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LOI CAM POAN

To6i xin cam doan nhiing ndi dung da trinh bay trong luin van la do su
tim t0i, hoc hoi clia ban than dudi su huéng dan tin tinh ctia thdy Pham Viét
Hung. Moi két qua nghién ctiu va y tudng clia cc tac gia khac, néu c6 déu
dudc trich din cu thé. Pé tai luan vin nay cho dén nay chua dudc bao vé tai
bat ki mot hoi dong bao vé luan vin thac sinao va cling chua hé dugc cong bd
trén bat ki mot phuong tién nao. Toi xin chiu trach nhiém vé nhiing 15i cam

doan.

Ha Noi, thang 9 nam 2022

Hoc vién

Nguyén Thi Huong Giang
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LOI CAM ON

Pau tién, toi xin dudc bay to su cdm kich dic biét cia minh t6i TS. Pham
Viét Hung - ngudi da dinh hudng, truc tiép huéng dan toi k€ tir khi toi con 1a
sinh vién, tham gia Chuong trinh huéng dan Nghién citu Khoa hoc cho sinh
vién ciing nhu trong sudt thdi gian thuc hién luin vin thac si. Toi biét on thay
bdi thay Iudn kién nhin chinh sifa cho toi tiing 1i sai nhd va cho toi nhiéu
161 khuyén, nhan xét quy bau, giup ludn van cuia t6i hoan thién dung thoi han.
Trong sudt thdi gian hoc tp vdi thiy, khong chi kién thiic clia tdi vé todn
dudc rong md, cling cd ma toi con rén luyén thém dude nhiéu dic tinh quy
b4u nhu tinh c4n than, chin chu trong moi viéc. Toi ciing xin bay té 1ong biét
on chan thanh t6i toan thé cac thay cb gido, cac can bod clia Vién Toan hoc da

day bao, hd trd toi tin tinh trong sudt hai nim hoc thac si tai Vién Toan hoc.

Téi, Nguyén Thi Huong Giang - ma s6 VINIF.2020.ThS.04 xin chan thanh
cam on Quy Pdi méi sang tao Vingroup da hod trg tdi chinh gidp tdi hoan
thanh hai nim hoc thac si. Su gidp d6 ctia Quy VINIF 14 ngudn dong vién to
16n ca vé vat chit 1an tinh than, gidp tdi yén tAm danh toan thdi gian cia minh

cho viéc hoc va nghién cuu.

Toi cling xin tran trong cam on Vién Toan hoc va Hoc vién Khoa hoc va
Cong nghé, Vién Han 1am Khoa hoc va Cong nghé Viét Nam da tao diéu kién
thuén 1di cho t6i vé moi trudng hoc tip trong sudt thdi gian tdi hoc thac si
ciing nhu qua trinh thuc hién Luén van.

Dic biét, toi xin cAm on gia dinh, ngudi than, thay PGS.TS. Lé Vin Thanh
(bai hoc Vinh) va ho hang, ban be da luon sat canh, dong vién, giup do va

khich 1¢ toi trong sudt thdi gian hoc tip va nghién ciu.
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Nghién cifu vé sd nghiém thuc ciia da thic ngiu nhién 13 dé tai hién thu
hit dugc rit nhiéu su chi y véi nhiéu tng dung trong cac linh vuc gidi tich
s6, tai chinh, 1y thuyét tro choi, vat 1y (vi du trong dong luc hén loan lugng
tif), sinh vat hoc (vi du trong sinh thdi hoc i thuyét), thong ké. ..

Ct m&i md hinh khéc nhau lai lién quan dén ngudn gbc va dng dung thuc
té khac nhau. Ta c6 thé ké dén cdc mo hinh ¢d dién nhu Kac, elliptic, Weyl,
luong giac, Bernstein, truc giao... Chang han, nghién cifu vé ki vong sb
nghiém thuc cua da thuc Weyl ¢6 ting dung trong lugng ti ¢ hoc [[1]].

Céc bai bdo nghién cifu vé da thiic ngdu nhién da xuit hién tif nhiing nim
1900. Hién nay, diy van la dé tai thu hit nhiéu su quan tAm clia cdc nhém
nghién ctiu manh trén thé gidi, vi du  Mi c6 nhém ctia gido su Vil Ha Vin -
Oanh Nguyén - Hoi Nguyén - Yén D0, hay nhom cua Pritsker - Lubinski, &
Phap c6 cac nhdm Angt - Poly, Azais - Dalmao - Leon - Armentano, Scher
- Majumdar, 6 Pic ¢6 nhom Kablucko - Flasche. O Viét Nam, c6 mdt nhém
nghién cttu gdm TS. Pham Viét Hung, TS. Can Vin Ho két hop véi PGS.
TS. Duong Manh Hong (Pai hoc Birmingham).

Trong khi da thic ngau nhién thuc, chezlng han da thic ngau nhién thuc bac n,
c¢6 chinh xdc n nghiém trong mit phang phtc, ki vong sb nghiém trén dudng
thang thuc 1a mot bién ngau nhién. D€ tinh ki vong s6 nghiém thuc nay, ngudi
ta thuong su dung cong thic Kac-Rice dudc dua ra tif nhitng nam 1950. Nam
1995, Alan Edelman va Eric Kostlan da chiing minh lai cong thuc nay tu goc
nhin hinh hoc va dua ra y nghia hinh hoc cua cong thiic nay. Pay la cong thic
quan trong trong Ly thuyét nghién cifu vé Qu4 trinh ngiu nhién va cé nhiéu
ting dung thuc tién.

Trong bai bao [2] nam 2009 trén tap chi Journal of Statistical Physics, cac tac
gia Grégory Schehr va Satya N. Majumdar da gidi thi€u mdt mo hinh da thuc

ngau nhién c6 chita tham s6 va ho da c6 cac du doan khac nhau vé xap xi ki



vong sd nghiém thuc clia 16p da thic nay tiy thudc vao tiing gia tri cia tham
sO; tif d6 ho so sanh két qua du doan v6i cdc mo hinh c6 dién khiac nhu md
hinh Kac, Weyl.

Trong luan van nay, chung t6i nghién ctiu y nghia hinh hoc cia cong thic
Kac-Rice vé ki vong sd nghiém thuc ctia da thic ngiu nhién thuc va ti dé
khai quat cho trudng hop da tap tong quat. Ngoai ra, ching tdi cling tim
hi€u vé 16p da thiic ngdu nhién dugc dé xuit bdi Grégory Schehr va Satya N.
Majumdar [2]. Cu thé, luan viin gdm 2 chuong nhu sau:

1. Chuong 1 trinh bay bai toan Buffon trén mit phang va mit cau, tir d6
dua ra mdi lién hé gitta do dai dudng cong chiéu trén mit ciu va ki vong
s6 nghiém thuc clia da thiic ngau nhién. Chuong nay ciing sé trinh bay
cong thic Kac- Rice d€ tinh ki vong s6 nghiém thuc ctia da thic ngiu
nhién cung chiing minh cua cong thic nay tu géc nhin hinh hoc. Sau dé
chiing tdi trinh bay lai mot sb vi du vé da thic ngiu nhién c6 st dung
cong thiic Kac - Rice dé tinh ki vong s6 nghiém thuc tif mot s6 bai bao
[3]], [4]. Cudi ciing, ching tdi sé trinh bay lai mo6 hinh da thiic ngiu nhién
dudc dé xuat bdi Grégory Schehr va Satya N. Majumdar [3] va ki vong

s6 nghiém thuc cia chudi lily thita ngau nhién.

2. Chuong 2 sé md rong két qua vé ki vong sb6 nghiém thuc clia da thic
ngau nhién cho trudng hop nhiéu chiéu. Cu thé, luan vin sé tim hiéu vé
ki vong s6 nghiém thuc cta da thiic ma trin ngu nhién, hé phuong trinh
ngau nhién va phuong trinh ngiu nhién cé cic hé sb 1a cc bién ngiu

nhién c6 phan phéi bat ki.



CHUONG 1

Y NGHIA HINH HOC CUA CONG
THUC KAC - RICE

Cong thiic Kac-Rice 13 cong thic quan trong trong ly thuyét vé qu4 trinh
ngau nhién. Cong thiic nay dudc doc 1ap dua ra bdi hai nha toan hoc Mark
Kac va Stephen Rice tif nhitng nim 1950. Pén nim 1995, Edelman va Kostlan
da chiing minh lai cong thic nay trong truong hop dac biét, su dung phuong
phap Hinh hoc tich phan. Trong chuong nay, chiing toi s& tim hiéu cach tiép

can hinh hoc trén cua Edelman va Kostlan.

1.1 Bai toan Buffon va su lién quan t6i da thite ngiu nhién
1.1.1 Bai toan Buffon

Bai toan Buffon lan dau tién dudc dua ra vao nim 1777 bdi Georges
Louis Leclerc, ba tuéc viung Buffon. Day 1a bai toan kinh dién va 1a mé dau
cho chuyén nganh Hinh hoc tich phan (X4c suit hinh hoc), xem [5] . Bai todn
dugc phat biéu nhu sau:

Thd mét cdy kim co do dai | trén to gidy ké ngang. Xdc sudt dé’ cdy kim cdt
mot trong nhitng duong ké trén to gidy do la bao nhiéu?
Xdc suat nay phu thudc vao khoang cach d gitta cac dudng thang trén to gidy

va do dai [ cia cay kim.

Ménh dé 1.1. Néu cdy kim c6é dé dai | roi xudng to gidy ké ngang cé cdc



dong ké cdch déu nhau mét khodng d > | thi xdc sudt dé cdy kim nam trén
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Hinh 1.1: Hinh 4nh minh hoa cho bai toan Buffon trén mit phang.

Chitng minh. Ching t6i sé dua ra hai huéng giai quyét cho bai toan nay.
Cdch 1.

Goi x 1a khodng cach tit diém chinh giita ctia cdy kim t6i dudng ké gan nhét
va 6 1a gbc tao bdi cay kim va duong ké gan nhit véi no.

Tir tam gidc vudng tao bdi cay kim, dudng ké gan nhat v6i né va khoang cach
tr diém chinh gita ctia cay kim t6i dudng ké do, ta c6 danh gia sau: Cay kim
giao v6i dudng ké gan nhét néu = < % sin 6.

Gia st rang gid tri ctia x, f dudc xadc dinh ngau nhién khi cay kim roi xudng
to gidy, v6i 0 < 0 < 50<z< % (vil < d). Do d6, khong gian mau cho x
va 6 12 hinh chit nhat cé do dai cac canh lan lugt 1a % va 3.

X4c suat dé cay kim roi xudng cit dudng ké gan nhit chinh 1 ti 1¢ giita phan
giao clia khong gian mau va < L sin # v6i khong gian méu.

Dién tich cua khong gian mau la

Dién tich ctia phan giao la

2] l [
S* :/0 §sin9d9: 3 (—cos%#—cos()) =5



Do d6, xdc suit dé€ cay kim cat duong thang 13

21
wd
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Cdch 2.
Gia st cay kim dudc tao bdi tif n doan thang. Goi X, , 1 = 1,2,...,n 1 sb
giao diém dudc tao bdi doan thang c6 dd dai a;. Khi d6 sb giao diém giita cay
kim va cdc duong ké trén mit gidy 1a tdng clia cac giao diém tao bdi cac doan
thang c6 do dai ;.

Do d6, ki vong cac giao diém la
]E(Xl> =E(Xo, + Xo, +--- + Xan,) = E(ch) + E(Xaz) +. Tt ]E(Xan)7

bdi tinh tuyén tinh cta ki vong.

Ta xem E(X;) nhu 12 ham sb ctia d6 dai /. Pang thiic cho thiy E(X;) 1a ham
cong tinh. RO rang rang E(X;) 1a ham khong giam. Khi d6 E(X;) 1a ham
tuyén tinh, tic 1a E(X;) = ¢ [, v6i c 12 hing sb.

Xem xét dudng tron dudng kinh d, c6 d6 dai [ = dr. Trong tit ca céc trudng
hop, s6 giao diém giita dudng tron va dudng ké 1a 2. Khi d6 E(X ;) = 2, tidc
lac-dm=2.Dodbéc= %d,
do dai [ va cdc dudng ke AE(X,) = 2.

Trong trudng hop | < d, E(X;) bing xdc sult d€ cay kim cit mot dudng
thang. []

va ki vong sd giao diém dudc tao bdi cay kim c6

1.1.2  Bai toan Buffon trén mit cau

M4 rong bai toan Buffon trén mit phang di trinh bay & trén, bai toin
Buffon trén mit cau dudc dua ra 1an dau tién bdi Barbier vao nim 1860, xem
[6] d€ biét thém veé lich st ra ddi bai todn nay.

Xeét duong cong T dugc ddt trén mdt cdu Riemann S. Chon ngdu nhién mot
dwong xich dao cua S. Khi do ki vong sé giao diém ciia duong cong va duong
xich dao la bao nhiéu?

Xét trong trudng hop s6 chiéu tdng quat, ta c6 két qua sau.



Ménh dé 1.2. Xeér duong cong cé dé dai L trén mdt cau S™. Chon ngdu nhién
mot duong xich dao. Ki vong sé giao diém ciia duwong cong va duong xich dao

Ak, =L

Chitng minh. Bang cach giai thich tuong tu nhu cach ching minh thi 2 cla
Ménh dé ki vong s6 giao diém cta dudng cong va mdt dudng xich dao 1a
ham tuyén tinh ctia chiéu dai dudng cong, E(X1) = c¢- L.

P& xdc dinh hing sb ¢, ta xét trudng hop dic biét: dudng cong 1a mot dudng
xich dao. Khi dé, ki vong s6 giao diém clia dudng cong va mdt dudng xich
dao 12 2 va chiéu dai dudng cong 1a L = 27. Do dé ¢-2m = 2, hay ¢ = —. Vay
ki vong s6 giao di€ém cta dudng cong va dudng xich dao A E (X ) = % O

1.1.3 MGi lién hé giita bai toan Buffon trén mat cau va da thitc ngau nhién

N6i mot cach don gian (xem [4], [[7]), da thiic ngau nhién la da thic c6 cdc

hé sd dugc 1y mot cach ngiu nhién. Cu thé, ta xét md hinh da thiic sau
P,(x) = apeg + a161x + - - + apen ", (1.1

véi g; 1a cdc hing s6 cb dinh va a; 1a cdc bién ngiu nhién c6 ciing phan phoi
chuin.
Phu thudc vao cdc gid tri clia cac £; ma ta c6 mot sO md hinh da thifc ngau
nhién ndi tiéng sau day:

e M6 hinhKac:eg=¢1=---=¢, =1,

* Mo hinh Elliptic: &; = 1/ (%),

M6 hinh Weyl: ¢; = /1.

il
Bay gid ta sé xét mo hinh Kac, tiic 13, cdc da thiic ngau nhién c6 dang
PKacm(x) =ay)+ax+---+ anxna

véi a;, i = 0, n 1a cdc bién ngau nhién doc 14ap, cé cung phan phoi chuin tac.



(ao\ (1\

aq i

bita=| a, | vav(z) =] 22

\ @ ) \ @ /

Ta c6 thé bi€u dién Py () = < > Tai nghiém ¢ ctia da thiic Pk, ()

<o/ a_ v(t) \ _
ta c6: (yém ) = O-

V6i diéu kién a; 1a cdc bién ngau nhién cé cung phan phéi chuin tic, di€m
ngau nhién ||a||

la di€ém o E g\l nam trén duong xich dao vudéng géc vé6i vector chuin a. Do

c¢6 phan phéi déu trén S™. Do do, < ||> = (0 c6 nghia

[ IIU

vdy, sO nghiém clia da thic P, ,(7) bing sb giao diém gilia dudng cong
Y= { ||ZE gl\ , T E R} va duong xich dao tuong ung véi vector a.

Tu bai toan Buffon trén mit cau, ta c6 két qua sau cho md hinh Kac.
Ménh dé 1.3. Cho da thiic
PKac,n(x) =a)+a1x + -+ anxnu

4. N . - X X c A A A - N A A ~? g
Voi a; la cdc bien ngau nhién doc ldp co cung phdn phoi chudn tdc.

Khi dé, ki vong s6 nghiém thyc cia da thitc P, () la

]E[NR (PKac,n)] - m

s
1.1.4 Ham so ngau nhién véi hé so la cac bién ngau nhién c6 phan phoi chuan

O trén, ta da xét ho cd s6 da thiic {1, z, ..., 2" }. Mt cach tdng quat, v6i ho
cac ham s { fo(z), fi(x), ..., fo(x)} bAt ki, ta xét ham ngiu nhién P,(z) 1a t&

hop tuyén tinh ngiu nhién cla cic ham f;(z):

Po(x) = ag + a1 fi(z) + - + anfulw),



vdi a; 12 cdc bién ngau nhién doc 1ap c¢6 cung phan phdi chuan tac.

[ ht) ) [ )
fl(t) aj

Ta xét duong cong v(t) = | fo(t) | vavectora= | g,

\fn'(t)/ \a )

n
Ta xdc dinh cac vector don vi o = a/||al|| vay(t) = v(t)/||v(t)]].
Tuong tu Ménh dé|1.3] ta c6 ménh dé sau.

Meénh dé 1.4. Ki vong sé nghiém thuc ciia da thiic P,(z) la

BV ()] = 2hi == [ Ib @)l

(0. ¢]

) N . A - A A - A A A7 <
vdi diéu kién cdc hé so a; cua P,(x) cd phdn phoi chudn tdc.

Trong trudng hop tdng quét, néu a; c6 phan phdi chuin, E(a) = 0 va

E(aa®) = C thi a 1a phan phdi chuén nhiéu chiéu véi ma tran covariance C.

Khi d6, ta c6 két qua sau vé ki vong s6 nghiém thuc ctia ham sO ngau nhién

trong trudng hop tong quat.

Dinh Iy 1.5. Ddr v(t) = (fo(t), ..., fu(t)! Vi f;(t) la cdc ham khd vi va

ag, ai, ..., a, la cdc thanh phan cua phdn phoi chudn nhiéu chiéu voi ki vong

0 va ma trdn covariance C. Ki vong s6 nghiém thucc trén khodng (hodic tdp do

duoc) I cua phuong trinh

aofo(t) + a1f1 (t) + -+ anfn(t) =0

la
1,
—[lw (¢)]|dt,
7T

C/2y(t)
12"

cong thiic trén trd thanh

VOiw =

BV () = 1 [ ( o5 108 [0 (@)Coly)]

y:x:

Néu viét dudi dang dao ham ciia ham chiia logarith thi

1/2
) dt. (1.2)
t



9

Chiing minh. Xét ham ngau nhién P, (z) = ag + a1 fi(x) + -+ - + a, fn(2).

([ fo(t) ) ([ a )

Ta xét duong cong v(t) = | fo(t) | vavectora= | g,

\f \@)

Tac6 E(a) = 0 vaE(aa®) = C.
Pitb = C~/2q; w(t) = C'2y(t). Khi d6 b c6 phan phdi chuan tic va ta c6

thé bi€u dién P, ( <b >
Lic nay, ap dung Meénh dé 1.4 u, ki vong s6 nghiém thuc cta P, () 1a
E[N; (P,) M‘{/|\ t)||dt,

voi w(t) = {| E;II te I}
Gid ta sé chiing minh

HW/(t)H2 — aj;y log [ T(:E)C’U( )] -

Ta co
w(t) = ( w(t) ) B w () /w(t)  w(t) — w(t) [“f tw./w 2])
w(t) - w(t) RORA0)
_ O l) W] - () [wr) - ()]
[w(t) - w(t)]*?
Do do,
P w(t) w(t)
Wl ( mwmw>'< mww@)
) w®)] [ (1) )] = [w) - @)
[w(t) - w(®)”

Ta lai c6




Suy ra
0 _ 0d(z)- wy)
aady 8 W= 5y el
_ W) - )] w(z) - wy)] — |w'(2) - wy)] [w(z) - ' (y)]
w(@) - w(y))?
o5 108 [0 (@)Coly)] - o 108 [ (@]
_ w(®) - w®)] [w(t) - w ()] — [w(t) W (1)
w(t) - w(®)]’
T cac bién ddi trén suy ra
82

1w (1) =

0xdy
Vay

1/2
dt.
Yy=x=t

[]

BV, (P) = [ W@l = [ < o5 108 [0 (@)Coly)]

7T T

Tu dinh 1y trén, ta c6 két luan sau vé ham mat do cia sb cdc nghiém thuc

clia ham ngau nhién.
Dinh nghia 1.6. Ham mdt do ciia sé cdc nghiém thuc ciia phuwong trinh
aofo(t) +arfi(t) + -+ anfu(t) =0

(trong do f;(t) la cdc ham khd vi va a; la cdc thanh phdn ciia phédn phdi chudn

nhiéu chiéu vdi ki vong 0 va ma trdn covariance C) la

1/2
ya:t) .

pult) = = ( 5o 108 [V (2)Cu(w)]

1.2 Cong thirc Kac-Rice

Luan vin di dé cap dén cong thic cia Alan Edelman va Eric Kostlan

dé tinh ki vong s6 nghiém thuc ctia da thifc ngau nhién qua do dai dudng cong
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chiéu trén mit cau don vi. Trong phan nay, ching t6i gidi thiéu cong thiic tinh
tuong minh hon nhu sau:

Pinh ly 1.7 (Cong thiic Kac-Rice). Xét da thiic ngdu nhién

P.(x) = apeo + @161 + - - - + apenx”,

4. N . - X X c A A A - N A A ~? 9
Vvoi a; la cdc bien ngau nhién doc ldp co cung phdn phoi chudn tdc.

Ki vong s6 nghiém thuc cia P, trén khodng (a, b) la

E[N, / VA(x — B,

fL‘)

véi M, (z) = var (P,(z)) , An(x) = var(P,(z)), B = cov(P,(z), P, (x)).

Chiing minh. Vi a; 12 c4c bién ngiu nhién doc 1ap c6 cuing phan phdi chuin

tac nén ta co :

n n
/ . . i—1 2 o it
P (z) = E agic;x’, Pi(r) = E a;a;eiE;x"",
i=0 i.j=0
E a;Q1€;E ;T AT
4,j=0
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n

By (z) = cov (Pn(a:), Pn(x)> —E (Pn(:c)Pn(x)> =Y isieja E(aiay)

i,j=0

(1\ (aogo\

X ai&eq

Ta xét duong cong v(x) = | 22 | vavectora = | aqes

ey e

Taco E(a) =0 va

8%1@(&%) 8081E(a0a1) 805nE(a0an)
2 2
C:E(aaT): 6051E(a0a1) 51E(6L1) 515nE(a1an)
coenE(apa,) €16.E(aray) ... €2 E(a?)
e 0 .. 0
0 & .. 0
0 0 g2

it w(z) = CY2u(x) va w(z) = {”gg”f;' ze I}
Theo ching minh ¢ muc|1.1.4{ta ¢6 E[N(, (P,)] = 1 f |w (z)||dz va

W @I = 5 tog [ (1) Co()]

Ta co
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1=0

w'(x) - W' (x) = V' (2)CV' ()
20 0
0 & 0
0O 0 O
0
1
= {O 6% 26%:13 7157211’”_1} 2
nxn—l

:Zi25?$2i_2—An(:p),
i=0
g2 0
! T 0 &
wla) (@) = @ Co@) = 1 o .. a1

0 0




0
1 5 9
= [5(2) red L x”si} ‘ :ZZ8i$ = B,().
: i=0
nmn—l
Do do
Ap( — B%(x
E[Nw, /HW |de = = /\/ (x) = Bil@) .
(z)

[]

Hé qua 1.8. Ham mdt do ciia so cdc nghiém thyc ciia da thitc ngdu nhién la

1/ Ay (2 — B%(x)
77 Mn(x) '

pn(T) =

1.3 Mo hinh da thuce Kac

Nhu chiing tdi da dé cip & trudc, da thiic Kac dugce xac dinh béi
Proen() = ap+ a1z + - - - + apa”, (1.3)

v4i a; 1a cdc bién ngau nhién doc 1ap c¢6 cung phan phdi chuan tac.
Trong muc nay, ching toi sé tim hiu ki hon vé s6 nghiém thuc cho mo hinh

nay.

Ménh dé 1.9. Ki vong s6 nghiém thie ciia da thiic Kac la

(n+ 1)2x2"
E[N(*OO,OO) PKacn - / \/ 1 . $2 $2”+2 . 1) dx

(n+ 1)2x? i
1 _ 5172 x2”+2 _ 1) Xz

Chitng minh. Ta sé st dung cong thic Kac-Rice d€ tinh ki vong s6 nghiém

thuc clia da thifc ngdu nhién mo hinh Kac.

Trong trudng hgp nay, ¢; = 1(i = 0, ..., n).
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P s A A v ) 1 2 N A c A
Pau tién, ta thay rang Z a;x’ = x" Z An—i—- Do d6 ki vong so nghiém
i=0 i=0
thuc ctia Py, (z) trong khoang (—1,1) bang ki vong s6 nghiém thyc cla

Pk aen () ngoai khodng (—1,1). Ngoai ra, vi phan phdi cta a; va —a;, (i =
0,1,2,...,n) giong nhau nén E[N(_ o) (Pgacn)] = E[N(1) (Pracn)]- Do vy

E[N(—oo,oo) (PKac,n)] - QE[N(—l,l) (PKac,n)] - 4E[N(O,1) (PKac,n)]-

Ap dung dinh 1y va chiing minh ¢ muc|1.1.4]ta c6

ZQ?QZA 22211 ):Zix%_l'

1=0
Ta co:
n , 1 x2n+2
_ 21
M, (z) = ;x =1
Suy ra
n . 1 — $2n+2
d “) =d
(5)-e(75),
hay
St L (1o
— 2dx 1 — 22
Tuc la

i=0 i=0
Suy ra
i2 z": 22070 = ii (m Zn: iz 1)
i=0 Tdz i=0
Do do
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x2n—|—2 . .TL‘2 14+ 1:2”(713:2 —n— 1)2
@1

Thay céc két qua ctia M, (x), B,(x), A,(x) viia tinh dugc & trén vao cong

thic Kac-Rice ta dugc ki vong sd nghiém thuc ctia P, (z) trén R 1a

E[NR PKacn

[ VAG T B,

X

a2 t2—g2—1+4a2" (na?2—n—1)2 1—g2nt2 x(1—22"—na?4na?nt?) 2
(z2—-1)3 "It (z2-1)
/ 1_m2n+2 dx
1—22
\/ p2nt2 1 — (n+ 1)2 2 (2?2 — 1)2d
/ 1) (222 1) t
1 1 220
_ 4 / _ (A1)
o [ @2=1)2 (@22 1)
4 1 1 1)242n
= —/ — (n+ 1) dz.
o | @2=1)2 (@22 —1)2
[]

Tit cong thiic trén, ta c6 cong thifc xAp xi cho md hinh Kac nhu sau, xem
[4].

Dinh ly 1.10. Ki vong sé nghiém thuc ciia da thitc (1.3) la

2
IEj’[]v(—oo,oo) (PKac,n>] ~ ; log n.

Chutng minh. Ta da co
E[*]\'f(—oo,oo) (PKac,n)] = 4]E[N(O,1) (PKac,n>]- (L.4)

Bay gio ta s€ tinh E[N(o 1) (Pracn)]-
Dau tién ta xem xét khoang (0,1 — €), v6i ¢, = ¢ = n~% va a 1a s6 duong bét

ki nho hon 1. Do d6 véi n du 16n,

<(1l—e)"=(1—-n""=exp(—n'"").
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Néu ta chon a = 1 — loglog n'®/logn véi n dui 16n thi
exp(—n'"") =n""
va do do

R

Khi d6 A, (), M, (), B,(z) c6 két qua nhu sau

g =1 (nat —n—1)2  142? o (116
Anlr) = (z2 —1)3 (11— a2 1o ()],
z (1 — 2 — na® + na**?) x o0
B,(x) = 5 = 5 |1+ o(n ,
O =y et
M, (z) = 11_—56;1;2 - _le 14 o(n )]
Suy ra
VA @) M, (w) — B2(z) \/(11”2) L +o(n1)] = 2w 1 +o(n™2)]
M, (x) B = [1+o(n~1%)]
- - _1:1;2 1+ o(n~19)]
va do do
E[N((),lfe) (PKac,n)] = %/0 h 1 ixe [1 + O(n_16)]

a 1 —a ~16
= lglognJr ;log(Z —n )| [14+o(n"%)]

1
~ —logn, (1.5)
21

via — 1 khin — oc.

Tiép theo ta sé chi ra rang s6 nghiém thuc cta trong khoang (1 — ¢, 1)
la khong ding k€, hay néi cach khac véi e da chon & trén di d€ lam cho
E[N(t_c1) (Piacn)] nho.

St dung két qua trong chiing minh ctia Ménh dé|1.9ta c6

VAL (@) M, (z) — B2(z )_\/ 1 (n+ D2
Mn(l') (1 _ 1'2)2 (1 _ x2n+2)2'
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By gid ta sé chi ra rang

VA (2) M, (x) — B2(x) 2n + 1
M, (z) Vi (1.6)

n
\fll_m—M:Zx2i§n(dox<l)nén

1—22
1=0

(n+ 1)z"(1 — 2?) .
1 — x2n+2 :

VAL - B@ _ [1-a
My () SV a-a?
< [n+1 < Jn +1

—V1l—a2" V11—

[2n + 1
< .

l—x

St dung cong thic Kac-Rice va tir ta co

(2n + 1)1/2 /1 dx

n 1—e (1 - ‘r)l/Q

_ @n+ 1)t (61/2 _ 1) — o(y/ne)

T
— 0 <n10g1° /210g“> — o(logn)"?. 1.7)

Do do

8

E[N(l—e,l) (PKac,n)] <

Tu (T.4), (I.5) va (I.7) ta c6 ki vong s6 nghiém thuc ctia da thiic Kac 14

2
E[N(~oo,00) (Pracn)] ~ ;logn.

Nhan xét: Ta biét thém mot s6 tinh chit sau ciia md hinh Kac:
Da s nghiém tip trung quanh £1, xem hinh minh hoa 1.2.
- Trong [8]], Wilkins di dua ra cong thic tiém can day du cho ki vong s6
nghié€m thuc cua da thuc Kac la

2 = A
E[N(—oo,oo) (Pracn)] ~ - logn + Z n—ﬁ, (1.8)
p=0
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Hinh 1.2: Hinh 4nh minh hoa mat d6 s6 nghiém thuc p,(x) cho mo hinh da thic Kac véi trudng hgp
n = 50, n = 100. Nguodn: [9].

véi cdc Ay, p = 0,5 duge cho béi
2 1
Ay =— {logQ + / (1 — t%csch’t)Y2t~Lat
T 0

- / [1 —Q —t2csch2t)1/2} tLat,
1

1 o

Ay = ——
2 37T 0

[(1 — t2csch’t) Y2 — 1} tdt,
R o
1807 0
VéA1:A3:A5:0.

Ay = {7 —12(1 — t3esch?t) Y2 4+ 5(1 — tQCSCh2t)_3/2} t3dt,

1.4 Mo hinh Elliptic

Meénh dé 1.11. Xét da thiic ngdu thitc ngdu nhién cé dang sau

Pp () = apgo + a1€17 + - - - + anenx”,
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4. N . - X X A A A - N A A ~? 9
V0i a; la cdc bien ngau nhién doc ldp co cung phdn phoi chudn tdc,

€ = 1/ (7;), 1= O,...,n.

Ki vong s6 nghiém thuc ciia da thiic Pg () la
E[Nr (Pg,)] = V/n.

Chiing minh. Vie; = 1/ (")), nén ma tran covariance la C' = diag[("})]. Do d6

v (2)Cu(y) = zn: (Z) 2y = (14 ay)"

k=0

Ta co

0 ny
— log (1 "=
Ox og (1+zy) 1+ zy

2 0 ny n
log (1 = = :
0x0y o (1 +zy) oyl+zy (14 zy)?

Do d6 ham mat do cua cac nghiém la
1/2

1/2
yxt)

pralt) = 7 ( 5o 108 [ (@) Coly)]

2

0x0y

)

Vi céc hé so cua Pg () doi xing nén

log (1 + xy)"

oo

E [Nr (PEy)] = /

—00

o(t) = 4 / o(t)
VR g AV
+¢2

v

1

arctan(t)

0

1
= ; 1

4
m
vn
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1.5 Mo hinh Weyl

Céc da thic Weyl co dang nhu sau

Py () = Zai_.a
= Vil

véi a; 1 cac bién ngau nhién doc 1ap, c6 cung phan phdi chudn tac. Ki vong
s6 nghiém thyc cta Py, () 12
2
BN (P ~ (2 +01)) VA

Vi a; 1a cdc bién ngiu nhién doc 1ap, c6 cing phan phdi véi ki vong 0 va

phuong sai 1. Do d6, phuong sai cua \‘}ﬁ la %

Ap dung cong thiic ctia Alan Edelman va Eris Kostlan ta c6

1/2
dt
y=xr=t
1/2
dt.
y=x=t

Sau d6 st dung cong thic Stirling ¢! = v2mi (1+ O(i 1)) (é)l, cac tac gia
trong [[10] thu dugc

E[Nr (Pw,)] = % / ) { 3363(9y log [v" (x)C(y)]

—00

1 [~ ] o 1,
;/m{ﬁxaylog[z;ﬂxy]

E [N (Ria)] = v+ O(n' ), ¢ > 0.

1.6 Mo hinh Schehr - Majumdar

Nhu ta da thdy & trén, tlly thudc vao mo hinh ma ta c6 cac ding diéu
khdc nhau cho ki vong s6 nghiém thuc: log n hodc /n. Cau héi dit ra 1a liéu
c6 mot mo hinh tdng quat chung dé tiy vao tham sd, ta cé dang diéu tiém can
mong mudn. Tt d6, Schehr va Majumdar da gi6i thiéu mot 16p da thiic ngau
nhién thuc bic n c6 cac hé sb 1a Ve a; véi ay, 12 cdc bién ngau nhién doc
1ap c6 cling phan phdi chudn tic va o > 0. Trong phan nay, ching toi sé trinh
bay lai két qua ctia Schehr va Majumdar [3] vé ki vong sd nghiém thuc cia

16p da thiic nay.
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1.6.1 Gidi thiéu
Schehr va Majumdar da dua ra da thic ngau nhién Pg);,(x) xdc dinh bdi

Psyrn(z) = Z Ve  qpat, (1.9
k=0

v6i o > 0 va ay, 1 cdc bién ngau nhién doc 1ap c6 cung phan phdi chuin tic.
bit O, (x,y) = vI(2)Cu(y), véi v(z) = (1,2,...,aM)T , C = e *E(aal),

a = (ag,ai, ...,a”)’. Khi d6
Ch(x,y) = Z e K kP, (1.10)
k=0

Vi phén phbi clia a; va —a; (i = 0,1, 2, ...,n) gibng nhau nén
E [N-so0) (Psain)] = E [Nooo) (Psarn)] -
Do d6 ta c6 ménh dé sau:
Ménh dé 1.12. Ki vong sé nghiém thic ciia da thiic Schehr - Majumdar la

E [N(—so.00)Psarn] = 2E [N(o,00)Psarn] = 2/ pn(), (1.11)
0

n

VOi psrin(z) = 21/0,0,10g Cp(u, v)|y—v—y va Cp(z, y) = Z e " ahyk
k=0

Schehr va Majumdar da dua ra két qua vé ki vong s6 nghiém thuc ctia 16p

da thiic nay cho ting trudng hop cu thé clia v nhu sau:

1. V6i o = 0, = 1, ta c6 thé chuyén mo hinh da thitc Schehr-Majumdar

vé md hinh Kac.

2. V6i 0 < a < 1, phan 16n cdc nghiém thuc cia md hinh da thiic Schehr-
Majumdar tap trung trong nita khodng [1, co) va ki vong sd nghiém thuc
ctia da thifc nay x4p xi ki vong s6 nghiém thuc ctia m6 hinh da thifc Kac:
E [N(_Oopo) (PSM,n)] ~ %log n.

3.V6il < a<2,E [N (Psarn)] ~ 24/ tn2,
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4. Vi > 2, E [N(_o.00) (Psazn)] ~ n.

Tuy nhién, chiing minh ctia Scher va Majumdar chi mang y nghia x4p xi vat
li. Ching tdi sé trinh bay chi tiét 14p ludn ctia ho. Cu thé, ho c¢b gang dua ra
cong thic xap xi cho ham C,,(z, ).

D€ thuan 1gi cho viéc tinh todn, dit c,(z) = C,(x, ). Khi d6 dé thiy ring
cn(y/ZY) = Cn(z,y).

Viét lai ¢, () duéi dang sau

n

en(z) = e = " exp(—¢(k, 7)),

k=0
o(k,x) = k% — 2klogz. (1.12)

Xét ham s6 ¢(u, x) = u® — 2ulogz, véi u € R*. Khi dé,
Oup(u, ) = au®! — 2logx
va
O2p(u,x) = ala — 1)u*2,
Gia tri clia ¢, (x) phu thudc vao ¢(u, x) nhu mot ham ciia u ( va cb dinh ).
Tai u*(z) = (%)ﬁ ta co
Oup(u*(z),z) =0, 0*¢(u*(),r) = ala — Du'(z)* 2 (1.13)

Bay gid ta s& xét cac trudng hop cu thé dbi véi a.

1.6.2 Truong hop a =0

Khi o = 0, da thdc Schehr - Majumdar tré thanh
1
Porn(z) =Y —=apa”,

v6i ay, 12 cac bién ngiu nhién ddc 14p c6 cung phan phdi chuin tic.
Pay chinh 1a da thic Kac. Nhu luin vin da trinh bay 6 phan mo hinh da thic
Kac, ki vong s6 nghiém thuc clia da thifc Schehr - Majumdar trong trudng
hop a =01a

E [N(—00.00) (Psarn)] ~ %log n.
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1.6.3 Truonghgp 0 < a <1

Khi 0 < a < 1, #¢(u*(z),z) = a(a — 1)u*(x)*2 < 0. Do dé ¢(u, )
dat gid tri 16n nhit tai u*(z) = (%logaz) ot
Trong trudng hop niy, phan 16n cac nghiém cla da thiic Schehr - Majumdar

trén R* tap trung trong nita khodng [1, +00). That vay, ta c6 ménh dé sau:

Ménh dé 1.13. Ton tai ¢ € R sao cho E [N(O,l) (PSM,H)} < c,Vn.

Chiing minh. Ap dung cong thiic Kac - Rice cho da thiic Schehr - Majumdar,
ta ¢6 ki vong s6 nghiém thuc cla da thiic nay trong khoang (0, 1) 1a

E[N( )PSMn = /\/ My(z) = Byl )dx.

M3(x)
V61
An(x) = Ze—k@kzxz(k—n; M, (z) = Z k" 2k, Zk ke 2k-1
k=0 k=0
Vé6ix € (0,1) ta co:
By(x) > 0;

My(z) =31 e ™zt > e 20 =1

My(z) < My(1) = Zk:oe < ¢

An(z) =30 e F R < A, (1) = S0 e F R < ea,
trong dé cys, c4 14 cac hing sb.

Suy ra

I 1
E [N(O,l) (PSM,n)} < ;/ veaeydr = %\/CACM.
0
[

Tir Ménh dé m ta c6 thé két luan ring cac nghiém duong cta da thiic
Schehr - Majumdar tap trung chii yéu trong ntta khoang [1, +00).

Vé6i x > 1, xem ¢(u, x) nhu la ham cua u trén khoang [0, n], ta c6

¢(07 x) = 07
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¢(n,x) =n" — 2nlogz < 0.

Suy ra ¢(u, z) dat gia tri nhd nhat trén [0, n] tai u = n. Nhu thé, tdng ¢, ()
trong (T.12)) dudc tao thanh chi yéu bdi cic hang ti chita k ~ n. Khai trién
Taylor cta ¢(k, x) xung quanh k& = n thu dugc

ok, x) = ¢(n,x) + (k—n)d'(n,z) + -
= n® — 2nlogz + (k — n)(an® ' — 2logz) +
= (1 — a)no‘ + k(ana—l o 210g:13‘) e (1.14)

v6i cac hang tif bac cao hon c6 thé bi loai bo khi n 16n vi & ¢ (n, z) /0w’ =
O(n®7),j > 2. Do d6, véi o < 1,

n

cn(x) ~ e man” Z(xe_%”afl)%. (1.15)

k=0

Pit 7 = ze 2", Khi d6, (T.13)) trd thanh

en(T) ~ e mam”
c6 dang gibng ¢, () clia phuong trinh Kac.
Ta c6 thé dung két qua cla da thic Kac dé thu dudc rang e 2" — 1 =
O(n~1). Hay n6i céach khdc, ciac nghiém thuc cta da thic (1.9) tip trung
trong mién v6i do rong 1/n xung quanh e3™" = 1+ 90! + O(n®2) va
phan phdi nay gibng nhu phan phdi nghiém thuc cla da thu?c Kac ( tuong ing
v6i a = 0). Do d6 sb6 nghiém thuc ciia da thic Schehr - Majumda gidng vdi
da thuc Kac,

E [ N(-oc.00) (Psarn)] ~ %bgn,

khong phu thudc vao a, vo1 0 < v < 1.

1.6.4 Truong hop o =1

Khi o = 1, da thic Schehr - Majumdar trd thanh

Psarn( E akﬂf
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v6i ay, 1a cac bién ngiu nhién doc 14p c6é cung phan phdi chudn tic.
bit # = x.e1/2. Khi d6, ta thu dugc da thic

n

Porn(®) =Y azi",

k=0
chinh la da thuc Kac.
Do dé, ki vong s6 nghiém thuc ctia da thiic Schehr - Majumdar trong trudng
hop a = 1 bang ki vong s6 nghiém thuc cta da thic trén,

2
E [N(—oo,oo) (PSM,n)} ~ ;logn

1.6.5 Truong hgp o > 1

Ngugc lai v6i truong hop 0 < a < 1, khi a > 1,
O2p(u*(z), z) = ala — Du(z)* 2 > 0

va do d6 ¢(u,x) dat gia tri nhoé nhét tai v*(x). Trong trudng hop nay, tdng
¢, () trong (I.12) dudc tao thanh chii yéu bdi cic hang tif chita k& ~ u*(z).
Viét lai ¢, (z) dudi dang sau

co(z) = e ou"(z),2) Z 6*5(16,%)7 (1.16)
k=0
v6i u*(z) 1a diém 1am cho ham ¢(u, x) dat gid tri nhd nhat

9 a1
ut(z) = (—loga:) : (1.17)
a
va

p(u*(z),r) = (1 — a)u*(x)",
ok, x) = p(k, ) — d(u*(z), ) = k" — a [u'(@)]" " + (o — 1) [u"(2)]".
(1.18)

Tu (I.16), (T.17) va (T.18), ta c6 cdc biéu dién sau
w(am) = (2ogten)) (119



1 1 * 2—«

= — (/).
2 * 1 *
02,00 (VAT Vi) =, (~ b (v
1 1 * 2—a

1 1
ala—1)xy

W (Vay)) . .21

02,0k, \/73) = 0, [u* (/77)] =

DE€ thuén tién cho viéc tinh pgys,(7), v6i ham g(k) bat ki dit

" glk)exp(—a(k, /7))

e — -
S exp(—6(k, /7))
k=0

(1.22)

Qua mot sd budc bién déi dai s6 ta thu dudc

O,loge (/) = ~0,0(u",/7) — (0:6(k V7)),

0,0 logen (vay) = =02 ¢(u’ (Vag), v/7) — (02, 0(k, Vay) )
+ 0,0k, V70,0, /7))~ (0lh, 7)) {0,0(k, V7))
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Tu (1.20) va (1.21)) suy ra
02,0(k, /zy) = =02 ,0(u" (v/TY), V/TY),

hay
(02,0(k /) = =02 000 (V) VD).
Do doé
0.y ogea(v/75) = (9:d(k, V9)0,0(k. v/75) )
~(0:0(k, vay)) (0,0, D)) -

Do vay

PSM,n( ) = PSMn \/a 0p10gCh (U, V) [u=v=s

4 - N - 2

i (]43 — u*(gj))2 e—cf)(k,x) Z (k o (SC)) €_¢(/€’x)

I k=0

S ol S eélh

k=0 | k=0 _

N|—=

(1.23)
Khai trién Taylor cta ¢(k, ) xung quanh k ~ u*(z)

ol0vz) = o(u (o), o)+ 3 HETHEZIE () ()

(1.24)
Khi = 16n, u* () o (logz)'/(*~1) ciing 16n theo, do d6 c6 thé chi giif lai hang

ti chia j = 2 6 (1.24)

¢(k,x) ~ dp(u*(z), 2) + 04(042— 2 (k —u'(z))* [u'(z)]"
va khi do
N g (k—u'(x)) exp — o(k, 2)
k=0
DS g w(w)exp | O (k- ) @)
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véi g(z) = z hoic g(2) = 22. D€ thuan tién cho viéc tinh todn & phan sau, dit
uw*(z) = |u*(x)] + b, v610 < b < 1 va= |u*(x)] 1a phan nguyén cta u*(x).
Luc nay (1.25)) tré thanh

Z g (k )) exp — p(k, z)

n—|u*(z)]

g (m — b)exp

=—|ur(2)]

* 1
o0 ()0) ala—1)

(m —0)° [u"(2)]"*

(1.26)

Béi vi [u*()]* %  (logz)(@2/(e=1) phy thude vao diu ctia o — 2, ta s& xét
riéng cac truonghdp 1 < a < 2, a > 2.

Truong hop 1 < a < 2

Trong trudng hop nay [u*(2)]* > — 0 khi v*(z) 16n va do d6 tdng rdi rac
6 (T:26) 6 th€ dugc thay thé béi tich phan. Vi n 16n va z < exp (§n1),

Zg ) exp (—¢(k, x))

< e )) / " g)exp [@ ()* [u*(x)]a—ﬂ dy.  (127)

Néu g(z) = 1 thi (I.27) tr6 thanh

Zexp o(k, ) o<\/_[”<f)2;;r, (1.28)

va tuong tu, néu g(z) = 22 thi

n

> (k= u(z)*exp (—¢(k,x)) x Vo [M} ; (1.29)

o ala—1)

trong khi Z ))exp (—o(k,z)) ~ 0. Do dé tir (1.23)), (1.28)), (1.29)

ta thu dIIQC gla tri cua pgas () khi 2 16n nhu sau

( ) ( 1 ) 2(a*1) ( )
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Bay gio ta s€ tinh E [N(—oo,oo) (PSM,n)] = ffooo pSM’n(Qf)dl‘. Véi a > 1,
chudi s6 trong dinh nghia ctia ¢, (x) & (I.12)) ¢6 ban kinh hoi tu vo han do d6
[75 psarn(x)dz = O(1) khi n — co. Ngoai ra, véi z > e2™"

_knfl gno‘_l
e 1 €2

MnlT) ~ — ~ 1.31
Ps Jl( ) e‘k 7_(_1,2 7T.%'2 ) ( )

va diéu d6 c6 nghia 1a feo%ona—l psyn(z)dr = O(1) khin — oo.
Nhu vay phan 16n cdc nghiém thuc duong cta (I.9) tip trung chd yéu trén
doan [1, eg”al} . Két hop véi (T.11)) ta c6

gnafl

E [N(—oo,oo) (PSM,TL)] - 2/ /OSM,n(x)dx
1

a, a—1

e2" 1 1 2 ey
LT (),
1 T Ja(a—1) \«

Truong hop o > 2

Trong trudng hop nay, tong rdi rac & (1.26) khac véi trudng hdp 1 < o < 2.
Khi o > 2, [u*(2)]" " o (logz)@2/(e=1) — o6 v6i z 16n. Do d6 véi z 16n,
m =0néub < 1/2hodcm = 1néub > 1/2.Suyra

S g (k= u'(x)) exp (—(k,2))

o g(—b)exp [—@b%*(@wl

ala—1)

> (1— b)2u*(x)0‘_2] : (1.32)

+ g(1 — b)exp [—
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St dung (1.32)) ta thu dudc psar, () trong (1.23) nhu sau

2 ala—1)_ . 2 o=l
() ~ ye2(1—2p)| .y = (21 .
Psun() (mz)cosh { 2 ( b)] « 08T
(1.33)

Tu do
ala— 1)y ?

psmn(Y =Y]+0b) ~ = :
27mcosh [%Y“”(l — 2b)}

(1.34)

T psarn(z) ta c6 thé tinh duge ki vong sb nghiém thyc cta da thic (T.9).
Gibng nhu & trudng hop o < 2, phan 16n nghiém thyc nim trong cic doan

o a—1

et

E [N(—oo,oo) (PSM,n)} = 2/ pSM,n(CIJ)dZU ~ 2/ ﬁSM,n(Y>dY
0 0

,—1]va[l,e""']. Do vy

n

1 aa —1)k2
~ db
Z/O mcosh [Mka—Q(l — 2b)}

k>1 2

a(a—1) ka—Q

n S A
> /. =
Y
aa=1) pa-2 mcoshz

k>1Y

~n (Vi/ dz = ).

~ coshz

1.7 Chubi lily thira ngau nhién

Cho {ax.} -, 1a day vo han cdc bién ngiu nhién doc 1ap. Khi d6, chudi

o0

f(x) = Z apz” (1.35)

k=0
dudcc goi la chudi lity thita ngdu nhién.
Chudi ngiu nhién da dudc nhiéu nha toan hoc quan tim nghién ctu. Gi4 tri

ctia chudi dugc hoan toan xac dinh trong khoang (—1, 1) dua vao két qua sau,

xem [[7]].
BG6 dé 1.14. Bdn kinh hoi tu r ciia chudi liy thiva f(z) = Z apz® bang 1
k=0

hdau chdc chan.
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Dua trén cong thuc da dugc dua ra, Edelman va Kostlan da ching minh

két qua sau cho sb6 nghiém thuc ctia chudi ngiu nhién.
Pinh ly 1.15. Xét chudi liy thita ngdu nhién
f(x) = ag + a1T + asx® + - -+, (1.36)

Vdi ay, la cdc bién ngdu nhién déc ldp co phdn phdi chudn tdc.
Ki vong sé nghiém thuc ciia chudi (1.36) trén bdt ki khodng [a,b] thudc
khodng (—1,1) la

1. (1+4a)(l1-0)
YT 1 h)
( 1 \ ( ag \
i aq
Chiing minh. Ta cé v(x) = , Q= va ma tran covariance
SUQ a9
E(a?) E(apar) E(agaz) ... 100 ..
C = B(ad) = E(aga;) E(a}) E(aias) ... _ 010 ..
E(aoaz) E(alag) E(a%) 0 01
Khi do .
v(z) Coly) = (xy)'. (1.37)
i=0

Chudi liiy thita (T.36) c6 ban kinh hoi tu bang 1. Do d6 ta c6 thé gia st

—1 < x < 1. Trong trudng hgp nay, Z(wy)’ 12 t6ng cta cip s6 nhan Iui vo

i=0
han. Do do

v(x)TCu(y) = 1 —1xy

Ki vong s6 nghiém thuc ctia chudi (T.36)) trén bat ki doan [a, b] thudc khoang
(0,1) Ia
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1/2
dt
y=r=t
1/2
dt
y=xr=t

[]

n

Ta thiy rang ki vong s6 nghiém thuc cla da thiic Pr,., (1) = Z a;z’ (v6i

i=0
a; 12 cdc bién ngu nhién doc 14p c6 phan phdi chuan tic) trén doan [a, b] bat
ki la
(n+ 1)2x?n
E[N[ab] PKacn = / \/ 1—$2 - x2n+2_1) dzx.

Tu d6, mot cach truc giac, ki vong s6 nghiém thuc cia chudi (1.36) trén bat
ki doan [a, b] thudc (0,1) la

E [N[a,b] (f)] = lim E [N[a,b] (PKac,n)}

n—oo
1P 1 (n +1)22n
= lim ;/a (1— 22?2 (22n+2 _ 1)2d5'3
1 1 (n + 1)2z2n
B ;/a nh—{go (1 —a2)? B (x?2n+2 — I)de
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1.7.1 Chudi lity thira v6i cic hé sb tweng quan

Cau hdi dudgc quan tam nghién ctiu trong muc nay la: Su tuong quan gitia
cac hé s6 cta chudi c6 4nh hudng gi dén mat do ciia cac nghiém? Ching ta
sé xem xét truong hop tdng quat clia da thiic § Dinh ly dé tim hiéu mbi
lién hé gilta su tuong quan cla cdc hé s6 ctia chudi lily thira va mat do cic
nghiém.

Xét chudi liy thira

folx) = ag + ayx + agx® + - - -, (1.38)

v6i ay, 1a cac bién ngau nhién c6 phan phoi chuan tac va véi moi k, cov(ag, api1) =

r (r 12 hing sb) va cov(ay, agy,) = 0,VYh > 2. Ta tam thoi gia st sy hoi tu
ctia chudi trong doan [a, b] C (—1,1) trong trudng hgp nay.
Khi d6 ta c6 ma tran covariance cia phan ph6i chu#n nhiéu chiéu (CLO a; as

la

_ E(a3) E(aga1) E(agas) ...- _1 r 0 _
O = E(ad") = E(aga1) E(a?) E(aiaz) ... | 1 r
E(aoag) E(alag) E(CL%) 0 r 1

Dinh 1y Gershgorin néi rang mdi gid tri riéng clia ma trin déu niam trong it
nhit mot hinh tron D(aj;, Ri), v6i Ry = ) |ay].

JFi ) )
Xétma tran C' tacd R; < 1+ 2r. Do do6 ban kinh pho ( tic gia tri tuyét doi

16n nhit cia tit c4 cac gid tri riéng) cia ma tran C khong 16n hon 1 + 2r.

T
Dafltv(:c):(l r 22 ) . Tacéd

1+7r(z+vy)
1 —ay

1/2
ya:t)

Y

(@) Co(y) = [L+r(e+y)] Y (vy) =

i=0
do d6 mat do cia cac nghiém cua (1.38)) 1a

v

pe(t) = ! ( 85@y log [v" (2)Cu(y)]

..)T
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1 ( o? log[1+r(a:+y)]

o 0xdy 1 —xy

1 1 r?
Cor\ (=22 (142rt)?

Nhdn xet: Do p,(t) < ﬁ,

(1.38) lam giam mat do cua cac nghiém, kéo theo ta sé co it nghiém hon.

1/2
yzt)

mdi tuong quan gilta cac hé sb trong chudi

1.7.2 Chuoi Dirichlet ngau nhién
Xét chudi Dirichlet

_ @2 43
f(x)—a1—|—2x—|—3x-|— )
véi ay, 1a cac bién ngau nhién doc 1ap c6 phan phéi chuin tic. Chudi nay hoi
tu vi xdc sult 1 néu z > 3.
Trong trudng hop nay, v(z) = (1,5, 35, - - )T va C' = diag[1]. Do d6
= 1
T _ _

k=1

v6i ¢ 1a ham zeta ¢ (s) = S°°°, L

n=1ns"

Khi d6, ki vong s6 nghiém thuc ctia chudi (1.7.2)) trén bat ki doan

la,b] C (%, oo) la
1 b
=

K&t ludn: Nhu vay, tit bai toan Buffon trén miit phing ta c6 thé phat biéu

92
920, (logC(x + y))dt. (1.39)

né trén mit cau dé tr d6 tim ra moi lién hé gilta ki vong s6 giao di€ém cia
dudng cong véi dudng xich dao va ki vong s6 nghiém thuc clia da thiic ngau
nhién c6 hé s6 1a cac bién ngiu nhién phan phdi chuin. Ki vong s6 nghiém
thyc clia da thifc dang nay bang s giao diém giita dudng cong va dudng xich
dao trén hinh cau S”. Tir mbi lién hé d6 ta c6 thé dua ra dudc cac cach d€ tinh
ki vong s6 nghiém thuc cta da thic ngiu nhién (Dinh ly Dinh ly va

cua ca chudi liy thira ngau nhién.
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CHUONG 2

MG RONG NHIEU CHIEU

Cac két qua ctia Edelman va Kostlan khong chi ditng lai & viéc chiing
minh lai va dua ra y nghia hinh hoc clia cong thiic Kac-Rice ma con c6 thé mé
rong cho cdc ddi tugng phic tap hon. Trong chuong nay, chiing tdi sé trinh
bay ki vong sd nghiém thuc clia cac ham ngu nhién trong trudng hop da tap

tdng quat va cac phan phoi khic.

2.1 Truong hop da tap tong quat
2.1.1 Datap

Dinh nghia 2.1. (Da tap) M¢t da tap t6 pé n chiéu la khong gian t6 pé tdch
dugc véi méi diém ciia né c¢é6 mét lan cdn dong phéi véi mot tdp md trong
khong gian Euclide n chiéu. Pa tap chinh la khdi niém todn hoc md rong ciia

duong va mdt.
Ta c6 mot s vi du sau, xem [[11] .

1. Nhiing da tap mot chiéu 1a cdc dudng thang va dudng cong. Cac vi du
don gian nhit 1a dudng thang thuc, dudng tron hoic do thi ciia bit ki ham
s6 lién tuc nao c¢6 dang y = f(x) . Trong nhiing vi du nay, mot di€ém c6
thé dudc xac dinh bdi mot sb thuc riéng 18. Vi du, mot diém trén dudng
thang thuc 1a mot s6 thuc. Ching ta c6 thé xac dinh mdi diém trén dudng

tron bang goc clia nd, modi diém trén do thi béi toa dd = clia nd.
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2. Nhiing vi du phé bién nhit vé da tap hai chiéu 12 mit phang va mit cau.
Khi néi vé mit cu trong toan hoc, ta thudng hi€u n6 1a bé mit. Vi du

nhu mit ciu trong R? ¢6 hai chiéu.

Hinh 2.1: Vi du vé da tap mot chiéu. Ngudn:[11]).

Dinh nghia 2.2. (Thétich ciia da tap)
Chot = (ti,ta,....,tn) € R™ v(t) = (fo(t), ..., ()T ( fi(t) la cdc ham
khd vi), M la da tap m chiéu, U la tdp do duwoc ciia R™ va

v(t) :U — M

t—~(t) =

Khi do, thé'tich cia M la

Ml = [ e (1017 (D00 a7

vdi D, (t) la ma trdn Hessian ciia y(t).

M4 rong cong thiic Buffon trén mit cau, ta c6 cong thifc sau, xem [3]:

Dinh ly 2.3. (Cong thiic hinh hoc tich phdn) Xeét hai da tap con M va N cua
mdt cau S™", véi M va N ldan luot c6 m va n chiéu. Néu Q la ma trdn truc

giao ngdu nhién cé m + n + 1 thi ki vong sé giao diém ciia M va phép quay
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ngdu nhién N bang 2 ldn tich cdc thé'tich ciia M va N chia cho tich ciia thé’
tich cdc mdt cdu.
2

E(#(MNQEN)) = 57157 |MI|NT. (2.1)

Ta c6 cong thic thé tich cdc mit ciu don vi nhu sau:

pe1] 271-”/2
5" = Ty

v6i I' 1a ham gamma I'(t) = [ 2" e "du.

Ap dung Dinh 1i[2.3|ta c6 két qua sau.
Bo dé 2.4. Chon doan [a, b] va ham ngdu nhién
G(t) = CLon(t) + alfl(t) + ...+ anfn(t), t € [a, b], (2.2)

Vvdi a; la cdc bién ngdu nhién doc ldp co phdn phéi chudn tdc.

Tao mot duong cong ngdu nhién trong R¥ bang cdch chon mdu doc ldp cia k
ham nhuw thé. Khi do, ki vong do dai ciia hinh chiéu ciia duong cong nay trén
mdit cdu don vi trong RF béng m ldn ki vong sé nghiém ciia ham ngdu nhién

da chon trén doan ta xet.

Chitng minh. Xét N 1a hinh chiéu trén mit cau don vi ciia dudng cong ngiu
nhién dudc sinh ra bing cach chon mau doc 1ap ctia & ham nhu G(t). Ta thiy
QN va N c6 cung phan phdi. Chon M 12 giao ctia siéu phang z; = 0 véi miit
cau S¥~1. S6 giao diém ctia dudng cong véi M chinh 12 sb nghiém ctlia toa do
dau tién ctia dudng cong va dé ciing 1a nghiém ctia ham ngau nhién G|(t).
Theo Dinh 1y 2.3|ta c6

ENG(t) = EGHM N QN)) = rte |MIE ().

Trong trudng hop nay n = 1, S™ = M, |S"| = |S*| = 27. Do vay

E (IN|) = m.EN,4G(#).
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Chi y: Diéu thid vi clia cong thifc ki vong do dai ctia hinh chiéu dudng

cong § trén la né khong phu thude vao k.

2.1.2 Pa thic ma tran

Dinh nghia 2.5. Da thiic ma trdn la da thitc ¢6 cdc hé s6 la cdc ma trdn
vuong.

Da thiic ma trdn co dang
P(t) = Ay + Ayt + Aot + - 4+ A t",
voi A; la cdc ma trdn vuong cd p X p.

Chui y: Nghiém cia phuong trinh det (P(t)) = 0 la cac gia tri riéng ctua da
thic ma tran.

Ta c6 dinh 1i sau.

Dinh ly 2.6. Cho fy(t), ..., fu(t) la cdc ham khd vi va Ay, ..., A, la cdc ma
trdn cd pxp sao cho cdc vector ngdu nhién p? chiéu ((A0)ijs (A1)ijs ey (An)ij),
(i, = 1,p) c6 phdn phdi chudn nhiéu chiéu vdi ki vong 0 va ma trdn covari-

ance C. Ddt o, la ki vong s6 nghiém thuce trén doan la, b] ciia phuong trinh
0 = det[Agfo(t) + A1 f1(t) + - - -+ Apfu(t)].
Khi do ta co

o _ ~T(p+1)/2)
a \/_ ['(p/2) ’

oy €6 thé dugc tinh tie Dinh Iy[1.5]

Chiing minh. Xét duong cong v xac dinh bdi

A(t) = Aofo(t) + ALfi(t) + - + Ap ful(t),

A 2 > A
trén khoang [a, b], vay(t) = ||A(§§)||F’

wdn A, [|A@®)]|p = /22 af
Theo B8 dé2.4|ta c6 ki vong chiéu dai ctia hinh chiéu () 1a ay7.

v6i || A(t)]| » 1a chuén Frobenius ctia ma
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Ta sé 4p dung Dinh ly 2.3[v6i M 1a tdp cdc ma tran suy bién trén Sl va N

la dudng cong tham s (¢) & trén. Do d6 ki vong sb gid tri ¢ sao cho ~(t) suy
bién 1a
_ 2 [M|[N]
Pop Sp-2

Dé thiy M 1a da tap c6 chiéu p? — 2. Thé tich ctia M (dudc tinh trong [12]) 1a

(2.3)

20T ((p +1)/2)

M| = | (2.4)
M= TR - )/2)
Thé tich ctia N chinh bing chiéu dai ki vong ctia hinh chiéu ~(¢):
|IN| = ma;. (2.5
Thé tich cia mit cAu S?°~2 1a
9 (P*=1)/2
572 = = . (2.6)
I'((p*—1)/2)
Thay (2.4), (2.3), (2.6) vao (2.3) ta thu dudgc
112 TR 1)/2)
YT A Dp/2N (P - 2) 2
Suy ra
o _ T/
aq I'(p/2)
]

2.2 Hé phuong trinh ngau nhién
221 S6 nghiém thuc cha hé phueng trinh ngiu nhién

O phan nay, ta sé md rong cac két qua dbi v6i cac phuong trinh ngiu
nhién mot bién dudc trinh bay & cic phan truée véi trudng hop hé m phuong

trinh m an.

Dinh ly 2.7. Cho vector v(t) = (fo(t), ..., fn(t))T, v(t) : R™ — R ( £;(¢)
la cdc ham khd vi), U la tdp do dugc cua R™, va A la ma trdn ngdu nhién cé

m x (n + 1). Gid sit cdc hang cia A la cdc vector ngdu nhién chudn nhiéu
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chiéu vdi ki vong 0, ma trdn covariance C' va cdc thanh phdn ciia vector doc
ldp, co cung phdn phoi.
Ki vong sé nghiém thuc thudc tdp U ciia hé phuong trinh

Av(t) =0

la
1

m1 1 02 i
72 [ (%) /U (det {8331-8% (logv(:v)TC’v(y))\y:x:t} ) dt. (2.7)

)

Chitng minh. Xét da tap con M va N lan ludt c6 m va n — m chiéu.

Dit w(t) = C2u(t), B = AC~'/2. Khi d6 phuong trinh Av(t) = 0 tr thanh

Buw(t) = 0.

Ta lay M 1a hinh chiéu ctia dudng cong {w(t) : t € U} 1én hinh cau don vi,

tic M = {%,t S U}. Chon N la giao ctia mit phang n — m + 1 chiéu

v6i hinh cau, tdc la N = S»™ C 9™,

Ap dung Pinh lyta c6 ki vong sb giao diém ctia M va mit phang n—m+1

chiéu 1a

2 2| M _mt1 m+ 1

B((MNON)) = e V] = T =1 (22
2.8)

S6 nghiém ctia phuong trinh Bw(t) = 0 chinh 12 s6 giao diém ctia M va hat

nhan cua B.

Theo Pinh 1i[2.2] thé tich ciia M 1a

M= [ ot (1000 ;00 1),
w(t)

(@I

vGi y(t) =

Ta co
det ([D,(t))" (D, (1)]) = det | Dy () D).
v6i Dyy(t) 1a dao ham ctia ham ~y(#) theo ¢;. Tuong ty nhu phan ching minh
¢ muyc ,
52

Diy(t)Djv(t) = 8a:¢8yjl09 [UT(x)CU(y)]

y:x:t
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Do do
o . ’
M| = /U det lﬁwiayj (logv(x)” Cv(y)) yxt] ) : (2.9)
Thay (2.9) vao (2.8) ta thu dugc cong thiic 2.7). O]

2.2.2 Vi du vé hé phuong trinh ngiu nhién

Xét hé gdbm m da thic ngiu nhién. Mbi da thic thi k& déu c6 bac dva ¢
dang

> dhea 15 (2.10)

v6i a; _; la cdc bién ngau nhién phan phoi chudn véi ki vong 0 va phuong

sai

( d )_ d
Uy bm (d—ZTlij)!Hleik!

Ditv(z) = (v1, 72, ..., 2m)T. Taco

”U(x)TCU(y) — Z (il d i ) Hxlkylk =(1+x- y)d.
yeensbm/

Ham mat do cla sb cdc nghiém ciia hé da thiic c6 dang nhu trén 1a

_m+1 m + 1 [ 82 T %
ol =71 () (det g (0w ol )

ij

_m+41 m + 1 [ 62 d
= > [ | —— 1 1 . e
" < 2 ) (det _8:137;3%'( ce(l+r-y)) ly_x_t] ij>

_ m+1 m + 1 dm/2
=T 2 F .
> ) U xt-nmne

(SIS

N6i cach khéc, sd nghiém thuc dudc phan bd déu trén khong gian xa anh thuc,
va ki vong s6 nghiém thuc clia da thifc c6 dang (2.10) 1a d™/2.
Shub va Smale da tong quat két qua trén nhu sau (Xem [13]]) :
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DPinh ly 2.8. Xér m da thiic ngdu nhién. Moi da thiic thit k bdc dy, c6 dang

> i ﬁxzf, (2.11)
j=1

ZZL:l ik Sdk
Vi a;, ;. la cdc bién ngdu nhién phdn phoi chudn vdi ki vong 0 va phuong

sai

( dy, ) B dy!
U1y eees Um (dk — Z;n:ﬂj)!HZLﬂ 0!

Khi do ki vong s6 nghiém thyc cua hé la

2.3 Phan phéi bat ki
2.3.1 Pa thitc ngau nhién véi cac hé s6 la cac bién ngiu nhién cé phan phdi bat ki

Trong Chuong 1, luan vin da tim hiéu vé ki vong s6 nghiém thuc cia
cdc md hinh da thic ngiu nhién v6i cic hé s6 c6 phan phdi chudn tic va
mé rong cho cac phan phdi hudng tdm. Trong muc ndy luin vin sé xem xét
trudng hop téng quat, tic cac trudng hop phan phdi bat ki, dic biét tap trung
vao phan phéi chuin nhiéu chiéu c6 ki vong khac khong.

Cu thé, ta xét phuong trinh ngau nhién

aOfO(t) + alfl(t) + o+ anfn(t) = 07 (212)

véi vector ngau nhién a = (ag, ay, ..., a,) c6 ham mat do dong thdi o (a).
Xéc dinh v(t) boi

fo(t)

(2.13)

Ta c6 dinh 1i sau, xem [3].
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Dinh ly 2.9. Néu a cé mdt do xdc sudt déng thoi o(a) thi mdt do cia nghiém
thuc cia ag fo(t) -4 anfn( )=0la

e @all ) o
0= Il / e = [ .ol

voi da" la do do Lesbesgue chudn trong khong gian con R™ vuéng goc vdi

v(t).

Chiing minh. Thay vi lam viéc trén mit cau nhu trong bai toan Buffon trén
mit ciu va cdc muc trudc, ta sé xem xét trong R™ ™! v6i v(t) | dudc xéac dinh
1a siéu phang qua gbc toa dd vuong goc véi ().

C6 dinh ¢ va chon ¢ sé truc chuén sao cho ey = () vae; = TVt E §||

Khi ta thay ddi ¢ thanh ¢ + dt, thé tich dudc quét bdi cac siéu phang sé tao
thanh mot ném siéu vi, xem Hinh 2.2.

Khi d6 mat do nghiém chinh 1a th€ tich clia ném siéu vi nay.

. (era) |y’ (t) lldt

{

20 1)

o
Y(t+dt) |y’ (t) ||dt

Hinh 2.2: Hinh minh hoa mién ném siéu vi. Nguén: [13].

Ném nay chinh 1a tich Cartesian ctia ném hai chiéu trong khong gian mit
phang co s6 (eg, 1) v6i R"~!, khong gian toan bo ctia n — 1 hudng cd sé con
lai.

Thé tich ctia ném la

Hola [ enalo(da
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Do d6, mat do cua cac nghi€m thuc cua phuong trinh (2.12) 1a

o0 =IOl [ e oot

60, > O}

.l
ol S e

:/ <7() a)| o(a)da”.
(y(t),a)=0
[]

Bay gid ta s& ap dung dinh 1i trén cho trudng hdp phan phdi chuin nhiéu

chiéu.

2.3.2 Pa thitc ngau nhién véi cac hé so la cac bién ngau nhién c6 phan phoi chuan va

ki vong khac 0

Gia st vector hé so ta dang xét c6 phan phdi chuin nhiéu chiéu véi ki vong

m va ma tran covariance /. Khi d6
o(a) = (2m) "D 2e=Ele=mi* 2y = (my, ..., my)T.

Dinh ly 2.10. Gid si (ay, ..., a,)" c¢6 phdn phdi chudn nhiéu chiéu véi ki
vong m va ma trdn covariance I. Cho y(t) dugc xdc dinh nhw [2.13)), mo(t)
va my(t) lan luot la cdc thanh phdn cia m trong cdc hudng (t) va +'(t).
Mt do cua cdc nghiém thuc cia phuong trinh Y a; fi(t) = 0 la

() = % ot {eim R yert [0 1

vdi ham erf(z) f et

Chiing minh. Bi€u dién lai o(a) theo toa d0 xy, ..., x, tuong tng véi cdc
hudng eo, ..., e,,. Khi d6

o (T, ..., ) = (2m)~ ("HD2em Eizolwimmi(h)/2 (2.14)

Ngoai ra, khong gian truc giao ~y(t), s€ sinh bédi {ey,...,e,} nén da" =
dry...dx,,.
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my(t) mo(t)

Hinh 2.3: Phép chuyén toa do ctia m.

Ta co

v (t) = (0,1, ...,0),
(Y'(t),a) = ((0,1,...,0), (xo, T1, ..., T,)) = 1.

Ngoai ra, trén ~(¢), thi g = 0.
Thay lai vao cong thiic trong Pinh 1i 2.9]ta c6

o 1(7/(t), a)| o(a)da”

= |x1\ (2m)~(+ /26~ Yimolwi=mi®V 20 da,

Rn
mo 1 —ZZL: (%‘—mi(t))z/Z
Rn— 1 T 5
Imd(t
— e 2 5(t) / ‘l’1| e_%(xl—ml(t))zdxl
21 R
—3mp(t) -
e 2 ., ) y -
— o /R‘ﬁy—l—mﬂt)‘e Y dy, VOIy:lT;()
1 ml(t
e—3mo(t) +00 - y
T o /m1(t>(\/§y +m(t)).e”" dy "‘/ (V2y +ma(t)).e ¥ dy
V2 e

my (t)

31mg(t) L ) 5 )
- {e2m1(t> +\/§m1(t)/ e dy}
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Tu dinh Iy trén ta c6 ménh dé sau.

Ménh dé 2.11. Cho vector v(t) = (fo(t), f1(t), ..., fo(t)', vaa = (ag, ay, ...,
la phdn phéi chudn nhiéu chiéu véi ki vong m = (mg, my, ..., mn)T va ma
trdn covariance C. Xét ham ngdu nhién cé dang >, a;fi(t) vdi ki vong
w(t) = mofo(t)+- - - +myfn(t) va ma tran covariance C. Ki vong soé nghiém

thuc ciia phuong trinh " a; fi(t) = 0 trén khodng [a, ] la

b
%/ I/ () e2me” {6_5”“(”2 + \/gmme)erf [mg )] } dt,

p(t) p(t) my(t) = my(t)
lw(®)]] lw(®)]] [edell
Chitng minh. Ta thiy phuong trinh a - v = 0 tuong duong véi phuong trinh
C~12q . CY2y = 0. Do d6 ta dua dugc phuong trinh Y"1 a;fi(t) = 0 vé
dang phuong trinh ngiu nhién v6i cac hé sd dugc iy tit phan phdi chuin

w(t) = C20(t),A(t) =

y 1O (t) =

nhiéu chiéu véi ki vong C~'/?m va ma tran covariance I.

Vi 4 = () - C2m va 2 = /(1) - S28 nén tir Dinh 1y 2.10]ta 6

ki vong s nghiém thyc ctia phuong trinh >0 a;f;(t) = 0 trén khoéng [a, b]

1 b / 1 2 1 2 T ml(t)
. " 3mo(t) s (t) \/i Herf dt.
= RCLOTE { gt | =2

2.3.3 Vi du vé da thic ngiu nhién véi cac hé s6 1a cac bién ngau nhién cé phan phoi

la

[]

chuin va ki vong khac khong

Vi du 2.12. Cho &, &1, ..., &, 1a cdc bién ngiu nhién doc 1ap, cé cung phan

phbi chudn tic va cac ham fi(t) = t',i = 0, ...,n

an)T
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Xét da thiic ngAu nhién bac chan

Z (VCig +mi) ¢ 2.15)

1=0

Khi do
C = diag [C’fl]

va

v(t) = (1,t, ..., t"7".
Do dé

wlt) = C0(t) = (VO . /Ti)

Suy ra

lw(®)]]? _ZC%QZ— (1+)",

hay 1a [lw(t)|| = (1 + t2)n/2.

Chon
0 néu i 1é
m; = ) _
mC:L//Z néu i chan.
Khi do )
n n/2
=it = ol =+ £
i=0
Suy ra
fu(t) .
o) =gy = v )

Lic nay, ap dung Ménh dé ta c6 mat do ciia cac nghiém thuc ctia da thiic

ngau nhién (2.13)) 1a
2

plt) = = I/ (1) e+

Chang han, néu n = 2 thi ta c6 da thiic sau:
(&0 4+ m) 4+ EV2t + (& + m)t>. (2.16)

T .
Liic nay v(t) = (1 ¢ t2) va C = diag[Ci], véii = 0,1, 2.
Ta thiy rang

lw(t)|” —ZC%Q’— 1+t2)
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va )
> mitt =m(1+1%)
=0
Suy ra
(1)
t) = — ) =0
molt) = oy =™ v )

1 1,
o) =~ IV (D)l e
1/2
= (2o v e
1\ 020y & 1Y

I
N |~
Q.D
&

Q
<

=)
oz
gt

2

?T

w

?r
N——

- 1/2
! 821 (1+2y) aEi
= — O €T e 2
7w | 0x0y & Y -
N 1 \/§ 12
T a2

Day chinh 1a phan phbi Cauchy, tiic 13, arctan(t) c6 phan phbi déu trén doan

Theo Ménh dé ta c¢6 ki vong s6 nghiém thuc cla da thic (2.16) 1a

mm_/‘Uﬁ A%ufkaw%
V3

= —e 2 du v6i u = arctan(t)

-7

— \/§e—m2/2

Chii y: Viét lai phuong trinh (&4 m) + &V 2t + (&, 4+m)t? = 0 dudi dang
(1+8) 2+ 9% (14 2) 0.
Khi m — oo, phuong trinh trén tré thanh

2+1=0.
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Do phuong trinh 2 + 1 = 0 vd nghiém thuc nén ta ki vong s6 nghiém thuc
cua da thic (2.16) hdi tu téi 0.
Nhan xét: Him mat do cho trudng hop cac hé s ciia da thiic c¢6 ki vong m # 0

bang e~2™" 14n ham mat do cho trudng hop cac hé sb clia da thiic c6 ki vong 0.

Vi du 2.13. (Chudi lily thira ngau nhién)
Cho vector v(t) = (1,¢,¢% ...)T, va a = (ag,a,as,...), véi a; 1a cac bién

ngau nhién doc 1ap c6 cung phan phdi chuin tic. Xét chudi liy thira
(CLO + mo) + (CL1 + ml)t + (CLQ + mg)tZ + ey (2.17)

trong d6 mo; = m va mo; 1 = 0. Trong truong hgp nay C' = diag|[1] va tuong
tu nhu trudng hop cta chudi (1.38),

vl (2)Cu(y) = ! —1xy

Do dé mat do s6 nghiém thuc cta chudi 2.17) 1a

ot) = = I () e+

2

1/2
_1 o log [v" (z)Cv(y)] e
o \8x8y 8 Y —
- 1/2

1| 0 | 1 / 1
= — O 2

T _&Cﬁy 51— LY | ey ¢
I R T
Tr1of

Nhu vay, ki vong s6 nghiém thuc cta nghiém ctia chudi (2.17) trén bat ki
doan [a, b] thudc doan (—1,1) la

b
EN[a,b] :/ p(t)dt

b
1 1 1, 2
:/ —7 t26_§mdt
a TL—
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Két luan: Nhu vay, tir két qua vé ki vong s6 nghiém thuc cla da thic ngiu
nhién c6 cac hé sb 1a cac bién ngiu nhién phan phdi chuin, ta ciing c6 thé md

rong cho trudng hop phan phéi bat ki va da tap nhiéu chiéu.
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KET LUAN VA KIEN NGHI

Céc ket qua nghién cdu chinh cua luan van bao gom:

1. Ching tdi nghién cttu vé huéng tiép can hinh hoc cho ki vong s6 nghiém
thuc cta da thic ngau nhién dugc Alan Edelman and Eric Kostlan giGi
thiéu trong bai bdo [3]. Tu d6 chung t6i1 chiing minh cong thic Kac -
Rice bang géc nhin hinh hoc va sau d6 dua ra mot s6 mo hinh vé da thic
ngau nhién ma c6 thé sit dung cong thic nay dé€ tinh ki vong s6 nghiém

thuc.

2. Nghién cttu vé ki vong s6 nghiém thuc cho cac trudng hop nhiéu chiéu,
cu thé 1a véi da tap tong quat va hé phuong trinh ngiu nhién.

Dua vio cic két qua da dat dudc, mot s6 hudng di tiép theo ma ludn viin ¢

thé phat trién nhu sau:

1. Tinh chinh x4c ki vong s6 nghiém thuc ctia cac dang da thiic khac, vi du
nhu mé hinh da thdc Schehr - Majumdar bang cach st dung cong thic

Kac - Rice.

2. M6 rong cho cac khong gian phic tap hon, nhu khong gian p-adic trong

S6 hoc.
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