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L.OI CAM DOAN

Toi xin cam doan nhiing gi duge trinh bay trong luan van la sy tu tim
toi, hoc hoi, trau doi kién thitc ctia ban than dudi sy huéng dan tan tinh
ctia thay Dinh Nho Hao. Moi két qua nghién cttu ciing nhu ¥ tudng clia
tac gid khac da duge cong bd, néu c6 duge st dung trong luan vin nay
déu dugc trich dan cu thé. Dé tai luan van nay cho dén nay chua dude bao
vé tai bat ki mot hoi dong bao vé luan van thac s nao. Toi xin chiu trach

nhiém vé nhiing 16i cam doan.

Ha Noi, thang 10 nam 2022

Hoc vién

Nguyén Xuan Quy
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L.OI CAM ON

Trude hét, toi xin chan thanh t6 long biét on sau sic nhat clia minh t6i
GS.TSKH Dinh Nho Hao, nguoi thay da truc tiép huéng dan va gitp dé
toi tim ra deé tai luan van cling nhu dinh huéng nghién cttu. Luan van nay
dugc hoan thanh duéi sy huéng dan tan tinh trong mot thsi gian tuong
déi dai ctia thay. Thay da luon quan tam, giap da, khich lé toi trong suot

qua trinh hoc tap va nghién ctu.

Toi, Nguyen Xuan Quy duge tai trg bdi Tap doan Vingroup-Cong ty
CP va hd trg béi Chuong trinh hoc bong thac si, tién si trong nudc clia
Quy Do6i méi sang tao Vingroup (VINIF), Vién Nghién citu Dit lieu 16n,
ma s6 VINIF.2021.ThS.VTH.05. Xin gii 10i biét on dén sy hé trg day y
nghia tit quy hoc bong da hd trg tai chinh gitp toi hoan thanh hai nam

hoc thac sy vita qua.

To6i xin giii 16 cdm on Trung tam Quéc té Dao tao va Nghién citu Toan
hoc, Vién Toan hoc va co sé dao tao la Hoc vién Khoa hoc va Cong nghé,
Vien Han lam Khoa hoc va Cong nghé Viet Nam da tao diéu kién thuan
lgi vé moi truong hoc tap va nghién citu. Bén canh d6, trong qué trinh hoc
tap, nghién citu va thuyc hién luan vin, toi con nhan duge nhiéu sy quan
tam, gop ¥, hd trg quy bau tir cac quy thay co, anh chi va ban be trong va
ngoai Vién Toan hoc.

Dac biét, t6i xin cam on gia dinh, ban bé va ngusi than, nhitng ngusi
da luon hd trg, dong vien va co vii toi trong subt qué trinh hoc tap va

nghién citu, dac biét trong thoi gian hoan thanh luan van.
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Muc dich va dbi tugng nghién citu luan van

Ching ta dang song trong thoi dai ctia internet, WiFi, ting dung di
dong, Facebook, Twitters, Instagram, ,... tat ca nhitng ching c6 mot diém
chung 1a déu xit 1y dit lieu ki thuat s6 va do may tinh tao ra. C6 mot cai
tén kha pho bién hién nay danh cho khong gian 4o clia tat ci nhiing thit
nay do6 la da lieu ldn (big data). Céc kich thude ctia khong gian dit liéu 16n
ngay cang tang véi toc do cap s6 nhan. Van dé 16n ching han nhu phan
tich, x1t Iy hiéu qua, luu trit, khai thac, dyu doan, mé phong, nén va ma
hoéa hodc gidi ma dit lieu 16n da tré thanh van dé quan tam 1én dén cong

nghé duong dai.

Phan tich trie giao chuan (Proper Orthogonal Decomposition, thudng
goi ngan gon la POD) 1a mot phuong phap s6 cho phép giam do phtic tap
clia cic mo phoéng trén may tinh nhu dong luc hoc chat 16ng tinh toan
va phan tich ciu tric (nhu mé phéng va cham). Dién hinh trong phan
tich Dong luc hoc chéat 16ng va tua bin, né dudc sit dung dé thay thé cac
phuong trinh Navier-Stokes bang cac mo hinh don gidn hon dé giai [1].

POD vé mot 16p thuat toan duge goi 1a gidm thit ty mo hinh (hay noi
ngan gon la gidm mo hinh). Vé co ban, né thyc hién 1a xay dyng mot mo
hinh dya trén dit lieu mo phdéng véi sé chiéu it hon, hay néi ngan gon la
don gian hon. Trén phuong dién nay, né c6 thé duge lien két véi linh vuc
hoc may [2]. Thue té, POD la phuong phap tim ra mot hé trie chuan gom
¢ phan tit (ta goi la co sd POD hang (), sau d6 POD két hop v6i phuong
phap Galerkin (ta goi 14 phuong phap POD-Galerkin) dé xay dung va giai

mo hinh gidm s6 chiéu dya trén co s6 POD da co.



Muc dich cta ludn van nay la giéi thiéu phuong phap POD va tng
dung ctia phuong phap nay dé giai xap xi mot s6 bai toan trong phuong
trinh dao ham riéeng (PDE) trong khoa hoc va k¥ thuat. Nha toén hoc ting
dung, nha khoa hoc, va cac ky su luon xit Iy da lieu 16n. D liéu thuong
bat nguon tit dau? Chung chii yéu dén tir cac bai toan va 10i giai clia cac
phuong trinh hé théng vat 1. Mot s6 luong 16n cac phuong trinh mo hinh
hoa la cac PDE. Do d6, cac phuong phap va thuat toan hiéu qua dé xi
ly v tai nhu cau gidi quyét nhitng dit lieu nhu vay 1a rat nhiéu. Muc tieu
chinh 1 phét trién mot phuong phap luan cé thé gitp gidi quyét nhiing
thach thic trong viéc xit 1y céc tap dit lieu 16n va tang toc do gidi PDE
phu thudc vao thoi gian.

Ludc st s luge vé su phat trién cia POD

Phuong phap phan tich tryc giao (POD) ¢6 mot lich su lau dai. Tién
than cia POD la phuong phép vector riéng do K. Pearson [3] khéi xuéng
tit nam 1901 dé chon nhitng thanh phan chinh trong mot luong dit lieu
16n. Tuy nhién, phuong phép anh tic thai (snapshots) cho POD méi duge
Sirovich [4] khéi xuéng vao nam 1987. Phuong phap nay dudc phat trién
cho nhiéu bai toan trong cic linh vic khac nhau, nhu xit Iy tin hiéu va

nhan dang mau, thong ke, thiy dong hoc, khi tuong, k§ thuat y sinh,...

Mot thoi gian dai ké tit nam 1987, phuong phap POD chi yéu dudc
stt dung dé thuc hién phan tich thanh phan chinh (PCA) trong tinh toan
thong ké. Dac biet, phuong phap POD-Galerkin bat dau duge ap dung vao
xay duyng mo hinh bac s6 chiéu cho PDEs, dudc dé xuat trong cong trinh
xuat sdc nam 2001 va 2002 béi Kunisch va Volkwein [5, [6]. T thoi diém
do tré di, co sé giam hoac giam mo hinh ctia cac phuong phap tinh toan
s6 dua tren POD cho PDE da trai qua mot so6 phat triéen nhanh chéng,
cai tién hiéu suat cho cac gidi phap s6 cho PDE. Phuong phap xay dung
mo hinh véi bac nho dya trén co sé POD ngay cang dudce ting dung vao
nhiéu mo hinh trong nhiéu linh vic trong cuoc song nhu y té [7], dia chat
8, ...

Xay dung va gidi mo hinh gidm s6 chiéu dya trén phuong phap POD-

Galerkin cho bai toan parabolic dugc Kunisch — Volkwein cong b6 véi cac



ude tinh sai s6 duge trinh bay trong [B, 6]. Cach xay dung co s6 POD
cling nhu xay dung mo hinh gidm s6 chiéu cho mot s6 PDE trong R" dugc
Volkwein va cac dong tac gia trinh bay trong [10]. Nhicu bai bao, tai li¢u
nhitng nam gan day cang hoan thién dan vé mat 1y thuyét xay dung co s6
POD, chiitng minh do hiéu qua va ting dung phuong phap POD-Galerkin
mot cich linh hoat, sang tao hon vao céc loai PDE khac nhu hé hon hop

eliptic-parabolic, tiéu biéu phai ké dén nhu [11].
B4 cuc luan vian

Bai luan van tap trung vao hai noi dung nghién cttu chinh 1a: Thi nhat,
giéi thieu phuong phap POD va mot s6 tinh chat ctia né va thit hai, tng
dung dé gidi mot s6 bai toan trong phuong trinh dao ham rieng. Noi dung
kién thtic chit yéu tham khao hai bai bao [5, 6], dugce chia thanh 5 chuong:

Chuong 0: Mo ta cac kién thitc can chuan bi vé dai s6 tuyén tinh, phuong
trinh dao ham riéng va giai tich ham.

Chuong 1: Tong quan vé phuong phap POD gdm hai phién ban i rac
va lien tuc. Dong thoi phat biéu méi lien hé gita chiing va méi lien hé gitta
POD va SVD trong R".

Chuong 2 va Chuong 3: Giéi thieu cach xay dung co s POD bang cac
snapshot cho bdi phuong trinh tién héa tuyén tinh va phi tuyén. Dong thoi
trinh bay hai luge do 1a Euler-POD-Galerkin Iui va Crank-Nicolson-POD-
Galerkin dé giai mo hinh giam s6 chiéu cho hai dang bai toan phuong trinh
tién hoa parabolic tuyén tinh va phi tuyén, danh gia sai s6 ctia mdi luge
do.

Chuong 4: Trinh bay két qua giai s6 cho hai phuong trinh Burgers 2D
va phuong trinh truyén nhiét thong qua gidi mo hinh gidm s6 chiéu dugc
xay dung bdi co s6 POD véi cac snapshot duge xay dung bdéi phuong phap
phan tit hitu han. So sanh sai s6 gitta thuc té v6i uée lugng sai s6 1y thuyét
dugc trinh bay ¢ Chuong 2 va Chuong 3.



CHUONG 0

KIEN THUC CHUAN BI

0.1 Dai sé6 tuyén tinh

Dinh nghia 0.1. (SVD) Cho ma tran A € C™*" vdi m > n. Phan tich
gid tri ki di (Singular Value Decomposition, viét tat la SVD) cia A la ma
tran A dugc viét dudi dang

A=USV*,

trong dé U va V' la hai ma tran unitar va X la ma tran duong chéo. Néu
UcCmm VeC™ pax € C™" thi A =UXV* dugc goi la SVD day
di cia A. Neuw U € C"™", V € C™" va ¥ € C™" thy A = UXV* duoc
goi la SVD rit gon cua A.

Dinh 1y 0.2. ([12], trang 29) Moi ma tran A € C"™" deu c6 SVD. Hon thé
niia, cdc gid tri ky di o dugc xdac dinh duy nhat. Néu A la ma tran vuong
va cdc gid tri o la khdc nhau thi cac vector ky di trdi va phdi {v;},{u;}

zdc dinh duy nhat (sai khdc nhan ti cé module bang 1).

Dinh 1y 0.3. ([12], trang 35-34) Cho ma tran A € R™ ", chuan || - |2

trong khong gian ma tran cdé m X n dugc xac dinh nhu sau

A m
(P I—
veRr a0 || Z|| R

trong dé || - ||lre la chudan Euclid trong R*. Gid s SVD cia A la USV*



vdi ¥ = diag(oy, 02, ..., Omin(mn)) thoa man oy > 02 > ... > Owingmn) > 0.
Khi do ||Al|2 = o1.

Dinh 1y 0.4. ([12], trang 33-34) Cho ma tran A € C™*". Néu A = A*

thi cac gia tri ki di cua A la gia tri tuyét doi cia cdac gid tri riéng cia A.

Dinh 1y 0.5. ([13], trang 471-472) Cho ma tran A € R™ ™. Gid si rang

A ¢6 m gid tri rieng thuc duge sdap xép theo thi tu gidm dan Ay > Ay >
T
' Sz

.. > M. Bat kv x € R™ va x # 0, thuong Rayleigh 7
xlx

co gid tri nho

nhat bang N, va dat gid tri lon nhat bang \;.

0.2 Phuong trinh dao ham riéng

Cho () # ©Q C R" 1a tap md va bi chan. Ki hiéu

/ng(x)dm

la tich phan Lebesgue cia ¢: 2 — R.

Dinh nghia 0.6. Cho 1 < p < o0, ta dat

1/p
[llore = ( / |so<x>|pdx) 06i 1< p < o0

va
el o) = esssup{[p(z) | © € Q} vdi p = oo.
Khong gian dinh chuan Lebesque LP(Q) vdi chuan |- || o(q) dude dinh nghia

nhu sau
LP(Q) = {p: Q@ = R | ¢ la Lebesgque do dugc va ||¢|| ) < oo}

Dic biét, néu p = 2 thi L*(Q) la khong gian Hilbert. Ngodi ra, gid st X
la mot khong gian dinh chudn, hang s6 T > 0 va ham s6 @: [0,T] — X
la ham kha tich theo nghia Bochner. Ta dat

T 1/p
lello = ([ lelft)  néut<p<o
0



Khi dé khong gian dinh chudn Bochner-Lebesque LP(0,T;X), 1 < p < oo

vdi chuan || - | zr(0.7,x) duoc dinh nghia
LP0,T; X) = {¢: [0,T] = X | ¢ do dugc va ||¢| rr0.1.x) < 00}
Dinh nghia 0.7. Vdi bat ki f: Q — R, ta ki hiéu

supp(f) = cl({z € Q| f(z) # 0}),

trong dé, cl(A) la bao déng cia A trong R"™ vdi moi tap hop A C R".
Khong gian C3°(Q2) dugc dinh nghia nhu sau

CP(Q) = {p € C(Q) | supp(p) la tap compact trong 2}.

Hom nita, tap cdc ham khd tich dia phuong L} (Q) dudc dinh nghia

loc
Li,.(Q) ={p: Q= R| e LK) vdi bt ki tap compact K C Q}.
Dinh nghia 0.8. (Dgo ham yéu) Cho a = (o, .., ap,) la mot da chi so
cdc 56 nguyén khong am. Dat || = > | ay. Bat ki ham f € C*(Q), ta
ki hiéu D*f cho dao ham riéng
olel

« Qp 9
81711 ° axn

vdi ¥ = (21, ..,1,) € Q. Mot ham ¢ € L] (Q) dugc goi la c6 dao ham yéu
D%p = ¢ néu ¢ € L, () théa man

loc
/ odr = (—1)‘0‘| / eD“dx vdi moi i € CG°(0).
Q Q

Dinh nghia 0.9. (Dao ham thoi gian yéu [1]]) Cho X la khong gian
Hilbert. Dao ham yéu theo thoi gian cia ham u: [0,T] — X la ham dudc
ki hieu bdi uy € L*(0,T; X*) (hodc u € L*(0,T; X*)) sao cho

vo e Cr(0.T): |

(0,71

ug'dt = —/ us@dt.
[0,7]

Dinh 1y 0.10. ([15/) Cho T > 0 va khong gian Hilbert X, khong gian
dinh chuan W (0,T; X) dugc dinh nghia bdi

W(0,T;X) ={p € L*(0,T; X) : ¢ € L*(0,T; X*)}



vdi chuan
1/
lelworsx) = (lelEora + lediorx)
Khong gian W(0,T; X) la khong gian Hilbert va W (0,7T; X) — C([0,7T); X).

Dinh nghia 0.11. Cho k la s6 nguyén khong am va p € L}, (Q). Gid si
rang ¢ ¢6 dao ham yéu D@ vdi moi da chi s6 « sao cho |a| < k. Khi dé
chudn Sobolev ciia © dugc cho bdi

1/p
Hsoum,p(m:(zww ol ) vii p € [1,50)

o] <k
va
lpllwres() = max [ Dyl ey vdi p = co.

Khong gian Sobolev Wk’p(ﬂ) d‘u’dc dinh nghia

WEP(Q) = {¢ € Lipe(Q) | l@llwrn) < 00 vdip € [1,00]}.
Truong hop ddc biet, p = 2, ta ki hieu H*(Q) = W*2(Q). Khi dé

H'(Q) = {p e L*(Q) | 90 € L*(Q) (j € {1,....n})}.
Hon nta, ta thuong ki hiéu cho mot khong gian Sobolev khac
WEP(Q) la bao déng ciia C°() trong WHEP(K).
Voip =2,k =1, ta ki hieu H}(Q) = W,>().
Dinh 1y 0.12. (Bat dang thiic Poincaré) Néu € la tap bi chdan, ton tai
hing s6 C = C(Q) sao cho bat dang thitc sau xdy ra
Vo € Hy (), [[¢llz20) < ClIVellrae
Dinh 1y 0.13. (Dinh lj nhing [16]) Khong gian Sobolev H'(Q) la khong
gian Hilbert, tach dugc. Cho so nguyén k> 1 val <p < oco. Khi dé
WHEP(Q) — LU(Q),

trong dé 1/q+ 1/p = 1. Véi truong hop dic biet k =1 va p = 2 ta 6 day
cac khong gian

H*(Q) U Hy(Q) = Hy(Q) — H(Q) — L*(Q) — H(Q),
trong dé H=*(Q) la khong gian doi ngau cia HY(Q) va moi phép nhing

déeu lién tuc.



0.3 Giai tich ham

Dinh 1y 0.14. (Hilbert-Schmidt [17]) Tap hop A tat cd cac gid tri riéng
khdc 0 ciia mot toan ti compact tu lién hiép A € L(H) trong khong gian
Hilbert H la hitu han hodc dém dugc. Néu dém duoc thi tap hop dé tao
thanh mot day hoi tu vé 0.

Dinh ly 0.15. (Todn ti compact Kolmogorov [18]) Cho B la tap con ciia
LP(R™) vdi p € [1,00). Tap B la tien compact khi va chi khi cdc dieu kién

sau xdy ra:

1. Ve > 0,36 > 0 sao cho || f(x — h) = f|lrwny < &,Vf € B,Vh théa

man |h| < 4.
2. lim |fIP hoi tu déu vé 0 trén B.
7—00 |:L‘|>’I"

Dinh 1y 0.16. (Laz-Mingram [19]) Cho X la mot khong gian Hilbert vdi
chuan la || -||x va tich vo hudng (-,-) x va gid st ring A la dang song tuyén

tinh va L la ham tuyén tinh théa mdn cdc tinh chat sau:

1. A la doi xing, cé nghia la A(v,w) = A(w,v),Vw,v € X
2. A la X-elliptic, c6 nghia 3 o > 0 sao cho A(v,v) > alv||%, Vv € X.

3. A lién tuc, ¢6 nghia 3 C' € R sao cho |A(u,v)| < C|lullx||v||x vdi

moi u,v € X.

4. L lién tuc, c¢é nghia 3 K € R sao cho |L(u)| < Kl|ul|x,Vu € X. Khi
dé ton tai duy nhat u € X sao cho A(u,v) = L(v),Yv € X va ta c6
ude lugng ||ul|x < M/a.

Dinh 1y 0.17. (Bat dang thiic Young [20]) Véi moia,b > 0, € > 0 va vdi

moi p € (1,00) ta cé
ea? b4
ab < — + —,
P qgQ/p

trong dé ¢ = p/(p —1).



Dinh 1y 0.18. (Diém bat dong Schauder [21]) Cho (X, | -||) la mot khong
gian Banach tren K (K = R hodc K = C) va S C X la tap khdc rong, o1,
doéng va bi chan. Khi dé bat ki todn ti compact A: S — S déu cé it nhat

mot diém bt dong.

Dinh 1y 0.19. (Phdn tich pho ciia todn ti compact [22]) Cho X,Y la
hai khong gian Hilbert. Toan ti A € L(X,Y) compact, tu lién hop va
(An)n C L(X,Y) la day gom cdc todn ti compact, tu lién hgp sao cho
li_)m A, — Allzxy) = 0. Tap cac gid tri rieng A cia A gom cic \;,i € N
Zm;; sdp xzép theo thi tu gidm dan vé 0. Gid st ton tai k € N sao cho
My, A1 € A va N\, # Ajy1. Khi d6 vdi moii € {1,..,k}, ta c6

lim A = \;,

n—oo

trong dé N la gid tri riéng thit i trong day gid tri riéng giam dan clia A,,.
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CHUONG 1

PHUONG PHAP PHAN TICH

TRUC GIAO CHUAN (POD)

Cho X la khong gian Hilbert thuc v6i tich vo huéng (-, -)x va chuan
| - ||x. Gi& st rang y(t),t € [0,T] la mot qua trinh dién ra trong thoi gian
tit £, = 0 dén thoi diém cudi T (qua trinh nay thuong duge biéu thi thong
qua mdt phuong trinh vi phan hodc mot phuong trinh dao ham riéng).
Cho truée s6 n € N dat

O=ti<to<---<t,=T

13 mot lusi trén [0,T]. Dé don gidn héa ban trinh bay, lusi thoi gian
duge gid dinh ¢6 kich thuée bude ludi ¢6 dinh At = T'/(n — 1). Khi d6
tj: (]—1)At, \V/]:L,TL

Gi4 thiét rang cac anh chup nhanh (ta goi 1a snapshots) y; = y (¢;) € X

1a cac gia tri hodc hinh dnh thu dudc tai cac thoi gian cu thé tj, ta ki hieu

V =span{yi,...,Yn}
la khong gian con sinh bdi cic snapshot {y;};_,. Ta gid st rdang it nhat
mot trong s6 cac snapshot khac 0. Ki hiéu {@/Jk}zzl 14 mot co sé truc chuan

ciia V v6i d = dim V. Khi d6 mdi snapshot c6 thé biéu dién

S

vj = > (W i)y ok VO moi j =1, . (L)
k=1
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Phuong phép phan tich triyc giao chuan (POD) ban chat 1a tim mot co
s6 tryc chuan sao cho véi bat ki £ € {1,...,d} cho trudc thi trung binh
sai s0 binh phuong gitta cac phan tif y;, 1 < j < n va tong rieng ¢ phan ti
cua 14 nhé nhat:

mm —ZHy] Z yja¢l>X¢ZH§
1=1

{¢111 —
sao cho (M,%)X: i vl 1 <i</l)1<j<i,

min

Nghiém {wk}izl ctia (P,

min;

duoc goi la co s6 POD rank /.

Nhan xét 1.1. Ta dinh nghia

To(y, b1, oy ZHw Z (i ) Wil
=1

Z(y, 1, -, ) :/0 [y =" (y(t), i) it

=1

Khi d6, v6i moi y € C([0,T]; X) ta c¢6 duge lim TZ,(y) = Z(y).

n—oo

1.1 Phuong phap POD rdi rac

Bién doi co ban ta chuyén bai toan t6i wu sang bai toan toi uu

cuc dai tuong duong

l

max —Z‘Z (Yj, Vi) x

{% i=1 — (Prflax)
sao cho <"¢ia¢j>x =0y voil1<i</(1<j<i.

Trudc hét ta xét bai toan sau

{Ifax - Z [(yj, ¥ ? théa man [|¢]|x = 1. (Prhax)

Bai toan t6i uu c6 rang bude (Pl ) c6 thé duge giai quyét bing cach xem
xét cac dieu kién can dao ham bac nhat bang 0. Xét £L: X xR — R la
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ham Lagrange ting véi duge dinh nghia bdéi
L(u, \) Zy i) [P+ A (1= [ul|%) Vi (u,)) € X xR, (1.2)
Lt
Gia sit u € X la nghiém cua 1) Khi d6, dicu kién can 1a dao ham bac

nhat theo bat ki huéng ¢ € X deéu biang 0, tiic 1a

déﬁ(u + 00, N)|s=0 = 0 véi moi ¢ € X.

Tt ta co

d
25 L+ 00, M) |50
d 1 ¢
i > i1+ 00)x{yj,u + ) x — Mu+dp,u+09)x]
j=1
1 n
= 2[5 > i o) x(yj, u)x — Mu, @) x]
=1
1 n
— 2[<ﬁ D (i u)xy o) x — Mu, @) x].
=1

Tu do suy ra

3

<yj7 >ij7 90>X T A<u7 90>X = O,Vg@ € X. (13)
1

SIH

J

Ta dinh nghia toan tit tuyén tinh bi chin ), : R® — X béi

n
Vv = Z v;y; voiv e R",
j=1
trong dé v = (vy,...,v,) € R™. Toan tt lién hiép YV : X — R" duge cho
boi

*

*z = ((z,yl)X,...,<z,yn>X)T véi z € X.

s 1 1
Dan dén R, = =V, Vi € L(X) va K, = =)', € R™" x4c dinh nhu sau
n n
1 « 1

j=1
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Két hop , ta co
(Rou, ) x = Mu, @) x v6i moi ¢ € X.
Suy ra nghiém t6i wu u ctia bai toan thoa man
R,u = A\u.

Dé ¥ ring R,, = lyny;; € L(X) 1a toan t1t tu lien hop, bi chin va niia
xac dinh duong trénnX . Hon ntta, vi ImR,, C V = span{y;,...,y,} nén
Im R,, c¢6 hitu han chiéu. Do d6, R, 14 mot toan tit compact. Theo dinh
1y Hilbert-Schmidt, ton tai mot hé co sé truc chuan {¥i},en cia X va mot
day {A;};oy 80 thuc khong am sao cho

Rn%:)\ﬂ% >\122>\d>0,Vﬁ)\Z:0V612>d

Tu do suy ra

Ly, -) Z\ Yy, V1) x| = nZ@Mﬁl) {yj, V1) x
=1

n

S () = SO i)

j=1
1
= o <yny;¢1a¢1>x - <Rn¢17¢1>X = AL

Bay gio ta sé chitng minh )1 1a nghiém t6i uu cua . Giastu € X
14 mot vector bat ki théa man ||a|lx = 1. Vi {¢;};2; 1a hé co s truc chuan
trong X, nén ta co N
a=> (i, ) x i,
i=1
trong d6 S (@i, 1) |* = 1. Tt d6 ta c6

Z%Z\@j,@ Z\yjaz ) x Uidx|”

:—Z‘yj,z ¢1X¢Z> |
=%ZZZ (4 i) ) x (o (s k) x V) x)
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y]:@/}z yj71/)k>X <a7¢i>X <1~L,¢k>x>

yjﬂv/)z ij7¢k> < a¢i>X <ﬂ7¢k>X

i=1 k:zl J=1 B
:Aiwi
= (Aiti, i) . (@, i)y (@, V) x )
2.2 ﬁ;ﬂ” T

=A@ <A12\ 2= Mllalk = o

Tém lai, ¥y 1a nghiem t6i wu cta (P, ) v argmax = \;. Tong
quat, ta c6 dinh 1y sau.
Dinh 1y 1.2. Co sd POD hang ¢ < d la nghiém bai todn toi wu
duoc cho bdi
R = Np; voi moi 1 =1, ..., 0,
trong do Ay > ... > A\g > 0 la cac gid tri riéng duong cua R, va ; €
X, 1 €{1,..,d} la cic vector riéng tuong ung cia \;.

Chiing minh. Ta chiing minh dya vao quy nap theo E Bang lap luan phia
trén, truong hop £ = 1, nghiém bai toan téi uu chinh la 1 théa
man

Rupr = M.
Gia st v6i £ > 1, ta c6 {¢;}¢_; 1a co s6 POD hang ¢, tiic 1a nghiem ciia

bai toan tbi wu thoa man

Khi d6 nghieém ctia bai toan P.H 13 (a1, ..., ¢y, 1) véi u 1a nghiem bai toan

max

t6i wu sau

théa man (M,u)X =0voil <i</lva|ullx =1
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Vi hé cac vector rieng {1;}52; tao nén hé co sd truc chuan ctia X. Do d6,
néu (u, ;) =0 voi 1 < i < ¢ thi u co dang

(0.¢]

u = Z (u, Vi) x1i.

i=0+1

V6i gid thiét [Jul|x = 1 ta suy ra 05, (¢, u)x|* = 1. Ta c6

= x| = ZWZ vy il

i= €—|—1

=—ZZ Z (s, (s i) x W) x (Y (s ) x k) x )

j=11i= ZJrlk €+1

= —Z Z Z yijz y]vwk>X <u7¢i>X <u7wk>X>

] 1= €+1k' €+1

— Z Z Z (yj, ¥i) x Ui Vi) x (u, i) ¢ (u, g) v )

=041 k=(+1 ] 1

7

S
=S (O g (o, ) () )
i=0+1 k=0+1 =\ibix
= Z A [, i) P < Ao Z [, i) x| = A
i=0+1 i=0+1

Hon nita, tit dinh nghia ciia R,, , dan dén

ANy = R = %Z (i, yj) x Y-

j=1

Suy ra

n

)\i—< z¢za¢z 7112’ wuyj

Nhu vay, ¥, 1 1a nghiem t6i uu ciia (1.5). Do d6 nghiém ciia bai toan Pl

max

la (¢17-"7¢€7w€+1)' [

Hé qua 1.3. Ma tran tuong quan K = IC,, ing vdi cac snapshot {y; }j L

1
vdi Kij = — (Y, Yi) x 10 ma tran nida xdc dinh duong, tu lién hgp, ¢ hang
n
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la d. Khi dé ton tai Ay > ... > Ny > 0 la cdc gid tri rieng duong cia K
va V1, ...,0q € R la cdc vector riéng tuong ing. Co sd POD hang ¢ < d
duoc cho boi

1 n
=—=>_ (w);u;
NovE =

trong do (vg); la thanh phan thi j cia vector riéng v,. Hon nia, ta cé
cong thitc sai so

14

1 n
EZHW_Z@J"W %HX ZM
=1 k=1

k=l+1

Chiing minh. Ta c6 R, va K,, c¢6 cung tap gia tri rieng khac 0. Bat ki gia

tri rieng A\p # 0 cia K, va vg 1a vector riéng tuong tng cua g, ta dat

1 « 1
= — V) Yj = —=VnUk.
Khi doé

1 1 o
nth vk YoJath Ve \//\_k K= VAR

Suy ra

Vo Vir = Y/ Mevr = VAVuve = VAV Mee = At

Dan dén 1y, 1a vector riéng ting v6i gia tri rieng A\ ctia R,,. Vay nén {¢;}¢_,
Ia co s6 POD ciia (P%; ).

(111
Ngoai ra, vi

n

1

j=1
nén
1 n ) 1 n 0 ) 1 n 0 )
- Z lyillx = - Z I Z(@ﬁi,yﬁx%HX = Z | Z(lbi,yj))(
7=1 7=1 =1 =1 =1

= Z;ZK%?MX\Q = ZAZ- =) A
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Diéu nay dan dén

= Z Hyy Z Yis k) x wk”i{

k=1
4 4
:—Z = W) x kY — D W k) x k)
k=1 k=1
d 14 d
Z lys% — Z Z\ Yryxl =3 A= D M Z
k=1 k=1 —0+1
Vay ta c6 diéu phai ching minh. O

1.2 Phuong phap POD lién tuc

Phan nay sé gidéi thieu phién ban lién tuc ctia phuong phap POD. Cho
y:[0,7] = X la mot ham lién tuc. Co s6 POD véi hang ¢ 1a nghiém clia
bai toan toi ticu sau

¢

T
u1m11£1€X/0 y(t) - ;@(t) ) Ui XUZHX (PL)

min

sao cho (U, Uj) v = 055, v6imoi 1 <4, 5 < /.

Ta c6 thé chuyén bai toan t6i tiéu (P’. ) thanh bai toan cuc dai tuong

min

duong
L

T
~ 2
o max /O \;@(t),u»x} dt (Bt

max)

sao cho (@, Uj)y = 0;j, véimoi 1 <4,j < /L.

Dé giai quyét bai toan (PY..), tuong tu phan POD rdi rac, trude hét ta

max

xét truong hop £ =1

T
max [ (p(0) @)xdt sao cho Jlk =1 (Pl
ue 0

Xét ham Lagrange £ : X x R — R tng véi bai toan (P.

max

L(u, ) :/0 (y(t), uhxlPdt + A (1= Jull%) véi (u,A) € X x R.
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Giad st w € X la nghiem cta (P ). Khi d6, dao ham bac nhat theo bat

max

ki huéng ¢ € X tai v bang 0. T dinh nghia ham £, dan dén

d
pT; (u 4 dp, A)|s=o
d T
= 5 [ w00 e cluto) o b= A+ Sp+50)
0 §=0
- T
=2 /O (y(t), ) x(y(t), u)xdt — Au, ¢>X]
- T
=2 [ tyte) weu(e) o) xdt — o) |
Suy ra
T
([ . bxutt), o) gt = M) =0, Ve € X,
Do do,
T
[ 0. wyrae = 2 (L7
0
Ta dinh nghia toan tit tuyén tinh bi chan Y : L2(0,T;R) — X bdi
T
Yo = / o(t)y(t)dt véi moi ¢ € L*(0,T;R) (1.8)
0
va toan tit lien hiep Y* : X — L*(0,T;R) dugc cho béi
(V*2) (t) = (z,y(t))x v6i moi z € X. (1.9)
Khi d6 R = YY* € L(X) xac dinh nhu sau
T
Ru = / (), u) xy(t)dt véi moi u € X, (1.10)
0

B6 dé 1.4. Todn ti R la tuyén tinh, bi chin. Ngoai ra,

1. R khong am: (Ru,u)x >0 vdi moiu € X.

2. R tu lien hop: (Ru,u)x = (u, Ru)x vdi moi u,u € X,
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Chatng minh. Véi bat ki u,u € X va a, & € R ta ¢
T
R(au + &@) = / ((8), au + i) xy(t)dt
0
T
= [ (aly(®) by + alolt), 7)) o

—a / (1), ) xy(t)dE + / ((t), @) xy(t)dt
0 0
= a’Ru + a'Ru,

do d6 R tuyén tinh. Tt bat dang thitc Cauchy-Schwarz ta duge

T T
Rulls < [ (o) bxu(®llxdt = [ 0. u)x] o)
</ r|y<t>u%(||uuxdt:(/0 ||y<t>\|?xdt) lullx = 19120 20 lallx

voi bat ki uw € X. Viy € C([0,T); X) C L*(0,T; X), chuan ||yl r20.7.x)
bi chan. Cho nén, R 1a toan tit bi chan. Hon nita

(R, u) y = < /O T(y(t),u>Xy(t)dt,u>X _ /O Pt > 0

v6i moi u € X, nén R khong am. Cudi cling, ta cé

(R = [ @)oo et = ([ w00 o000
= (Ru,u)x = (u, Ru)x

X

v6i moi u, u € R™, nén R tu lién hiép. H

Viy € C([0,T];V), theo dinh 1y todn tii compact Kolmogorov trong
L*(0,T;R) nén Y* : X — L?(0,T;R) la toan tit compact. Tinh bi chan
cua )Y suy ra R la toan tit compact. Khi d6 theo dinh 1y Hilbert-Schmidt
ton tai mot co s6 truc chuan {1}, ctia X va day {\°}, y céc sb thuc

khong am théa man

R = AU, AT > A7 > -+ va A7 — 0 khi ¢ — oo0.

Hon nitta,

/0 1y (t), 65°) [2dt = / (), )y y(E), ) . dit
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= (RY7, 9% x = A,
v6i ¢ € N. Néu @ bat ki thuoc X vé6i ||u]lx = 1, ta c6 thé biéu dién
z=1
trong d6 Y _ [(@,9;°)|* = 1. Khi do

| o mxe= [ 1,3 @ o)y v

1=1

| o), o) s

o

=1

tnqg

(00l [ 00,0l

1

)

‘F”18

(@, ) | A°°<X”OZ| T=y

1

7

Vi vay ¢7° 1a nghiém t6i wu ctia bai toan (PL, ). Tong quét, ta c6 dinh 1y

max

Ssau.

Dinh 1y 1.5. Cho y € C ([0,T); X). Todn ti tuyén tinh, bi chdn, khong
am, tu lién hop compact R duge dinh nghia tai . Khi do co sé POD
hang € la nghiém cia bai todn t6i ticu (PL.|) la ¢ vector rz'éng {wg.”}f:l

clia R tng vdi € gid tri riéng l6n nhat A\3° > ... > AP > A\

€—|—1

Ching minh. Cach chiing minh hoan toan twong tu nhu POD rdi rac, ta
chitng minh bang phuong phap quy nap theo ¢. Truong hop ¢ = 1, theo Iy

luan & phia trén thi nghiém bai toan t6i uu Pr}m chinh 1a ¢{° théa man

Ry = ATUr.
Gia st dinh 1y diang véi £ > 1, tic 1la {1 }_; 1a co s6 POD hang ¢ théa
man

R = A v6i moi i € {1, ..., (}.
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Nhan xét riing nghiem ciia bai toan P 1 (490, ... Y°, u) v6i u la nghiém

max

bai toan toi vu sau

s [ |(y(e) 0) ot
0

ueX (1.11)

théa man (77, u),y =0 v6i 1 <i </l va ||lullx = 1.

7 )

trong d6, {1)?°}_, 1a nghiem ctia bai toan P! . Vi he cac vector rieng

{2°}%°, tao nén hé co s truc chuan ctia X, do d6, néu (¥, u)y = 0 véi
moi 1 < ¢ < /¢ thi u coé dang

u = Z <¢SO7U>X¢ZOO

i=l+1

Vi gia thiét [Jullx = 1, suy ra 3200, [(¥s, w)x|” = 1. Ta c6

|l = [ Ko 3 G ) o P

/T
0

y(t), (u, ) x U7) ¢ (w(E), (u, U7) x ¥°) ) dt

> >
=0 1k=€+1
T o0
= 30> a0 (0,0 () (0 )
0 =041 k=t+1
00 00 T
= > > | ), %) ¢ y(£)dt, W) x (u, 5 ¢ (u, ) )t
i=l+1 k=41 <0 ,
_)\oolpoo
= 3D TR ) () () )
i=0+1 k=0(+1 _A;gém
= Z A [, 7 < >‘£+1 Z |(u | = )‘£+1HUHX = )\£+1
=041 i=0+1

Tit dinh nghia ctia R dan dén
T
WU = R = [ (o), v xu(t)ar
Do do6

T
A = (ARG, ) = / (1), ) [ dt. (1.12)
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Vay nén 977, la nghiém ctia bai toan (1.11]). Suy ra (¥7°,..., 9%, ¢¥32,) 1a

nghiem cfia bai toan (P4, O

Véibat ki € {j € N: A% > 0} ta dat

1
= =V € O.TR),

7

v

1
V(L) = W (P, y(t)) 5 v6imoi t € [0,T).
Tt dinh nghia ctia Y va V* tai (1.8)) va (1.9), dat L = Y*Y € L (LQ(O, T, R))
Khi do6

K = /0 (y(s), () xo(s)ds véi o € L2(0, T;R), (1.13)
Suy ra
T
(o) (1) = [ (o) p(O) v (5)ds
([ v xusris o)
0
1

(3 1

) X

B
Y
8

voi moi t € [0, T]. Dieu d6 dan dén v$° la cac gia tri rieng ctia K véii € N

sao cho A > (0. Tong quat héa ta c6 hé qua sau.

Hé qua 1.6. Xét todn ti tuyén tinh tuong quan K = K duge dinh nghia
tai vdi ham y(t) € C([0,T]; X). Khi dé todan t K nia xdc dinh
duong, tu lién hgp, va compact. Dat

V = span{y(t) | t € [0,T]}

la khong gian sinh bdi cac gid triy(t),t € [0,T]. Gid st v° la vector riéng
tuong Ung voi gid tri rieng Ay > 0 cua K, trong do

AP > AR > AT > AR, >
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Khi dé, co sd POD hang ¢ ing vdi bai todn (P’ |) dugc cho bdi

min

0o __ 1 00
% _Myvk'

Hon nita, ta c6 cong thiic sai so

T 00
|l Z<y ) it = 30

i=0+1

Chiing minh. Lap luan hoan toan tuong tu nhu Hé qua . ]

1.3 Moi lién hé gitta POD roi rac va POD
lién tuc

Tit dinh nghia ctia R, va R tai (1.4) va (1.10)), ta thiy R, va R déu

1a cac toan tl tuyén tinh bi chan, ti lien hiép va compact. Gia thiét rang

RYZP = AP A > A > AP > AR, >...>0.  (1.15)

B6 dé 1.7. Cho X la mot khong gian Hilbert thue, u € X bat ki sao cho
lul|x = 1. Gid st ham y € C ([0, T]; X) ¢6 dao ham yéu y € L*(0,T, X).
Khi do

o (25
n—1

Ching minh. V6i méi v € X sao cho ||ullx = 1, ta xét ham s6 F, :
[0,T] — X cho béi

< At <T1/2Hy||c orxl¥llreorx) + ||yHc [0,7);X )) :

X

Fy(t) = (y(t), u)xy(t) véit e [0,T].

T dinh nghia R va R, dan dén

n—1

Ru = /OT F,(t)dt = Z/:H E,(t)dt

j=1
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nT R u-AtZF
= SUSR) + Falty) + S (Rub) + Fulta)

Ngoai ra ta c6

IF.®)x < Ky, wxl ly@lx < Iyl

Tu do suy ra

T 1/2
HFuHLz(o,T,X)s( / \|Fu<t>u%(dt) < VT lyBgori

Mat khac, vi

Eu(t) = (5(8), uhxy(®) + (p(t), w)xi(t)  vdi ¢ € [0,7)

T
2 HL2 (0.1,x) = 4/0 (Hy(t)HXHy(t)HX) dt < 4“9”0 0,7);X Hy||L2 (0,T,X)"

Ta co

/t " Rt = % /t " (Fu(ty) + /t t F(s)ds)dt

J J

1 [li+ to.
2 lj+1 tit1

= L R) + Fultyn)

1 (it t
4= / ( / £ (s)ds + / Ey(s)ds)dt.
2 i t ti

J J

— j+1 t .
%Z y/ + / ds+/ Fu(s)ds)dt| .
1 t] tj+1

+—HF(t1)+F( n)llx

Dieu d6 dan dén

Tn

nu

HRu—
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17171 t]+1 t . tj+1 .
<33 [ IR s [ R ds)
j=1""% J

+ % (IFu(t) x4+ 1 Fu(tn)llx)

At s 1) a2 /2 ?
STT ( ; HFU(S)HXdS) +AtHyHC([0,T];X)

T1/2 . 2
< AtTHFuHLz(O,T,X) + At”?/“c([O,T];X)

< At <T1/2Hy||0([0,T];X)\|y||L2(0,T,X) + HyH%([o,T];X)) :

T d6 bo dé dugce chiing minh. ]

Hé qua 1.8. Gid st ham so y € C([0,T); X) sao cho dao ham yéu y €
L*(0,T,X). Khi do

Tim IR = TRall£x) = 0.
Chiing minh. Diéu nay dé dat dudc thong qua Bo dé

ITRn = Rllzxy = sup [[(TRn)u = Rullx

|ul| x=1
SJ&( NG Ra)u = Rully + CIRullx

trong 46 C' = T"?|ly|l ooz 19l 20.7.x) + H?JHQC([QT];X)- [

DPinh 1y 1.9. Gid st R, va R dugc dinh nghia nhu (1.4) va (1.14). Cho
{0, X F2, va { (20, A°) 22 la cde cap vector riéng va gid tri riéng cho

tai va . Gid st £ la so tu nhién théa man Ny # Mey1 Khi do

ta co

L A
am A=

=0, V1 <i<(loa lim ) (A?—)\L>:O

n—00 T
i=0+1

Hon nita, néu \° # X%y vdi moii=1,...,0 thh

lim |47 £ 97|y =0, vdimoeil <i</{
n—oo
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Va4

T}ggOZ\yl,w” > o)

i=0+1 i=(+1
trong dé lim [|¢;' £¢°||y = 0 ¢d nghia la lim ||¢]' + %]y = 0 hodc
. n n—>OOOO n—o0
7}5{)10 147" = 5%l x = 0.

Chatng minh. Tit (1.6) ta duge

—ZH D= iTA? v6i moi n € N.

1=1

Dé y réng véi y € C([0,77], X)
T <& 9 T ) .
EZ ly ()5 — i |ly(t)||5dt khin — oco.
j=1

Dieu d6 dan dén

iT)\? — i)\fo khi n — oo. (1.16)
i=1 i=1

VI A # A0, két hop véi lim |R — TR, ||zx) = 0, ta c6
n—oo

(0.9]

A?%% vl 1 <7 </ khin— oo.

Tu ta suy ra

iT)\?—) i)\fo khi n — oo0.

i=l+1 1=0+1

Bat kii € {1,...,0} ta co

U= (W
j=1

Béi vi li_>m IR — TR, £x) = 0 nén li_)rn |RY; — TR || x = 0. Suy ra

(0. ¢]

Jim [| SN (00, 05) U — TAP Y (07,05 o[ = 0
j=1

j=1
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— Tim | D7 (5 = TN (07, 65) o[ = 0
j=1
i - o0 n n o0 2
= lim » | (A = TAT) (U, 05%) | = 0.
j=1
Néu gia thiét A # A%, v6i moi ¢ = 1,...,¢, két hop véi lim TA! =

n—oo

NS, Vi=1,..., ¢, ta dugc

lim (¢ ,woo> =0 moi j # 1.

n—o0
Ma [f][x = 1nen > [(¥f,v5) | = 1. Do do Tim (4, 9%) = +1.

Dieu d6 dan dén
Jim ¢f = £

Nhic lai y1 = y(t1) = y(0) nén y; € span{y;};_, véi moi n va

d(n)
2 2
oyl =D Ky, ui) x
=1

Vi vay, v6i € < d(n), két hop [|ya |3 = 5%, [ (g, 65°) x| ta 0

Z|yl Uyl —Zlm Uyl _Z|yl Uyl +Z|yl V) x

i=0+1
+Z|y1’¢00 X‘ _Z|y1777/}oo
1=0+1
¢ 00
oo n 2 00 2
=3 (Ko 00 = L )1 ) + 32 1, vl
i=1 i=0+1
d(n)
Diéu nay dan dén hm Z |{y1,¥7") Z [{y1, 17°) O
z {+1 i=l+1

1.4 Mbi lién heé gita POD va SVD trong R”

Cho Y = [y1,...,¥s) 1&a ma tran thuc ¢6 m x n hang d < min{m,n}
v6i cac cot y; € R™ 1 < 7 < n. Cho W € R™ la ma tran do6i xiing,
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xac dinh duong. Chung ta xét khong gian Euclid R™ véi tich vo huéng c6
trong W

(w, @y = w Wi = (u, Witygm = (Wu, @)gm véiu, @ € R™.  (1.17)

Khi dé |Jullw = +/{u, u)w v6i u € R™ la chuan trong khong gian Euclid
R™ véi trong W. Dic biét, néu ta chon W = I, tich v6 huéng (1.17) dong
nhat véi tich vo huéng Euclid thong thuong.

Bay gio ta thay bai toan (Pl J) bing

max—Z\ yi, uhy|” théa man [|uflw = 1. (P})

ueR™ N,

Cing nhu bai toan 1) bai toan c6 rang buodc 1' duoc giai bang
phuong phap Lagrange. Xét ham Lagrangian £ : R™ X R — R dugce cho
bdi

1 n
— EZ ‘(%;u}W’? + A\ (1 — HUH%/V) voi (u, \) € R™ x R.
Gid sit u € R™ 1a nghiem ctia (Py)). Khi d6, diéu kien can 1a
VL(u,\) =0 trong R" x R.

Vi W déi xting nén ta dugc

oL 0 (1~ v ahy
EEZ(U7A):: an(;{2{3}Eg:jz:}ggmc%ukf'+zX<l-—jzjjgzthwgku%>>

j=1 k=1 v=1
~ A ( S u Wi+ m)
v=1 k=
_ % SO Wi Y VY Wokue — 20 - Wigug
=1 v=1 p=1 j=1 k=1

1
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Do do,
1
Vi L(u,\) =2 <—WYYTWU — )\Wu) =0 trong R™.
n

Phuong trinh trén dan dén bai toan gia tri riéng
1
—(WYY(WY)'u = AW (1.18)
n

Vi W déi xiing va xac dinh duong, W c6 phan tich dang gia tri rieng W =
QDQT, trong d6 D = diag (11, ...,7n,) chita cac gid tri rieng n; > ... >

Nm > 0 cia W va @Q € R™™ la ma tran tryc giao. Ta dinh nghia
W = Qdiag (n%,...,1n%) QT véi a € R.

Dé ¥ ring (T/VO‘)f1 =W~ va Woth = WeW¥ vé6i a, 8 € R. Hon nita, ta
co

(u, W)y = <W1/2u, W1/2ﬂ>R véi u,u € R™,

suy ta |lullw = ||[W'2u|g,, v6i u € R™. Ta dat a = W"?u € R™ va
Y = \/LEWWY € R™*" va nhan hai vé cta (1.18) véi W2 ta dua vé bai

toan gia tri riéng, vector riéng

YYTa = \a trong R
Tu dieu kien g—f(u, A) 20 trong R, rang budc ||u|lyr = 1 c6 thé bicu dién

Tuwong tu nhu trong qua tinh gidi quyét bai toan {D tu dieu kien
t61 utu bac nhét ciia (P ta suy ra duge nghiém ciia bai toan cuc dai (P

~

la
up = W_1/2al7

trong dé @; 1a vector rieng ctia Y'Y tng v6i gia tri rieng 16n nhat \; véi

|41 ]|gm = 1. Néu st dung phuong phan tich gia tri k¥ di SVD thi vector

u; ciing c6 thé duge xac dinh bing cach gidi bai toan gia tri rieng

YYo= Moy, (1.19)
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trong d6 YTY = YTWY, va ta dat
1 1 1

— W12y, = WYYy, = ———Yo,.

Ciing nhu cic phan trude, ta xay dung co sé POD bang cach tiép tuc
tim vecto thd hai v € R™ v6i rang buodc (u, u1)y = 0 va |jully = 1 sao
cho cuc dai %, ‘(yj, u)W}2. Tong quét hoéa, ta co dinh Iy sau.

Dinh 1y 1.10. Cho Y € R"™" ¢6 hang d < min{m,n}, W la ma tran
LnWlﬂY va £ € {1,...,d}. Hon nia,

L vn ) )
cho Y = UXVT la phan tich gid tri ki di (SVD) cia Y, trong do U =

U1, ..., U] € R™™V = [0y,...,0,] € R™™ la cdc ma tran truc chuan

doi ming, zdc dinh duong, Y =

va ma tran duong chéo X cé dang

S D 0
U YV — — Z E Rmxn’
0 0

trong dé D = diag (o1, ...,0). Khi dé nghiem cia
/ n )
5 Ui Gi (T, 1)y, = 03, V1 <4,5 <€ (P
ﬁlv_Tﬁng;;{@wuﬁW‘ vot <u27u]>W i S,) S ( W)

~1/2

duogc cho bdi cic vector u; =W u;, 0 =1,..., L.

Ching minh. St dung cac lap luan va phuong phap quy nap tuong tu nhu

trong chitng minh Dinh 1y . ]
e 1
Nhan zét 1.11. Tit phan tich SVD va YTV = ~YTWY co 56 POD {u;};_,
n
hang ¢ c¢6 thé dudc xac dinh nhu sau: Giai bai toan gia tri rieng n x n
1
—YTWY@Z’ == )\ﬂ_JZ' vll 1 = 1, ce ,K
n
va dat
Wi = W*l/%—b, — LW*1/2 (}7@) L 1 Y U

véii=1,...,¢ Khido
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D6i vé6i viec ap dung POD cho céc van dé cu thé, viec Iya chon ¢ khi
xay dung co s6 POD chic chian c6 vai tro rat quan trong ddi véi viec ap
dung POD sau nay. Tuy nhién, dudng nhu khong c6 quy tac tién nghiem
chung nao c6 san. Thay vao do, su lua chon ¢ dua trén cac can nhac kinh

nghiém két hop véi viéc quan sat ty le

¢
_ 2im1 Ai
> A

Ta cling thuong goi phuong phiap POD bang nhiing cai tén khac nhu

E(0)

Principal Component Analysis (PCA) va Karhunen-Loeéve Decomposition.

Nhan zét 1.12. Véi gid thiét W 1a ma tran doéi xing xac dinh duong, W
luén ¢6 phan tich Cholesky W = LLT, trong d6 L la ma tran vuong, tam
giac dusi. Chinh vi vay ta c6 thé thay ma tran Y trong Dinh Iy bang

> 1 N S
Y = TLTY. Khi d6 ta c6 phan tich POD cta Y = UXVT, trong do6
n

U= [uy,..., 0, € RV = [vy,...,0,] € R”™ la cac ma tran truc
chuan va ma tran dudng chéo . Khi d6 vector thit i trong co sé POD
dugc xac dinh bdi nghiem ctia bai toan t6i tieu (P co thé duge xac dinh
bdi

U; = (LT>_1ﬂi hOéC U; = (B

1 1
v
N
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CHUONG 2

PHUGNG PHAP POD-GALERKIN
CHO PHUONG TRINH TIEN

HOA TUYEN TINH

Cho V' va H 1a cac khong gian Hilbert thuc, tach duge. Gia st rang V/
trit mat trong H vé6i phép nhung lien tuc, bén canh d6 ta dong nhat H va
khong gian lién hgp ctia n6 H*, tut d6 ta co

Ve H=H <V~
v6i moéi phép nhing 1a tri mat. Dac biét, ton tai hang s6 o > 0 sao cho
2 2 s
lellzr < allelly voimoi p € V. (2.1)
Cho a: V x V — R la song tuyén tinh ddi xing, lien tuc va V-elliptic, c6

nghia 13 ton tai hang s6 8 > 0 va k > 0 sao cho

ol )] < Bllellv ¥l v moi ¢, € v 22
va
a(p. @) = klllly véimoip € V. (2.3)
Gi4 sit viing ¢ € H va f € C([0,T]; H). Khi d6 bai toan
0.9+ alult). 9) = ), P Np e Ve OT)
va  (u(0), x)rr = (¢, x)m v6i moi x € H
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c6 duy nhat nghiem uw € W(0,7;V). Hon nita, néu ¢ € V, thi u €
C([0,T]; V) vau, € C([0,T]; H), [23].

2.1 Xay dung co sé POD

Xuyen sudt phan nay ta gia thiét u € C([0,77]; V) la nghiem ctia (2.4 .
voi ¢ € V. Lay m € N, xét budc ludi thi gian At = L va lusi {t;} clia
[0,T) v6i ty, = kAt,k =0,...,m. Ta dat n = 2m + 1 va chon

yi=u(tj-1),j=1....m+1
va
Y =0u(tim1),j=m+2,...,2m+ 1,
v6i
U (tk) —Uu (tk:—l)
At '
Dua vao gia thiet u € C([0,T7; V), ta xay dung cic snapshot {y;}7_; thudc

5u (tk) =

vao khong gian V. Khi d6 ta c¢6 thé xay dung hai co s POD khac nhau
dua trén cac snapshot d6 bang phuong phap POD roi rac

{m;n —ZHy] Z (yj. i) x Uill%
i=1 = =1

théa man <¢i’¢j>X: ij Véllﬁléﬁ,lﬁjgl

(Pain)

min

ing v6i hai truong hop X =V va X = H. Truéc hét ta xét X = V va ki
hiéu co s6 POD tuong ting la {zﬁk}zzl. Theo He qua (1.3} véi bat ki £ < d,

ta co
¢

1 m
o+ 1 ; Ju (t; ; ) D[
¢
) = ) {0u(t;) d)villy = Z Ak

k=1 k=l+1

(2.5)

trong d6 {S\k}zzl 1a cac gia tri rieng clia ma tran tuong quan K véi cac
phan tit K;; = ﬁ (Y;, i)y~ Khong gian sinh béi £ vector dau tién ciia
co s6 POD dugce ki hiéu Ve,
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Nhan zét 2.1. So v6i phuong phap POD trinh bay & Chuong 1, cach xay
dung co s6 POD cho phuong trinh tién héa parabolic c6 mot chut khac
biet khi céc dao ham 1di rac Ju (tr) duge bao gom trong trong khong gian
cac snapshot {u (¢;_ 1)} "1 Viec cac snapshot chita hay khong chia cac
dao ham 16i rac Ou (ty) khong anh huéng dén cach xay dung co s6 POD,
tuy nhién sé anh hudng it nhiéu dén sai s6 khi ta xay dung va gidi quyét
mo hinh gidm s6 chiéu (ta c6 thé thiy ro diéu d6 thong qua hai phuong
trinh Burgers 2D va truyén nhi¢t trinh bay ¢ phan 4.3). {au (tr) } dugce
bao gom trong tap cac snapshot hay khong sé c6 tac dong trong qua trinh

danh gia sai so.
Néu {8u 17 } duge bao gom trong cac snapshot, vi

14

1 m
2m+1ZHU Z ), Ve)v el

k=1

14

to +1ZH(9U Z ) bbb = Z A

k=1 k=0+1

nen
14

1 > 10u(t) = S 0u . vl < 3 i
2m + 1 4

k=1 k=l+1

Lai c6 m > 1nén 1/(2m+ 1) > 1/(3m), suy ra

14

_Z 10w (t;) = > (0u (t)) ,du)vidnly < 3 Z Mo (26)

k=1 k=0+1
Mat khéc, néu chi ¢ cac snapshot y; = w (t;_1) véi j =1,...,m + 1,
ta c6 két qua thay thé cho (2.5) la

L

m+12”“ =) {ulty) v dlly = Z i

k=1 k=0+1

va (2.6) sé thay béi ude luong

L

L § |Ou (¢ E ) ) v 3
m
j=1

k=1



m I
_ iZHu(t’) Z u UE l)wzk v%HV
Mmoo k=1
8 m 14

Dai lugng (At)~2 ¢ vé ben phai sé khong c6 lgi trong khi u6c Iugng sai 6.

Cach xay dung co sé POD thit hai dugce thyc hién bang cach cho X = H
va ki hieu co s6 POD tuong ting 1a {¢;,}¢_,. Khi d6 (2.5) dugc thay thé
bdi

m 14
> ) = o) Gl

2m + 1
= k=1
) N . . (2.7)
Y om T Z [O0u (L)) — Z( w (t;), r)mel|z = Z Ak
j= k=1 k=0(+1
véi moi £ < d. O day, \p,k = 1,...,d, 1a cAc gia tri riéng clia ma tran

tuong quan K v6i cdc phan tit K;; = ﬁ (Yj, Yi) - Ki hieu V! 1a khong
gian con sinh bdi @@1, e ,@@g.

Trong quéa trinh lam viéc, ta ki hiéu {@Dk}f;:l va V' = span {¢1,..., 90}
néu ta khong phan biét rach roi gitta hai co s6 POD néi trén. Luu ¥ riang

VE=V =span{yo,y1, ..., Yn} .
Dé cho thuan tién ta ki hieu ma tran khéi lugng
M = ((Mj;)) € R™? voi M;; = (i, i) g
va ma tran do cing
S = ((Siy)) € R véi Sy = (¥, i)y -

Ma tran khéi lugng M tng vé6i co sé POD trong H ciing nhu ma tran do
cung S ung v6i co s6 POD trong V' sé tré thanh ma tran don vi. Ngoai
ra, ta nhan xét rang {¢1, ..., 4.} 1a he doc 1ap tuyén tinh nén M, S 1a hai

ma tran vuong doi xing, hang day du.
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B6 dé 2.2. Vdi moiu €V ta cé

lealler < ML 1S~ allully i ffully < (/1S ]2 13-l

d day ||-||2 duoc dinh nghia ||Bl|l2 = sup || Bz||ge vdi moi ma tran vuong
]| ga=1

B cip d va || - ||ge & chudn Buclid trong RY.

Chiing minh. Ta gid st Ay > Ao > ... > Ay > 0 la cac gia tri riéng cua S.
Vi S 1a ma tran déi xing xac dinh duong nén ||S||2 = A;. Tuong ty, gia
SU pg > po > .. > pg > 014 cac gia tri rieng cia M. Khi d6 ||M |2 = .
Lay u € V bat ki, khi d6 ta c6 biéu dién

d

U = <Ua¢k>x wk

k=1

Dt & = ((u, V1) ..., (u,0a) )" € R? ta co

|z /lpa < [|S7 22" S

xL'Sx

xTx

That vay, véi x # 0, ta c6 thuong Rayleigh c6 gia tri nho nhat bang
Aa- Mit khéc, chuan ctia [|S™1|o chinh bing )\id. Vay ||2||ge < [|S7Y|22T Sz
T do suy ra

lullfy = 2" Mz < ||M[|sa" 2

< [[S7H|, 1M llaz" Sz = ||S7H[, M |2l

Dang thiic thit hai chiing minh tuong tu. ]

2.2 Phuong phap Euler-POD-Galerkin lui

Dé phat biéu vé phuong phap Galerkin Euler-POD luti cho (2.4)), ta gidi
thieu phép chiéu Ritz P’ : V — V! duge xéc dinh bdi qua biéu thic
a (Pgu, ¥) = a(u, ) véi moi ¢ € 1%
trong d6 u € V. Khi dé tit (2.2) va (2.3)) 1a toan tit tuyén tinh P’ x4c dinh

va bl chan:

[Pully < Zlully voi moi u e V.
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Bo dé 2.3. Vi moi £ € {1,...,d} todn ti chiéu P’ théa man

1 m
— 3 ) = Pum)y < Z A (2.8)
k=1 k=l+1
va
1 & 382152 <~ +
LS ut) - Puff < PR S A )
k=1 k=(+1

trong do N va N, lan liot la cdc gia tri riéng cua ma tran tuong quan K

vdi cic phan b 5o (Yj, Yi)y V0 5o (Y Yid g
Chatng minh. V6i bat ki u € V), ti . va . ta co

K Hu — PKUH?/ <a (u — Péu, U — Pgu)

= a(u—Péu,u—@b) v6i moi ¢ € V.
Vi vay

|u— Pul|, < é“u — ||y v6i moi 1 € V*. (2.10)

Tit (2.10), (2.7) va B & 2.2, ta dat duoc
1 ¢ ¢ 2 B ‘ S a2
2 M) = Plully < =3 flute) = 3 (u () il

k=1 k=1 =1

1

9 m A A 92 d )
< MZ Ju(tr) = > {u(te) i)t o< %‘QSHQ > A

’1{'2(2m + 1) k=1 =1 k=0+1

ta dugc ude lugng (2.9). Tuong ti ta co

1 m m
Ezuum— 1l < i 2 ) = St ) il

=1

3 2
2m+ ZHU tk Z tk 77/)2 szHV 6 Z )\k

i=1 k=(+1

~

~

Bo6 dé dugc chiing minh. O
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Hé qua 2.4. Ta co udc lugng cho dao ham roi rac

1 —~ 3 /3 2 362 d ~
— > Nou(te) = Pouti)lly, <=5 > M (2.11)
m K
k=1 k=0+1
va
LS5 5 2 < 30081 <= 5
— Y |ou(te) = POu(t)|, < “—5— Y A (2.12)
m KR
k=1 k=0+1
Chitng minh. Chitng minh tuong ty Bé dé 2.3 O

Bay gio ta sé trinh bay phuong phap Galerkin Euler-POD lui cho bai

todn (2.4): xac dinh mot day {Uy}]., trong V¢ théa man
(U0, V) = (&, ¥)m
va (2.13)
<6Uk” 77/}>H +ta (U/fv ¢) - <f (tk) 7¢>H

v6i moi Y € Vi va moi k = 1,...,m. O day, dao ham roi rac oU,, duoc
xac dinh bang biéu thic
Ur — Ug—
At
Dinh 1y 2.5. Ton tai duy nhat nghiem {Uy},., trong V* cia bai todn

. Hon nia,

Uy, =

k _ kT
1 l—em
Ully < | ——— TR .
Vel < (57 ) Wl + == Wl
vdi moi k =0,...,m vay=kK/a.
Chaing minh. Bién ddi (2.13)) ta dugc
(U, V) g + Ata (Ug, ) = (ALf () + Up—1, ) - (2.14)

Ciing tit diéu kien ban dau ctia (2.13)), Uy duge xdc dinh duy nhét

14

Uo = (thi,¢) .

1=1
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Ta chiing minh 1' c6 duy nhat nghiém bang phuong phap quy nap.
Gia st U_1, k > 1 dude xac dinh duy nhat. Dat
A(u,w) = (u,w) + Ata(u, w).

Vi a d6i xing, lien tuc va V-elliptic nén A ciing do6i xing, lién tuc va
V- elliptic. Theo Dinh 1§ Lax-Mingram, ton tai duy nhat U, € V' théa
man (2.14)). Vay (2.13) c6 duy nhat nghiem {U;}/_,.

Léy ham thtt ¢» = Uy, trong (2.13), két hop va ta dugc

L+ AA) NUkll g < Ukl + AL )l -

Cong cac bat dang thiic theo k, dan dén

1 k k j
< | —F A .
10l < (1557 ) 100k + el leqoan 3 (7527)

Jj=1

Dé ¥ ring (1 4+ yAt)F < 2! Didu d6 suy ra

i .
1 J _ rk _ rk o —ykAt
) oY NI E R EV Y
= 1+ vyAt (1—1 ¥ y

trong d6 dat ¢ = 1/(1+ yAt). Ngoai ra, chon ¢ = Uj trong , ta co
1Tl = (Uo, Uo)r = (&, Uo)ur < l|ol|allUoll
Vay nén
10l < (18] - (2.15)
Tt d6 ta c6 diéu phai chiing minh. O

Tiép theo, muc dich ctia ching ta 1a udc lugng thanh phan sai sd

1 & 5
. > U= u ()l
k=1

trong d6 u (t;) la nghiem ciia (2.4) tai thoi diém cu thé ¢t = ¢, v6i k =
1,...,m. Xuyén sudt qua trinh danh gia, ta stt dung phan tach

Uy — u(ty) = Uy — P'u(ty) + Plu (ty) — u (ty) = O5 + o
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veil 19k Uk - PK (tk) va Ok — Péu (tk) —Uu (tk) Diéu d6 dan dén

1 2 2 ) 2 2
_ _ < = -
=S U= w )l < = S W+ =Y el (216)
k=1 k=1 k=1
Tir (2.1) va B6 dé , ta co
1 & 3a5
= el < Z A (2.17)
m
k=1 k=041
va
1SN, o 30825 = -
o 2ol = =57 3 A (218
k=1 k=(+1

véi Ay va A 1an lugt 1a ki higu clia cac gia tri riéng cua ma tran tuong
quan cac phan tit K;; = ﬁ (W), yi)y va Kij = ﬁ (Y, Yi) -
Ki hieu 09, = (U, — Op_1)/At,k=1,...,m. Ta c6

_ D —
<679]€,¢>H +a(79k7¢) - <%7¢>H +a(?9/€7¢)

— (DU} — OP"u (tg) , ), + a (Ux — Pu (i) , )
= (U, )+ a(Us, ) = (OP"u () ,00)y — a (Pru(ti) , )
= (f () s 0)yr = (OPu () ;) — a (u(ty) ) = (v, )y

trong do

(2.19)

Vi = Uy (tk) — 0P (tk) = Uy (tk) — Ju (tk) + Ou (tk) — 0P (tk) .

Dit wy, = uy (t) —Ou (tg) va zp = Ou (t,) — POu (t1,). Suy ra vy = 2 +wy.
Chon 1 = ¥ € V¢ trong (2.19) ta dat dugc

19kl — (Ok, Inet) g + Ata (9, O5) < At [Jop]l g 195 1
Két hop (2.1) va (2.3) ta c6 danh gia
1
[kl < T+ 2 ([l + At okl ) -

Cong vé theo vé cac bieu thiic theo k dan dén

| k—j+1
W\Hs(Hw) Hﬁonﬂwtz( ) ol
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K
bat v = — > 0, ta dugc
o

1\ 272
2 2
oully < 2( g ) Mol + 25

j=1
Dé ngén gon, ta ki hieu ¢ = va Do
) =04 A)"=(1+7—] <t
(6) —ownann=(1e50) =

néntacél— <1 — e 2T vy,

2(2_C2m+2_21_c2m<21_c2m<1_6—27T
m 1—¢C  m(2—1"m 29At — AT

Két hgp véi bat dang thic Cauchy-Schwarz ta co

2l < 2> oy + 2 (ch il )

2 <2 <2m+2 k

gal—uvouﬂ . (Zc“mzuw)
j=1
k

1_ m
=l (Z@ZMH)
v k = 7=1

ST||00\|H 2 il > s
j=1 k=1
1—6_27T< 0, I* 2
< ————( ol +—> llvxll )
VT " m; !

Gia sit ring uy € L2(0,T; H). Ta danh gid dai luong ||vg]| 5 = [|wr + 2|5
T dinh nghia ctia wy, ta ¢6
(% (tk> —Uu (tkf1>
At
(Atuy (t) — (u (tr) — u (tr-1)))

WE — Ut (tk) —
1

T At

1
— E/ (8 — tk_l) 'U,tt(S)dS.

th—1
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Déan dén
Junly < et [ o)
Z H Z XN L
At )
=5 Hutt(t)HH dt.
0

Theo bat ding thitc Cauchy [lvg|l7 < 2|[Jwel3 + 2 ||2ll7 va At = —

suy ra

m

273 277
—Z I9alE, < (ool + g e Wy de+ 25y ),

k=1

véi C = 1_2—;% Néu ta chon co s POD trong V' thi theo (2.11

3
—Z\IZk\\H— ZHau ty) — P'Ou (ty) HH O‘B ZAk (2.20)

k=0+1

Ngugc lai, néu co s POD dudgce chon trong H ta c6

& 1 &N - _ 308%|S]la = +
LS ety = L3 o - Pa ol < 220 3 5,
k=1 k=1

2
R h—l+1
(2.21)
Cong cac vé lai ta duge hai ude lugng
1 & 2 > 2(At)? 2 60T <~
EZH%{;HH < C<H?90||H+ 3 HuttHL2(0,T;H) + 2 Z A
1 k=0+1
(2.22)
va
2AAL 6a5°T2|1S|ls <~ -
- Z HﬁkHH < C( H190HH 3 HuttHL2(o,T;H) + 2 Z A
m k=(+1
(2.23)

ting v6i 1an lugt hai co s6 POD {4}, va {¢p}¢_,. Tu (2.17), (2.18) va

, ta c6 két qua sau.
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Dinh 1y 2.6. Cho u va {Uy},—, lan luot la nghiém cia (2.4) va (2.15),
gid st rang uy € L2(0,T; H). Khi dé ton tai hing s6 C > 0 phy thudc vao

u,a, B, Kk, T, nhung doc lap vdi £ va m, sao cho

1 m d ~
=Y Mt - Uilly < (o= Polly+ 3 R (ar?)
k=1

k=0+1

Va4

1 m d A
=3 lut) = Gully < (o - Polfy +Islle 3 S+ (a0?)
k=1

k=l+1

trong do S la ma tran do cing.
Chatng minh. Tit (2.4)) ta c6
(u(ty) — &, x)g =0, v6i moi xy € H.
Nen (u(ty) — ¢, u(ty) — &)y = 0. Suy ra u(ty) = ¢. Ta lai ¢6
2(Us, P'ulto))rr = |Uollz + 1P ulto)ll7r — 1Uo — Pru(to) |4
va
2{u(to), Pru(to))m = l[u(to) |3 + [P u(to) |7 — llu(to) — Pulto)|l%-
Hon nita, theo (2.13), ta c6 (Up, X)u = (u(to), X)u, ¥x € V. Do d6
(U, P'u(to)) i = (u(to), Plu(to))a.
Diéu nay dan dén
100l — 100 — Pulto)llz; = llulto)llr — lluto) — Prulto)||F-
T , ta co ||Upllg < ||lu(to)]| m, kéo theo
100 = Pu(to)ll < lulto) — Pu(to)]|-
Vay nén

Dol < || — P'ol|,,- (2.24)
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Néu co s6 POD trong V, két hop (2.16)), (2.17) va (2.22) ta duge

1 « 2(At
LS t) = Ually < e (o = Pl + 200

6o LI
+—=(1+17) Z M),
R k=0+1

_672'yT
voi ¢(T) = % Dat

2 6afc(T
C = max {C(T), (T 307y # (1+17?) }

chi phu thuoc vao «, 8, k va T'. Khi d6

1 m
E;Hu(tk Uk||H<C<H¢ P%HH (At) +Z)\k) (2.25)

k=0+1

Néu co sé POD duoc lay trong H, tir (2.16]), (2.18) va (2.23) ta ciing
duge két qua tuong tu nhu (2.25), ta chi cdn thay A, bang [|S|oAe. O

Nhan zét 2.7. Tt (2.25) cho thay anh hudng cla H¢ — P%HH trong udc
luong gidm khi T — oo. Thanh phan ding truée ZZ:[ . M\ & tang néu

T tang. Tuy nhién, ta dé ¥ ring cac gia tri S\k va S\k cting phu thudc vao
T.

Nhan zét 2.8. Véi gia thiét ban dau ¢ € V, vi ¢ = u(ty) 1a mot trong

nhitng snapshot, nén ta c6 thé usc lugng ||¢p— Plo||g. Tu (2.5), (2.7) va
ta c6 dudce
¢ 5 d
o~ Polly < o= 3 @l < om+ 02 3
k=1 k=0+1

cting nhu

1

2
Hqﬁ—P%HZ < %Hqﬁ—zw,w WHV 2m+1)|\5\|25— Z Ak

k=1 k=(+1
Vi vay, néu chon ¢ = d, tit (2.25) ta dugc

Ly 2 . 1 —e 27T
- > (te) = Ukl < gc(T)(At)Q et Fo0 1) VO e(T) = Q_
k_



45

2.3 Ludc doé Crank-Nicolson-POD-Galerkin

Lugc do Galerkin Crank-Nicolson-POD cho bai toan 1' dugc phat
biéu qua bai toan: Tim {Ux},., trong V* théa man

(Uo, V) = (9, ¥)m
va (2.26)

- 1
véimoiv € Vivak=1,...,m.

Dinh 1y 2.9. Ton tai duy nhat nghiem {Uy},, trong V* cia bai todn
. Hon nia, ta c6 danh gia

Ukl < Nolle + TN flleqoaymy vdi k=0,...,m

Chaing minh. Ta ching minh (2.26) c¢6 nghiem {Ux};", ton tai duy nhat

bang phuong phap quy nap. That vay, ta thay U, dudc xac dinh duy nhat

¢
= (6.0 ¥
=1

Gia st Uy_; dude xéac dinh duy nhét véi k > 1. V6i bat ki ¢ € V¥, tit

ta co
At At

Uty + S U ) = (Ui + 1 (1~ 508 — S Uicr, ).
(2.27)

At
Au,v) = (u,v) g + -0 (u,v), u,v € V-

Bdi vi dang song tuyén tinh a déi xing, lién tuc, V-elliptic nén A ciing
la dang song tuyén tinh, déi xing, liéen tuc va V' -elliptic. Theo Dinh 1y
Lax-Mingram, ton tai duy nhat nghiem U}, ctia (2.27). Do d6 (2.26) c6
nghiém duy nhat {U;};_,. Thay ¢ = Uy, + Uj_1 vao (2.26), ta dugc

At
15 = 1Tkl < A f (8~ <) 7 10k + Uil -
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Do do
At
Ukl g < NUk-allg + At f(tr — 5

M

Cong céc biéu thic theo gia tri ctia k va két hgp 1) ta dugc két qua
i At
Ukl < 00l + A || £(t; - <)

J=1

HH < ollz + T\ fllcqo.r:m)-

Dinh 1y dugc ching minh. []

Dé danh gia dugc sai sb ta sé xét mot gia thiét duce ap dit lén nghiem
u clia va dang song tuyén tinh a.
Ton tai khong gian con W ctia V' v6i phép nhing lién tuc va
(H) mot hing s6 C' > 0 sao chou € W22(0,T; W) va
a(p, ) < Cllgllw ]| véi moi o € W4 € V.
Vi du 2.10. Cho W = H?*(Q) N HL(Q),V = H}(Q), H = L*(Q), véi Q 1a

mién bi chin trong R! va

a(p, ) = /QVQO - Vepdz v6i moi p, 1 € Hy(Q).

Ta ¢6 a(p,v) < |lellwllv|lg véi moi ¢ € W, € V va bat dang thiic
trong (H) xay ra véi C' = 1.

Dinh 1y 2.11. Cho u va {Ug},_, lan ligt la nghiém cia (2.4) va (2.26).
Gid st rang (H) zdy ra va uye € L*(0,T;H). Khi dé ton tai hdng so
C' > 0 phu thuoc vao u, o, B, k, T va C’, nhung doc lap vdi £ va m sao cho

m d
=Y luw) - Gully < (o - Polfy + 3 hu+ (a0)')
k=1

k=l+1
Va4
1 2 012 G A4
EZIIU(tk)—UkHHSC |6 = Po|| + 1Sl Y A+ (A1),
k=1 k=0+1

trong do S la ma tran do cing.
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Chitng minh. Dai lugng g da duge uée lugng & (2.17) va (2.18). Ta c6

(09, ¥) , + %a (V% + Vi1, )

1 At
= (W + 21, ) g + 5&(%(% — 7) —u(ty) —u(tie1),v),
trong d6 wy va z; dugce cho bdi
At - . _ =
W = ut(tk - 7) — ou (tk) va 2 = ou (tk) — P 0u (tk) .

That vay, véi moi ¢ € V*

(0, 0)  + %a (Vr + Vg1, v)

_ <%, 0+ 30 (Oe+ Dir, )
Alt ((Us = Pu(ty)) — (Uit — Plultin)) ), + %a (5 + 01, 0)
= (Ui — (OP'u(t). ) + 20 (90.18) + S (D51, v)
= (f(ty — %), ¥), — (0P u(ty), ), — %a (u(tr) + u(tr-1),9)
= (Wi + 2, V) + %a(%(tk - %) —u(ty) —u(ti-1),¥).

Chon ¢ = ), + .1, két hop gia thiét (H), ta dugc

(00, 0k + V1) < (19l + 10— 1HH (g + 2l )

123
ol + o) (5 [ o ).

Ta lai ¢c6
_ 1
(09,0, + V1) = N 1Pellg + 1%-1llz) (9%l — [ O%-1ll) (2.28)

va tich phan ting phan

123 t ;
o N
/tk_%t /t_ g (5)|]yy dsdt = (t — o) /t_ e () [y s [1F

_ /:At(t —a) (Hutt(t)HW — || (t = %)Hw>dt

At
2
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At At
Chonoz:tk—TvaZ—t—T Khi do

tr At tr
[ ol s = 5 [ (o)l

At

+/tk2(2+At—tk)<HUtt( Miw = |Juee (2 + A)HW> .

tr—1

A
Vi > 24 At —t >0 vimoi z € ti—1,t; — 5] nen

At

[ e+ =t (e = o+ )y )

te—1
tk—g A tk—%
< / (2 + A&t =) (un(2)llw) dz < o (1w (2)[lw) d=
te_1 tp—1

Do do

tx
/ A/ e |\stdt<— " ()l dz. (2.29)
LJi—4at tk—1

Tir (2.28) va 42.29D ta suy ra

CAt

1Okl < 10k 1HH+N<I|WHH+|\Zk|\H+T t Hutt(t)l\wdt)
k—1

Cong tat ca cac bat ding thic theo k ta dudc

k A
C(At)* [
93l < Wl + 8¢ Y (sl + i) + <52 [ (o)l

j=1
Theo bat dang thitc Cauchy-Schwarz, ta thay

2

m k
_ZHﬁkHH<3HI90HH - Z Zl\ij|H+|\Zj\\H)2

k=1

BCQ(At4 & T 2
8 Z( (0
k=1 N0
< 3119013 +6(802 S 3 (Il + 115113

k=1 j=1

3C2T(At)! [T
e e Nl
16 .
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= 3|0l + 6m (A2 > (Jlewslly, + 12513
7=1

3C?T (At
ST [ uatoly .

Tfivata c6 duoc
—Zuzkum LA o

k=0+1
néu co sé POD dudc xay dung trong V' va
3a3°(1S]l2 4
LSl < RIS 3 5,
k=0+1

néu co sé POD thuoc vao H. Ngoai ra, ta c6

m m 2
(13 el =3 o () = (ta) = At (1) ||
moq tk—— th 2
— Z (5 — tp_1)*um(s)ds + / (5 — tp) s (s)ds
tik—1 tk*g H
1 tk—— 2 i 2
§ (H / S — tk 1 uttt(s)ds + / (S — tk)2uttt(8)d3 )
tk 1 H tk*g H

IA

MH ™= nM

1 % (At)5 [t
5((3; / e + 55 [ Il s

tk—1

At 52 |uttt HHdS

th—1
Dieu d6 dan dén

T
(A1) 22 Jorlly < o At) /O e (3)]|% ds. (2.30)

3 3 "2
* e T 4
Vi vay, véi C* = max (32 : 160 ) ta co

d

180452T2
—~ Z 19117 < 31905 + 2 R
k=(+1 (2.31)

* 2
+ O (AL (”utttHL?(O,T;H) + HuttHL2(O,T;W)>
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va

1 & 18a3°T|S ]2 <~
3 Wl < Blld0llf + g D A
k=1 k=t+1 (2.32)

* 2 2
+ C*(At)* (”utttHLQ(O,T;H) + HUttHLz(o,T;W))

ting v6i lan luot hai truong hop co s6 POD duge xay dung trong V' va H.

Xét truong hop co s POD trong V', két hop , va ta

co

T 632 d .
i D0~ )y <60~ Plolly + %1461 3
1 —0+1

* 2 2
+2C*(At)? (HutttHLz(o,T;H) + HuttHLQ(O,T;W)) -

Tuong tit néu co sé POD trong H, két hop , v, ta

dugce
1 & 2 6a3? ‘.
LS W~ ol <66 - Pofly + S or)sl 3 A
k=1 k=0+1
* 2 2
+2C*(At)! (HutttHLz(o,T;H) + Hutt”L?(O,T;W)) :
Dat
60r3? .
C = max {6; 2 (1+677%);2C (HutttHiQ(O,T;H) + Hutt|li2(O,T;W))}

chi phu thudc vao phu thuéc vao u, o, 8, k, T, é’, doc lap véi £ va m.
Lic do

1 m d _
0=t < Cllo— Polly + D2 M+ (A0)")
k=1 k=(+1
néu ta xay dung co sé POD trong V' va
1 m d A
MUk = u )l < OCllo = Plolly + 1Sl 3 A+ (A0)')
k=1 k=(+1

néu ta xét co sé POD trong H. O
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CHUONG 3

PHUGNG PHAP POD-GALERKIN
CHO PHUONG TRINH TIEN

HOA PHI TUYEN

Trong phan nay, ching toi nghién citu vé ap dung POD lién quan dén
bai toan tién héa phi tuyén tritu tuong. Ta tiép tuc gid st rang V' va H 1a
hai khong gian Hilbert thuc sao cho V' tru mat trong H v6i phép nhing
compact. Dang song tuyén tinh a : V x V — R dugc dinh nghia bdéi tich
vo huéng trong V', nghia la

(p, V)v = a(p, ) voi moi p, ¢ € V. (3.1)

Chuan trong V' dugc xac dinh || - ||y = v/a(-,-). Khi d6 dang song tuyén

tinh a lién tuc va V-elliptic déu véi hang s6 bang 1, nghia 1a

la(e, )| < Bllellvlelly véi s =1.

va
la(e, )| > kol véir=1.

Ngoai ra, vi phép nhting V' vao H 1 lién tuc nén ton tai o > 0 sao cho

lellr < allelly, Yo € V. (3:2)
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Ta dinh nghia toan ti tuyén tinh A lien két véi a:

<A<107 ¢>V*,V - CL(QD, ¢) v61 mol ¥, @D € Va

trong d6 (-, )y~ bicu thi tich vo huéng gitta V' va lien hop ctia né. Khi
d6 A la dang cau tit V vao V*. Ngoai ra, A c6 thé la toan ti tuyén tinh
tu lien hop nhung khong nhat thiét bi chin trong H véi mién

D(A)={peV:Apec H}.
T sy dong nhat gitta H va ddi ngdu H* ctia n6, dan dén
DA -V > H=H" V"

moi phép nhing 1a lién tuc va trit mat, trong d6 D(A) la khong gian dinh
chuan v6i chuan
el = llellv + [[Aela.
Xét toan tit tuyén tinh lien tuc R : V — V* anh xa D(A) vao H va
thoa man
IRelle < crllelly " | Aglly voi moi ¢ € D(A),

1499 1—09

o (3.3)
(R, p)v-v| < crllelly ™ llelly ™ voimoip eV

v he s6 cg > 0 va véi 01,09 € [0,1). Ta cing gid si rang A + R la
V-elliptic; c6 nghia 1 ton tai hang s6 n > 0 sao cho

a(p,9) + (Ro, p)v-yv = nlplli voi moi g € V. (3.4)
Hon nita, cho B : V x V — V* 1a dang song tuyén tinh lien tuc D(A) X

D(A) vao H sao cho ton tai hing s6 cg > 0 va 03, 04,05 € [0, 1) thoa man

(B(p, V), Y)vyv =0,
(B(e,v), 8)v-v| < callel@lelly *Ielvilel ol ™,
1B )i + 1BOG )l < ellellv il Ax]l %,
1B(o, )l < ellellsilelly Il 1 Axll

(3.5)

v6i moi ¢, 1, ¢ € V, véi moi x € D(A). Dé don gian vé mat ki hiéu, ta
dat B(p) = B(p,¢) véi p € V.
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Cho f € L?(0,T; H) va ¢ € V ta xét phuong trinh tuyén héa phi tuyén

d

S ut), o) + a(u(t), o) + (B(u(t)) + Rult), ppv-v = (f(t), p)u (3.6)

voi moi p € V', hau khap t € (0,7] va

(u(0),x)g = (¢, x)y V6imoi x € H.
Dinh 1y sau phat biéu vé sy ton tai va duy nhat nghiem cta (3.6)).

Dinh 1y 3.1. Gid st rang diéu kién dén(3.9) théa man. Khi dé vdi
moi f € L*(0,T;H) va ¢ € V ton tai duy nhat nghiém cia thoa
man

w e C([0,T); V)N L*0,T; D(A)) N H0,T; H).
Chiing minh. Tuong tu nhu Dinh 1y 2.1 trong [24], trang 111. O

Vi du vé phuong trinh tién héa phi tuyén c6 dang néu trén.

Vi du 3.2 (Navier-Stokes hai chiéu). Cho € 1a mién bi chin trong R? véi
bién I" va cho T' > 0. Phuong trinh Navier-Stokes hai chiéu dudc cho béi

o(us+ (u-V)u) —vAu+ Vp = f trong Q = (0,7) x €,

(3.7)
divu =0 trong @,

trong d6 o > 0 1a mat do ctia chat luu, v > 0 14 do nhét dong hoc, f dudc

biéu dién nhu do 16n ctia ngudn va

o 8u1 8u1 8u2 8uz !
(u . V)U = <U18_x1 + Uza—xQ, U1a_aj‘1 + U28—1.2> .

Céac an s6 1 trudng van tdc u = (u1, uz) va ap suat p. Két hop véi dicu
kién bién
u=1ug trén X = (0,7) x '
va dieu kién ban dau
u(0,+) = ug trong €.

Trong [24], trang 104-107 va 116-117 cho ta cach viét (3.7) dudi dang
cua (3.6)).
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Bé6 dé 3.3. Vdi moia,b>0va M >0, N >0 la hai s6 cho trude. Ton
tai hai hang s6 py > 0 chi phu thuoc vao M, N sao cho

Mab < Na® + ub*.

Bo6 dé 3.4. Vdi moi a,b,c >0, € [0,1). Khi dé véi M >0, N > 0 la
hai 86 cho trude. Ton tai hai hang s6 1 > 0 va po > 0 chi phu thudc vao
M, N va éd sao cho

Ma’b ¢ < Na? + p1b* + poc?.

Chiing minh. Néu § = 0, ta quay lai v6i B6 dé [3.3 Ta xét véi truong hop
6 > 0. Chon p=2/6 > 2 vi e = N/p. Khi d6 theo bat dang thiic Young,
ta dudgce
@y (p ey
_|_
p qu/q
(Mb'—9¢)
qeP/

Ma’b' ¢ < c
= Nd? +

voiqg=p/(p—1)<2.Dat m=2/qg>1van=2/(q— qd), khi d6

1 — 0 ~1
Ll_g a-ad_alb—l)

1
— = 1.
m n 2 2 P

Ap dung lan nita bat ding thic Young, ta c6

(Mbl—éc)q _ Ma <(Cq)m N (bq(15))n>

qu/q - qu/q m n
M (b
)
qu/q m n
M1 M1
Dat pu; = va pg = ——. Khi d6 p1, po > 0 va chi phu thuéc vao
nqa‘p/q mqu/q

M, N va § sao cho Ma’b' ¢ < Na® + pib? 4 pac?. n

Dé xay dung cac gian do POD-Galerkin cho bai toan 1' cach xay
dung co s6 POD tuong tu nhu Chuong 2, muc 2.1. Vi vay, cac biéu thic

danh gia trong muc 2.1 van con thoéa man.
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3.1 Phuong phap Euler-POD-Galerkin lui

Trong phan nay ta tap trung udc luong sai s6 ciia phuong phap Galerkin
POD khi ap dung cho két hgp v6i phuong phap Euler lui.
Ta xét mo hinh gidm s6 chiéu dira trén phuong phap Galerkin POD: Tim
{Ui}i—, trong V¢ théa man

<U07¢>H — <¢a ¢>H;

_ (3.8)
v6i moi Y € Vivak = 1,...,m. Dao ham roi rac OU,. duge cho béi
- U= U
oU, = Az )

Dinh ly sau phat biéu vé sy ton tai nghiem {Uy},., cia (3.8).

Dinh 1y 3.5. Ton tai nghiem {Ui}7, cia (5.8). Hon nia, ta cé ddinh gid

WUl < ( : )kw R (3.9)

vdi moi k =1,...,m, trong dé v = n/a vdi a,n lan lugt duge dinh nghia

tar Va4 .

Chiing minh.

Ton tai: Ta chitng minh ton tai nghiem {Ux }}", ctia (3.8)) bing phuong
phap quy nap. That vay, Uy = Zle (@, ;) ; duge xac dinh duy nhat.
Gia st Ujp_; ton tai véi k > 1. Ta chiing minh U}, ton tai bang dinh Iy
diém bat dong Schauder. Xét anh xa T;, : V¢ — VL k = 1,...,m duge
dinh nghia nhu sau: véi méi w € V¢ ta diat 2 = Trpw véi z € V* 1a nghiem

(z,0)u + At (a(z,9) + (B(w, 2) + Rz, ¥)v-v) = (Atf (tx) + Vi1, ) gy
(3.10)

v6i moi ¢ € VY. Dang song tuyén tinh

(,m + At (a(-, ) + (B(w,) + R(-), )v-v)
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Ia lien tuc va Vi-elliptic béi cac diéu kien (3.2) dén (3.5). Theo dinh ly
Lax-Milgram ton tai duy nhat z la nghiem ciia (3.10). Do d6 anh xa Ty

duge xac dinh. Nhan xét rang diém bat dong cta T; 1a nghiem U, cla

. Lay ¢ = z trong , két hop cac dieu kien va, ta dugc

Ja 1
)]y < T( 1f ()|l g + A U=l )- (3.11)
Ta dat
16 1
My, = {w eVl flw|y < %( 1f (i)l g + A HUleH)} c Vv

T (3.11) ta thay rang 75 anh xa tit M}, vio chinh né. Vi M}, 1a hinh

cau déng trong V¥, do dé tap M, bi chan, déng va 161, hon nita dnh cla

T hitu han chiéu, nén 7 1a compact. Do d6, ton tai U 1a bat dong cta
Ti- Vi vay, ton tai nghiem {Uy}7", cia (3.8).

Uéc lugng Uy: Dé c6 ude luong (3.9), trong (3.8) ta cho 1) = Uy. Ta

cO

20p = ¥, o) = el = 1Vl + o — ¥l voi moi g, v € H. (3.12)
Két hop véi cac diéu kien dén ta dugce
NI = 101l 41Uk = Upa |+ 2028 Ul < 288 (1 (8] 11Ukl -
St dung , va bat dang thitc Young, dan dén

at
|Ukll7 + 1Ux = Uil + nAE UL < Uil + e If ()]l 7 -

T do suy ra
2 Y 2
(L +~A) [[Ukllr < [[Ur=1ll7 + Bl 1 @)l s
trong d6 v = n/a. Diéu dé cho thay

1 At
s < g Il + 17 (60l

v (1 4+ ~yAt)
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Cong vé theo vé cac bicu thiic trén theo k ta duge
k

10 < (— ) 10 + 2 B j
M =\ 11 yAt oll I oo,y po 1+7At '
(3.13)
Dat ( =1/(1 +~vA7). Ta co

L .
1 J 1 — Ck 1 — gk 1 — ef'ykAt

At — | =At = < : 3.14

;<1+7At> =1 v Ty 340

Ngoai ra, vi (Up, ) 5y = (¢, %), v6i moi ¢ € V¥ nén
1Toll7 < llollallUollr = [1Toll 5 < [0l -

Két hop véi , ta c6 két qua tai . O

Hon nita, néu At dt nhé thi day {Ux};-, 1a nghiem cta (3.8) dugc xac

dinh duy nhat ([B], trang 510). Tiép theo ctia ching ta la udc lugng trung

1 & 5
. S Uk = u(ti)llz
k=1

trong d6 wu (;) la nghiem ctia (3.6) tai nhing thoi diém t = t3, k =

1,...,m.

binh sai sb

Nhic lai, ta van st dung phan tich
U — u(ty) = U — Plu(ty) + Plu(ty) —u (ty) = 95 4+ 0k, (3.15)

vei 19!@ = Uk - Péu (tk) va Ok — Pgu (tk) —Uu (tk)

Bo dé 3.6. Gid st u va {Up}1, lan luot la nghiém cia (3.6) va (5.8).
Gid thiét rang At di nhé va uy € L*(0,T,H). Khi dé ton tai hing so
C' > 0 doc lap vdi m va £ sao cho

At
ey < (100l + 28 Tl + 3700 + 1), 3 )

k=l+1

vdi moi 1 < k < m néu co s6¢ POD duoc xay dung trong V' hodc

At?
194l < C(H?%Hif - lsellz20 7.y + 3T (@ + DS Z Ak)
k=l+1

vdi moi 1 < k < m néu co s¢ POD dugc xét trong H .
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Chatng minh. Ta tiép tuc sit dung ki hieu 09y, = (9 — 9x_1))/d75 v6i moi

kE=1,....,m. Taco
(001, 0) p + a (O, 0) + (RO, )y g
= (0Ux — OP"u(ty), )y + a (Ur — P'y(ty), ) + (RU, — RP'u(ts), ¥),.
= (f(tr), ) g — (B(Ux) + RPu(ty), )v+v — (9P u(tr), ¥) ; — a (u(ty), )
= (vk, )y + (B (u(te)) = B (Up) + R (u(tr) = P'u(ti)) ,¥)y. .

(3.16)

trong do
Vi = Ut (tk) — 9Py (tk) = Uy (tk) — Ou (tk) + Ou (tk) — dP'u (tk) .
Dat wy, = w; (t) — Ou () va 2 = Ou (t) — OP'u (t;,). Chon ¢ = 0}, €
V* trong (3.16), st dung diéu kien (3.4) va biéu dién (3.12) ta dugc

2 2 2 2
1%l — 10—1ll7 + |9k — Opa || + 20AL [ 9%y

< 2t (Jloell g 19l + | (B (u (1)) = B(U) 9y | + |1 Roily- 195 ly)
(3.17)

Theo Bo dé (3.3} ton tai ¢y > 0 phu thudc vao || R||zv,y+) va 1 sao cho

n 2 2
| Roklly- [|19%lly < BRIl zovyy llorlly [[9%lly < 1 [ 9%]ly + co lloxlly -
(3.18)

Nhan manh ring

B(u(ty)) — B(Ux) = =B (u(ty) , U —u(ty)) — B (Up — u(ty))

(3.19)
— B (Uk — U (tk) , U (tk)) .

Ap dung cac didu kien (3.5), (3.2) va B8 dé[3.4, ton tai hai hing sb

c1,co > 0 thoa méan
| (B (u(tr), Up —u(tr) , In)ye v | = [ (B (w(lr), o), Or)yy |

1-9, 0
< epa™ull ooy llowlly 196l ™ 10k (3-20)

U
< Z I + e 19l + ez oxlly -
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Hon ntta, két hgp dieu kien , va Bo dé , ton tai hai hang

s6 ¢3, ¢4 > 0 sao cho
| (B (Ur —u(tr) s u(tr) s Vi)y- v |
= [(B (U, u(tr)) + B (or u(te) , Ix)y- v |
3 —03
< callulloguirvy (196l 196l + 0% lewlly 19615 191

7
< 19k15 + e3 [|9]l5 + ca |l oxll} -

(3.21)

Tit dinh nghia phép chiéu P’ ting véi dang song tuyén tinh a(u,v) =
(u, v}y ta duge (Plu, @D>V = (u, )y v6i moi ¢ € V¥, suy ra

| Pfu||y < ||ully, v6i moiu € V. (3.22)

Viu € C([0,T]; V) nén [[orlly < 1P ulte)llv + llut)llv < 2llulleqomy).

Két hop véi (3.2), ta c6
é
loellz lorlly ™™ < % [larlly < 20%2||ullcqoryy).

Do d6 ton tai c5 > 0 chi phu thudc vao u va « sao cho

J3 1-03 ) < 9
max (Jlodlli lonly ™ loilly ) < e (3.23)

T (3.5) va (3.15) dan dén

(B (Ux = u(tr), Or)yey = (B (Ur, 0n) + B0k, 0k) s Uk)y-y - (3:24)

Tir (3.23), (3.24), B6 dé va Bo dé ton tai cg, 7 > 0 sao cho
(B (U —u(tk)), Or)ve,

1)
s@%owwmev+mmﬂmeﬂwu) (3.25)

n
< 9l + o |9l 7 + er lloxlly -

Két hop (3.17) dén (3.25) va v, = wy, + 2, ta duge

2 2 2 2 2 2
1%l < 10— + At (HwkHH + 2l 7 + es ([0l + co ||Qk\|v) :
(3.26)
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trong d6 cg = 24 2(c1 4¢3 + ¢) va cg = 2(co + 2 + ¢4 + ¢7). Ta chon At
1
dia nho At < —. Khi dé

Cs8
R 1 1
0<1—208At§1—08Atva1—08At21—§=§.
Suy ra
1 1— CgAt-’-CgAt CgAt
— <14 2cgAt.
1— CgAt 1— CgAt + 1— CgAt = Lt o

Tir (3.26), dan dén
2 2 2 2
9all7 < (1+ 2es88) (1001l + A (el + el + o llaelly ) )

Cong cac vé theo k va két hop kAt < mAt =T, ta dugc

k
[9kll7 < (14 2esA0)" (190l + D At(llwslly + lzill7 + o llesl )

=1
k
A 2 2 2 :
< XA (1013 + D7 At(Jlwylly, + 1215 + o leelly )
=1
k
c 2 2 2 :
< 2 ST( 90|, + ZAt( Nlw; || + 1zl + co HQkHv))
=1

Nhu céc phan trude, ta sé ude lugng cac phan tit w; va z;
k k ,
5 _
> Atllwlly = Z At [Ju (t5) = Ou (t;) ||
j=1 '
2
= Z [Atuy () — (u(ty) — w(tj-0))| 3
2
= ZE }
2
< z At/ (=t [ (o)l s

At? At? 5
= Z P HUttHL2 it H) < 3 ||Utt“L2(o,T;H)-

(5 —ti_1) up(s)ds (3.27)
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Vi hiing s6 lién tuc va V-elliptic 1a § = k = 1 nén tit B6 dé ta co

m

k d
T -
2 2
ALY llonlly < =S laellp <37 30 N
j=1

j=1 k=(+1

néu co sé POD dudc xay dung trong V' va

d
Atz loxlly < —Z lorlly: < 3TUSH2 Y A

j=1 k=0+1
néu co s6 POD dugc xay dung trong H. Tuong ty, He qua cho ta
k T mo - ) d _
ALY |zl < EZ 0w (t;) — OP"u (t;)||}; < 3Tar Y A
j=1 j=1 k=¢+1
hoac
k T m ~ ~ 5 d )
ALY Izl < =D 0u(t) = 0P u (t)][y < 3TallSll2 3 M
j=1 j=1 k=(+1

lan lugt tng véi co s6 POD duge xay dung trong V' va H. Do dé

k
2 2 2 2 2
190l < e (ol + 3 At (sl + slly + e lenl ) )

j=1

At d
Hutth 0,7;H) +3T(a+1) Z :

< ( 190ll3, +
]

hoac

k
2 2 2 2 2

1901, < e (ol + 3 8¢ (Rl + slly + e lenl ) )

j=1
208T 2 At
< (o + 22 oo + 370+ DS 3
j=l+1
T d6 bo dé dugce chiing minh. ]

Dinh 1y 3.7. Gid st u va {Ui}iL, lan luot la nghiém cia (3.6) va (3.5).
Gid thiét rang At di nhé va uy € L*(0,T,H). Khi dé ton tai hing so
C >0 doc lap véi m va £ sao cho

d
LS o=l < 0(||¢ P+ Y Xk+<At>2)

k=1 k=0+1
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Va4

LS - o)l < & }o - Pl + sl S St (a07).

k=1 k=0+1

Ching minh. Ta c6

m m

2 2
—Z 0% = )y = = 3 100+ 0ully < = 3 0= 3 ey

M k=1 k=1
Xét trusng hop co s POD duge xay dung trong V. Theo Bé dé [3.6]

ton tai C' > 0 doc lap v6i m va £ sao cho
2 — 5
25 Il
k=1

m d
2 12 -
< 250 Wnlly + 5 Nl + 37+ ) 3 M)

k=1 k=0(+1

A

A

t2 d ~
20( 19012 + 25 B g + 3T (0 + 1) S Ak).
k=0+1

Hon nita, ta lai co

—Zu@kuﬂ <3 Y A

k=0+1
Chiing minh tuong tu 1) ta dugc

~ 2

Dat ¢ = max {C, g@QCsT HuttHi%O,T;H) 6T (a4 1) + 204}. Khi dé
LS s < 2SS+ 2 e
m k=1 " m k=1 " m k=1 "

~ 2 d ~
< C( 6 =Pl + > M+ (At)2>.

k=(+1
Ta ciing c¢6 két qua tuong tir khi co s6 POD duge xét trong H
—Z Ve — y(to) Iy < C<H¢ Plo|ly + 11|12 Z A + (At) )
k=0+1

Ta c6 diéu phai chiing minh. ]
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3.2 Ludc do Crank-Nicolson-POD-Galerkin
V6i u 1a nghiem ciia (3.6), ta gid sit cac gia thiét sau théa man

Al. Ut € L2(O,T, H)

A2. Ton tai khong gian dinh chuan W véi phép nhiing lién tuc vao V va
hing s6 C' > 0 théa man u € W22(0,T; W) va

(o, 9) < Cllgllullglw vGimoip €V ayeW.  (328)
A3, u e W22(0,T;V).

Luge do Crank-Nicolson-POD-Galerkin cho bai toan (3.6) duge phat biéu

thong qua bai todn: Tim {Uy};-, trong V* théa man

~ 1
(Ui, 0) y + §G(Uk + Up-1,v)
U+ Uj_ Ui+ U,_ At
b pUt iy g Ut Uy ) - 20,
v (Ug, 1) iy = (¢, 1) 1y, v6i moi o € VEva k =1,...,m. Dao ham rdi rac
OU,. duce cho béi

(3.29)

U — Ukt
At

Dinh 1y 3.8. Ton tai nghiém {Uy}-, cia (3.29). Hon nia, ta c¢é wdc

Uy, =

luong sau:

Chiing minh.

Ton tai. Ciing nhu cac phan truée, ta sit dung phuong phap quy nap dé
chiing minh sy ton tai nghiem {Ux}7, cta (3.29). Uy = Zle (@, i) Uy
dugce xac dinh duy nhat. Gia st Ujp_; duge xac dinh véi k& > 1. Biéu thiic
cho tai dugc viét lai dudi dang

U, U_ U, U._
2< k+2 k 1’¢>H+a(%’¢> (3 31)
U, U._ U, U_ A )
(B k:+2 2 1)+R( k+2 k 1)’¢>V*7V:<f(tk—7t)+2Uk_1,1p>H
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Xét anh xa Ty : V¥ — V* duge dinh nghia béi z = Trw véi z € V* 1a
nghiém cta
2<Z7 ¢>H + At(CL(Z, ¢) + <B(w7 Z) + RZ, ¢>V*,V)

(3.32)
=(Atf(ty — %) + 2Uj—1, %),

v6i moi ¢ € VY. Dang song tuyén tinh
2<'7 >H + At (CI,(', ) + <B(’U), ) + R()7 '>V*,V)

1a lien tuc va Velliptic. Theo dinh 1y Lax-Milgram ton tai duy nhéat z 1a
nghiém cta (3.32) nén anh xa 7; dudc xac dinh. Hon nita, ta thay rang
diém bat dong ctia Tj ciing la nghiém cta . Lay ¢ = z trong
va stt dung cac dieu kién VA ta dugc

ol < L2015 @)l + 25 105t (3.39

Ta dat

Q‘

¢ - 2 ¢

My ={we V" :|uw|v < T(Hf ()l + x5 1Uk-1llg)} C V7
T 1) ta thay rang 75 di tu M}, vao chinh né. Vi M}, 14 hinh cau
déng trong V¥, do d6 tap My bi chan, déng va 16i. Vi 4nh ctia T, hitu han
chiéu, nén 7 1a compact. Do d6, ton tai diem cb dinh % dua theo

dinh 1y diém bat dong dinh 1y Schauder. Tt d6 ta xac dinh dugc diém U,

Uéc lugng Uj.. Chon ¢ = % trong (3.29), ta dudc

U+ Y1

2 2
(10&l3 = U1 137) + At :

< Atf|f(tk — )l

U +Up_q 2
2 2

\4

At‘

N | —

H

T d6 dan dén

At
WUkl = 10—t 1) (N0l + U1l zr) < At]|F (e = )|y WUkl + 10k l) -
(3.34)
Suy ra

At
HUkHH < HUk—1||H + AtHf(tk - 7) HH
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Kéo theo
1Ukllg < NUk-allg + Atll flleqorym, YE=1,2,.
Cong vé theo vé cac biéu thic trén theo k, ta dudc
|Ukll iz < 0ol + KA fleqommy, VE=1,2,..,m. (3.35)
Vi At =T /m nén
Ukl < 1ol + Tl fleqorysm, Yk =1,2,..,m
Dinh 1y dugc ching minh. []

Gi4 thiét ring (3.29) c6 nghiem duy nhat. Ta c6 bo dé sau.

Bo dé 3.9. Gid st u va {U,}7, lan gt la nghiem cia (3.6) va (3.29).
Gid thiét rang At di nhé va cac gid thiét A1,A2 va A3 théa man. Khi dé

ton tai hang so C > 0 doc lap véi m va € sao cho

196l < CUWolz + (A0 + D M),

vdi moi 1 < k < m néu co s¢ POD xét trong V va

d
194l < CUIoll + (A +[1S]l2 D A,

k=0+1

vdi moi 1 < k < m néu truong hop co sé POD duoc zday dung trong H.
Chatng minh. Ta sit dung ki hieu 09y, = (U}, — Op_1) /AL,VE=1,...,m
= 0, Vg ¥ 0,

<319k:71/1>H 4 a(%,w) + <RM’¢>V v

_ _ 1 1
= (OUy, — OP"u(ty), v, + 50 Uk + Up-1,9) = 5a (P (ultr) +ulte-1)), )

1
+§<R(Uk+Uk 1))y v——<RP£ (tr) + u(te—1)) , ¥ )y v

U+ U,
(f (t = ) 0)y — (B(F—57) )y yy — (0P ulti). )
t tr_ 1

— (M ) U ) 5 (RP (ult) + ulten) ),

2
A _
= (o 0+ g, 0) + (Bt~ 50)) = BCEETEL) ) (R )y
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trong do

At = At = - _
Vg = Uy (tk — 7) — 9P (tg) = ut (tk — —) —Ou (tg) + Ou (t) — dP'y (tr),

2
up = u(ty — f%f) _ U(tk)-+éu(tk_1)7
At u(tk) +U(tk_1))'

Tk:u(tk—T)—Pé( 5

Thay ¢ = % € V¥, sit dung diéu kien (3.4) ta c6

1 I + 0
—(||19k||§{ 195-1ll7) +nAt]| k+ = 1HV
I + 0 At Up +Ug—1\ O + Vg
< 8t el [ 25 1||H+|<B<u<m—7>>—3< S e
I + 0 I + 0
+OwwwHk+k1myHmkmll”%k1H>
(3.36)

Theo Bo deé (3.3] ton tai ¢g > 0 phu thuoc || R]||zv,vr) va 1 sao cho

Vg + Vg O + Vi
Rl 1557 < R Bl |25
ny Uk + Jp_1)2 2 (3:37)
< ILILE 4 el
Nhan manh ring
A _ Aty Uy + Up_ A
Blu(t— 5)) — B = B u(n - 5, (- 5)
B(% u(tk_%))
Uy, + Up_ At At
(3.38)
T cac dieu kien , va Bé dé , ton tai hai héng s6 ¢, > 0
thoa méan
Aty Uy + Up_ Aty O+ O
[(Blu(ts = 5), =5 —ulti = 5)). =5 )y y|
At O + g
- ‘<B(“(tk_7)’rk)’%>v vl
33/2 lgk—l—ﬁk 1111=63 |V + V1,63 (3.39)
< epa®™2|ulleqoryyy Ikl | I Iy
. Dy + 0
N M|”§ka+@WN$




67

Két hop diéu kien , , Bo6 dé va Bo dé , ton tai hang s

c3, ¢4 > 0 sao cho

U + Uj— Aty Vg + V-
KB(%_“(’%_?))’ : 9 : 1>V*,V{
VU + V- At At Ui+
= [(B(Z—ulte = 5)) + B(=rmu(te = 5)) =5 )y
Uy, + Jp— VU + Vg
SCBHuHO([O,T];V)(H . 5 . 1HH” s 5 s 1||V (3.40)

Vg 4+ Op_1 1-65 V% + g
+ a2 ||yl || k+2 : 1"111163” k+2 : 1”?)
Vg + g Op + g
< DR | R D e el

Tir (3.22), ta c6 ||Pully < ||ully véi moiw € V. Viu € C([0,T];V)

nén

[u(te) + u(te)
2

A
Irilly < Jlute - 7)“v + Iv < 2[|ullc(oyv)-

Dieu d6 dan dén

I7ell% relly ™ < a®2||relly < 20%2|ul| oo 1)

Suy ra ton tai cs > 0 sao cho

1) 1-46
max (Jrall Il lirally ) < s (3.41)

Tu va dan dén

Up + Up— At Aty O + Vg
(B(——5— —u(te =) ulte = 5)). =5 )y y
Vg + g1 Vg + Vg1 (342)
= (B( %) + B (rk,me) 5 Dy v
Két hop (3.41)), , B dévé Bo dé , ton tai hai hang s6 cg, ¢y > 0

thoa man

‘<B(Uk+Uk_l—u(t At)’u( At>)’19k+’t9k_1

- = t, — —
9 kT kT 9 >V*7V

Vg + Vg D + Vg O+ V1 11=65 | V5 + Vg
< cmes (| 2T 2Ry 2 o 2
O + O O + Vg
< I+ all S e bl

(3.43)
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Ngoai ra ta c6

Vg 4 Vg1 )2

Iy + 0
MHH < erol|ux|F + HTHH, (3.44)

Cllurllw|

C _
Vi c19 = T bat wy = u(ty, — A) Ou (ty) va zp = Ou (t) — OPu (t1,).
Tu dinh nghia v, ta duge v, = wy, + 2. Dieu d6 kéo theo

O + 1 ﬁk‘i‘ﬁk 1
ol < el el + IR (349
Biéu thitc & (3.36) dén (3.45) kéo theo
L1l < S0l + A 2 2
5 19l = 5 Wkl + At lJwelly + [lzell
(3.46)
VUi + Vp—1 2 2 9
+C8HTHH+C9||Tk‘HV+010HukHW ;

3
trongdécgz5—1—01—1—03%—06\@09:co—|—02+04—|—c7. Ta lai ¢6
Tk = Uk — Ok — Ok—1-

Ta suy ra |3 < 2uell? + 4llonl + 4lorill?. Hon nita, v

Uy + V- 1
=571 < 5 19l + 5 sl

nén
(1 — csAt) |0k 7 < (1 + csAt) |94 + 2A¢ (HwkHH A
+eg (2lunlly + 4llorlly + 4llor-1li) + crollurllFy) -

(3.47)

N 1 1 1
Gia st rang chon At < —, khi d6 1 — cgAt > 1 — = = —. Suy ra
23 2 2

1 1 — At + CgAt cg At
1— CgAt 1— CSAt 1— CgAt

Tit (3.47) ta c6

190l < (1 + 2esA)° ([[9-1llzy + 288 (Jlwillyy + el

S 1 + 2C8At.
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+co (2llurlly + 4llexlly + 4llor-1117) + erollurlliy))-

Cong cac vé theo k ta dudc

k
2 2k 2 2 2
1945 < (1+ 2es0)% - (|wo|\H+Z2At (el + 113113
j=1

: a :
+ ) deoAtflugllf + > 2c0A¢ |uylfF + > 16C9A?fHQjH%/>

j=1 j=1 j=0

k
< plesAth ( HﬁOH?{ + ZQAt <H”LUJ||12q + HZ;HE)
j=1

k k k
3 et + 3 2wl + 3 160t

j=1 7=1 7=0

Mat khac

ty

At t
—2uy, = —2u (tk; — —> + u(ty) + u(tp—1) = / uy(8)ds.
2 =02 Ji—Aj2

Tuong tu (2.29), ta c6
t

t t At
/ / [t (s)|lwds < - g (2) || wdz.
ti—A/2 Jt-AJ2

tr—1

Suy ra
(At)?

At [ b
[[urllw < > [u(2) wdz = [Jugllfy < 1 /t g (2) || dz.
k—1

tp—1
Tuong tu ta cling c6

At [ At)? [t
() v dz = [ < B [ i as

Jurlly < =
2 th_1 4 tk—1
Vi vay
k
2 4eg Atk 2 2 2
[0k]|7 < etesitk. (rwouH + > 28t (Jlwyl13 + [12513)
j=1

k

tr tk
C
+eo(AD)! / (=)l dz + =5 (A1)* / e (2) [z + :16c9At||@j||2v>-
0 0 ;
Jj=0
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Chitng minh tuong tu (2.30), dan dén

t)3

2 2
Sl < 3wl < G [ (o)
j=1 j=1

Hon nita, ta c6 danh gia
k T mo - ) d _
ALY Izl < EZ 0w (t;) — OP"u (t;)||}; < 3Tar Y A
j=1 j=1 k=(+1
néu co sé POD dudc dung trong V, hodc
k T mo ~ ) d A
A3 il < 5 300 9P ]y < 8Tl 3 A
j=1 Jj= ={+

néu co sé POD dugc xét trong H. Tuong ti, ta c6 uéc luong

k m d
T -
MY ol < S ol <37 D0 K
j=0 j=0 k=0(+1
va
k T m ) d
9 ~
ALY laxlly < EZ lorlly <3TISI: > M
j=0 =0 k=0+1

ting véi lan lugt ng hai truong hop co s6 POD trong V' va H. Do d6

(At)*

Oellzr < €T - [ [1Doll7 + o
104l < e 1ollz + =5

2
HUtttﬂiz(o,T,H) + C9(At)4 HuttHLQ(O,tk,V)

d
C10 4 2 N
5 (A s (g 4, ) + (16co + 20)3T k_%; Ak)

va

(At)*

19 2 < 408T ) 19 2
9l < €7 - ( 9olly + 55

2
HutttH%%o,T,H) + co(At)! HuttHB(O,tk,V)

d
c -
+ ;(At)zl ||Utt‘|%2(0,tk,W) —+ (1609 + 20&)3THSH2 Z >\]<;>
k=41

1
C =e'*" max {1, 3 w720 7,11 + €0 Hutt”%?(O,Ty)
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+ 7 Hutth 0,T,W) > , (16¢9 + 20‘)3T}

doc lap vé6i £ va m. Tu do
d ~
19xl17 < C(Iollz + (A + >~ N
h—l11
néu co s6 POD dugc xay dung trong V' va
d
2 2 3
19kl < C(II9oll5 + (A8 +[1S]l2 D> M)
k=0+1

néu truong hop co s POD duge xay dung trong H. O

Dinh 1y 3.10. Gid st u va {U}7, lan lugt la nghiém cia (3.6) va (3.29).
Gid thiét rang At di nhd va cdc gid thiét A1, A2 va A3 théa man. Khi do

ton tai hing sé C > 0 doc lap vdi m va ¢ sao cho

—Z 10, — w3y < C(|6 — Plo||y + (At)* + Z M)

k=1 k=0+1

Va4

—2 |0k = ()13 < C([lo = Po|l,; + (A8 + IS Z At)

k=1 k=0+1

vdi moi 1 < k < m, lan lugt iing vdi co sé¢ POD trong V va H.

Chaitng minh. Néu co s6 POD dugc xét trong V, ta co

—ZHUk—utk =~ Z\lﬁk+gk|\g<—2\lﬂkl\g+ Z”Qk‘HH'

k:l k=1

Theo B6 dé , ton tai hang s6 C' > 0 doc lap véi £ va m sao cho
9 m 9 m d
2 2 N
EZ [0k < EZC( IWoll; + (A + D A)
k=1 k=1 ;

d
< 20 (190l + (A + D X))
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Hon ntta, vi — Z okl < 2a Z e va |90l < o — P%HH nén voi
k=(+1

0:20+2&,ta00

—ZHUk—Utk I3 < ZH@%HHJF ZHQkHH

k 1

<Ol Polly+ Y Auk (a0?),

k=011

Tuong tu néu co s POD dudce xay dung trong H ta dugc

—ZuUk—u@k)HH < ([l = P'olly + (A0)* + IS Z M)
k=1 k=0+1

Dinh 1y dugc ching minh. ]
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CHUONG 4

GIAI SO CHO MOT SO PHUGNG
TRINH DAO HAM RIENG BANG

PHUGONG PHAP POD

Chuong nay trinh bay mot s6 vi du vé tinh gan ding nghiém ctia cic
phuong trinh parabol bang phuong phap POD-Galerkin. Ngoai ra, ta c6
thé so sanh sai s6 khi co sé POD trén V va trén H v6i hai truong hgp cac
snapshot chita va khong chita dao ham roi rac. Sai s6 ghi nhan duge ddi
chiéu véi cac két qua c6 duge trong cac Dinh 1y [2.6| 6 Chuong 2 va Dinh
ly 4 Chuong 3. Mot s6 két qua giai s6 ting dung phuong phap POD-
Galerkin tuong tu duge trinh bay tai [6, 25, 26, 27],... Trong qua trinh
lap trinh tac gia c¢6 tham khao méa code & https://www. janheiland.de/
post/fenics-burger-pod-dmd/. Ma nguon dugc sit dung trong luan van
nay c6 thé tham khao tai https://github.com/Quy97/THESIS-MASTER.

4.1 Xay dung cac snapshot

Cac snapshot duge xay dung bang phuong phap phan tit hitu han vdi
bac tit do dof véi truong thoi gian 16i rac c6 Ny diém trén ludi thoi gian.


https://www.janheiland.de/post/fenics-burger-pod-dmd/
https://www.janheiland.de/post/fenics-burger-pod-dmd/
https://github.com/Quy97/THESIS-MASTER
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Khong gian phan tit hitu han cho béi
V" =span{p1,..., Qa0 } C H'(Q).

Khi d6 nghiém xap xi bang phuong phap phan t hitu han urp ducc
tinh thong qua t6 hop tuyén tinh cac {gpl}fi{ Ton tai ma tran cac hé so

U € R/ *Ne g0 cho
dof

UFE (tjfl) = UN (tjfl) = Z Uzg@z v6il j = 1, cee Nt.

i=1
Ta xay dung cac snapshot nhu sau

dof

y?:ZY;jgpi moi j=1,..., M,
i=1

trong d6 M; = 2N; — 1, Y € R®/*M: qyge cho béi
Y’j :U.J m01]: 1,...,Nt

1

JH+N; — E (Y,j—i-l - Y’j) in ] = 1, ceey Nt — 1.

Bay gio ta xét khong gian Euclidean R™ véi trong W, dua vao nhan

xét [1.12] ta c6 thuat toan tim co s§ POD nhu sau:

1
1. Phan tich SVD cho ma tran TLT Y =USV* v6i W = LLT 1a phan
n

tich Cholesky ciua W,
2. Dat Uy 1a ma tran ¢ cot dau tién ctia ma tran U,

3. Cac vector trong co sd POD hang ¢ tuong tng la cac cot clia ma tran
(LT)_lUg.

4.2 Mo hinh giam sé chiéu cho hé dong luc

Tru6c hét, ta xét he dong luc khong tuyén tinh. V6i T' > 0 ta xem bai
toan gia tri ban dau
y(t) = Ay(t) + f(t,y(t)) voi moit € (0,T],

4.1
y(0) = yo 4D
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trong do6 yo € R™, A € R™™ la ma tran cho trude, f: [0, 7] x R™ — R™.
Gia st ring (4.1)) c6 nghiem duy nhat ([23]). Sau day ta gisi thieu mo hinh
gidm s6 chiéu véi POD ting v6i bai toan (4.1). Gia thiét ring ta da xac
dinh co sé POD bac ¢ la {zpj}ﬁzl v6i rank ¢ € {1,...,m} trong R™ véi
trong W. Khi d6 ta cé biéu dién

l
f(t) = ¢ ; . v61 moi .
y (1) =) (W (1), 1)y ¢ v6imeit € (0,71, (4.2)

j=1
=1yj(t)

trong dé cac heé sé Fourier y?, 1 < j < /¢, 1acac ham tu [0, 7] vao R. Béi vi

y(t) - Z <y(t)7 ¢J>W %’ v6l moi t € [07 T]

Jj=1

nén y'(t) c6 thé xay dung dé xap xi y(¢) véi £ < m. Thay (4.2) vao (4.1)
dan dén

I Y4
S ¥ =yt A + f (t,y(t)) véi moi t € (0,T],
j=1 j=1

) (4.3)
> 5000 = wo
j=1
Két hop (4.3) va (15, ¥i)yy, = 0 ta dude
l
i) =Y yi) (Avy, i)y + (F (LY (0) i)y (4.4)
j=1

v6i1<i<{lvate(0,T]. Tadat
A = ((a;)) € R véi ay; = (A, i)y

anh xa vector
T
yo=-y) 0,7 =R
va thanh phan khong tuyén tinh F = (Fy, ..., F,)" : [0,7] x RY = R’ cho
béi

V4
Fi(t,y) = (f(t, ) yjhs) i)y voi t € [0, T] vay = (y1,...,y0) € R".
=1
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Khi d6 (4.4) c6 thé viét dusi dang
vi(t) = Ay'(t) + F (t,y'(t)) véite (0,7] (45)
yg(o) = Yo
trong d6 yo = ((yo, Y1)y >+ » (Y0, Ye)yy) € RE.

He (4.5) dugc goi la hinh chiéu POD-Galerkin ciia (4.1). Trong truong
hop ¢ < m, hé ¢ chiéu (4.5) 14 m6 hinh giam s6 chiéu ciia (4.1)).

4.3 Ung dung POD vao mot sd phuong trinh

dao ham riéng

Phuong trinh Burgers 2D
D6i v6i mot thong s6 do nhét nhat dinh v va trong thaoi gian ¢ > 0, ching
t01 xem xét phuong trinh 2D Burgers trén hinh vuong Q = [—1,1] x [—1, 1]

ur+ (u-V)u—vAu =0 trong Q = (0,7) x Q

(4.6)
divu =0 trong ()

v6i dieu kien bien Neumann bang khong va diéu kién ban dau

u |t:0<x17 :L,2> _ 6—(4:0%%—2:1:%).

1

Nghiem yéu ctia (4.6) dudc cho béi

/ ug - vdx + V/ VuVudz + /(u -V)u - vdx =0, (4.7)
0 0 0

v6i moi v € HY(Q). Trong qua trinh lap trinh, tac gid sit dung mot s6 thu
vién ¢6 san trong Python trén Google Colab, dic biet mo dun dolfin 1a
giao dién Python cho FEniCS ([28]). Ngoai ra, mé dun ldfnp_ext_cholmod
14 mot trinh t6i wu hoéa sy phan tich Cholesky ctia mo dun sksparse. N6
c6 sdn trén githu va trd lai thu vién numpy, trong trucsng hop sksparse
khong kha dung.

"https://github.com/highlando/spacetime_galerkin_pod/blob/master/
multidim_galerkin_pod/ldfnp_ext_cholmod.py


https://github.com/highlando/spacetime_galerkin_pod/blob/master/multidim_galerkin_pod/ldfnp_ext_cholmod.py
https://github.com/highlando/spacetime_galerkin_pod/blob/master/multidim_galerkin_pod/ldfnp_ext_cholmod.py

7

Chiung toi da tinh todn nghiém gan dung cho phuong trinh Burgers
bang cach st dung luge do phan tit hitu han Euler-POD-Galerkin lui. Dau
tien, lu6i duge dinh nghia - 6 day ludi c6 dugce bang cach chia hinh vuong
Q) = [-1,1] x [~1,1] thanh c4c tam gidc bing nhau va dugce diéu khién
bdi tham s6 N. Ta chon gia tri N = 50 va cidc ham co s§ trong khong
gian phan t hitu han c6 bac hai va lién tuc toan cuc, khi d6 bac tit do
1a dof = 20402. Ngoai ra T va At dugc chon lan lugt 1 0.8 va 0.008 vdi
N, = 101 diém luéi va gia thiét do nhét v = 107*. Dat

V" =span{pi,..., Q40+ C H(Q)
la khong gian cac phan tit hitu han. Ta xap xi nghiem wu(¢,z) cta (4.6)

bang uN (t,z) € V"

dof

UFE (tjfl) = UN (tjfl) = Z UZ‘]‘QOZ‘ vOi in j = 1, RPN Nt.
1=1

Ta thé u™ (¢, z) vao (4.7) ta dugc
/ ul - pidr + 1// Vu'Vidx + /(uN -W)uY - gidr = 0. (4.8)
0 0 Q

Dat

dof
u(t,x) = Zufv(t)goz(x) véi moi (¢,z) € Q = [0,T] x €.
i=1

Ta dinh nghia ma tran khéi lugng M € R/*dof

Mij = /{;ij@zdx v6l moi 1, ] € {1, 2, .., dOf}, (49)
5 dofxdof 1 .
ma tran A € R sao cho A = -5 vdi
1%
Sij = / VQOJVC,OZCZI v6i moi ¢, ) € {1, 2, .., dOf}, (4.10)
Q

va vector ing véi thanh phan phi tuyén BN (u¥(t)) € R%/ xac dinh béi

BN (1)); = / (W - VY - pyde v6i moi 1< i < dof.
Q
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N

Ham vector u™ (t) cho bsi u? (t) = (uiN(t))1<z'<dof7 tur (4.8)), ta suy ra

Mu) (t) + Au™ () + BN (u™(t)) = 0. (4.11)

Mat khéac, néu ta phan ra thoi gian véi bude nhay At, ludi {t;} duge xéc
dinh béity =t 1 +Atvéi k = 1,..., N; vatg = 0. Ta ki hicu u™* = u (#;)
va ap dung phuong phap Euler lui v6i xap xi ctia dao ham
uN(tk) — uN(tk_l)

Mul(t) =M Y

ta dugce
Mu™MF + AtAuVF + AtBN (V) = Mu™V+L (4.12)

Luéi ciing nhu nghiém tinh theo phuong phap phan ti hitu han tai thoi
diéem T dugc biéu dién trong hinh . Ngoai ra, 6 snapshot tai cac thoi
diém t € {0,0.16,0.32,0.48,0.84, T = 0.8} dugc biéu dién trong hinh .

Vi M 1a ma tran doéi xing, xac dinh duong, he (4.11)) c6 dang

Rectangle FE-solution at the terminal time

-1.0 - =~ 00
o~ —05
-1.0

-100 -075 -050 -025 000 025 050 075 100 0.0

10
(a) Mién © va ludi (b) Nghieém tai thoi gian T

Hinh 4.1: Lu6i ctia mién  va nghiém phuong trinh Burgers 2D giai bang phuong phap
phan ti hitu han tai thoi diém 7.
WY (t) = M1 (—Au™(t) — BN (1)) (4.13)

Nhan xét rang M c6 kich thuée 16n dof x dof nén thay vi tinh tryc tiép
M1, ta c6 thé st dung phan tich Cholesky ctia M ([12])

M = LLT, trong d6 L la ma tran tam giac dudi.
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=200 200 200 S192 E224 Ea224

-175 1175 1175 -168 -192 -192

-150 - 150 - 150 -144 - 160 - 160

1 S13s 1 -125 1 -125 1 -120 1 128 1 -128
-1 -075 -1 -075 -1 s 075 -1 072 3 064 _3 0.64
-Lo 1o =kl P okl P -1 0 18 pag -1 0 Wo3 -1 0 Wg32
t=0.0 .25 t=0.18 025 t=0.32 .35 t=0.450 024 t=0.648 000 t=020 n.oo

: : i 0.00 -0.32 —0.32

0.00 0.00 0.00

Hinh 4.2: Nghiém phuong trinh Burgers 2D gidi bang phuong phap phan tit hitu han
tai thoi diém ¢ € {0,0.16,0.32,0.48,0.84, T = 0.8}.

Ta xay dung mo hinh gidm s6 chiéu tng véi he cho & (4.13)) tng véi

hai trudng hop trong H = L?(Q) va V = H(Q). Cac snapshot duge xay
P

dyng tuong ty nhu trinh bay trong phan 5.1. Dya vao ti le £(¢) = SR
=1 "'

ta chon xay dung co s6 POD hang ¢ = 30.
D6i véi truong hgp co sé POD duge xay dung trong H, chon W = M,

ta dugc mo hinh gidm sb chiéu cta (4.13

u (1) = — Apequ”(t) — BNyea (u™(t)),
trong d6 Areq = ((ajf?)) € R v6i aff’ = (Athj,;)ga v vector thanh
phan phi tuyén BN,eq (u"(t)) duge dinh nghia

BN,eq (u(t)), = (BN (T (t)), ;) ,

v6i W, 1a ma tran c6 £ cot tng véi £ cot dau tién cia ma tran U véi

U € R%/4 13 ma tran he s6 ctia co s6 POD trong khong gian V"

dof
=Y Uppvéik=1,...d
i=1
Sy bién thién clia cac gia tri riéng Ai v nghiém phuong trinh Burgers
2D thong qua mo hinh gidm s6 chiéu tai thoi diem T duge biéu dién qua
hinh (a) va (b) (cac snapshot chita dao ham r¢i rac) hodc hinh (c)
va (d) (cac snapshot khong chita dao ham rdi rac).
Nghiém gidi bang mo hinh gidm s6 chiéu véi co s6 PO trong H tai thoi
diem ¢ € {0,0.16,0.32,0.48,0.84 va T = 0.8} ting v6i hai truong hgp cac
snapshot chita va khong chita dao ham roi rac duge cho & hinh .
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100 -

109 -
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103 -
0% -
07 -
10—9_
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0 -

100 -

Hinh 4.3: Sy bién thién cac gia tri riéng va nghiém phuong trinh Burgers 2D thong qua
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. . [—
75 W0 125 175 200
(a)
L ]
h
) &0 & 100
(c)

Reduced-solution at the terminal time

10

T 12
T 10
T 08
T 06
T 04
T0z2
=00
“—0.2

~ 10
* 05
~ 0o
< * 05
-1.0

(b)

Reduced-solution at the terminal time

~ 7  -05
-1.0

(d)

10

mo hinh gidm s6 chidu véi co s POD trong H tai thoi diém 7T

Hinh 4.4: Nghiém ctia phuong trinh Burgers 2D dugc tinh béi mo hinh gidm s6 chiéu
v6i co s6 POD trong H tai cac thoi diém ¢ € {0,0.16,0.32,0.48,0.84, T = 0.8}.

-18
-16
-14

1 =12
g n 08
08

Lio Hos
t=0.30§ 0.4
02

o0

‘18
-16
-14

06

=175
- 150
=125
-100
0.75
0.50
025
0.00

=21
-18
-15

1 -12
u E u-g
-1 06
-1 o f

t=0.8 00
-0.3

224
l- 192
- 160

1 -128
ﬂ n ; ﬂ-gﬁ
-1 064
-1o 032

t=0.58 00
032

- 06
- 04

- 08
-06
-04
- 02
0o
-0.2
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Ngoai ra, sai s6 gitta nghiém gidi thong qua mo hinh gidm s6 chiéu véi
cd s6 POD trong L?(Q) so v6i cac snapshot ban dau tai cac thoi diém
t € {0,0.16,0.32,0.48,0.84, T = 0.8} thé hién trong hinh [4.5 lan lugt
ting v6i hai truong hgp khi ¢6 hoac khong c¢6 dao ham roi rac trong cac

snapshot, trong d6 cidc viing mau cang sang thi sai sd cang 16n.

-10.8 -8.0 56 -16 -16
-13.2 -11.2 -5.8 --56 -—4.8
-18. - -15.2 -1
1 204 ! _%S'g 1 184 1 -13.6 -14.4
m cml:oml om omE
-1 -25.2 ’ _248 -2L.6

- - - -20.8
-1 0 1 375 Lio f-272 L1 g 1 280 Lio 1 5 g Lio 1 240
t=000-300 =01 04 i=03f 515 =04 595 =064 -272
-32.4 —36:8 —34.4 _336 -30.4
-10.2 -84 -56 -2
126 -11.4 _?éﬂu - -6
-15.0 -12. -
-14.4 10
-17.4 -15.2 14

1 1 -17.4 1 1
_ -18.4
ml cml o m
L1101 :g‘;-g L1101 jé': L1101 :g;'g L1190 o Lio -2
=000 5oy =01 000 i=03f 515 e=0agf-s0 =064 -2

—318 324 -34.4 —34 —33

Hinh 4.5: Sai s6 giita nghiém ctia phuong trinh Burgers 2D gidi bang mo hinh
gidm s6 chiéu véi co s POD trong H so véi cac snapshot tai cac thoi diém t €
{0,0.16,0.32,0.48,0.84, T = 0.8}

Truong hop co s6 POD duge xay dung trong V', khi xay dung mo hinh
gidm sb chiéu, ta chon trong W = M + 5, trong d6 M va S 1a hai ma tran

dugce dinh nghia tai va .

u;ed(t) _ _Aredured(t) . BNred (ured(t)) :

trong d6 Ayeq = ((afs?)) € R véi aff? = (Auhj, ¥i) g+ (SM A, i) g

ij
va vector thanh phan phi tuyén BN, .q (ured(t)) dugc dinh nghia

BNyeq (u™(t)), = (M ' BN (T (1)), 1)y, ,

trong d6 W, 1a ma tran cé6 £ cot tng véi £ cot dau tién clia ma tran W véi
U € R%/*d 13 ma tran hé s6 cia co s6 POD trong khong gian V"

dof

i=1
St bién thién ctia cac gia tri riéng S\k va nghiém tai thoi diém cudi T
dugce thé hién trong hinh (a) VA (b) néu c6 dao ham rdi rac trong cac
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snapshot, ngucc lai néu cac snapshot khong chiia dao ham rdi rac sé dugc

- 2 - x 2 N N
bieu dién ¢ hinh (c) vy (d) .
Reduced-solution at the terminal time
07 - |

" el &

L - 08
‘08
- 0.6

104 - s
- 04 j 06

lu—? -
02 - 04

10 - ~ 0.0

10 - ra—

o 25 50 75 100 125 150 175 200

(a)

(b)

Reduced-solution at the terminal time

10° -
T 15
102 - 15
0% - T 10
- 10

100 - L3

108 -

T05

- 05
=00

) . ”
=~ 10

1000 -
10 -

o - a———

(d)

Hinh 4.6: Sy bién thién cac gia tri rieng va nghiém phuong trinh Burgers 2D thong qua
mo hinh gidm s6 chidu véi co s POD trong V tai thoi diém T

Nghiém ctia mo6 hinh gidm s6 chiéu véi co s6 POD xay dung trong
H'(Q) tai cac thai diém ¢ € {0,0.16,0.32,0.48,0.84,T = 0.8} duoc bidu
dién nhu trong hinh lan lugt tng véi hai truong hop chita va khong
chita dao ham rdi rac trong cac snapshot.

Sai s gitta nghiém gidi bang mo hinh gidm s6 chiéu duge xay dung dua
tren co s6 POD trong H'(Q) va cac snapshot duge ghi nhan bsi phuong
phap phan t1t hitu han tai cing thai diém ¢ € {0,0.16,0.32,0.48,0.84, T =
0.8} dugc thé hién trong hinh lan luot ing véi khi c6 hodc khong co

dao ham 13i rac trong cac snapshot. Do sing cang 16n sai s6 cang nhiéu.
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Hinh 4.7: Nghiém ctia phuong trinh Burgers 2D dugdc tinh béi mo hinh gidm s6 chiéu
v6i co s6 POD trong V tai cac thoi diém ¢ € {0,0.16,0.32,0.48,0.84, T = 0.8}.

1 _
D.
i
t=00g _

1
D.
i

t=0.0f "

Hinh 4.8: Sai sb

-8.0
-9.6

-112

1 -128
-14.4

0 -16.0
“1L1g 176
_ -19.2

t=0.1 -20.8

-22.4

=7
-9
-11
-13

-19
—21
—23

t=0.1

gita nghiém cua

1 _
Dn

1o
t=0.23

1
D.
L1

t=0.3.

-1 -0.5

-3 --25

-5 -_45

1 -7 1 65
N E
a -11 _ -105
10 1 -13 ~10 1§-125
t=0.648 15 t=0.8f 145
—17 -16.5

=12 -05

--36 --25

= 6.0 = —4.5

-84 —6.5

1 -108 1” 8.5
o 137 ¢ -105
-1 W -1se LTp ol i2s
_ -18.0 _oaf 143
t=10. o t=020 155
—22:8 -185

phuong trinh Burgers 2D gidi bang mo hinh

gidm s6 chiéu véi co s POD trong V so véi cac snapshot tai cic thoi diém t €
{0,0.16,0.32,0.48,0.84, T = 0.8}.

Tong két lai, bing hinh anh ghi lai dugc mot s6 thsi diem va hinh

anh sai sb, c6 thé thay nghiém giai thong qua mo hinh gidm s6 chiéu

bang phuong phap Euler-POD-Galerkin 1ui 'kha giéng’ véi cac snapshot

duge ghi nhan ban dau. Dé biét do hiéu qua khi 4p dung phuong phap

Euler-POD-Galerkin 1uii trong viéc gidi mo hinh gidm s6 chiéu cho bai toan

Burgers 2D, trong truong hgp co sé POD duge xay dung trong L*(Q hay

H'(Q) v& trong truong hgp c6 hay khong c6 dao ham roi rac du (¢;,) trong
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cac snapshot, ta can udc tinh dai lugng

| Nl
te) — Upll%
N 1 kz:; lure(ty) — Ukllh

E =

Két qua c6 duge thong qua bang sau day.

E(0) = ZmX | - Plolly | e

Z?ﬂ Ai
Co s6 POD trong V/ 0.9875092 1.92 .1072 | 0.0034006
Co s6 POD trong H 0.9976546 1.486 .1072 | 0.0024969

Co 56 POD trong V, chita Ju (t;) | 0.99641666 1.429 .1072 | 0.0050252
Co s6 POD trong H, chita Qu (t;) | 0.98047622 | 6.448 .10™* | 0.0023472

Bang 4.1: Bang sai s6 giita nghiém ctia phuong trinh Burgers 2D thong qua mo hinh
giam s6 chieu dugc giai bang phuong phap Euler-POD-Galerkin It so v6i cAc snapshot.

Nhan zét 4.1. Néu dao ham r3i rac Ou (¢;,) duge chita trong cac snapshot,
theo Dinh ly , tdn tai C' doc 1ap v6i m va £ sao cho

m d
=0l < O o - Polly+ Y A (a07)
k=1

k=l+1

1 m ~ d A
LS ol < O o - Plolly + 81 3 et (807

k=1 k=(+1
lan lugt ing vé6i hai truong hop co s6 POD duge xay dung trong V' va H.
Dira vao bang va su thay doi clia cac gia tri rieng & cac hinh va
hinh [4.6] ta thay céc dai luong || — P'o||m va 30,1 M 12 hai dai lugng
khong qué nhd, ¢ 10~* dén 102, Tt d6 sai s6 thyc té cho & bang phu
hgp v6i hai ude lugng trén.

Phuong trinh truyén nhiét
Tiép dén, ta xét dén 1a phuong trinh truyén nhiét trong moi truon cé
hang s6 truyén nhiet v trén hinh vuong 2 = [—1,1] x [—1, 1] bi khoét 16
tron ban kinh 0.5.
u — vAu =0 trong Q = (0,T) x Q,

(4.14)
divu =0 trong Q,
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v6i dieu kien bien Neumann bang khong va diéu kién ban dau

36—(4m%+2w§)

! |t:0(x1’ x2) - e_(2ﬁ+4x%)

Nghiem yéu ctia (4.14) duge cho béi
/ uy - vdx + 1// VuVudr =0 v6i moi v € H'(Q). (4.15)
QO Q

Ta van diing phuong phap phan tit hitu han dé xay dung céc snapshot
va stt dung luge do Galerkin Euler-POD luii dé xét va giai mé hinh giam s6
chiéu. Khong gian phan tit hitu han ta chon c6é bac tit do 1a dof = 16470.
Ngoai ra, ta van gia st T" = 0.8 va At dudgc chon la 0.008 véi N; = 101
diem luéi va v = 0.02. Tuong tu nhu vi du phuong trinh Burgers 2D, ta
xap xi nghiém u(t, z) cia bang u™(t,z) € V" véi

V" = span {¢1, .. .+ Paog} C H'(Q)

14 khong gian cac phan ti hitu han.

dof
UFE (tjfl) = UN (tjfl) = Z Uw(pz v6il ] = 1, ceey Nt.

i=1

Thé u™(t,z) vao (4.15) ta dugc
/ ul - pidx + V/ Vu"Vidr = 0. (4.16)
Q Q

Vi ul¥(t,x) € V" nén ta c6 biéu dién

dof
uN(t,x) = Zufv(t)goi(x), v6i moi (t,z) € Q = [0,T] x .
i=1

Ta dinh nghia ma tran khéi lugng M va ma tran A nhu (4.9) va (4.10).
Dat u(¢) 1a ham vector dugc dinh nghia béi u (¢) = (u) Két

i (t))lgigdof'
hop véi (4.16), ta suy ra

Mud (t) + Au™(t) = 0. (4.17)
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Domain

FE-solution at the terminal time

-0

-0&

025 - B

-050 - B

=075 -

-1p00 - BA

-1oo -0’75 050 -025 000 025 05 075 100

(a) Mién va ludi Q. (b) Nghiém tai thoi gian T'.

Hinh 4.9: Ludi ctia mién € va nghiém phuong trinh truyén nhiét gidi bang phuong phap
phan ti hitu han tai thoi diém 7.

-256 -
-32 i | s -18 -16 -144

224 -192 16 128

ﬁ§§ -192 - L8 -14 ij -112

14 EYEEE S -160 1 “la4 - -1z 1- RS -0.96
D- _16 D-D _128 D-m -120 D-u _10 D-u _DS D-ﬂ _DSG
) L 096 -1 -0.96 -0.8 : - 0.64
o S I =1 e 1 =1 Non72 =1 I-DG =1+ O R-06 =1 ._048
1o 1 oo 10 pes 10 Woue 10 el 10 1 o, -Lo e
t=0.00 p4 t=0.168p 33 t=0.320 54  t=0.48 5 t=0.644 5> t=0.80 o7E
-0.0 -0.00 - 0.00 -0.0 -0.0 -0.00

Hinh 4.10: Nghiém phuong trinh truyén nhiét bang phuong phap phan tit hitu han tai
thasi diém ¢ € {0,0.16,0.32,0.48,0.84, T = 0.8}.

Lu6i ctia © va nghiem ctia (4.17) trong khong gian phan tit hitu han
duge biéu dién trong hinh . Ngoai ra, 6 snapshot tai cac thoi diém
t €{0,0.16,0.32,0.48,0.84, T = 0.8} dugc biéu dién trong hinh [4.10]

T dinh tinh déi xtng v xac dinh duong ctia ma tran M, két hop

(4.17)), ta suy ra dugc
uf (t) = =M A (t).

Ciing nhu vi du trude néu M € R%/*dof ¢4 ¢5 16n nen viec tinh M !
rat kho khan, ta co thé gia quyét kho khan nay bang cach st dung phan
tich Cholesky cua M.

Tiép theo, ta xay dyng mo hinh gidm s6 chiéu cho hé ing v6i hai
truong hop co s POD dugc lay trong H = L*(Q) va V = HY(Q). Duya

¥4
vao tile E(() = %f—li, ta chon xay dung co s6 POD hang ¢ = 5.
1=1""
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D6i vé6i truong hop co s6 POD duge xay dung trong H, chon W = M,

ta dugc mo hinh gidm s6 chiéu ctia (4.17)

u:ed(t) = —Apequ"(t),

(4.18)

trong d6 A,.q = ((a"ed)) e R yoi agfd = <A¢ja ¢i>Rm-

ij

100 -

109 -
109 -

102 -

100 - %

.
0 5 50 75 100 125 150 175 200
(a)
L]
- e
107 -
10 -
107
109 -
1[:..11 -
1[:..13 -
L
1[:..]5 - ry
0 20 40 60 80 100
(©)

Reduced-solution at the terminal time

10 05

-08

-06

0.0 -05 -1.0

(b)

Reduced-solution at the terminal time

10 05

-08

-06

00 -05 -1.0

(d)

Hinh 4.11: Sy bién thién cac gia tri rieng va nghiém phuong trinh truyén nhiét thong

qua md hinh gidm s6 chiéu véi co s§ POD trong H tai thoi diém 7.

Su bién thién citia cac gia tri rieng )\; vA nghiém tai thoi diém T cta

mo hinh gidm s6 chiéu bang cach st dung POD dudc biéu dién qua hinh
4.11)(a) va M(b) néu cic snapshot chita dao ham roi rac, ngude lai su

thay ddi clia cac gia tri rieng \; va nghiém tai thoi diém 7' ctia mo hinh

giam sb chiéu dugc biéu dién qua hinh

4.11

(c) va

4.11

(d).

Ngoai ra, ta cing c6 thé nghiém ctia mo6 hinh giam so chieu véi co s6



trong L?(2) tai cac thoi diém ¢t € {0,0.16,0.32,0.48,0.84, T = 0.8} dudgc

biéu dién trong hinh [4.12]
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-256 a4
-32 I_224 | I -18 -16 144
-28 - -16 -14 -128
o4 -192 -LeE -14 1o 112
1+ o0 1- -180 1 el -12 1+ 10 1- - 0.96
D- e o- -128 0 -120 . -10 0 - 0- -0.80
Le -036 kY 08 o
“laT -2 -] e l-096 -1 4 - 072 -1 4 -1 R-06 —1 TN
101 -10 Wpes -1 10 1'5‘5 -1 0 1 -1 o 1f- 048
- 08 - Y Roas o TiFt iy L N Y
t=0.00 pa t=0.160_p 32 t=0.320 554 t=0.454 o5 t=0.640_55 =020 01
00 -0.00 - 0.00 0.0 -0.0 - 0.00
256 a4
-32 o | e -18 -16 -144
-192 -16 -128
23 - & -14
-192 -168 s 1
-24 -12 1
1 EYEEES -160 1 “la - -1z 1- BT -0.96
0- - -128  0- -120 . -10 o i 0- - 0.80
16 -0.96 -08 0.8 - 0.64
=1 . 12 —] e -09E ] e 072 =1 . =1 -0.6 -1~
-10 1 oo 10 Woea 10 10 153 10 g o, a0 1f E;g
t=0.00 pa t=0.164- 32 t=0.320 ;54 e=D0.45f 2 t=0.640_g5 e=080 175
0o -0.00 - 0.00 00 00 - 0.00

Hinh 4.12: Nghiém ctia phuong trinh truyén nhiét duge tinh béi mo hinh gidm s6 chiéu
v6i co s6 POD trong H tai cac thoi diém ¢ € {0,0.16,0.32,0.48,0.84, T = 0.8}.

Sai sO gitta nghiém mo hinh gidm s6 chiéu clia phuong trinh truyen
nhiét bang phuong phap Galerkin Euler-POD luii so v6i cic snapshot tai
cling mot thoi diém ¢ € {0,0.16,0.32,0.48,0.84, T = 0.8} lan lugt ting véi
khi hai truong hop c6 hoac khong c6 dao ham rdi rac trong cac snapshot

cho béi trong hinh [4.13] Mau sic cang sang thi sai sé cang 16n.

--9.6 --9.0 56 56 -—5 --9.6
--11.2 --10.5 --76 -T2 --10.8
--128 - _12.0 -9 -—8.8 '—13 --12.0
1- 144 1- --135 1- --116 1- ::Bg 1 :if 1- 132
0 n T160 0 n 150 0- (136 0- --136 6 01 et
=1 . -—-17.6 -] e -le5 -1 1 -—156 1 --15.2 1 1 =1 N '—].E-B
o192 10 g0 10 fars 1o -6 1o f 5 10 -_18.0
t=000 208 ;=016 195 ¢=032--196 +=0.4§ "éﬁ”f t=0.64f- -23 t=080 197
--22.4 . 210 --216 --24 --20.4
--7.2 --8.8 o 6.5 w6 o 6.5 --8.8
--5.8 --108 -85 -8 --8.5 --10.4
--104 128 --10.5 --10 --10.5 --12.0

--12.0 --125 --125 -
17 L1386 1 (C14E 1o 145 _E L 145 1] —igg
0 n --15.2 D'n (168 0 | e - 16 D'n --165 01 --16.8
o] - 15 ] e - —18.8 1« - -18.5 — l« | Bt -1 185 -1 1 A 184
20 1| -1pa 10 208 10 500 - 5o 1o W 5ps 1o o
t=00f--20.0 ¢t=0164--228 =030 225 r—n 1355 t=0.64- -22.5 t=080 515
--216 | 248 - 245 34 --24.5 -232

Hinh 4.13: Sai s6 gitta nghiém phuong trinh truyén nhiét gidi bing mo hinh
giam s6 chi¢u véi co s POD trong H so véi cac snapshot tai cac thoi diém t €
{0,0.16,0.32,0.48,0.84, T = 0.8}.

Truong hop co s6 POD duge xay dung trong V', khi xay dung mo hinh
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gidm s6 chiéu, ta chon trong W = M + S, trong d6 M va S 13 hai ma

tran duge dinh nghia tai (4.9) va (4.10)), ta duge mo hinh giam s6 chiéu
cua (4.17)

upel(t) = — Apequ(t), (4.19)
trong d6 Ayeq = ((afs?)) € R véi alf? = (Auhj, ¥i) g+ (SM A, i) g
Su bién thién ctia cac gia tri riéng S\k va nghiém tai thoi diém cudi T
ctia mo hinh giam s6 chiéu duge thé hien trong hinh 4.14(a) va M(b) néu
dao ham 1di rac dude xét trong cac snapshot, ngudc lai néu cic snapshot
chita dao ham roi rac thi sy thay doi clia cac gia tri rieng S\k va nghiém
tai thoi diém cudi 7' duge thé hien trong hinh [4.14|(c) va M(d)

Reduced-solution at the terminal time

10 05 00 -05 -1.0

(a)
(b)
Reduced-solution at the terminal time
[ ]
10°
102
104
10 -08
10° -06
101 []
S
151 .
[ ]
o \
b 1 a0 @ @ 100 10 05 00 -05 -1.0
(c)

(d)

Hinh 4.14: Sy bién thién cic gia tri rieng va nghiém phuong trinh truyén nhiét thong
qua mo hinh gidm sb chiéu v6i co s POD trong V tai thoi diém 7.
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Nghiém ctia ciia phuong trinh truyén nhiét thong qua mo hinh gidm s6
chiéu véi co s6 POD trong V tai cac thoi diem ¢ € {0,0.16,0.32,0.48,0.84, T =
0.8} dugc biéu dién trong hinh [4.15]

- 200 -18 -128 - 1000
32 I-224
-8 -175 -14 -112 - 0875
- -192 -150 -12 -0.96 0750
1 20 17 -160 1- -125 1+ -10 14 -080  1- - 0625
0 - e 0 -m o 0 -H o 0 -u B 0 -n e 0 -n ~oeoe
] el 17 ] -096 _) =Sl 075 ) eSSy 05 -] - -0.48 -] ==y a7g
-1 0 1§-08 -1 0 1§-pg4 -1 0 1R pso -1 0 18 pa -1 0 18 p32 -1 0 18 pas5p
f=U.UI-D.4 t=0.16Q- 032 t=10.320- p.25 t=0.450_p 2 t=0.640-p16 t=0.80 p125
- 0.0 0.00 - 000 - 0.0 -0.00 - 0,000
-256 _ -2.00

N J216 : i
32 I-224 -192 -175 e i‘ég
e -192 -168 -150 0 112
1 EYEEES -160 1+ “lad 1 -125 14 10 b -0.96
l:-- i 0- -128 0 -120 g -100 0 . 0 - 080
16 - 0.96 08 - D64
=1 -172 —] o eEN-0A8s ] e - 072 =1 B-075 -1+ -0.6 -1 ~ 048
-10 1-1:-3 -10 Wogs 101 0 -1 0 W gs0 10 1_04 a0 if oo
t=0.00_pa e=0.160_p32 t=0.32 524 t=0.480 o35 t=0.640 55 t=080 176
- 00 0.00 - 0.00 - 0.00 0.0 - 0.00

Hinh 4.15: Nghiém ctia phuong trinh truyén nhiét duge tinh béi mo hinh gidm sé chiéu
v6i co s6 POD trong V tai cac thoi diem ¢ € {0,0.16,0.32,0.48,0.84, T = 0.8}.

Sai s6 gitta nghiém ciia phuong trinh truyén nhiét thong qua mo hinh
gidm s6 chiéu véi co sd POD trong V so vdi cac snapshot tai ciing mot thoi
diem t € {0,0.16,0.32,0.48,0.84, T = 0.8} dugc minh hoa trong hinh

lan luot tng véi khi c6 hodc khong c¢6 dao ham roi rac trong cac snapshot.
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-8 - 6.0
] -84 ] --73 ] -s6 .52
Toppma o ggg lpom-—92 1 -7 1 "65 1l oo 1wl
0- -_g2g 0- -—96 0- -g1 0- 10 o fCHMN 64 o0 _LC)J o
-1+ 4960 -1 5 A E--100 -1 , ~—85 14 -=75 -1 R g8 -l Al s
10 1992 1010 104 -101--89 -101.g9 -10 W32 -101 75
f—uul'-1324 |’=L|.1[iI-_]_.3_3 ”33::3'3 t=0.48 __g¢ t=0.641--7.6 t=0.80--7.2
112 ' -—90 80 --76
--952 --9.0 62 --538 g5 --9.50
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1 - - —10.48 1 --10.8 1 c=92 1 g T782 14 --9.75 1- --13.25
o-f B J-1080 0 n --1L4 n --102 off W 2° l:--u --11.00 0 n - ~14.50
o -SSR 1112 ) 120 -112 ) 98 Bl ;5 BeR)- 1575

10 Y -114¢ 10 126 10 g5, 10 1|“1':'-6 -10 . _j350 -1 0 1f--17.00
t

1
=0.0f--1176 ¢=0.16f 232 t=0320 132 =0 1»':';; t=0.640 1475 t=0.8] -18.25

--13.8 _19=
-_12.08 142 - _16.00 19.50

Hinh 4.16: Sai s6 giita nghiém clia phuong trinh truyén nhiét gidi bing mo hinh
gidm s6 chiéu véi co s POD trong V so véi cac snapshot tai cic thsi diém t €
{0,0.16,0.32,0.48,0.84, T = 0.8}.
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Tong két lai, thong qua céc hinh anh trén, c6 thé thay nghiem dudc
gidi thong qua mo hinh gidm sb chiéu ciia phuong trinh truyén nhiét bang
phuong phap Euler-POD-Galerkin lui 'kha giong’ véi cac snapshot dugc
ghi nhan ban dau. Dé kiém ching do hieu qua khi ap dung phuong phap
Euler-POD-Galerkin 1 trong viéc gidi mo hinh gidm s6 chiéu cho bai toan
truyén nhiét, trong truong hop co s POD duge xay dung trong L?(Q hay
H(Q) va trong truong hgp cé hay khong dao ham rdi rac Ou (t;) trong

cac snapshot, ta can xem xét dai luong sai s6 trung binh

1 Ntfl
= t) — Usll%.
= g 2 Imesttn) = Ul

Két qua c6 duge thong qua bang sau day.

£
£(0) = =73 | 16— P'élla e
Co s6 POD trong V 0.98634394 | 1.936 .1072 0.00024572
Co s6 POD trong H 0.99884188 | 4.861 .10~ | 1.86911085 .10~°

Co 56 POD trong V, chita Ju (t;) | 0.97669692 | 5.398 .1072 |  0.03903926
Co s6 POD trong H, chita Ju (t,) | 0.97016779 | 2.224 .10~% | 1.34314460 .107°

Bang 4.2: Bang sai s6 gitta nghiém ctia phuong trinh truyén nhiét thong qua mo hinh
giam s6 chieu dugc giai bang phuong phap Euler-POD-Galerkin Iui so v6i cAc snapshot.

Nhan wét 4.2. Néu dao ham rdi rac Ou (t;) dugc chita trong céc snapshot,
theo Dinh Iy phat biéu cho phuong trinh tién héa tuyén tinh, ton tai

C' doc lap véi m va £ sao cho

m d
%Z U = ulte) |7 < C( lo =Pl + > M+ (At)2>

k=1 k=0+1

1 m d A
LS -ty < (o~ Pl + 1l 3 A+ (a7

k=1 k=0+1

lan lugt tng v6i hai truong hop co s6 POD duge xay dung trong V' va H.
Dura vao bang va su thay déi clia cac gia tri rieng 6 cac hinh va



hinh

4.14
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. ta thay cac luong ZZ:@H M 12 hai dai lugng kha nho, trong

d6 Ary1 khodng 1073 dén 104 va téc do giam ciia day {\;}%_, rit nhanh.
Ngoai ra dai lugng ||¢ — P‘@||y ciing cho thay st anh hudng dén dai lugng
e, khi qua bang 4.2/ thay néu gia tri ||¢ — P'¢||z 16n thi € ciing ting theo,
diéu d6 kha thich hop véi hai biéu thic danh gia trén.
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KET LUAN VA KIEN NGHI

Cac két qua nghién citu chinh ctia luan van bao gom:

1. Téng quan vé phuong phap POD: dinh nghia, tinh chat, méi lien he
gitta phién ban roi rac va lién tuc, ddc biet 14 méi lien hé gita POD
va SVD trong R".

2. Dua ra cac dinh 1y danh gia sai s6 khi stt dung phuong phap POD-
Galerkin két hop véi mot s6 phuong phap s6 khac nhu phuong phap
Euler li hay Crank-Nicolson dé xay dung va gidi cdc bai toan gidm
s6 chiéu cho cic bai toan tién héa tuyén tinh va phi tuyén thuoc loai

parabolic.

3. Bén canh d6, ching toi ciing doi chiéu két qua gitta sai s6 gitta mo
hinh gidm s6 chiéu bang phuong phap Galerkin POD va bai toan ban
dau trong thuc nghiém va 1y thuyét thong qua hai hai phuong trinh
Burgers 2D va truyén nhiét. Chiing t6 tinh httu hiéu ctia POD trong

mot s6 bai toan ciia phuong trinh dao ham rieng.

Dura vao cac két qua da dat dudge, mot s6 huéng di tiép theo ma luan van

c6 thé phat trién nhu sau:

1. Ngoai hai luge do Euler-POD-Galerkin 1uii va Crank-Nicolson-POD-
Galerkin dugc trinh bay trong luan vin nay, ta co the két hop Galerkin
POD v6i mot s6 phuong phap s6 thuong diung nhu Runge-Kutta bac
3, bac 4. Trong qua trinh lap trinh, da cho thay két qua tuong doi tot
néu két hop phuong phap POD-Galerkin v6i Runge-Kutta bac 3 cho
hai phuong trinh Burgers 2D va phuong trinh truyen nhiét.

2. Ap dung phuong phap POD-Galerkin cho mot s6 bai toan dang elliptic
hodc he két hop elliptic va parabolic.
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