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L.OI CAM DOAN

To6i xin cam doan nhitng gi viét trong luan vin 1a sy tim toi, hoc héi, trau
doi kién thitc ctia ban than duéi sy huéng dan tan tinh ctia thay Duong
Giao Ky va thay Hoang Thé Tuan. Moi két qud nghién cttu ciing nhu ¥
tudng cia tac gia khéac, néu co6 déu duge trich dan cu thé. Dé tai luan van
nay cho dén nay chua dugce bao vé tai bat ki mot hoi dong bao vé luan
van thac si ndo va ciing chua hé duge cong bo trén bat ki mot phuong tien

nao. Toi xin chiu trach nhiém vé nhitng 16i cam doan.

Ha Noi, thang 10 nam 2022

Hoc vién

Pang Minh Hiéu
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L.OI CAM ON

Dau tién, toi xin dudc té long biét on sau sac nhat ctia minh t6i TS.
Duong Giao Ky, nguoi thay da dinh huéng va gitap do toi tim ra dé tai
luan van cling nhu dinh hinh huéng nghién cttu. Luan van nay dugce hoan
thanh duéi sy huéng dan tan tinh trong mot thoi gian dai ctia thay. Mic
du toi va thay gap kho khan vé mit dia 1y, nhung thay da luon quan tam,
cd gang hét stc dé gitp ds, dong vien toi trong sudt qua trinh hoc tap va
nghién ciu.

To6i xin g 161 cAm on chan thanh nhat t6i PGS.TS. Hoang Thé Tuan,
nguoi thay dong huéng dan ciia toi, thay gép ¥ va gitup do toi rat nhiéu
trong nhitng lac toi gap khé khan nhat khi dang hoc tap tai Vien Toan

hoc, cling nhu trong qua trinh lam luan van.

Toéi xin chan thanh cdm on Quy Déi méi sang tao VinIF da hd trg tai
chinh gitip t6i hoan thanh hai ndm hoc thac sy. Bén canh do, trong qua
trinh hoc tap, nghién cttu va thyc hién luan van, toi con nhan duge nhiéu
su quan tam, gép ¥, hd trg quy bau cltia cac thay co, anh chi va ban be

trong va ngoai Vién Toan hoc.

T6i cling xin tran trong cdm on sy gitp do va tao dieéu kién thuan 1gi vé
moi truong hoc tap cia noi dao tao la Vién Toan hoc va co s6 dao tao la
Hoc vién Khoa hoc va Cong nghé, Vién Han lam Khoa hoc va Cong nghé

Viet Nam trong sudt qua trinh thyc hién luan van nay.

Toi xin t6 long biét on vo han t6i me t6i: ba Pham Thi Cam, me cia
toi luon kién nhan va thuong yéu toi vo diéu kien.

Cudi cuing t6i xin giii ban luan van nay dén hai bac: ba Pham Thi Thoi
va ong Pham Van Khiém, nguoi ma toi luon coi 14 bé me thi hai ctia toi.
Con xin cdm on bd me da luon yéu thuong va che chd cho con trong sudt

chang duong da qua.
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Danh sach cac ky hiéu

Ky hiéu Tén goi

R tap hop cac so thuc

|-l chuan ctia mot vecto hodc ma tran
2 ~ . 9

chuan trong khong gian L

C([a,b]) khong gian cdc ham lién tuc trén [a, b]

C>(Q) khong gian cac ham khé vi vo han c6 gia compact trong 2
L> khong gian cac ham kha tich bac vo han

A toan ti Laplace

O(.) vo cuing bé cuing bac

o(.) vo cuing bé bac 16n hon
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Téong quan tinh hinh nghién ciu va su can thiét tién hanh
nghién ciu:

Tinh hinh nghién cttu trén thé giéi va 6 Viet Nam: Vé huéng nghién ctiu
nay, c6 TS. Duong Giao Ky, Dai hoc An Giang - DHQG TP Ho Chi Minh
da mé rong va phat trién phuong phap [I] dén cdc mo hinh tong quat hon
va ¢6 nhiéu ting dung trong vat 1y, sinh hoc va ky thuat, xem tai [2]. Gan
v6i linh vice nay, cling c¢6 nhéom nghién citu ctia TS. Phan Quoc Hung tai
Dai hoc Duy Tan vé viéc thiét lap cac uée lugng t¥ 1é bung nd cho phuong
trinh truyen nhiét va cac dinh 1y kiéu Liouville cho cac nghiém bung nd,
xem tai [3]; nhom ciia PGS. TS Leé Xuan Trudng tai Dai hoc Kinh té TP.
Ho Chi Minh nghién ctu vé su ton tai cac nghiém biing né cho 16p phuong

trinnh tién héa dang p-Laplacian, xem tai [4].

Trén thé gidi, ching ta nhém nghién citu ctia Gido su Hatem Zaag,
Dai hoc Sorbonne Paris Nord chuyén gia hang dau vé linh viyc xay dung
nghiém ky di cho phuong trinh truyén nhiét va truyen séng vdi cac cong
trinh [1],[5] nhém nghién ctu ctia TS. Tej-Eddine Ghoul va TS. Nguyén
Van Tién tai DH New York Abu Dhabi v6i céc cong trinh [6],[7], TS. Nejla

Nouaili véi cac cong trinh [8],[9].

Huéng nghién citu nay nhan dude sy quan tam ctia cong dong toan hoc
hon 20 ndm qua va ngady cang md rong dén nhiéu mo hinh gan véi thyc té
hon, tit d6 thé hién tinh manh mé ctia phuong phap trén. Do d6, ching toi
chon dé nghién citu phuong phap nay va phat trién né dén cac mo hinh

tong quat hon va gan véi thuc té hon.

Déi tuong va pham vi nghién cdu:



Bai toan xay dung nghiém biing no cho phuong trinh truyén nhiét, pho
clia toan tit tuyén tinh, 1y thuyét bac to-po.

Noi1 dung nghién ciu:

Trong luan van nay ching to6i xét bai toan

w = Au+ f(@)|ul’ " u, (2,t) € Rx (0,7),
u(0) = up (0) € L™ (R),

(0.1)

6 day chung ta xét p > 1, va f : R — R kha vi bi chan. Khi d6, mo
hinh tit trong [1], tuong tng v6i f = 1. Véi gia thiét f kha vi va bi chan,
f(0) = a > 0, chiing t6i mong mudén mé rong phuong phap ciia [1] dé xay
dyng nghiém biing no6 cho (0.1)), v6i gia thiét tong quat hon.

Cau tric va du kién két qud dat dudc cia ludan van:

Ngoai phan Danh sach cac ky hiéu, Loi md dau, Loi cadm on, Loi cam

doan, Két luan va Tai lieu tham khao, Luan van dudc chia thanh ba chuong.
e Chuong 1: Mot s6 kién thic chuan bi.
e Chuong 2: Phuong trinh truyén nhiét véi hé s6 phi tuyén hang.

e Chuong 3: Phuong trinh truyén nhiét v6i hé s6 phi tuyén khong hang.



CHUONG 1

KIEN THUC CHUAN BI

Trong chuong nay ching ta sé giéi thitu mot s6 kién thic co ban dé

phuc vu cho cac ching minh trong cac chuong sau.

1.1 DPa thic Hermite

Ching ta xét khong gian Li (R) duge dinh nghia nhu sau:

DR ={f et ®: [ (o) pmdy<cog. (L)

R

v6i ham trong p
2
o \y4\

S (1.2)
p(y) )

Chung ta xét cac da thiic Hermite duge dinh nghia nhu sau:

m)!

n=0

Dé thay hg = 1,h; =y ,ho = y?> — 2, hs = y> — 6y. Dic biét, ching ta c6
déng thic sau:

/hn(:p)hm(:p)p(m)dw = 2", vOim.n €N,

R



G day v6i ham 6, 1a ky hiéu Kronecker delta, dugc xac dinh nhu sau:

0, néum #n,
5nm -

1 néu m = n.

Y

Hon thé nita, ching ta cling chiing minh dugc {hm(y)}m>0 12 co s6 cho
L2 (R). Khi d6 v6i mdi v(y) € L2 (R) thi v c6 biéu dién duy nhat nhu sau:

v(y) = voho(y) + v1ih1(y) + voha(y) + Z vjh; (1.4)

Jj=3

Dinh nghia 1.1. Ching ta dinh nghia ham cat xo nhu sau:
X0 € C* ([0,00),[0,1]), xo =1 trén [0,1] va xo = 0 trén [2, 00).

bat x (v, s) = xo (K@[) khi dé ching ta bicu dién v nhu sau:

v=xv+ (1= x)v="uy(y) +ve (y sz () | +ve ().

Ching ta cling dinh nghia Ps(v) 1a phép chiéu ctia v lén hg nhu sau:

PB(U)_/ e pdy, VB €N.
(1]l

Chut y rang v_ trong cong thic (1.5]) duge xac dinh nhu sau:

_ = Z hsPg (vy) trong L.
18123

1.2 Nua nhém cho toan tu Laplace
Chung ta xét bai toan

o =Au, (z,t)€Qx(0,T),
u(0) = wuyg trong .



Khi d6, ton tai nita nhém gidi tich {et‘s,t > 0} sao cho nghiém u dugc
biéu dién nhu sau:

u(t) = e®uy, t>0.

Dac biet, ton tai Go € O du’dng va G 1 2xQx(0,00) = R (nhan nhiét
Dirichlet ) sao cho ( tAf) = [ Gal(z,y,t)f(y)dy véimoi f € LP(Q),
1 < p < oo (chi 86 phu Q trong Gg sé thuong duge bd qua). Them vao
do, ching ta co

Go,(z,y,t) < Go,(2,y,1),
bat ky Q0 C Qo va z,y € Q1, va Go(x,y,t) = Galy, x,t) véi moi z,y €
vat > 0. Néu Q =R", thi Gge(x,y,t) = G(xr —y,t), 6 d6

G(x,t) = Gy(x) == (drt) 2214,

14 nhan nhiet Gauss, do d6 e " f = G, * f. Cha ¥ ring cac ham G, thoa
man tinh chat nita nhém ddi véi tich chap

Gt+8 :Gt*Gs, S’t > O.
Chiing ta théy ring néu A > o (—Ay) va By := (A\+A4y)"' thi By =

3 e Mo —tAs N
0 € dt va

t
KQ,/\<5E7y) ::/ e_)\tGQ<m7y7t)dt7
0

1a nhan cta toan tit By, d6 1a Byf(z) = [, Kox(x,y)f(y)dy. Cha § rang
v6i mdi f € L?(QQ), Byf 1a nghiem duy nhat cia bai toan.
Ménh dé 1.2. Cho (em> . la nia nhom nhiét trong R"™ va
>
Gi(x) = G(x,t) la nhan nhiét Gauss. Chiing ta c6 cdc tinh chat sau:

a) ||Gi|l; =1 vdi moi t > 0.

b) Néud € C?(Q) va & > 0 thi e " > 0 va He—m@Hl — [|®|],.
¢) Néul< q<oo th He—t%H < ||®]|, vdi moi t > 0.
q

1

1
p
vdi moi t > 0.



e) Doi vdi bat ky mien tuy ¢ Q C R"™, zdc nhan rang (c) va (d) van ding
néu et duge thay thé bing nita nhém nhiét Dirichlet trong €.

Chiing minh. Ching ta c6 thé xem ching minh tai Ménh dé 48.4* trong
0] 0

1.3 Nua nhém cho toan t\ Fokker-Planck

Chung ta xét bai toan sau:

0sq =Lg, s>o0
(o) = 4o,
dday L=A—3y-V+1.
Nghiém ¢ dugc biéu dién nhu sau:
q(s) = e g, s>o0,

& day e*~9)£ 13 nita nhém sinh béi toan tit L.

That vay, ching ta c6
et f = /ew(y,x)f(af)dy,

6 day
' 2
t ye 2 —x
tL € ’ ‘
e (y,x) = ¥ eXp |~
(4m (1 —et))® 4(1—e)

Theo Dinh nghia clia K, chiing ta st dung biéu dién Feynman-Kac cho
K
K(s,000) = €2 ) [ do@)eld "o,

trong do du;;a la do do dao dong trén cac duong lién tuc
w: 0,5 — 0] = RY v6i w(0) = z,w(s — o) =y, titc 1a phép do xac suit

Gauss v6i nhan hiép phuong sai

r (7’, 7") = wo(T)wo (7”)

) <e—§|7'—7" o e—%|7’—|—7’” + 6—%|2(s—0)—|—7’—7’" o e—%|2(s—a)—7’—7’">

9



dan dén [ du, 7 (w)w(T) = wo(T), Vi

ann (59| s (3) ¢ s (=577

B6 dé 1.3. Vdi moi s > o di lén théa man o < s < 20 va vdi moi

wo(T) =

(y,x) € RY, ching ta co

a) |K(s,0,y, )| < Cel~(y, x).

b) K(s,0,y,2) = e E(y,2) (1 + Py, x) + Py(y,x)), trong do

C(s—o
P < CE T 0y )
" C(s—o)(1+5—0)
S—0 +Ss—o0
iy, )] < . (1+ [yl + )™
¢) 1K(s,0) (1 = x)||e < Ce 5 vdip > 1.

Chiing minh. Ching ta c6 thé tham khao ching minh trong Bo dé C.1
[11]. O

Bay gio ching ta xét phuong trinh vi phan sau:

Jsq¢ = (L +V)q+ B(qg) + R(y, s), (1.6)
trong do
E:A—%y-V—I—l,
1

_ p—1_ =
V(y,s) p(so p_1>,
B(q) = (¢ +q)" —¢" —peP'q,

1 @

= Ap — — __r Do .

Ry, s) = Ap — 5yVy PR Osp

V6i mdi s > o > sy thi phuong trinh ((1.6) duge viét dudi dang tich phan

nhu sau:

q(s) = K(s,0)q(o) + /IC(S,T) [B(q)T + R(s, T)}dT, (1.7)



6 d6 {K(s,0)},.  duge dinh nghia béi

>

0sK(s,0) =(L+V)K(s,0), s> o0,
K(o,0) = Id.
Chiing ta c6 thé xem thém tai [12].

B6 dé 1.4. Ton tai K* > 1 sao cho vdi moi K > K* va l* > 0, ton tai

s*(K, 1) vdi moi 0 > s* vav € L™ théa man

v_(0)
L+ ly

2

> vio)| +

J=0

3 + Hve(U)HLm < 0. (1.9)

Khi dé vdi bat ky s € [o,0 + 1] ham 0(s) = K(s,0)v théa man

(s—0o) 2
. Ce <(S i +1> vo(o vi(o s |va(o
R T (vl ()] + V(o)
e~ 3 v_(0) e (5—0 o
e 1+wﬁLm+C T llve@],.. (1.10)

2

0.(8)|,.. <Ce™° 55 [vi(o)| + s° 1.11
[0 2ot + el )
+Ce v 0e(0) || ;e

Chaing minh. Xem tai Bd dé 2.7 trong [11]. O



CHUONG 2

PHUONG TRINH TRUYEN NHIET PHI

TUYEN VOI HE SO PHI TUYEN HANG

2.1 Giéi thiéu van de

Trong chuong nay ching ta sé nghién cttu phuong trinh truyén nhiét
phi tuyén
O = Au+ |ulP~tu, p>1,
u(z,0) = ug € L>®(R),

(2.1)

dday p > 1, u(t) : R — R v6i t > 0. Phuong trinh trén duge stt dung nhu
]a mo hinh chuan trong nghién ctu sy dét chéy, sy truyén va khuéch tan
nhiét. (xem thém tai [1]).

Dua vao ly thuyét nia nhém gidi tich ({em} 0)’ chiing ta co the

t>
chitng minh réang phuong trinh ([2.1)) dat chinh dia phuong trong L>°(R).
Hon nita, v6i mdi uy € L°°(R), mot trong hai ménh dé sau dung:
(i) Nghiem toan cuc u(t) € L>®(R) véi moi ¢ € [0, 00).
(i) Nghiém biing no trong thoi gian hitu han, tic 1a ton tai Tiay € (0, 00),
sao cho u(t) € L°(R) v6i moi t € [0, Tipay) va

|w (®)]] ;o = 00 khi ¢ = Thpax. (2.2)
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Khi hien tugng (2.2) xdy ra, ngudi ta quan tam dén viéc nghiém bung

no6 véi toc do nhu thé nao? Va quan trong hon la dang dieu biing né clia

nghiém c6 thé duge mo ta hay khong?

Sau day ching ta trinh bay lai két qua trong [I] ching minh ton tai

nghiém bling né trong thoi gian hitu han va mo td dang diéu tiem can

nghiém gan mién bung no nghiém.

Dinh ly 2.1. Ton tai Ty > 0 sao cho vdi moi T € (0,

To] ton tai gid tr

ban dau ug € L°(R) sao cho phuong trinh (2.1)) c¢6 nghiém duy nhat u(-,t)
trén [0, T). Ddc biét nghiém bung no tai goc toa do trong thoi gian hitu han

T, va ta c6 dang diéu tiém can sau:

. |-
(T —t)rTu(-,t) — o <\/(T_t)1n(T—t)|>

J day

L= (R)

o0 (2) = <p—1+u|z2> -

4p
Nhan zét 2.2. Tt (2.3) ching ta thay rang
w(0,8) ~ k(T —t) 77 khit — T,

voi k= (p — 1)_17%1.

C
VD)

(2.3)

Hon nita u(-,t) — u*(-) € C*(R\{0}) khi ¢t — T, déu trén mdi tap con

compact ctia R\{0} v& dang di¢u ctia u* gan diém biung nd nhu sau:

p—172 [z | "'
8p |In|x||

w () ~ [

Doc gid c6 thé tham khao thém chiing minh trong [13].

2.2 Lap luan hinh thic

] khi x — 0.

Trong phan nay ching ta dua ra lap luan hinh thitc dé gidi thich cho

viéc tim ra uée lugng trong (2.3)).
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bat T > 0 va ta xét u la mot nghiém ctia phuong trinh (2.1]). St dung
phép bién doi dong dang

Tu (2.1) ching ta suy ra w théa man phuong trinh sau:

1
Osw = Aw — §wa — 2% + |wP~ w. (2.5)

Két qua tir [14] chung ta c6
w(y,s) — £ khi s — o0,

déu trén moéi tap compact {|y| < K, K > 0}, 6 day  duge dinh nghia bdi

. (ﬁ)p”. 2.6

Chu y rang ching ta ¢6 dau 4 do tinh ddi xing ctia phuong trinh (2.1)).
Khong giam tinh tong quat, ching ta c6 thé xét w — x khi s — co. Ching
ta dat

wW =W — K,

diéu nay dan dén @w — 0 khi s — oo. Stt dung (2.5 ching ta suy ra

Osw = Lw + B(w), (2.7)
6 day
1
L = A—§yv+1, (2.8)
B(w) = (w+ k)’ — kP — prP~ . (2.9)

Dic biét, khi |@w| < 1 phan phi tuyén B(w) trong (2.7) dugc danh gia nhu
sau:
< w’. (2.10)

|B(w) —

P
2K
Chiing ta c6 toan tit £ tu dong dang trong D(L) C L? (R)

p

(Lf,9)r2 = (f, Lg) L2, (2.11)
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4 day L/% (R) duge dinh nghia tai (1.1). Dic biét, pho clia £ r6i rac v dugc
dinh nghia nhu sau:

w@ugz{l—%:meN}.

m
92

ting la cac da thic Hermite duge cho béi ([1.3)),

m
hn = (1= =) b
et = (15)

V6i méi @ € L7(R) ching ta biéu dién nhu sau:

Tuwong ting véi cac gia tri rieng 1 — &, ching ta c6 cac ham riéng tuong

W(-, s) = Wo(s)ho + Wi (s)hy + wa(s)ha + > w;(s)h;. (2.12)

Jj=3

St dung lap luan tit [15] dt dé ching ta xét @ c¢6 dang

U_J(', 8) = U_Jo(S)ho + U_}Q(S)hg. (213)

Do chiing ta gid thiét @ — 0 trong LIQJ khi s — oo, nén wy va wy — 0
khi s — oo. Chung ta stt dung phép chiéu lén hy va hy cho phuong trinh
(2.13)) cung v6i déanh gia (2.10) ching ta suy ra dugce hé phuong trinh vi

phan cho wy va w; nhu sau:

wh = ited = o + &, (a5 + 83) + O (] + )
P

wh = <|(|9;§|iiz> =0+ 2 (wywy + 403) + O (|@3| + \”’«55’0 :
P

Tiép theo ching ta gia thiét them rang
|wo] < [wy],
khi d6 wgy va wse ¢6 dang diéu nhu sau:

_ K n 1
Wy =———5+o|—
0 4ps? s2 )’

_ K n 1
woy — ——— [0} —
2 4ps s/’
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khi s — oco. Cudi ciing ching ta tim dugc dang diéu cho w

1
w(y,s) =k — &(?f —2)+o0 (;) trong LZ khi s — oo. (2.14)

Do khai trién trén cho w chi ding trong L[Q) nén ching ta khong the thay
duge hinh dang ctia nghiem khi s tién ra vo ciing. Tuy nhién, khai trién

trén cho chung ta thay hinh dang (néu c6) sé dya trén bién

_ Y
z=—=.

NG

Do d6, chiing ta gid sit w dudc khai trién hinh thiic
o0

_ N %iE)

w=3 )
j=0

Thay vao (2.5 ching ta duge ¢g(z) thoéa man

1 ©o
Z..Vo 0 L =0.
22 0 p—1 0

Phuong trinh vi phan cho ching ta nghiém

1

wo(z) = (p -1+ b0|z]2>_pl,

v6i by 14 mot hang s6 ndo d6. Hon thé nita, so sanh bac tiép theo trong

khi trién chudi cho w ching ta dudc

K

0) = "
©1(0) s

Khi dé, ching ta két ndi véi khai trién (2.14]) va suy ra

(-1

b pu—
0 4]9

Cubi cling ching ta dua ra duge mot lap luan hinh thitc dé giai thich viec

tim ra xap xi ¢g. Cu thé hon ching ta c6

w(y, s) = po(z) + 5/?3 khi s — o0, (2.15)
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2.3 Xay dung bai toan

Chiing ta dua trén két qua hinh thic (2.15) dé dinh nghia xap x{

©(y,s) = oy, s) + s (2.16)

Va bai toan tuyén tinh héa duge xét 1a

w(y,s) = ¢y, s) +qy,s), (2.17)
v6i q(y, s) théa man

0sq = (L+V)q+ B(q) + R(y, s), (2.18)

trong d6 £ duge dinh nghia tai (2.8) va

1
— L 2.1
Vs =p (- ). (219
B(q) = (p+q)" — ¢’ —pe" g, (2.20)
1 ®

R(y,s) = Ap = 5yVy — p @' — Osep. (2.21)

Nhan zét 2.3. Tt Bo dé [2.7] ching ta nhan thay rang: tren {|y| > K/s}
ta co V < —1. Do L c6 gié tri rieng 16n nhat 13 1 nén £ 4+ V ¢6 pho am
trén mién {|y| > K+/s}. Do d6 bai toén diéu khién ¢ tuong dbi dé dang.
Tuy nhién tren mién {|y| < K+/s},V — 0 trong L3, khi d6 £+ V ¢6 mot
phan pho duong nén bai toan diéu khién tuong déi phic tap.

Bay gio, chiing ta bicu dién ¢ nhu sau:

Q(y7 S) - Qb(ya S) + Qe(y7 8)7

v6i gy = xq v& ¢ = (1 — x) ¢. Thém vao d6, ¢, € L™ C L]%, nén ching ta

biéu dién nhu sau:
9

oy, 5) =D ai(s)hi(y) + (. 9).
i=0
Cudi cuing, ching ta dugc
2

q(y,s) = Z i(s)hi(y) + q-(y, 8) + qe(y, 5). (2.22)
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2.4 Xay dung tap co

Dinh nghia 2.4. Vdi so A > 1, vdi moi s > 1, ching ta dinh nghia tap
co Va(s) la tap cac ham q € L*(R) théa man

Nhan xét 2.5. Chung ta thay rang néu ¢ € V4(s) véi moi s > 1, thi

C A?

Hq(7S)HLoo < %, Vs > 1.

Va didu nay két luan hoan toan Dinh 1y [2.1] xem tai muc 2.7

2.5 Mot vai uwée luong va khai trién co ban

Trong phan nay ching ta trinh bay mot vai danh gia ciing nhu khai
trién co ban, phuc vu cho ching minh ¢ Chuong 2.

Bo dé 2.6. Vdi s dii lon, vdi moi A > 0, néu q(s) € Va(s) thi

lq(y, )| < CA’s*Ins (1 + |y|3> : (2.23)

va
lq(y, s)| < C A%, (2.24)
Chaing minh. Tham khio chitng minh trong Bo dé 3.8 ctia [1]. O

Bo dé 2.7. Xét V dinh nghia tai (2.19), khi d6 V c6 cdc tinh chdt sau:

(1) V(-,5) = 0, trong L3 khi s — oc.
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(ii) Vdi moi e > 0, ton tai K. > 0 va s > 0 sao cho vdi moi y théa man

WS K. wa s> s, th
S

;
- (52)

(iii) Khai trién Taylor cho V: Chiing ta c6 khi s dii ldn, thi vdi moiy € R:

< €.

C(1+ |y
‘V(ya S)| S %7 \V/y S R)

Va4

PR V(y, s),

V(yo S) - =
=Y L+lyl"
vdi V(y,s) < C <8—2> , VyeR.
Chitng minh. + Ching minh (7): Trude tién ching ta chiing minh

— -1
o -

— 0 khi s — oo0. (2.25)
12

p

That vay, ching ta c6

p—1
(1+ " ) _ 1]
2pspy

Xét ham f(z) = (1 + )" — 1 v6i @ > 0, ching ta c6

p—1
- -1 K -1 —1
o — o =<800+%) —©b = b

oo — 1) (1 + &) %2
2 Y

f(x) =ax+
v6i ¢ 1a s6 ndm nita 0 va z. Néu |z| < 1 thi
7(@)] < Cifa) al,
voi Cp(a) 1a hang s6 duong theo o. Néu z > }L, ching ta c6 danh gia sau:

1\“ 1
(1+_) _ L
x e

f(@)] = |=I*
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a 1\ [*
< |z| (1+—>
T

< (5% 4 4%,

(07

1

X

_|_

vay v6i moi x > 0 thi
[f(2)] < C(a) (Jz] + |2|7)

véi C(a) 1a hiing s6 duong theo a. Ap dung bat déng thiic trén ching ta

‘wp‘l—wp_1‘<0(p)sop_l ( " )p_1+( i )
O 0 2pso 2pso

dugce

Chung ta c6 nhan xét sau:

o\ N
¢0<p_1+uy_> S(p_l) -1 = g,
4p S

v6i moi y va s > 1.
Néu p > 2 thi

‘907’_1 - @p_l‘ <C) | (5= e
0 | = 2ps 2ps |’

khi do

2ps

:C(P)<( i )p1+£> 0 khi s — oo.

) p—1 p—1’2<0( ) K 2(p_1)_|_ K 2(p-2)
2 %o AV s Yo .



18

2(p—2) 2(p—1), _—2 2(p—1) (p— 1)2 |y\2 =
Yo = %o Yo" <K p—1+—————

< C(wp) (1+ Iyl

v6i moi s > 1, suy ra
/wﬁ_zp(y)dy <C (ff,p)/ (1 + \ylpl)p(y)dy <C,

v6i hing s6 C' > 0. Tu day ta c6 dugc ngp_l — g0€_1HL2 — 0 khi s = o0
P

véi 1 < p < 2. Hay v6i moi p > 1 thi

— 0 khi s — 0.

L2

p—l‘
P

Hﬂpp_l — %0

Tiép theo ching ta chitng minh

_ 1
‘(pgl—— — 0 khi s — 00, (2.26)
p—1 L2
that vay
(pp—l_L‘— 1 B 1
0 - N2 0,2
p—1 p_1+(p4;)% p—1
ly”
ap + (p— 1)k
1 _ Lyl
34p+(p—1)%_34p
suy ra
‘gog_l— \//|yp dy<——>0kh13—>oo
p— 4298

Vay chung ta co

— 0 khi s — o0,

=

-1
L3
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hay
[V(y,s)| . — 0 khi 5 — oo.

+ Chiing minh (i7): Dé dang suy ra tit dinh nghia ctia V.
2
+ Chitng minh (ii7): Dat «(Z,s) = V(y, s), véi Z = M
s
Khai trién Taylor cho a(Z, s) gan Z = 0, chiing ta dugc

Oa

a(Z,s) = a(0,s) + 57

(0,5) Z +O(Z2).

Chiing ta tinh «(0, s)

@ULS)=p<¢d0)+-fi>p%-——ll-

2ps

k O\ D
(rtge) it
:p/{p_1<1+%>p_ —]%
(o) -
:2%+O(é>,

1 1 0
vay a(0,s) = — 4+ O <?> Chiing ta tinh 6_; (0, s)

—_

oo dpo K

o2 0.5 =plr - DF20) () + )

1 1 \"? 1 1 1 1
10+ a) —E(HO(ED—Z*O(;)’

0 1 1
vay a—g 0,s) = ~2 +0 (;) T day ching ta co

s+ 5 (1w =2)| < 5 (1 l")
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Bo dé 2.8. Xét B(q) dugc dinh nghia bdi (2.20), vdi |q| < 1 tha khi do
[B(g)] < Clg™*. (2.27)
Dic biét néu s di lon va q(s) € Va(s) thi ching ta cé
x(y,9)B(q)| < Clal. (2.28)
Chaing minh. + Ching minh (2.27)): Chung ta c6
(1 + 2>P —1- pg
Y ¥

tuong tu Bo dé (2.7)), ching ta danh gia duge:

|B(q)| = [l

9

2 D

|B(q)| < Clp)¢” |%

g9
@

; |2
gl=tp 1¥
= C(p) (¢"al’ +1al")

{

>

i

=

Truong hgp 1: Véip > 2, taco ¢ < kK + 2ﬁp v6i moi s > 1, vay nén
|B(q)| < Clql,
véi |q| < 1.

Truong hop 2: V6i 1 < p < 2, chung ta cé:

lq|” + 1qI” | < Clq]”

Tt hai truong hgp trén ching ta ching minh duge (2.27).

+ Ching minh (2.28): Ching ta xét v6i p < 2. Néu x(y,s) = 0 thi hién
nhién bat dang thic tren 1a dung, gio ching ta xét véi |y| < 2K+/s. Dat
f(t) = (¢ + tq)?, khai trien Taylor cho f(t), chiing ta dugc

F(t) =£(0) + £/(0)t + / 7(0)(t — 0)do,
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suy ra

Tu doé ching ta co

B(q) = q2/ (¢ + 0g)" (1 — 0)do.
0

Do vay, chung ta dugc uéc lugng sau:

Y, 5) |B(@)] < Cx(y, )l / (1— 6)]p + 0q/"2db,

lai c6
-2 —2 N
Xy, 8)le +0q"" < x(y,s)(le| +1g))" ", vip<2.

Mat khéc ¢ € Va(s) nén véi s di 16n thi |g(y, s)| < =¢o (2K) va ching ta

c6 14 ham nghich bién nén

0= 0o(2) + —— < po(2K), i z =YL <ok
2ps S

Dén day chung ta c6

. 1 P
Xl + 87 < (u(2K) + jl2K) ) < C(E)
Trong truong hgp p > 2, ching ta da chiing minh 6 phia trén. []

Bo dé 2.9. Xét R(y,s) dugc dinh nghia tai [2.21), néu s di lon thi ton
tai hang so6 C > 0, dé
C
|R(y,s)| < — (2.29)

~ s
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Dac biet khi s di lon, thi

c 1+ |y|*
R(y,s>$—§+0< 'y> Vil <2KVE (230)

Chitng minh. + Ching minh (2.29): Dya vao dinh nghia cta ¢ tai (2.16)),

chiing ta dua ra dugc cac dang thiic sau:

p—1 P (P_l) 2 2p—1

Ap = —
' 2p8900+ 1ps? y ¥y
-k p—1,
Osp = i
¥ = 2p32+ 4p82y900
va
A w0t ~+ e
p—1 2 0 4dps 0 p—
— + k 3 D K
T ops) T T pp—1)s
y? 2p1

Ching ta thiy rang vdi p > 1 thi ‘ ©h
y € RY. Suy ra |[Ag| < € va |0,p] < C
Mat khéc, tuong tu Bo de , chung ta c6 danh gia sau:

S
(2 0s) 4

suy ra ‘gpp — £ — lngo‘ <<

C
S_a

S

p—1 2
Vay ton tai hang s6 C' > 0 va s du 16n dé

C

|R(y,s)| < — .

2
+ Chting minh (2.30)): Khai trién Taylor theo bién Z = v cho ham

S
2\
<p_1+(p >|y_> |
4p S

khi |Z| < 2K, chung ta c6

p_1+(p—1)2@ Tk 4" ly|”
4p S p—1 4(p-1) s

)

’ < (C v6i moi
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1 4
sc( ;‘y‘ ) vy < 2K /s,

Khi d6

1 22\ 2 | 4
EETY BT STy DO CET TR
2ps dp s 2ps  8p s2 53

tiép tuc ching ta udc lugng cho

—(2p—1)

(p— 1)yl po14 P D22 7T (- 1)2\y|2(p_ )7
4ps? 4p s 4ps?
1+ Jy|*
()
hay
2 2 4
Kookl Ky 1+ Jy|
Apt B R @ 2.31
Sij2]95 8p s 4p s2 | T s3 (2:31)

Oy LI T PPy e (2.32)
i 2ps?  4p s2 | s3 ’
tiép tuc danh gia cho Q(Z,s) = ¢f — 1% — lyVp, véi Z = @, ta dugc
O(Z.s) + K K K |yl K
S —_ —_— . —
’ 2p(p—1)s 2(p—1)s 8p s>  8ps?
1+ Jy|*
<C ( 5 - (2.33)
Cong cac bat dang thic (2.31), (2.32)), (2.33), ching ta dugc
bk 1+ Jyl*
R - < 2.34

5)
t6i day ching ta chon ¢, = S—Ii, khi d6 ching ta ching minh xong (2.30)).
P
]
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2.6 Su rut gon dén bai toan hitu han chiéu
Dua vao Nhan xét , ching ta can chiing minh ton tai nghiém ¢ cho
bai todn (2.22)) théa man
q(s) € Vu(s), Vs>1.

Dau tién ching ta xay dung ham gia tri ban dau nhu sau:

Dinh nghia 2.10 (Xay duyng ham gia tri ban dau). Cho A > 1, sy =
—logT > 1 wa dy,dy € R, ching ta dinh nghia

A
V= Y5y do.dy)(Y) = 2 (do + d1y) x (2y, s0) - (2.35)
0

Meénh dé 2.11 (Tinh chat ctia ham gia tri ban dau). Vdi moi K > 1 va
A > 1, ching ta xdc dinh s1 > 1 sao cho vdi moi s; > so thi nhiing diéu

sau la ding vdi ¥ 1= V(s dy.dy)-

(i) Ton tai Dy, C [—2,2] sao cho ham
r:rR* — R
(do, d1) = (1o, 1) (s0),

la affine, song anh ti Dy, dén VA(SO), trong do
X —A A7?
Va(s) = [?7§] :

(ii) Vi moi (ds,,ds,) € Ds,, ¥ € Va(so). Chinh xdc hon, ching ta cé

A 1
‘,@bml < 5, M = 07 17 ‘¢2| < 9
50 50
v-(-) 1
3 < o ¢e(‘) - 07
va

1

: < -

6 e < &
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Chitng minh. + Chtng minh (i): Ching ta c6

/ wh(y)p(y)dy = i (do + dry) X (2y, 50)yp(y)dy
5 | / oo [ s sotoas]
A

:232d1 /y2x(2y, so)p(y)dy (Vi yx(2y, so)p(y) 1a ham 1é),
0

chung ta xét

1 — X (2y, s0)p(y)dy — 2)

g (/¥
- %/ X(2y, 50) —2> (Vi/p(y)dyzl)
s (/7
S0

xCyos0) = Doty + [ (52 =2) ).

=d

vi

/ <y2 - 2) p(y)dy = / ha(y)ho(y)p(y)dy = 0,

nén chung ta co6

A A
¢1—d18— =d

7 2—32/92 (x(2y, 50) = 1) p(y)dy.
0 0
Mat khac
0 < (1—x(2y,50)) ply) < Ce™y/p(y).
Nén ching ta co

‘/ X (2y, so) — 1)p( )dy| < Ce*,

T do suy ra

v = d, (é 0(630)) ,

30

tuong tu chung ta tinh duge

@Do = do (% + 0(680)> .
S0
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Bay gio ching ta sé diéu khién dy, d; sao cho 1y, ¢ thudc vao tap VA(SO),

vay ching ta cho

A
[Yo] < —
s
A A
~ do <—2 + 0(680)> < -
S0 S0
& |dy| < % (vi 4 > 0)
" A4 0(e ) 3
_ 4 A .
Vay chon D _S_% S_% dé v6i moi dy, d; € D
e . so — ) . 0, &1 s
0 % n 0(6_30) % + 0(6*80) 0
_SO -
thi ¥, ¥1 € Va(so).
Mat khac
A
2 A A
- <2 5 <2 5+0(e ™
;%%— O(e#0) s (3% ( )>

A
& — >0(e™) (luon ding),
50

thé nen Dy, C [—2,2]%, va ta két thac ching minh (i) ¢ day.
+ Chiing minh (ii): Ching ta c6 x(2y, so) (1 — x(y, o)) = 0 nén ¢ = 0.
Ching ta dé danh gia dugc |¢s] < C (|do| + |di]) €7, ma

Vo =t =ty — Y1y — a(y” — 2)

A A
= (do+ diy) x (2y, 50) — dy (—2 + O(eS°)>
0

— (é + 0<e80>> — (s~ 2)

0
dn A diA
== (1= x(2y,50)) + 5 (1= x(2y,50)) y
0 0

— (do + dy) O(e™™) — o(y* — 2).

Vie @ < s% véi sg du 16n, nén ching ta c6 danh gia sau:
0

CA
| < == (Idol +1dil) (14 Io’)

0
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hay

CA
< =z (Ido| + [d]) -

2
Loo(R) 0

b
1+ |y’

Vay ching ta da ching minh xong cho (ii) va ciing két thic chting minh
cho Menh dé[2.11] N

Meénh dé 2.12. Ton tai Ky > 1 va Ay > 1 sao cho vdi moi K > K |
A > Ay wal* > 0, ton tai so(A, K, 1*) > 1 sao cho vdi moi o > sy > so
thi nhiing dieu sau la ding:

Gid st q(s) € Va(s) vdi moi s € [o,0 +1] vdi l € [0,1*]. Néu o = s,
ching ta gid si rang q(u, so) = ¥(so, dy, d1,y), vdi (do,dy) € Dy,

Khi dé vdi moi s € [o,0 + 1], ching ta cé cdc tinh chat sau:

1.
m C
Osqm(s) — (1 — 5) Im(s)| < 5 M= 0,1. (2.36)
va
2 C
Dsq2(s) + 592(5) < 3 (2.37)

2. e Néuo > sy, thi ching ta cé

0_(- O .
(7833 §_2<A2<€_(S_U)‘|‘(S—J)2—|—1)_|_3_0>7
L+ 1yl 8
(2.38)
va
C S—0o
lgell .~ < NG ((3 —o)+ A% 7 A +Ae‘9_0> ,
o Néu o = sg, thi ching ta coé
_(y, C
q-(y S:Z < —2(1+s—30), (2.39)
L+ [yl ||, 8

Va4

C
laellz= = = (45 =50). (2.40)
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Chiing minh. Dau tién ta ching minh bat dang thic (2.36]).
Chuang ta ¢6

an(s) = [ x(w. 9)ahn(w)o(y)d.
Osqm = / (9sx(y, 5)) hmap(y)dy + / XY, 5) (0sq) himp(y)dy
=1 + 1.

Chung ta xét

I = / (0x(W 9)) homap(y)dy

S

< Cl{K\/§<\y|<2K\/§} nén |[;| < Ce .

ching ta thay ‘Xlo (K@/E)
Chung ta xét
I = / X(Y, 5) (95q) hinp(y)dy

- /X(y’ $) (Lqg+Vaq+B(q) + R) hmp(y)dy.  (2.41)

St dung ding thic sau:

m Y

L (Xhm) - (1 o E) Xhm + (AX) <Qth - §hm> ;o M= 07 17
chung ta suy ra

/ X (Lq)hmpdy = / L (xhim)gpdy = (1 - %) / Xqhmpdy + O(e™?)

m

= (1 — 5) qm(s)+0(e™®), m=0,1.
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Vay chung ta c6

/X (Lq)hpmpdy = (1 — %) gm(s) +0(e™®), m=0,1. (2.42)

Ap dung cac Bé dé 2.6, [2.7] [2.9] va dang thrc ta chiing minh dugc
déng thic (2.36). Tuong tu ta ching minh duge déng thic (2.37).

Bay gio ta ching minh y thtt 2 trong ménh dé (2.12)). Ching ta st dung
dang tich phan cho phuong trinh (2.18)( xem tai (L1.6)). Dau tién ching ta
lay K > K* va o > s3(K,l*) > s*(K,[*) du 16n (v6i s* va K* duge cho
trong Ménh dé [1.4), do d6

) 1112
ntuoc<r7r<s<og+Fthh - <-<-<-. (2.43)
sT T 0" s
Buéc 1: Uéc lugng cho K(s,0)q(o)
Ching ta st dung q(o) € Va(o) va (2.43)) chiang ta c¢6
< A < CA < A < CA
w0 < < — o)< 5 <—,
4a(0)] < A’lno < CA%Ins q—(-,0) < A < A
O- RN —_—
PON="g =72 1+ |y3 LOO_JQ_s?’
o ool < o< <2
Va (|ge(0)]],0 < —= < :
= e =
Ap dung (T.10) va (T.11)) véi v = q(o) va 6(s) = K(s,0)v, ching ta thiy
rang
07 ° C s—ao
( ’Sl <= <A26_(S_U)2 + AT 4 A ((s o) 1)) ,(2.44)
va
6], < <= (A2 4 A ). (2.45)
L= =g

Néu o = s( thi ching ta thu dudc danh gia tét hon bdi Ménh dé nhu

Sau.

0*('7‘9)
1+ [yl

<
Loo

C
5 (2.46)
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va
C
10c(s)]] - < 7 (2.47)
Budc 2: Udc lugng cho [K(s,7) (B(q) + R) (7)dr
Ta dit v(1) = (B(g) + R)(7). Tit B6 dé[2.9] ching ta c6
C 2C C
R(- <2 <22 R, <=
R < € <2 Ry < S
C(1+ |yl
nr) - %) <y corys eay
T S
C(1+ |y
R < D vy ks )
tut d6 dan t6i
C(1+ [y’
|R_(y,7)| < % Vy € R. (2.50)
Dua vao B6 dé 2.6 va Bé dé 2.8] ching ta c6 véi s di 16n thi
C(L+ |yl) C
‘B(Q)(Qﬂ')‘ < 2 ‘B(Q)(yﬂ')‘ < o (2.51)
Tit cac bat dang thite (2.48)), (2.50) va (2.51) ching ta c6
C C
luo(7)| < = v (T)| < & M= 1,2 (2.52)
\ C(1+if) C
va|u_(y,7)| < = va |ve(y,7)| < ’ (2.53)

Ching ta nhic lai ting s — 7 < s — 0 < [ < [*, 4p dung Bo dé|1.4] ching

ta co

C
6-(y,5.7)| < 5 (14 1l°) va 0,7 < (2.54)

Slo

v6i s du 16n.

Bay gio chiing ta c6 bién doi nhu sau:

/ K(s,7) (B(q) + R) (r) dr
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vi

trong do
0(s,7) = K(s,7) (B(q) + R) (7).
Ching ta thay ring, néu |g(y)| < m (1 + |y|3> thi suy ra
|P-(9)(y)] < Cm (1 + \yl3) :

Stt dung ([2.54)), ching ta duge

/9 (s,7)dr

< )(1+\y|),

hay

(/ K(s,7) (B(q) + R) (1) dT) < C(SS; ) (1 + |y|3> .

(2.55)
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Tuwong tu, ching ta cé

— / (1—x(s)) K(s,7) (B(g) + R) (1) dr = /Qe(s,T)dT.

a

Ap dung (2.54)) ching ta dugc

SM-

/ICST q) + R) (1) dr 7

(2.56)

e Lo

Cong bat dang thiic ([2.45) vei - va bat dang thic ( ([2.47) vei

ching ta ching minh xong Ménh dé |2

Meénh dé 2.13. Ton tai K3 > 0 va A3 > 0 sao cho vdi moi K > K3 va
A > Az, ton tai s3(A, K) > 1 sao cho vdi moi sg > s3, ching ta gid si

cac gid thiét sau la ding:

(i) Ham gid tri ban daw 14, q4,, théa man Meénh dé|2.11]

(ii) q(s) € Va(s), vdi moi s € [sg, s*|, vdi s* > sg.

Khi dé chiing ta cé nhiing udc liong sau cho bat ky s € [sq, s*]:

A A?

Q(as) N
<550 v e 9)]|px < N

3
1+ |y

A%lns
<

‘qQ(S)’ — 282

LOO

Chiing minh. Vi danh gia cho ¢_ ciing giong v6i danh gia clia ¢, nén truée
tién, ching ta sé danh gia cho ¢_.

Danh gia cho ¢_:

Ching ta xét K > Ky, A > Ao, I* =1In A va 59 > s9(A, K, I*), 6 d6 Ko,
Aj, s3 duge cho trong Menh dé 2.12] Khi d6, ching ta gid sit réing céc gid
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thiét 7) va 4i) trong Ménh de la ding, véi s* > sg. Ching ta xét hai
truong hgp sau:

+ Néu s — sp < In A, trong Ménh dé ching ta chon [ = s — sy va
o = s9. Theo Ménh dé [2.12] ching ta c6

A
252’

Q—('7S)
1+ 1y’

C
,©

vOl dléu klén A Z Ag’l, Vol A371 Z 1.

+ Néu s — sp > In A, theo Meénh dé 2.12] ching ta chon 0 = s — In A4,
[ =InA(=1*), va khi d6

0-C, Sz) < 92 <A26—<IHA>2 + A 4 A% ((In4)’ +1) +1n A)
A
< a 99
— 2s

voi dléu klén A Z A372, vOl A372 Z 1.

Chung ta chon A3 = max (Ag, Az, A372), khi d6 v6i moi A > As thi

'9*('7 S)
1+ [y’

A

— 252
Loo

(2.57)

Danh gia cho ¢»:
Vi g € Va(s) v6i moi s € [sg, s*], thé nén ching ta gid st rang ¢o(s*) cham
bién cua tap V4(s*), tic 1a

A%In(s* A%In(s
= A o Jpte)] < 22

W &2 ; Vs € [80, S*) .

|42(5")]

Khong lam mét tinh tong quét, ching ta gid st go(s*) > 0, khi d6 theo
Meénh dé ching ta c6

Os2(s") <

Chon A? > C, khi dé6

(2.58)
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Mat khac

(2.59)

65q2(s*) _ 9, <A2 In (3*)) _ A2 B 2A2 ln(S*)

(s%)° CONNCO

tit ([2.58) va ([2.59) chiing ta thay mau thudn. Tic go(s*) khong thé cham
bién cta tap Va(s*). O

Meénh dé 2.14. Ching ta gid st ton tai cdc tham s6 K > 1, A > 1 va
so(A, K) > 1 sao cho cac gid thiét sau la ding:
a) Ham gid tri ban dau q = (s, do, dy) théa man Meénh dé|2.11
Va1 (do, dl) c DSO,
b) q(s) € Va(s), vdi moi s € [sq, Si|, vFi S, > So Vi
q(ss) € OVa(sy).
Khi do, ching ta co
(i) (Gidm s6 chiéu hitu han): (qo(s.), q1(s.)) € OVa(s.), vdi tap Va(s)
dugc dinh nghia trong Meénh dél|2.11]

(i) Ton tai vy > 0 sao cho vdi moi v € (0,1) thi

~

(90, q1) (8« +v) & Va(ss +v), (2.60)

tice la
q(s«+v) & Va(se +v).

Chitng minh. + Chitng minh (7): Dya vaho Ménh dé[2.13] chiing ta théy

ring chi ¢6 go(s.) va qi(s,) c6 thé cham vao bien ctia Vi (s,).

+ Chiing minh (id): V1 (go(s.), q1(ss)) € dVa(ss) nen ching ta gia si
|go(s+)| = 4. Khi d6 go(s,) = 094, véi og € {—1,1}. Ching ta xét
09 = —1 ( trudng hgp op = 1 lam tuong tu), liac do

A A
qo(84) = 2 ® qo(s+) + ol 0.

* *
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Chung ta di chiitng minh

% (QO(S) + g)

dé ton tai hiing s6 6 > 0 diit nhé sao cho ham go(s) + SAQ 1& ham giam,

<0,

5=S8.,

vOl moi s € [s, — 0, 84 + 9.

That vay, duya vao Ménh dé ching ta co
' A

qo0 (S*) + ?

*

¢ C : C—-A
< :>QO<S*>< 2

< el
- s2 - s

o

Chon A = 2C, ching ta c6

53 ds\s?)|

hay

d A

7 (qo(s) + —2> <0
Chang ta suy ra

A A
Se +0) + ——= < qo(s«) + =0.
Wl 0) 4 s <l +
Khi do, suy ra
A
Sy +0) < ——,
QO( ) (S* N (5)2

tiic 12 qo(s, 4 6) € Va(s, + 0).
[]
Meénh dé 2.15. Ton tai A, K > 1, 53(A,K) > 1 di lén sao cho vdi

moi sy > 3(A, K) ton tai (dy,dy) € R? sao cho vdi ham gid tri ban dau
Y(sg, do, dy) duge cho bdi Ménh deé nghiém cia phuong trinh (2.22))

ton tai vdi moi s € [sg,00) va théa man

q(s) € Va(s), Vs € [sg,0).
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Chaing minh. Chung ta gia st phan ching rang ton tai s(dy, d1) > sg
v6i (do, d1) € Dy,, dé
q(s(do, dv)) & Va (s(do, dr)),
vi q(s9) € Va(so) (theo Menh dé 2.11]), thé nén ton tai s, < 0o sao cho
sy =sup {s1 > sp:q(s) € Va(s), Vs € [sg,s1]}. (2.61)

Theo tinh lién tuc ctia ¢ theo s thi q(s.) € OV4(s.). Theo Ménh dé [2.14]
ching ta thay rang

(g0, q1) (5.) € OVa(s.).
Chiing ta dinh nghia ham I' nhu sau:
I:D,, — J—1,1]

(90, q1) (54) -

SN

(d07 dl) = (d07 dl) =
Cha ¥ rang, ching ta c6 nhiing tinh chat sau:
(i) T 1a mot ham lien tuc tit Dy, dén d[—1,1]%.

(ii) Tit ¥ (ii) ctia Meénh dé [2.14] ching ta thay ring ¢(s) phai roi khoi
Va(s), tal s = sg, vi thé s, = sp. Do do6 Ulop,, dong phoi v6i anh xa

dong nhat, diéu nay 14 mau thudn nho vao 1y thuyét bac to-po.

2.7 Chting minh Dinh ly 2.1

Trong phan nay ching ta dua ra ching minh cho Dinh 1y .

Chiing minh. Bay gid ching ta xét tham s6 duong A, K va 5(A, K) sao
cho Ménh dé ding. Khi d6 v6i moi s € [sg, +00) ta ¢ q(s) € Va(s).

Khi do, chung ta dugc
lg(s)ll < _C
S)|| f00 .
q L>(R) = \/g
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T (2.17) va (2.16) suy ra

] v
U)(y,S) %0 (\/§> . < \/E

Lo

Thém vao dé, stt dung phép doi bién dong dang (2.4) ching ta suy ra két
luan cho (3.3)) va tit danh gia (3.3) ching ta suy ra nghiém biing nd trong
thoi gian hitu han T = e~*. Cudi cling ching ta két thic chitng minh cho

Dinh 1y [2.1] 0]
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CHUONG 3

PHUGONG TRINH TRUYEN NHIET VOI

HE SO PHI TUYEN KHONG HANG

3.1 Giéi thiéu van dé

Trong chuong nay, ching ta sé md rong két qua tit Chuong 2 cho phuong

trinh tong quat sau:

A = Au+ f(o)|ul’ u, (x,t) € R x (0,T),

(3.1)
u(+,0) = ug () € L® (R),
v6i p > 1 va f théa man
feCHR)NWE®(R) va f(0) =a > 0. (3.2)

Chiing ta c6 thé thay rang f(z) la ham kha vi va bi chan, f(0) = a > 0.
Ching ta xay dung nghiém buing nd cho (3.1]), va sau day la két qua chinh:
Dinh 1y 3.1. Ton tai Ty > 0 sao cho vdi méi T € (0,Ty] ton tai gid tri
ban dau ug € L>(R) sao cho phuong trinh (3.1)) c¢é nghiem duy nhat u(-,t)
tren [0,T). Ddc biét nghiém biing no tai goc toa do trong thoi gian hitu han

T, va ching ta co dang diéu tiém can sau:

EEN— -
(T = )7, 1) 900<\/(T—t)|ln(T—t)>

L~ (R)
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C
SNMMT—M’ (3:3)

o day

oo (2) = <p 14 22U |z2> -

3.2 Lap luan hinh thic

Trong phan nay, ching ta dua ra sy tiép can hinh thic dé tim ra dang
dieu nghiém biing no ctia phuong trinh (3.1)).
Trude tién thong qua khai trien Taylor cho f(-) € CY(R) tai x = 0 chiing
ta ducc

f(z) =a+ O (|z]) khi z — 0. (3.4)
Thay vao phuong trinh ching ta viét nhu sau:
O = Au+ alul’ 'u+ (f(x) —a) (|2]) |ul’ v,
6 day ching ta c6
f#)—a =0 (jsl).

Bay gio ching ta xét mot phu cho R nhu sau: véi K > 0, ¢g > 0 va
t€10,T) 6 day T > 0 di nhé cho trude, ching ta dinh nghia

Pl(t):{xeR: | 7] SK\/(T—t)lln(T—t)\}a

KA\J(T 1) [In (T = 1)
4

Py(t)y=<zeR: < |z| < e

9

zyﬂ:{xeR¢uz%}.
Ching ta thay rang

R = P,(t) U Ry(t) UPy(t), Vte€[0,T). (3.5)
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(i) Dang diéu nghiém trén P;(t)

Ching ta thiy trén mién nay

2] < K\/(T =) n(T = )] = 0 khi t — T.

Déi bién y = \/%, s=—1In(T —1), lac do
flx) —a=0 (6_25\/5) : (3.6)
Chung ta dinh nghia
u(z,t) = arTu (x,t), a= f(0), (3.7)
khi do
Ot = Aa A+ |af’'a+a ! (f(x) —a) )@ (3.8)

Déi bién w(y,s) = (T — t)fﬁﬂ(aj,t), lic d6 w(y, s) théa man phuong

trinh sau:
1
Osw =Aw — =y - Vw — S |w|? ™ w
2 p—1
+a! (f (ye_g) — a> w]P w. (3.9)
Dat
fly,s) =a (f (ye‘g) - a) : (3.10)

Khi d6 phuong trinh (3.9) duge viét lai nhu sau:

1 ) . )
85w:Aw—§y-Vw—L1+ lwl”w + fy, s)|wl’tw.  (3.11)
p p—
Cha y tur (3.6) ching ta c6

fly,s) =0 <e—§\/§> khi s — 00,

Ching ta gidi thi¢u ham cat x1 (v, s) nhu sau:

X1 5:9) = x0 (%) , (3.12)
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v6i ham Yo da duge gidi thiéu trong Dinh nghia .
Dat
ZIJ(y,S) = X1 (y78>w(y78) ) (313)

khi d6 tren P;(t) ta c6 @ (y,s) = w(y, s) véi s > 1.
Tt phuong trinh (3.11)) ching ta c6

1 0 _
as@:A@_ﬁy.vw+L1+|w|p Yo+ G (y, s,w) (3.14)
p_

trong do

9(y,s,w) = (ex1) w — (Ax1) w —2(Vx1) (Vw)
* %y (Vxa) w4 xalwl” w — [0 + fy, s)wl” w.
(3.15)
T dinh nghia clia 1, ching ta thay

9] < e v6i e >0 dia nhd

tren Py(t).
Do d6 g 1a mot nhidu nhé khong déng ké trong (3.14). Khi d6, dya vao
muc ching ta c6

W(y, 8) = o(2) + 51 khi s — oo, (3.16)
v6il
Z = y = <
Ve =) (T - 1)
va

0-1° y|2>”“_

—(p—1
©o(y, s) (p + W ;

(ii) Dang diéu nghiém Ps(t)
Chiing ta dinh nghia t(xy) bdi

KT =) o (7 = 1 20|
. |

20| =
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vl t(aﬁo) — T khi g — 0 va t(l‘o) <T.
Chung ta dat

U (w0, &,7) = (T — t (w0)) ™t (, 1), (3.17)
G do
r=x9+E/T —t(xg), £€R

t=1t(zo) +7 (T —t(x0)), TE [—Tﬁf(oggo), 1) .

Tu phuong trinh (3.1)), ching ta duge U (xg, &, 7) théa méan phuong trinh
sau:

0-U = AU + [UPT'U + f (20, €) U, (3.18)

vl
fzo, ) =at (f <x0+§ T—t(xo)> a> .

Chung ta dinh nghia

1

U (r) = ((p S —7)+ sz)_pl, (3.19)

khi d6 dwa vao [16], ching ta c6

U (wo,&,7) ~ U (T), v6i T = %}fg) v €] < ao\/‘ln (T—t(xo))].

(3.20)

(iii) Danh gia tiém can trong mién Pj(t)
Trén mién nay dya vao tinh chinh quy parabolic ching ta diéu khién

nghiém 13 mot nhiéu nho cla gia tri ban dau nhu sau:
|u(z,t) — ug(z)| < n véin >0 danhd, (3.21)

v6i moi x € Ps(t).
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3.3 Xay dung bai toan
Chiing ta dua trén két qua hinh thic (3.16) dé dinh nghia
K
= — 3.22
©(y,s) = o (y,s) + 2 (3.22)
Sau day ching ta xét bai toan tuyén tinh hoéa
w(y,s) =¢y.s)+aly,s), (3.23)
v6i q(y, s) théa man

dsq = (L+V)q+ B(q) + R(y,s) + g (y,s, ¢+ q), (3.24)

véi L, V, B(q), R(y,s) da duge dinh nghia lan lugt ¢ (2.8)), (2.19)), (2.20),
(2.21]), va g da duge dinh nghia trong (3.15)).

3.4 Xay dung tap co

Dinh nghia 3.2. Xét T, K, €, ag, A, 8y, Cy, 1o la cac so duong, t € [0,T)
voi T' > 0. Ching ta dinh nghia

S (T, K, Q, A, 50, Co,no,t) (’U’L'ét tat la S(t)),

la tap con cia C? (R) N C (R), chita tat cd cdc ham u théa man cdc diéu

kién sau:

(i) Udc lugng trén Pi(t): Ta c6 q(s) € Va(s), q(s) dugc gidi thieu &
(2.18), vdi s = —In (T —t) va Va(s) la tap con cia moi ham q € L™,
thoa man nhing udc luong sau:
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yE0 | 5

(ii) Udc luwgng trén Py(t): Voi moi |x| € [%\/(T — 1) In (T —¢)

7 (2,1) = 75 va [¢] < agy/|Ing (x)

,udi o (x) =T —t(x), ta co
’U (x,f,T(x,t)) —Uu (I‘,T(l‘,t))‘ < dy, (3.25)
¢ dé U vald da duogc dinh nghia lan lugt trong trong ,.
(iii) Udc luong trén Ps(t): Vi moi v € P3(t), ching ta cé
lu(z, t) — u(z,0)| < ny vdin >0 di nho.

Nhan zét 3.3. Nhu trong Chuong 2, dé c6 két luan Dinh 1y , ching ta

chi viéc diéu khién nghiém u sao cho

u(t) € S(t), Vtelo,T).

3.5 Xay dung ham gia tri ban dau

Trong phan nay ching ta huéng dén xay dyng ham gia tri ban dau
ug € S(0) cho phuong trinh (3.1]). Ching ta xét x1, xo da duge dinh nghia
trong (3.12). Tiép theo ching ta gidi thieu H*.

1

b o 7
H* (z)={ |2 |In|z|] Lol <
0, |z|>1,

, (3.26)

N | —

chung ta thay rang H*(z) € C* (R\ {0}) va by = (P;pl)Q_

Lay (dy,d;) € R?, bay gio ching ta dinh nghia ham gia tri ban dau nhu

Sau:

1 T z
Udy,dy (0) =T »1 | (ﬁ’ —In 80) + (do +d; - Z) X0 <?|> Xl(l’)

+H(2) (1 = xa(2)), (3.27)
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trong d6 z = so=—1InT, con ¢, xo, X1, H* da dugc dinh nghia

\/T|InT|’
trong (3.22)), (3.12), (3.26).
Dat

1

® Ug,q,(0) = avTu (,t) x1(x, 0)ug,q, (0).

2 . a
® Gdo,di (Y0, 50) = W(Yo, 50) — (Yo, 50), 6 d6 yo = VT

Ménh dé 3.4. Ton tai hang s6 K, > 0 sao cho VK > Ky va §; > 0,
ching ta tim duge C1(K) > 0 va ai(K,d8;) > 0 dé Vag € (0,4], ton
tai €1 (K, 01, 0) > 0 sao cho Veg € (0,€61] va A > 1, ching ta ¢ dugc
T\(K, 6, €0, A, C1) > 0 dii nho, dé VT < Ty, sy = |InT| va ham gid tri
ban dau ug, q,(0) dinh nghia tai [3.27), ta cd cac khang dinh sau:

(I) Véi moi |dy|,|d1| < 2, ham gid tri ban dau ug,q,(0) théa man cdc udc
luong saw:

(i) Cac udc luong trong Pi(0): ching ta ¢é q4q,4,(S0) € Va(so) va
A A

00 (50)] < =, (s0)| < =50 a2 (s0)| < —,
S s

1
\q— (y,So)! < 32 (\y\?’ + 1) vaqg =0, VyeR
0

(it) Cdc ude luong trong Py(0): vdi moi |z| € [%\/ﬂ lnT\,eo} :

() = =25 va |§] < agy/TTno(x)], chiing ta co

’U (ZU, 57 TO(I)) o Z;{ (TO(:U))‘ < 527
trong dé o(x) =T — t(x).
(II) Ton tai tap D, C [—2, 2]2 sao cho néu ching ta zdc dinh dnh Ta sau:
' RxR—-RxR
(d07 dl) = (QO7 Q1) (30) )

khi d6, T la tuyén tinh, song dnh t Dy tdi Va (so), ¢ d6 Va(s) da duge

dinh nghia bdi
. A A)?
b = |- 5.5]
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Hon nia, ching ta co

Dlyp, C OVa (s0)

Va4

deg (F‘8DA) =+ 0.

Chitng minh. Hoan toan tuong ty Ménh dé 3.1 trong [16]. O

3.6 Chtng minh Dinh ly 3.1

Trong phan nay ching ta dua ra chiing minh cho Dinh Iy . Trude

tien ching ta dua ra ménh deé sau:

Ménh dé 3.5 (Su ton tai nghiem thuoc S(t)). Ton tai cdc tham so6 duong
T, K, €, g, A, 69, Co, 1o, va mot cip (do,dy) € R? sao cho phuong trinh
(3-8) vdi ham gid tri ban dau ug,q,(0), cé nghiém duy nhat trén [0,T) va
u(t) € S(t), vdi moi t € [0,T), vdi S(t) da duoc dinh nghia trong Dinh

nghia .

Chatng minh. Tuong tu nhu ching minh cho Ménh dé [2.15] Két qua cia
Meénh de dugce suy ra tit Ménh dé & Muc 3.7 Bay gio ching ta sit
dung két qua ctia Menh dé [3.§ dé chiing minh cho Dinh Iy [3.1]

Chitng minh Dinh ly 3.1

Tit Meénh dé [3.5] ton tai cac tham s6 duong T, K, €, a, A, 5o, Co, 10 sa0

cho ton tai ham gia tri ban dau ug, 4, (0) dé
u(t) € S(t), Vtel0,T).
Stt dung muc (7) trong Dinh nghia , dinh nghia ctia x1 tai (3.12)) ching

ta suy ra

|| CA
<

JT=nm@—n[ ]|~ /Im@ -]

(3.28)

(T — t)fﬁu(:z:, t) — a_z%lgoo
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v61 moi

K
lz| < E\/T—tln(T—t).

Ngudc lai néu
K
‘ill" 2 E\/T—tlﬂ(T—t),

sit dung muc (i) va (1) trong Dinh nghia 3.2, ching ta dugc

1 1
(T = )7 u ()] 5 , (3.29)
In (T — )]
va
1
©o 2 S : (3.30)
V@ =) (7 = )] (T — ¢)|
Do do6 chung ta cling c6
1 C
(T~ 7 Tu (2,) ~ o i < .
V(@ =1 In(7 = 1) [In(T — ¢)|
(3.31)
Cudi cuing suy ra két luan (3.3)).
T (3.3) ching ta thay
w(0,8) ~ K [f(0)] 7 (T — )71 khit — T, (3.32)

khi d6 nghiém bung no tai gbc toa do. Vé tinh duy nhat ctia diém bing
no 1a hé qua tryc tiép tit dinh nghia ctia S(t) trong Dinh nghia . Cubi
cung ching ta chitng minh dugce hoan toan Dinh Iy . ]

3.7 Su rut gon dén bai toan hitu han chiéu

Rat gon thanh bai toan hitu han chiéu: trong buéc nay ching ta suy
ra rang diéu khién ctia u(t) € S(t) véi t € [0,T) duge rat gon thanh dicu
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khién ham bién doi ¢(s) sao cho hai thanh phan dau tién (go, q1) (s) nam
trong tap V4 (s), trong d6 s = —In (T — t). Chinh xéc hon thi ching ta

xem ménh dé sau:

Meénh dé 3.6. Ton tai cic hing s6 T > 0, K > 0,eg > 0,a9 > 0, A >
0,00 > 0,Cy > 0 va ng > 0 sao cho: Néu u la mot nghiém ciua phuong
trinh trong khodng [0,t1], vdi moi t; € (0,T), dng vdi ham gid tri
ban dau Udyd, dugc dinh nghia tai , (do,dy) € Dy, vdi Dy, dugc zdc
dinh tai Ménh dé . Chiing ta gid st rang u € S(t) vdi moi Vt € [0, 1]
va u € S (t1) (xzem dinh nghia cia S(t) = S (T, K, €, o, A, dg, Co, Mo, )
trong Dinh nghia va tap Ds, dugc cho trong Ménh de . Thi cac

meénh dé sau la ding:

(i) Chiing ta ¢é (qo,q1) (s1) € OV4 (s1), trong d6 (qo,q1) (s) la cac thanh

phan cia q(s) va q(s) la bién doi cia ham u va sy = In (T — t1).

(i) Ton tai vy > 0 sao cho Yv € (0,1y) ching ta cé

~

(q0,q1) (51 +v) & Va(s1+v).

Tw két qud, ton tai v1 > 0 sao cho
ué Sty +v),Vve (0,u).

Chitng minh. Tuong tu nhu ching minh cho Meénh dé 2.14] Két qua cla
Menh dé duge suy ra tir cac danh gia tien nghiem tir Menh dé [3.8]

va ¢ phan sau. []

Sau day ching ta c6 cac danh gié tién nghiem dung dé chiing minh cho
Meénh dé[3.6] Truéc tien ching ta c6 bé dé sau:

B6 dé 3.7. Ton tai Ko > 0, Ay > 0 sao cho VK > Ky, A > Ay va ¥ > 0,
AT (Ko, A, I*) sao cho Yey > 0,a9 > 0,80 > 0,19 > 0,Cy > 0,7 < T3 va
bat ky 1 € [0,1*], cdc dieu kién sau la ding: gid si rang ching ta cé nhiing

dieu kién sau:

o Chiing ta xét ham gid tri ban dau u(0) = ug, 4,(0), duge cho bdi (3.27)
va (do,dy) € Ds,, dude cho bdi ménh dé (3.4) sao cho (qo,q1) (So)
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thuoc vao V4 (so), ¢ d6 so = —InT, Vu(s) va qo, 1 la cdc thanh phan

ctia qgy.q, (S0), la mot bién doi cia ham u.

e Ching ta co u € S (T, K, €, ap, A, 5(), C(),?](),f)
vdi moi t € {T —e 7T — 6_(0—”)}, vdi o > sg val € [0,1%].

Khi do, ching ta co cic danh gid sau:

(1) Vdi moi s € [o,0 + 1], ching ta cé

, , 1 C
| (s) — qo(s)| + |ai(s) — 50(5)| <
va 2 CA
¢5(s) + gfh(s) =3

(ii) Diéu khién q_(s): vdi moi s € [o,0 + 1],y € R ching ta cé hai truong
hop sau:

e Trong truong hop o > sg :

S pleor (L+ lyl)
020 (A% 5 o) L)

e Trong truong hop o = sy

L+ IyP)
52

|0-(y.5)| < C(1+ (s — 0))

(iv) Dieu khién phan bén ngodi q.: vdi moi s € [o,0 + N, ching ta c6 hai

truong hop sau:

e Trong truong hop o > sq :

e (- S)HLOO(]R) =C (Aze_sf + A 4 1+ (s - U))

9

Sl

e Trong truong hop o = sy:

lae(, 8)|[ pregy < CA+ (s = 0))

-

Chatng minh. Tuong tu nhu Ménh dé [2.12] ]
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Meénh dé 3.8 (Cac danh gia nghiem trong Pi(t)). Ton tai K3 > 1 va
Az > 1 sao cho vdi moi > K3, A > As,eqg > 0,00 > 0,0y < %U(O),Cb >
0,m9 > 0, ton tai T3 (K, €y, g, A, 09, Co,m0) sao cho vdi moi T < T,
nhitng diéu sau la ding: Néu w la nghiém cia phuong trinh thoa
man u € S (T, K, €y, ag, A, b9, Co, 1m0, t) vdi moi t € [0,t3] vdi tz € [0,T),
va ham gid tri ban dau u(0) = ug,q, vdi do,dy € Ds,, thi véi moi s €

[— InT, —1In (T — tg)] , ching ta co cac danh gia sau:

A%lns q-(.,s) A A?
< < — 1 < —.
|a2(s)] < 942 1+ |yP T 52 ¢ e ()] o < NG
Chatng minh. Hoan toan tuong tu nhuw Menh dé [2.13] O

Meénh dé 3.9 (Cac danh gia nghiem trong P»(t)). Ton tai Ky > 0 va
Ay > 0 sao cho vdi moi K > Ky, A > Ay, ton tai 04 < %Z](O) va Cy (K, A)
sao cho vdi moi 69 < 04,Cy > Cy ton tai ay (K, ) sao cho vdi moi
ag < ay, ton tai €4 (K, 0,Co) > 0 sao cho vdi moi €9 < €4, ton tai
Ty (€9, A, 60, Cy) > 0 sao cho vdi moi T < Ty ching ta cé nhing diéu sau:
ching ta gid st rang c6 u € S (T, K, ey, g, A, 0, Co, t) vdi moi t € [0, 4]
vdi ty € [0,7T), khi d6

vdi moi |x| € [ﬁ\/(T —t,) |In (T —t.)

s ] el < aoy/ T o(@)]

va T € [max (—t((—? 0) : t4t(x)] , ching ta co

o(z)’ o(x)
‘U (CE, f: T*) - Z/{ (.CC, 67 7_*) S 3;
ddo o(x) =T — t(x).
Chitng minh. Xem chiing minh trong Ménh dé 4.2 trong [16]. O

Ménh dé 3.10 (Cac danh gid nghiem trong P(t)). Cho K > 0,¢y >
0,00 >0,A4>0,0, € [0, %L?(O)] (Co > 0,10 > 0. Khi d6, ton tai Ts (1) >
0 sao cho vdi moi T < Ty, nhiing dieu sau la ding: ching ta gid st rang u
la mot nghiém cia phuong trinh trén [0,t5] vdits < T, vau € S (1),
Vt € [0, t5] wng vdi ham gid tri ban dau uy = ugyq, v |do|,|d1] < 2. Khi

do, vdi moi |x| > L vat € (0,t5] ta co:

Ui
u(z, ) — ug(z)| < 50
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Ching minh. Xem chiing minh Ménh dé 4.6 trong [16].
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KET LUAN
Trong luan van nay, ching toi da dat ducc 2 két qua sau

1. Hiéu dugc phuong phép xay dung nghiém bung no trong cong trinh

[1] v& rat ngdn mot s6 chitng minh nhd vao cac danh gia méi tur [11].

2. Chiing minh mot két qua mdéi véi mo hinh (3.1]) trong d6 f kha vi va
bi chan, f(0) =a € R%.
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