
V6i tensor nang xung lugng cé dang
w - w
Tpu/ = _Pupyavpaj + W8u¢au¢ - §guyac7¢a (b - gjlgau¢aV¢ (4104)

_ 7(GB) (¢) (GK)
=T + 15 + T

Y
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vii

T(GB) _ —PupoV?J = =G V2] + RV, VT + Ry, V, VT

uv
R
— 5 ViV = Roo GV = Ry VOV, (4.105)
w
TS = w0000 — 9 0:00°0, (4.106)
TICH) = —:J’(X )G 3,00, 6. (4.107)

Trong nén FLRW phang ta c6

ds®* = —dt* + a(t) (dqz2 + dy* + dz2) . (4.108)
Ta thu duge cac phuong trinh tuong ting
3H2(1 — HJ) = ;’& - z,]’g(b?, (4.100)
H2(1— J)+2(H? + H)(1 - HJ) = —ggé?, (4.110)
1 } o~ 1.d
1—=J Ho) = —¢— (J(X)G). 4.111
(1-§76) (3-+3) = (05, (/(X)0) (1111)

Phuong trinh chuyén déng ctia cic nhiéu loan tensor trong mé hinh tGB
Metric cho cdc nhiéu loan tensor ¢6 dang
ds? = —dt* = a*(t) 0y + hij) do'da’. (4.112)
Sau céc tinh todn ta thu dude nhiéu loan tensor cho céc phan khong gian khai trién
dén bac nhat 1a
GB GK
Ty =T + T + 1% = O, 4 O3, (4.113)
Sau cac budc tinh todn ta thu dude cdc nhidu loan bac nhat trong tensor ning xung

luong c¢6 dang

7o) — ‘;a%ij(f (4.114)
. 1 1,
OB — (—J)a? [Nv%ij — 5 Hhi; + H%ij] (4.115)
a
=] \=H=E o+ g (=S H? = SH ) + by (2H® + 2HH)
DT = 0 (-2 1G9,60,0)
) 8 v
W w
= —g(l)(J’(X))93u¢8u¢ - gJ’(X)(”Q@mb@uéb
w

= =g (" (X)) XG0,60,6 — ZJ'(X)(l)Qc’?qu@yqﬁ —0.  (4.116)
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Luu ¥ ta c6 WG =0 va WX = 0. Khi dé

(1)Tij = (1);,;2@ 4 (1)7}2(;3) n (1)71%(;[()
= Lathyd + TP 1o

= a*hy; [~H*(1—J) — 2(H* + H)(1 — HJ)]

— JCL2 [MVQhZ] — iHhm —+ Hthj]
—a%J —H@ b (—2m2 = i) o (2H? + 2HH)
2 " 2 2 "

. .1 1.
_ 2 2 2 2
= —a’hy; (3H* + 2H) — a’J [MV —~ 2th-j]

| hi o hg :
+a*J [H; - 7”(3}12 +H)|. (4.117)
Phuong trinh Einstein cho céc nhiéu loan tensor c6 dang
WGy = O
a’ 1o 3 5 2 : 2
A= ghw — iv hij + 5@ Hth —a hz’j (2H—|—3H )
= —d’hy; (3H* + 2H) — a*J Lo Yy | ez | m @(31&12 + H)
Y 242 27 Y 2 2
hij 1 _, 3 1, 1.
= — - — hz *Hhi':—(] — hl—*HhZ
2 2a2v iy [QQQV ) J}
+J H7j+7j(3H2+H)
hij : (3H?+ H)(—J) 3 1. 1 _, .
s 2 (1-HJ “H—-HJ| ——V?h;(1-J)=0
2 ( )+ [ 2 3 2 2a2 i )
- : L o VZ2hi; .
& (1= HJ)hyj+ [3BH(1— HJ)— HJ — HJ| hij - (1= J)=0. (4.118)
Dan dén
N Hi+HJ|. Ah; 1—J
hii+ |3H — =22\ hy; — —2 . =0|. 4.119
! 1—-HJ |7 a® 1—-HJ ( )

Binh phuong téc do am thanh hi¢u dung (t6c do truyén clia cdc nhiéu loan tensor)

trong mé hinh £GB dugce dinh nghia nhu sau
1—J

1-HJ

o (4.120)
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D6i v6i nghiém lam phat theo quy luét liy thita ta tinh dugc

y Y
J = —4?, (4.121)
Hi— - 4.122
=g (4.122)
Dan dén 5 5
=1+ ~1+2e>1. (4.123)

¢ 9

Két qua nay cho thay binh phuong tdéc do am thanh hiéu dung ciia céc nhiéu loan
tensor trong mo hinh lam phét theo quy luat liy thita kGB 13 khong Am cu thé cg 21
khac phuc duge diém yéu duge chi ra trong mo hinh lam phat Gauss-Bonnet [46].

Véi C? > 1 tuong tmg véi ¢ > 1 hay superluminality mot van dé mdéi xuat hién khi
téc do truyen am thanh clia cdc nhidu loan tensor 16n hon van tdc 4nh sdng dan dén
vi pham tinh nhan qua do su xuat hién ciia cdc dudng cong giéng thai gian (time-like
curves) (nhan qué) khép kin, nhu duge chi ra trong tai liéu [83,84]. Thay vao do, ching
ta c¢6 thé mong doi nhitng hé qua khong tam thudng ciia nd, cé thé ducse xuit hién
trén nén CMB [85]. Can Iuu ¥ rang su lan truyén cuce dai (superluminal propagation)
ctia nhiéu loan tensor ciing ¢6 thé duge tim thiy trong nhiéu mo hinh hip dan khac
nhu mé hinh lam phat Galileon [86, 87].

Dé tranh su xudt hién ctia cdc duong cong gibng nhu thoi gian déng, ngudi ta
c6 thé dua ra phong doan bao vé ciia Hawking (the Hawking’s chronology protection
conjecture) [88] nhu duge dé xuat trong céc tai lidu [84,86]. Vé co ban, phong dodn
nay lap luén rang sy hinh thanh cdc duong cong giéng thdi gian déng c6 thé bi ngin
chian do phan tmg nguoc déng ké ciia truong luong tit xay ra khi cac dudng cong gidng
thoi gian gan nhu déng [88]. Ngoai ra mot ting ho hop 1y cho rang su lan truyén cuc
dai (the superluminality) khong 1a 16 hong cho mé hinh AGB. Cu thé, c6 thé chi ra
nhu phin tich trong tai liéu [87] rang metric hdp din hidu dung G, xéc dinh ciu tric
nhan qua cla su lan truyén tensor thong qua diéu kién Gwdxtdz” = 0 clia m6 hinh
kGB khong c6 mdi lien hé bao gidc (disformally related) véi metric nén g, noi xdc
dinh cdu tric nhan qua ctia su lan truyen photon anh sang thong qua céc nén anh sang
gudz*dx” = 0. Luu § rang ca G, VA gy, 6 ¢6 cling cau tric nhdn qud néu ching
lién hé bao gidc véi nhau tic 1a G, = Q()g,, [83,87]. Trong md hinh kGB do tinh
phi bdo gidc trong moi lién hé gitta G, va gy, tlic 14 G, # Q(2) g, cling nhu sy lan
truyen cuc dai (the superluminality) ¢; > 1 nén lan truyén (the chronology) dudc xéc
dinh bang G, (thay vi g,,,) & 1a mot nén lan truyén (chronology) toan cuc ciia khong
thoi gian. Do dé su lan truyen cuc dai (superluminality) sé khong bao ham vi pham

nhén qua [83].
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KET LUAN

Trong ludn van nay, toi da trinh bay tong quan va hé théng vé nghién cttu vii tru
hoc hién dai v6i mo hinh trung tam 1a mo6 hinh ACDM, cting v6i dé 1a vién cadnh lam
phat, mot vién canh xdy ra trong vii tru sém gitp gidi quyét dong thdi nhiéu van de
quan trong trong vii tru hoc, lam phét ciing dua ra 16i giai thich cho cau tric thang
do 16n trong vil tru xuat phat tit cic thang gidng luong tit xuat hién trude thsi ky lam
phéat. Nghién cttu lam phat dugc cac nha khoa hoc dac biét quan tdm, tuy nhién co
ché giy lam phét van con 1a dau hoéi 16n vi vy nhiéu mo6 hinh lam phét van tiép tuc
duge nghién ctru.

Trong luin van t6i dua ra mot s6 mé hinh trong nghién ctiu lam phéat vii tru ndi
bat 14 cdc m6 hinh méi la nhu lam phét & [16] trong d6 s6 hang dong niang clia truong
v6 hudng inflaton 1a thanh phan chinh thic day lam phat va mé hinh lam phat Gauss-
Bonnet [32,33] trong dé trudng inflaton duge két hop khong tam thudng v6i s6 hang
Gauss-Bonnet 1a mdt bat bién t6p6 déng vai trdo nhu mot dao ham toan phan trong
khong thoi gian 4 chiéu. Dé nghién ctu anh hudng ctia s6 hang nay dén doéng luc hoc
clia truong hap dan, ching ta can két hop né véi mot (hoac nhieu) truong vo hudng,
diéu nay dan dén mo hinh hap dan Einstein-scalar-Gauss-Bonnet. Ngoai ra, mo hinh
hap dan Gauss-Bonnet rat thi vi vi duge nghién cttu trong nhiéu khia canh clia vat Iy
Iy thuyét nhu céc nghiém vii tru khong c6 diém ky di, va vat 1y hd den.

Trong vii tru sém, s6 hang Gauss-Bonnet déng vai trdo quan trong vi viy cdc mo
hinh lam phét c6 chita sé hang Gauss-Bonnet dude dong ddo cong dong khoa hoc quan
tam. Tuy nhién lam phat Gauss-Bonnet gap van dé khi xuat hién bat on dinh trong
gradient ctia cac nhidu loan tensor cu thé 1a binh phuong téc do 4m thanh hi¢u dung
¢6 dinh nghia am [46].

Vi vy trong luan van nay ching t6i da mdé rong nghién ctu mo6 hinh lam phéat
Gauss-Bonnet bang m6 hinh lam phat mdi ¢é tén goi lam phat k-Gauss-Bonnet [63]

v6i viee tong quat héa ham ghép clia trudng vo hudng véi sé6 hang Gauss-Bonnet bay
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gid c6 thé 1a ham bat ky clia trudng va sé hang dong ning ctia né f(¢) — J(¢, X)
v4i X 1a s6 hang dong ning ciia trudng vo huéng duge dinh nghia X = —w/2(V¢)?
v6i dinh nghia nay truong lam phat cé thé 1 trudng phantom véi w = —1 va w = 1
tuong tng véi truong hop truong vo huéng chinh tic. Thu vi, 13 moé hinh nay tim dugdc
nghiém lam phat chinh x4c theo quy luat liy thita dong thsi nghiém nay dude chiing
minh 13 én dinh trong pha lam phat thong qua hai phuong phép 1a déng luc hoc va
nhiéu loan liiy thita. Ngoai ra, nghién ctu trong khudn khé 1y thuyét nhiéu loan vi
tru t6i tap trung vao nhiéu loan tensor va tim duge phuong trinh chuyén ddng cho céc
nhiéu loan tensor c¢6 binh phuong tdéc do 4m thanh hiéu dung duong déi véi nghiém
lam phét theo quy lut lity thita khic phuc diém yéu bat 6n dinh trong mo hinh lam
phéat Gauss-Bonnet.

Nhu vy mo hinh lam phéat k-Gauss-Bonnet 1a mot moé hinh rat méi va vi tinh méi
ctia n6 nén con nhiéu van dé can nghién ctu thém cu thé cédc van dé gan nhat dé 1a
bat 6n dinh Ostrogradsky xuat hién khi cdc phuong trinh truong ton tai dao ham bac
ba ctia bién trudng ¢ diéu nay xuat hién trong md rong ciia mot 1y thuyét vugt trén
mo hinh 1y thuyét hdp dan Horndeski [89,90] va Iy thuyét hap dan dao ham bic cao
suy bién DHOST [91,92]. Ngoai ra, cdc rang budc véi quan sat CMB ciing can dugc
nghién ctru thém xem liéu mo hinh ¢é phit hop véi quan sat hay khéng cu thé 1a tham

SO tensor-to-scalar trong mo hinh.
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Chuong 6
PHU LUC

6.1 DAan ra phuong trinh truong Einstein tir phiém
ham tac dung

Lay bién phan tdc dung (4.1) theo nghich dio metric g"” ta thu dugc

5S:5</d4:1:\/—_ [R . fa GO — J;X)QD

_/d‘*m [— #qbaﬂqb—ﬂ ]

8
n / dz\/—go [2 — 2 0u00"6 - (éX )g] (6.1)
= 05y + 0S5, (6.2)
trong do
51 = [diadty=p) |5 - Sow0rs - TG
= [d' (—1\/—_ gmg’“‘y> [g — 5 0u00" J(X)g]
= / d'ay/—g [ 29w + G 0a0® + g,w‘]g )g] Sgh”. (6.3)
o5, = [ dtoy=38 |~ So,0000 - 1]
= [d'zy=5 l62 ( ¢6“¢> MX) J(;( >5g1

8
1 )
= [d'ay=g lzRW— 0o+ 5 Lrg (‘; 0u00,0) ~ s 59ny(){>] 5gt.

(6.4)
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Trong phuong trinh nay lay bién phan clia s6 hang Gauss-Bonnet dudc tinh toan

nhu sau
0G =0 (R® — 4R, R"™ + Ryype R
= §(R?) — 40(R,, R"™) + 0(R,pe RMP7), (6.5)
trong d6
§(R*) = 2RR,,, 69" + 2Rg,,NV*0g" — 2RV V0", (6.6)

§(RuR"™) = R, V?0g" — Ra VOV 69"
— Rop,VOV,8g" + R g,V oV 569"
— 2R R0 9" (6.7)

I Ryuwpe R'"P) = 4R p0e VINPOG" + 2R 7 0o R, 0g" . (6.8)
Dan dén bién phan s6 hang G la:

6G = 2RR,, 09" + 2Rg,,V*6g"" — 2RV ,V,6g"
— 4R, V?0g" + 4R, V*V 69"
+ 4R, VOV, 69" — 4R g,V oV 569" + 8R* Rpyyupdgh”
+ 4Rpe VIV G + 2R 1 po R, 770G (6.9)

Tinh chat ddi xing ctia metric tensor g"¥ = ¢g"# dan dén s6 hang thit 9 trong biéu

thitc trén duge bién d6i

RupoaVINPOG" = Ry puoVoVPG9" = Ryguy VPV 09" = —R,p0, VPNV 709 .

(6.10)
Khi do ta co
6G = 2RR,,, 09" + 2Rg,,V*6g"" — 2RV ,V,6g"
— 4R, Vg™ + AR, VOV 59"
+ 4R, VOV, 09" — 4R g,V oV 569" + 8R* R pypdg™”
— 4R}y, VPN T6G" + 2R 1per R, P7TOGM, (6.11)
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tiép theo ta xét

J6G = 2RR,,, J0g" + 2Rg,, JV*6g" — 2RIV ,V, 09" — AR, JV*5g"
+ 4R, JVOV 0" + 4Ry, IV, 09" — AR g, TV oV 56 g
+8JR Riy569" — AR,poy JNPN6G" + 2R 00 R, P77 TS g
= 2RR,, J6g" + 29,,69"' V*(RJ) — 269"V ,V,(RJ) — 45" O(R,,J)
+ 469"V V(R J) + 459"V NV (Rop) — 49,,09" VoV 5(RP J)
— 486"V (Ryupovd ) + 8T R Royyusdg™” + 2R, per R,P7TJ6gM  (6.12)
Dan dén
J6G = 69" [(2RR,uJ + 8R* RaypsJ + 2Ry0- R, J)
+ (2V?*(RguwJ) — 2V, V,(RJT) — 4V*(R,,J)
+4V, V(RopJ) + 4V, V*(Rop )

—49,, VN (R0 J) — 4V"V (R1po )] (6.13)
= §¢g" [SH1+ SH?2], (6.14)

vii
SH1 = (2RR,,J + 8R*’ RayupJ + 2R,p0-R,"77J) (6.15)

SH2 = 2V?*(Rg,,J) — 2V, V,(RJ) — AV*(R,,J)
+ 4V, VY RoJ) + 4V, V(R J)
— 49, V'V (RypJ) — 4VV (Rypor ), (6.16)
Xét rieng SH?2

SH2 = 2V?*(RgJ) — 2V, V,(RJ) — 4V*(R,,J)

+4VV (RopJ) + 4V°V (R

— 49, V'V (R)yJ) — 4V"V (Rypon )

= [2Rg,uV*J + 29, JV’R)
~[2RV,V,J +2JV,V,R]
— [4RW VT + 4V (R,))|
+ [4R0, YV, VT + 4V ,V*(Ru)]
+ [4Ro, V, VT +4JV ,V*(Roa,)]
~ [4R s 9,0, VPNV J + 49, IVPV (R, )]
— [AR,p5, VPN T + 4IVPN Rypo] - (6.17)

Pham Manh Tuyén 74 2020B Vat ly lyj thuyét



Hoc vién khoa hoc va cong nghé Luan van thac st

Dan dén
SH2 = [2Rg,,V*J] — 2RV, V,J — 4R, V*J + 4Ra,V,V*J + 4R, V, V"]
4Ry gu VPN — AR50, VPV T
+J [29wV’R = 2V, V, R — VR, + 4V, V* Ry, + 4V, VR,

~4G,, V"V Ry — AV R, p0) (6.18)
= SH3 +J- SH4, (6.19)
v6i
SH3 =2Rg,,V*] — 2RV, V,J — 4R, V*] + 4R,V ,V*J + 4R,V ,V*J
— 4Ry 9, V'V T — AR5, VPV T (6.20)
SHA =2g,,V’R -2V, ,V,R—V?R,, + 4V ,V* R, + 4V, V*R,,
—4g,,V*V R,y — 4VPV R, o, (6.21)
St dung mot sb dong nhat thiic (identity) thu duge tit dong nhat thitc Bianchi nhu
sau
VPR = VuRyr — VR, (6.22)
1
vap,u — ivuR (623)
1
VR = SR (6.24)
g 1 g
VPV Rypwo = V2R, — 5 VuVoR+ Rupso R = R Ry, (6.25)
1
VIR + VIV Ry = 5 (VN R+ Vi VuR) = 20 B + 2R Ry
(6.26)
1
V Vo' = SOR (6.27)

ta cé thé viét lai SH4 nhu sau
1
SH4 =2g,,V°R -2V ,V,R—4V*R,, +2V,V,R+2V,V, ,R — 495 OR
1
— 4(=V?R,, + 5 VuVoR = Rupo B + R Ry))
= 4R,po R — AR" R, (6.28)
Hé qua 1a SH2 c6 dang

SH2 = SH3 + J (4R, R — AR’ ,R,,)
= 2Rg,,V*J — 2RV, NV, J — 4R, V*J + 4R,V ,V*J + 4R,V ,V* ]
— 4Ry g VPNV J = AR5, VPNV T + 4J Rype R — 4J R’ R,,. (6.29)
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Do dé ta thu duge

J6G = 6g" (SH1 + SH2)
= 09" [2RR,J + 8R*’ Rayyp ] + 2Ry por R,7J + 2R, V]
2RV, V,J —4R,,V*J + 4R,V VO + 4R, YV, VT
—4R* 9.,V oV 3] — ARy pe, VN + AT Rype R — 4JR? Ry

(6.30)
trong biéu thiic nay ta xét
R Ropupd = R Ryypod = Rugpy R J
= —RyuovpR”J = —Rypuo R7"J
- _RupuoRpgja (631)

dan dén

J6G = 69" [(2RRyJ — ARyupo R J + 2Ry1p0r R,77J — AR? Ry, )
+ (2R, V?J — 2RV, V,.J — 4Ry, V?J 4+ 4R0, Y,V J + 4Ra, Y,V ]
4R 169, VPN — AR5, VPV J)]. (6.32)

phuong trinh (6.4) duge biéu dién nhu sau

1 w 1, /w
059 = /d4$\/ —gég’w [QRMV - §8M¢all¢ + g‘] g (26M¢8V¢)

1 loa oT
~o(@QRRT — ARypo R T + 2Ryp0r R,77] — AR Ry, J)

+2Rg,,V*J — 2RV, V,J — 4R,,V*J + 4R,V NV + 4R,V ,V*J

—4R 59V — AR5, VPV )] (6.33)
05 =051+ 05
1 w V J
= / d'zy/=g [—4ng/ + 9 0ad0%¢ + gw(f) + 9w 159

1 w 1, /w
b5 B = S0,00,6 + G (zamaygb)
1 g T
— (2R — ARyig B + 2Rype R,P77 — AR Ry )

+2Rg,, V2] — 2RV NV ,.J — 4R, V2] + 4R,V N J + 4R,V , V]
—4R )y gy VN T — AR5, VPN )] (6.34)
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Ap dung nguyén Iy tdc dung t6i thiéu §S = 0 cho bat ky dg"” dan dén

1 w o J
0= _ZRg,uu + Zg/u/aa(/ba (/b + g,uuﬁg
1 w 1, /w

1
~ 5 [2RRuwT —ARupoR? T+ 2Rypor R, — ARY Ry ]

+2Rg,,V*J — 2RV, V,J — 4R,,V*J + 4R,V ,N*J + 4R,V ,V*J
4Ry G VPNV J — AR5, VPV J]

J (1
=G+ 1 (299W —2RR,, + 4R e R’ — 2R, 007 R,T + 4R”NR,,p>

1 R
+ (—QRgWVQJ + 5 ViV + RYV*J — RV, VT — Ry NV, VT
+ R0 gy VIV T + Ry po, VPV )

w o w
w0000 + 3 GuDad ) + = T'G(0,00,0). (6.35)
S dung dong nhat thic trong khong thdi gian 4 chiéu cho s6 hang Gauss-Bonnet G
c6 dang
1
Eggw =2RR,, — 4R, e R +2R,,0- R, — 4RpﬂRl,p. (6.36)

Hién nhién, khi J(X) khong xuit hién trong khong thoi gian 4 chiéu sé hang
Gauss-Bonnet tu dong bién mat.

Cudi ciing, Phuong trinh truong hap dan c6 dang sau
1 R
0=0G — §Rgu,,V2J + 5 VaVid + R.V?J — RV, V] — Ry, V, VT
+ Rps gV J + R pey VN J
w o w
- Wa,uqﬁau¢ + 59#,/8@@58 ¢ + g«]/G(aﬂ¢&,¢> (6'37)

1
voi G = Ry — iRgW la Einstein tensor.
Mit khac lay bién phan tac dung theo bién trudng ¢ cho ta phuong trinh chuyén
dong cua truong vo hudéng

S = / dra/—gl = / dz/—g [}; - "; GO — ‘]%X)g] , (6.38)

trong do L co dang

£= V=it = =g |5 - a0 - 1 g, (6.39)
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Phuong trinh Euler-Lagrange c6 dang

oL IL
T (a<w>> " .

chiing ta c6 thé tinh toan timg s6 hang nhu sau

oL
55 =" (6.41)
oL 09X _lg 970X 1,07 X
OVup) O(Vup) 8 0(Vup) 0(V.e) 8 0XI(V,u)
1.\ 09X
-~ (1 - 8QJ> 09,9 (6.42)
oL 1.\ 09X
Ve (fxvm)) =V Kl - 8“) amw]
1.\ 0x 1 oX
v6i
ox  O-5VadV0)  y 6(VagVss)
V.0 oV 20 T aV.9)
_ W [9Vad) o O(Vs9) ]
59 [a(vm) AT A
w w
= —§9a555V6¢ - 59"‘55§VQ¢
gV g =~V (6.44)

khi dé

oL 1, L,

v, (W) =9, (1= 597) )vo — (1= £67) Vul-e) v
= wvu (1 — ;ng> V“¢ +w <1 - égjl> vuvu(b

- _zgvu(J’)v% — ‘;J'VM(G)V% +w (1 - QGJ’> Vi Vi,

(6.45)

Khi d6 phuong trinh chuyén dong clia trudng voé huéng c¢6 dang

w (1 - ;g]) O — ‘ggvuu’)v#cp - :J’Vu(g)vﬂqb = 0. (6.46)
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6.2 Phuong trinh trudng trong khong thdi gian phang
ddng nhit ding hudng
Ta xét cdc phuong trinh chuyén dong (6.37) va (4.16) cho metric phing FLRW
ds® = —dt* + exp [2a(t)](dz? 4 dy* + d2?). (6.47)
Céc kg hiéu Christoffel khac khong ¢6 dang
[0 =T =T =gud, Thyy=T%=T"3=d (6.48)

Céc thanh phan khac khong ctia Riemann tensor, R¥, oo €O dang

R0101 = R0202 = R0303 = gn(d+d?), (6.49)
Rlolo = R2020 = R3030 = —a — dz) (6-50)
5k R ji = guid?®, (6.51)

v6i cac chi s6 latin biéu thi theo khéng gian 4,7, k,0 = 1 — 3. V6i Ricci tensor,
R,, =R ,,, c6 dang

Roo = —3(¢* + &), (6.52)
Ri1 = Rys = R33 = 911(3d2 + Oé) (653)

Cuoi cung Ricci Scalar ¢6 dang

R =6(24° + a), (6.54)
R 1
Tt d6 cac thanh phan khéc khong ctia Einstein tensor, G, = R, — §ng la

Goo = 367, (6.55)
Gi1 = Gog = G33 = —g11(38* + 2d), (6.56)

Dang tuong minh ciia s6 hang Gauss-Bonnet ¢6 dang
G = 246%(62 + &) (6.57)
Phuong trinh truong hap dan (6.37) trd thanh
G = (Rupvo — Rpogw) VIV I (X)
~ G, V2I(X) ;RVMV,,J(X) + R,V NV J(X) + R, V,VI(X)
— S G066 + w3, 60,6 — <J'G (,60,6) (6.58)
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mdi s6 hang dude tinh todn cu thé nhu sau
1'term = R0 VPV J(X) = Rpuor g 9" VoV (X)
= Rauavgaﬁ (aaaBJ(X) o a’YJ(X) fyaﬁ)

2Mdperm = —Rpo g, VPV J(X) = Rpaguugpaggﬁ (aaaﬂ (X ) ( )T aﬁ)

3 term = —G,0J(X) = —GWV VOI(X) = =Glwg® (00 — O, J(X)I7 5)
4thterm=—;RVMVVJ( ) = —R (0,007 (X ) 0, J(X)I7, )

5Mterm = R, V,V/J(X) = prgﬂav Vol (X) = Rypg” (0,027 (X) — 0,J(X)T7,,)
6" term = Ry Vo, VP I(X) = Rpugpav Vad (X ) Rpug™ (0,00 J(X) — 0, J(X)I7,,,),
T term = == 0,,0200°6 = — 299" Dad 30,

8™ term = wd, 0, b,
9 term = —;J’g (0,00, 0) .

Ting thanh phan khac 0 c6 dang
bau tién thanh phan 00

Goo = (39" R 01011 — 3R11900g" 9" T% 1, — Goo3dr) (=)
1 . : .
+ <—QOOR00 + Goo + 2Ruog™ — 2R900900> J+ 2)@52 - :J/G¢2
— _303(—J) + 2’052 V(o) — gJ’gdﬂ, (6.59)
va
2 .37 Wio W o500
=a'J+ —¢°— —J 6.60
af=a°J + G(b o Go~, ( )
Va thanh phan 11(22, 33) c¢6 dang
G = ("R’ 101 — 9119™9" Roo + G11) (J)
+ (2911R2121F011 - 3911911911R11F011 - 3G11F011

1 . w .
+2R11g"' T — 23911911F011> (—=J) + 5911952

— (36% +2d) = —a%T — 2a(a® + &)J + Zq's?. (6.61)
Nhu vay ta thu dugc
a2 =g+ %’52 - 3J’gq52 (6.62)
36% 4 2d = &2J + 2a(a® + d)J —(b : (6.63)
1 / y / 8<J/) ag
—[1—8Jg]¢—3a[1—J ]¢—8< ot &)gﬁ (6.64)
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Nghiém lam phat theo quy luat liy thiua c6 dang
a=Clog(t); = ¢&log(t) + . (6.65)
V6i ham ghép duge xét nhu sau
J(X) = AX". (6.66)
Ting s6 hang dude tinh todn cu thé nhu sau
e a=(t"1 = a=-(t72

o= = 9=

[ J
. 0J 0JoX
X)=\X" = —— = — JX,
o J(X)=A\ - J= = aX o =J
oJ w - \"—1 w\n—1
! — Xn- 1 ( 2) — <) 2n—24—-2n+2,
o J = X = An = Jon 2¢ An 5 & t
0J" _ W\ ono,—ont1
¢ o = An(—2n + 2) (2> S’
w w - . 0X -
— — A2 e - 243
o X 59 0,00, ¢ 2gb — X 5 WoP w2,
. . w\n—1
o J=JX =g (S) e
. w\n—1
o J=X(2n+ 1w <2) g2ng=n=2,
Xét ting s6 hang trong phuong trinh (6.62)
.2 .37 8'2_1/ 12
o = J—|—6¢ 24Jggb, (6.67)

SH1 = a?= (2,
1

SH2 = &*J = 3t 3 (=N w" (2

n—1
> $2n—1n=—"1 (4)\w*1£*2)C3t*2,
w . w
SH3 = —¢* = —&%t72
= e,
SH5 — _;J/gﬁ _ _;"4J’¢2 x 2462(6% + &) "=" (w2 - Ot
Khi d6 phuong trinh nay duge biéu thi nhu sau

w§2

= le i 4 = c

(6.68)
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Tiép theo ta xét tiing thanh phan riéng biét ctia phuong trinh(6.63)

(26 + 3a%) = 6*J + 2a(a* + &) J — °2J¢'>2, (6.69)

SH1 =26 = —2(t 2,
SH2 =362 = 3¢% 2

SH3 =&*J =t n(2n + 1) (‘;)n_l 222y = (A1),
SHA = 2J6% = 20372 = —2Ane? (‘;)n_l wt 201343

n::*1 2(4)\w—1€—2)c3t—27
SHS = 2Jad = —2\ne2" (‘;)n_l Wt 2L ()

nil _2(4)\w—1€—2)c2t—2,
w - w
H6 = ——¢? = ——¢2472
SHE = -2 = — 22,

dan dén

2_Yer_y, (6.70)

20 =3¢ +2(4A I = (M) - 5
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Titng s6 hang trong phuong trinh (6.64)

- l1 — 1J’g] ¢ = 3a l1 — —J’ ] b — = < a(‘]/) J’ag> . (6.71)

8 8 ot ot
Tuong tu ta viét lai phuong trinh (6.64) nhu sau
(1-3¢) [we + 1202 = O] =0. (6.72)

Theo d6 phuong trinh truong dudi dang dai s6 c6 cling bac theo thai gian titc 14 72 13

wE?

—C D lei 4+ = 6 =0, (6.73)
2¢ — 32 + 4w te2(2¢3 — () - 52 =0, (6.74)
(1—3¢) [we? + 1220076 2¢3((? <>] — (6.75)
T phuong trinh (6.75) ta thu duge
we? = =127 = (), (6.76)

Khi d6 thay biéu thitc ndy vao phuong trinh (6.73) ¢6 dang
wE? = 2CN(C + 1), (6.77)
tuong tu v6i phuong trinh (6.74)
CA+3)+C2A=3)+A1=0 (6.78)

DPéy la phuong trinh bac hai cho ¢ giadi phuong trinh nay ta sé thu dudge nghiém
tuong ng nhu sau

32X+ ,/3(3-8)) (679

= 2(3+ \)
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6.3 Code Mathematica kiém tra chéo caic tinh toan

nf)= Clear["Global™ "] ;
aft] = Elog[t];
o[t] =nLog[t]; ¢[t] = ¢o + ELog[t];
a’ [t] = Ocalt];
a’[t] = 0:0: (a[t]);
¢ [t] = 0: (6It1);
¢ [t] = 8:0: (d[t1);
o' [t] = 8¢ (o[t]);
0" [t] = 8:0¢ (o[t]);
X[t] =w ﬂ;
X'[t] = ¢ (X[t]);
X7 [t] =8¢0 (X[t]);
h[é[t]] = Simplify[he E¥?[*1];
dh = o: (h[é[t]]);
Dh[¢] = Simplify[y ho E¥*?[*1];
flo[t]] = Simplify[f, EX¢[Y];
df = 3 (F[o[t]]);

Df[¢] = Simplify [ fo EX*#[Y]];
u

fo = H
EX %e

p = Sqrt[vf? E2°%] ;

n=-1; A =0;

GB1 = 24 (o' [t]?) (a”[t] +a'[t]?);

I[t] = FLIt]] +X[t]"; Ix[t] = nf[p[t]] «X[t]"?;
dix = o¢ (Ix[t]);

I [t] =0 (I[t]);

37[t] = 0¢0¢ (I[t]);
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2 | KGB-01.nb

wo' [t]2
nio= Eql = a’ [t]2 == we'lt]l”
6

W
+Simplify[a’ [t]? « I [t]] - Simplify[— # Ix[t] » GBL « ¢’ [t]?]
24
EQ2 = 2" [t] == -3 a'[t]% + Simplify[a' [t]%* I"[t]] +
simplify[2a’[t] (a'[t]*+a”[t]) I [t]] - Simplify[ﬂqb’[t]z]
2

o Ix[t] GB1
Eq3 = wSimplify| (1 - —) (
8

¢ [t] +3a [t] ¢ [t])] =

d: (GB1) Ix[t] +dIx * GB1
-Simplify[wa] X[t]"GB1] +wSimplify[(  (6B1) Ix[t] +dIx + GB1) * ¢ [t]]
8 8
(6+(GB1) f[¢[t]] +df «GB1)

Eq4 = Simplify|

* ¢ [t]];
8

2 4ugd 4u(-1+8)2 we?
out[10]= —— == + + —

2 t2wel t2w &2 6 t2
20 362 4ug? 8u(-1+C) 2% we?
outft1s — —— == — — + + _ 1=
2 2 t2wer t2 w2 2 t2
(-1+3¢2) (12u (-1+¢) &3 +w? &%)
out[12]= =0

t2w &

wia- € = Sqrt[x/wl; x =23 \Jugi-uet;

qurd 4u(-1+8)8 we
+ +

Al = g% = —— // Simplify
w £2 w &2 6

4ur? 8u(-1+¢)c¢e? 2

A2=—2§==—3§2+ ug + ( ) —ﬁl/Simplify
w &2 wE? 2

(-1+32) (12u (-1+8) &3 +w? &)

A3 = =0// Simpli‘Fy

wes

Solve[Al, £]
Solve[A2, Z]

ucs <1+§>
V3 -u(-1+2) &2

Out[15]= §2 ==

V3 u(-2+2+322)

-u(-1+¢) 23

1.
oufiel: =28 = —C° |-9+

out(17]= True

. 3-+/3 V/3-8u —2u} (o 3+4/3 /3-8u -2u}}
2 (3+u) ’ 2 (3+u)

2 3-+/3+3-8u -2u 3++4/3 +/3-8u -2u
-

out[19)= {{E% g}, {E ) (3+u> }’ {gﬁ 2 (3+u)

out[18]= { {Q’

1
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6.4 Code Mathematica xét tinh 6n dinh ctia mbé
hinh bing phuong phip déng luc hoc

In[1]:=
1. Dynamical system equations for FLRW metric

nz= Clear["Global™ +"];
GB =24 o' [t] (&' [t]®+a [t] o [t]);

W w
oo = 3 +ft xa’[t]13+ — @' [t]%2-—2z* o' [t]%;
2 8
1
Poe = -ftt »a' [t]?-2 »ft » (¢ [t]>+ o [t] a”[t]) + —w ¢ [t]?;
2

2. Setting dimensionless variables

ner= @' [t] = xxa'[t]; ft = L4 H

a'[t]

a”’[t] = e xa'[t]%;
ftt = dy -y *€;
¢''[t] = (dx+xe)a'[t]%;

3. Dynamically system of equations

nop= EQL = 3a' [t]2 = ppe // FullSimplify
Eq2 = -2a'"[t] == 3a'[t]?+Ppy // FullSimplify

Eq4 = (1—£z) ("' [t]+3a'[t] < o' [t]) —lcb'[t] dza'[t] =0 // Simplify
8 8

Solve[Eql, z]

out[10]= (~24+24y~x2 (-4+2) a)) o' [t] =0
out11)= (—6+2dy—4e+2y(2+e) —xzw) a'[t] =
ouriz= (dx (-8+2z) +x (dz+ (-8+2) (3+¢€))) o [t] =

4(-6+6Yy+x*w)

; H

X“w

Out[13]= { {Z -

4. Solve the autonomous equations
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2 | DS-01.nb

A
nf14= BO =z + 96 — (1+e) =0
x4

(**The constrain for power law models J(X) = A X" and n=-1 xx)
Bl=-6+2dy-4e+2y (2+€)-xX*w=0
B2 = dx (—8+Z) + X (dz+ (-8+z) (3+e)) =0

B3 z X (dx X )
=y=z——w +X€E);
Y=t (1+¢) ’

Solve[{Bo, B1, B2, B3}, {dx, dy, dz, €}] // Simplify
96 (1+€) 2
outf4= 2+ ———————— =0
NG
oufts)= —6+2dy-4e+2y <2+€) - X2 =

outjie)= dx <—8+Z) + X <d2+ (—8+Z> <3+6>> =

5 3 4 (_9 2
out[18]= {{dx—>x+x Z— X y,dy_>1_y+X ( +y)Z+X wJ
9%6 X 4w 96 X 2
-8 2y-122 4
dz—>< +z) (xy w),ee—l—xz}}

4w 96 A

5. Solving the dynamical system to find the fixed point

x4z
InM9}= € = =1 = ; dz = 0;
96 A
x>z X3y . .
Cl=0==x+ - // Simplify
96 A 4w
x4 (—2+y) zZ x2uw
C2=0==1-y+ + // Simplify
96 A 2
(-8+2) (x?y-1220)
C3=0-:= // Simplify

4w
Solve[{C1, C2, C3}, {x, Yy, z}] // Simplify

X (-24x2y +x*zw+96 A w)

Out[20]= =
AW
4 (-2
out[21]= M +48 %% w == 96 <71 + y)
A
(-8+2z) (-x*y+1220w)
out[22]= =0

AW
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DS-01.nb

out[23]= {{Xa@, y->1, z- 8}, {Xa—61/4)\1/4, yax/?x/?w, ZeS},
{Xe—1161/4)ul/4, ya—\/?\/yw, ZeS},
{Xei61/4/\1/4, y—>—\/€\/7w, 2%8}, {X+61/4A1/4, ye\/?ﬁw, Z—>8},

3-vV9-2420? 1 >
{x_>_ ,y%—(9-«/9-24xw

w 6

,Z+8},

6-81w?+2vV9-24)0?
_)

A w?

y Z

}s

,2%8},

3-V9-2402 1 "
{x» ,y%—[Q—w/9—24/\w
6

w

6-8Aw2+29-24)w?
N

A w?

3-V9-2402 1 PUE——
{Xe ,y%—[3+ 9-24 2w
2

w

y Z

}s

,298},

3+V9-24 20 1 [ - 5
{Xef ,ya—(9+ 9-24 2w
6

w

6-8rw?-2V9-24 0?2
N

A w?

y Z

}s

3+vV9-2420? 1 >
{Xa ,ya—(9+\/9—24kw

,2%8},

6-8Aw2-29-24)w?
5

A w?

y Z

3

6. Inflationary solution

perturbing the autonomous equations
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4 | DS-01.nb

in24p= Clear["Global™ +"];

5 3
dox[al = dgra; [x[a] . x[a]”z[a] x[a]’y[a]
96 A 40
x[al®*z[a] x[a]l®y[a]

Osted [x[a] " 962 42
w

) SX[a] +

x[a]®z[a] x[a]l’y[a]

) dy[al + 98;z[q) (X[a] +

x[a]* (-2+y[al) z[a] .

déy[a] == Ox(q [1-)'[0!] +
96 A

ay[a] [l—y[a] + 96 2

x[al* (-2+y[a]) z[a] . x[a]zw]

Oz1a] [1‘)’[‘1] + 96 2

x[a]® (-2+y[al) z[a] . X[a]zw]

déz[a] i
w

(-8+z[a]) (x[al?y[a]l -122w)
4 Aw

5 [ (-8+z[a]) (x[al?y[a]l -122w)
== x[a]

Oy [al [

5z [a]

96 A 4w

ox[a] +

(-8+z[a]) (x[al?y[a]l -122w)

dylal +0za [

5z[a]
4w

2 4 3 5
ouzs déx [a] = (1_ 3x[a]”y[a] ) 5x[a]” z[a] sx[a] x[a]® dy[a] . x[a]? 6z [a]
4w 96 A 96 A
outel= déy [a] ==
> (-2 4 (-2 &
(g » X1 (-2+y[a]) z[a] sx (o] [?h 5 X1 (-2+y[a]) 62[a]
24 2 96 A
x[a] ~ylal (-8+z[a]) ox[a] x[a]? (-8+z[a]) dyla]l (-122xw+x[a]?yla]) 6z[a]
ouer= déz [a] == + "
2w 42w
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DS-01.nb | 5

3-V9-242 » w? 1 N
negl= w = =15 X[a] = s y[lal = — (9—‘\/9—241 * W ); z[a] = 8;
6

w
déx[a] ==
2 4 3 5
Collect[FullSimplify| [1— 3x[al”yla] + 2X[al” z[a] ] 6x[a] - X[a]” oy[al + X[al” 5z [a] B
4 A0 96 A 4w 96 A
{6x[a], &y[al, 6z[a]}]
3 (-2
dsy[a] == Collect [FullSimplify| [wx[a] + x(al® (-2+ylal) z[a] ] 5x[a] +
24 X

x[a]* (-2+y[a]) 6z[a]

x[a]*z[a]
—1+—) syla] + |, {6x[al, éylal, 6z[al}]
6 96 A
-8 5
déz[a] == Collect[FullSimplify[x[a] yial (-8+2lal) ox[a] +
22w
x[a]? (-8+z[a]) 6y[a] (-12Aw+x[a]?y[a]) 6z[a]
* | {6xlal, éylal, 6z[a]}]
4w 4w
(-3“/9-2“ +6A) sx[a]
oug= déX[a] == - +
A
(-3+V9-242 )3/26y[o<] V-3449-220 (-34v9-24% +42) 6z(a]
4 - 16 1
~-3+4/9-24 +621) 5y[a]
ouo- déy [a] N N V) sx[a] - ( ) +L(—3+\/9—24/\)5z[a]
3 22 24

(—3+\/9—24A +8A) 5z[a]

2

ouz1)= déz[a] = -

Exponential perturbation

Pham Manh Tuyén 90 2020B Vat ly lyj thuyét



Hoc vién khoa hoc va cong nghé Luan van thac st

6 | DS-01.nb

Clear["Global *"];

6x[a] = A E*%; Sy[a] = Ay E*%; 6z[a] = A, E*7%;
déx[a] = 8,6x[a]; doy[a] = 8,8y [a]l; db6z[a] = 8,6z[a];

(-3+w/9-24z +ex) sx[a]

déx[a] = - .
A
(—3+'\/9—24)L)3/26y[a] \-3+v9-2a2 (-3+V9-22x +42) 6za]
41 ) 16 2
1 -3+v9-24x +62) 6y[a] 1
dsyla] = =\ -3+V9-241 &x[a] - ( ) +—(—3+'\/9—24A)6z[a]
3 22 24
(-3+«/9-24A +8/1) sz[a]
déz[a] = -
22
€T (—3+\/9—24A +6A) Ay
ouzsl= €% T Ay = - ¥
A
e (-3+79-240 )7 A, e tn/-3449 280 (-3449-280 +42) A,
4 ) 16 2
1 et (-341/9-240 +62) A,
e €T TAy = — e T~ -3+/9-24 X A, - P et (2349220 ) A
3 22 24

Xk (73“/9724)& +8/\> A,

22

outa7= €*F TA, = -
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DS-01.nb

nise;= Clear["Global™ +"7];

(—3+'\/9—24A +6)L)

All = - -T;
Py
3/2
(-3+«/9-24A)
A12 = R
ax
-3+4/9-242 (—3+'\/9—24)L +4x)

A13 = - 5

16 A

1
A21 == -3+49-242 ;
3

(-3+w/9-24z +6)L)

A22 = - -
22

1
A23 = — (—3+'\/9—24JL);

24

(—3+\/9—24A +8A)
A31 = @; A32 = @ A33 = - _
22

mat = {{A11, A12, A13}, {A21, A22, A23}, {A31, A32, A33}};
mat // MatrixForm
Al = Collect[Simplify[Det[mat]], ]

Out[43]//MatrixForm=

3T w62 (3924 ) V349240 (-344/9-243 -4
B A -t 4 2 B 16 A
§ 2344924, _-39-281:62 9’22;”*“—1 i(-hm)
2 o _=3+/0-240 .82
22
54 -18+/9-242 -297 X +75V9-24 A+46822-72/9-24 2?-16023
Out[44]= +
23
(15 (73“/972“ ) A-2 (—81+17\/9—24/\ ) A2—112/13) T
203 :
(—4(—3+\/9—24)«))\2—2613) o
203 o

n4s;= Clear["Global™ +"7];

A=-2.95;
54-18+9-24X -297A+759-24x A+46822-729-24 A% -160 23
223 '
(15 (-3+«/m)x-z (-81+17m) 12-11213) T
223 '
(-4 (-3+«/m) 12-2613) 2

-T
223

oua7)= —26.7986 — 26.8656 T - 8.97757 t? - 3
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8 | DS-01.nb

Numerical result

5 3
nes)= EQ[a_, A_, x0_, y6_, 26_]1 := {x'[a] == x[a] + X(al”z[a] X[al”y[a]

96 1 4 1w
a(_y X
y'[a] ==1_y[a] +X[a] ( +y[a]) Z[a] +X[a] (d,
96 1 2
-8 2 ~12.2
2" [al == ( +Z[a]) (X[a] dla M) s X[O] = x0, y[@] = y0, z[0] = 26}5
4 2w

Al =-2.99; 0l =-1;

3—'\/9—2411(»12

sl = H
wl
1 4/ 2
s2 = — (9- 9-2421wl );
6
s3 =8;

ansl = NDSolve[EQ[wl, A1, ©.01, 8, 9], {x[a]l, Y[al, z[a]l}, {a, ©, 100}];
{xansl1, yansl, zansl} = {x[a], Y[a], z[a]} /. Flatten[ansl1];

ans2 = NDSolve[EQ[wl1, A1, 1, 9, 10], {x[a], Y[al, z[al}, {a, ©, 100}];
{xans2, yans2, zans2} = {x[a], Y[a], z[a]} /. Flatten[ans2];

ans3 = NDSolve[EQ[wl, A1, ©.5, 8, 11], {x[a]l, Y[al, z[a]l}, {a, ©, 100}];
{xans3, yans3, zans3} = {x[a], Y[a], z[a]} /. Flatten[ans3];

graphxyz1 = Show[ParametricPlot3D|
{{xansl1, yansl, zansl}, {xans2, yans2, zans2}, {xans3, yans3, zans3}}, {a, 0, 100},
AxesLabel - {")?", "y", "2"}, PlotStyle » {{Thickness[0.002], Blue},
{Thickness[0.002], Green}, {Thickness[0.002], Red}}, BoxRatios » {0.75, .75, 0.75},
AspectRatio » Automatic, PlotRange - All, LabelStyle - Directive[Blue, Bold, 15] ]
, Graphics3D[{PointSize[0.025], Red, Point[{sl, s2, s3}] }]]

A=2A1; x0 = s1; yo = s2;

bar =
BarLegend[{ (ColorData["Rainbow", #] &), {1/ (2PisSqrt[3~2]), 1/ (2PisSqrt[@.15~2])}}];
242X +6 X3+ X° X2 X2 (6+%2-6Y)
StreamPlot[{ ————,3- —+ [1+ ———F| (-2+Y) -2V}, {X, o, 3},

24 2 2 24 2

{Y, 9, 4}, Frame - True, FrameLabel - ")A(", "Y"}, LabelStyle -» Directive[Black, Bold, 14],
FrameTicks - Automatic, Epilog -» {Red, PointSize[.03], Point[{x@, y0}]},
StreamColorFunction » (ColorData["Rainbow", 1/ (Norm[{#1, #2}1)] &),

PlotLegends - Placed[bar, Below], StreamPoints -» 30, StreamColorFunctionScaling - False]
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DS-01.nb |

1

outse)= Z

al ]
LY NN N N
RN NN Y /]
AN NN YV
AR
j it‘“;\\‘ AN N HN/
O/
> 20 oo 0 \\‘\ \\ \‘x\wf//
Out[62]= ERARY ‘«\ N \ \\ \ ‘\ WH ¢/
O *\**{“‘\‘“\*\Wv’{r’] /
1 et NN / Y
o T N =
00 05 10 15 20 25 30
X
B s
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6.5 Code Mathematica xét tinh 6n dinh ctia mbé
hinh bang phuong phap nhiéu loan lity thira

Clear["Global %"]; n=-1;

aft] = Elog[t] ; o[t] =nlog[t]; ¢[t] = ELog[t] +de; o [t] = Oca[t];

a’[t] = 8:0: (a[t]) 5 a3[t] = 0:8:d: (a[t]) 5 Sa[t] = A t" ; &a'[t] = 8: (6a[t]);
Sa’’ [t] = 8:0¢ (6a[t]) Sa3[t] = 8:0:0: (6a[t]) ; & [t] = 8¢ (6[t]) 5 ¢ [t] = 8:0: (6[t]);
$3[t] = 8:8:0¢ (¢[t]); S[t] =Ast"; 8¢ [t] = 0¢ (66[t]) ; 60" [t] = 8:0: (6¢[t])
6¢3[t] = 0:0:0: (6¢[t]) ; o'[t] = 0¢ (0[t]) 5 o”[t] = 0:d: (o[t]) 5 So[t] =Ct";

3

60/ [t] = 8¢ (60[t]); 607 [t] = 0:0: (60[t]); X = —¢'[t]%;

I[X] = AX" 5 3'[X] = Simplify[AnX"*]; 83'[X] =n (2n-2) 2 (9)"'1 (6" [t12"2 607 [t]);
2
Jt' =0 (3'[X]);5 63t =0 (63'[X]); 3" [X] = Simplify[An (n-1) X"2];
w\n-2
83''[X] =An(n-1) (2n-4) (—) ¢ [t]%"° 69 [t] ;
2

JE[X] = 0¢ (I[X]); ITE[X] = 8¢9+ (I[X]);

8It[X] = Simplify[w (63 [X] ¢'[t] ¢” [t] + 3" [X] 6¢'[t] ¢ [t] + 3" [X] ¢’ [t] 66 [t])];

5Itt1[X] = Simplify[w (63t' ¢'[t] ¢” [t] + Jt' 6¢'[t] ¢ [t] +It" ¢’ [t] 6" [t] + 53" [X] ¢ [t]% +
23" [X] ¢ [t] 8¢ [t] +6T"[X] ¢ [t] ¢3[t] +3'[X] 6¢"[t] ¢3[t] + T ' [X] ¢'[t] 693 [t] ) ];

8Itt[X] = Simplify[o: (6It[X1)];

GB = 24 ((a'[t])4+ (a'[t])? (a"[t]));

5GB = 24 (4 (o [t1)% 6 [t] +2 (o’ [t]) (o' [t]) 6’ [t] + (a’[t])zéa"[t]);
GBt = 0; (GB) ; 6GBt = 8¢ (6GB) ; (+5dot (G) *)

Eql = Collect[FullSimplify|

-6a’ [t] - 6a’[t] 6a’[t] + Simplify|[ 1 (o’ [t]1? 83t [X] +2a’[t] Itt[X] Sa'[t] )] +
2

R |
Simplify[ = (6Jt[X] (5a'[t]®+2a’[t] a”[t] ) +
2
It[X] (15 [t]?6a’ [t] +26a [t] & [t] +2a'[t] S [t]))] -
Simplify[i (B¢ [t]1%63"[X] +3"[X] ¢'[t]*6GB+2GB I'[X] ¢ [t] 6¢"[t])]], {Aus Ag}]
16

Eq2 = Collect[FullSimplify |

- 5¢7 [t] + 1 (5GB3'[X] ¢”[t] + GB&I'[X] ¢ [t] +GBI ' [X] 64 [t]) -3’ [t] 6¢'[t] -
8
360 [t] ¢ [t] + 3 (5GB 3 [X] o’ [t] ¢'[t] +GB &3 " [X] o' [t] ¢'[t] +GB I ' [X] o' [t] 6¢' [t] +
8
GBJ'[X] 6o’ [t] ¢'[t]) + 1 (5GBIt"' ¢'[t] +GB 63t" ¢'[t] +GB JIt' 5¢'[t]) +
8

1
= (63" [X] GBt ¢’ [t] +J ' [X] 8GBt ¢’ [t] + I ' [X] GBt 6¢’ [t])], {Aq> Ad,}]
8

mt-2+m (25 (—2+6§(1+2§) +m(2+3§))/\- (—1+m+6§) §2a)) A,
Out[«]= _
[« ] §2w
2mt2ME? (24m+28) (-1+m+3C) XA,

Ew
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2 | Stable-1.nb

3mt2m (422 (34mPam (-4+78) +C (-16+15C8)) A+ &% w?) A,
Out[+]= — §3w2 '
mt-2+m (_1+m+3§) (36 (_1+§) §3A—§4(J)2) A¢

§4 (4)2

mt2m (28 (-2+68 (1+28) +m (2+38)) A- (-1+m+68) £20)

nf-1= A1l = ;
& w
2mt-2+m g2 (2+m+2§) (_1+m+3§)l
A12 = - 5
&w
3mt 2" (482 (3+4m?+m (-4+78) +8(-16+158)) A+ £*w?)
A21 = - £ 0 ’
nop o M (-1+m+3¢) (36 (-1+8) 2-¢*0?) ;
§4w2
-3 (g-1
t=1;A=M3 £=sqrt[22 (£+1) i]-‘
(§+1)2 w

mat = {{Al11, A12}, {A21, A22}};

mat // MatrixForm

Al = Collect[Simplify[Det[mat]], m]

DetA = Collect[FullSimplify[A1l x A22 - A21 x A12], m] (» The second way.x)
Out[» J//MatrixForm=
6 (-1+2) 22 (-1+mi62) 6 (-1+C) < [72‘55 (1+2¢)+m (2‘35]} ]

1 (1+2)? m(-1+C) &3 (2+m+2 &) (-1+m+3C)
6 (-1+C) &2 \/?(1{)2(—‘ 1&');‘2)3/2&)

(1+8) w

m (1+8) (

[35 (-1+2)2 2% 12 (-1+8) &3 (3+m?em (-4+7C)+C (-16+15 <)) ]

(1+2)? (1+2)?

- -4m (-1+m+32)

26 (7(—14)(2)3/2&)2
(14¢) w
mé m* (-3+12¢) m* (1-18C+45¢?)
Out[» J= + + +
-1+2? -1+2? -1+2?
mz(—2+18§—54§2+54§3) m3 (3-125-9§2+54§3)
+
-1+¢2? -1+ 22
mé m5(-3+12§) m* (1—18§+45§2)
Out[»]= + + +
-1+22 -1+ -1+

m2 (—2+18§—54§2+54§3) m3 (3-125-9§2+54§3)
+

-1+22 -1+¢2
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