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L.OI CAM DOAN

To6i xin cam doan luan van nay 1a su tim toi, hoc hoi, trau doi kién thic
ctia ban than duéi sy huéng dan tan tinh ctia thay Hoang Thé Tuan. Moi
két qua nghién citu cling nhu ¥ tudng clia tac gid khéc, néu c6 deu duge

trich dan cu thé. Toi xin chiu trach nhiém vé nhitng 16i cam doan.

Ha Noi, thang 10 nam 2022

Hoc vién

Téng Thi Thao
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L.OI CAM ON

Dau tién, toi xin dudc té long biét on sau sic nhat ctia minh t6i PGS.TS.
Hoang Thé Tuan, nguoi thay da triyc tiép huéng dan va gitp dd toi tim
ra dé tai luan van cling nhu dinh hinh huéng nghién ctu. Khong chi 1a
nguoi huéng dan khoa hoc tan tam, thay con cho t6i nhitng 16i khuyen,
dong vien, khich le gitp toi trudng thanh hon trong cuoc song.

T6i xin chan thanh cdm on anh Ha Ditc Thai dang lam nghién cttu sinh
tai Vien Toan hoc da huéng dan, gép ¥ va giup dé toi rat nhiéu trong qua
trinh to1 doc tai liéu va lam luan van.

To6i xin chan thanh cdm on Trung tam Qudc té Dao tao va Nghién ctu
Toén hoc, Vién Toan hoc da ho trg tai chinh gitp to6i hoan thanh hai ndm

hoc thac si.

Trong thoi gian hoc tap tai Vien Toan hoc, toi da nhan dudc nhieu su
quan tam, gop ¥, ho tro quy bau ctia cac thay co, anh chi va ban be. Toi
xin dugc chan thanh chan thanh bay t6 long biét on sau sic dén cac thay

c0O, anh chi va ban be.

Toi cling xin tran trong cam on Vién Toan hoc va co s6 dao tao 1a Hoc
vién Khoa hoc va Cong nghé, Vién Han lam Khoa hoc va Cong nghé Viét
Nam da gitp do va tao diéu kién thuan lgi vé mai truong hoc tap cho toi

trong sudt qua trinh thiyc hien Luan van nay.

Cudi cling, t6i xin t6 long biét on vo han t6i me toi: ba Tong Thi Tudng,

nguoi luon kién nhan va thuong yéu toi vo dieu kién.
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Danh sach cac ky hiéu

Ky hiéu Tén goi

R tap hop cac so thuc
C tap hop cac s6 phiic
y/mn tap hop cic s6 nguyen khong am

-l chuan ctia mot vecto hodc ma tran
C([a,b]) khong gian cac ham lién tuc trén [a, b]
C*([a,b]) khong gian cac ham c6 dao ham cap k lién tuc trén [a, b]
C.(2) khong gian cac ham lién tuc va c6 gia compact trong €2
C*(Q) khong gian cac ham kha vi lien tuc k 1an

va ¢6 gia compact trong {2
C>*(Q))  khong gian cdc ham kha vi vo han ¢6 gia compact trong §2
Dy dao ham Riemann-Liouville
dy dao ham Caputo

D(A) mién ciia toan tit tuyén tinh A

-] ham san
X' khong gian ddi ngau clia khong gian Banach X
A’ toan tit tuyén tinh doéi ngau clia toan tit tuyén tinh A

Cho f: R? — R, vi a = (a1, 9,...,04) € Z% 1a da chi s6. Ta ky
hiéu

ouf 9uf  guf (2)
= e €Z).

dz{'  Oxy* Ozl

D f(x)



iv

Muc luc

T o] :
o o | "
[Danh sach cac ky hiéyl iii
iv
M6 daul 1
1 KIEN THUC CHUAN BI 6
[1.1 Khong gian L? va cac bat dang thid . . . . . . . . . ... .. 6
[1.2 Khong gian Sobolev-Slobodeckij . . . . . . . ... ... ... 9

> Aham Betal . . .o 10

[1.4 Ham Mittag-Leffler|

2 DINH NGHIA CUA DAO HAM BAC PHAN SO 9° VA
MOT SO TINH CHAT CUA DAO HAM BAC PHAN SO| 12

2.1 Gi6i thieu ve cac khong gian ham v todn t& . . . . . . . . . 12
2.2 Sy md rong cua df* len H,(0,T): bude trung gian| . . . . . . . 15
2.3 Dinh nghia ctia 0% hoan thanh md rong ctia d9|. . . . . . . . 19
2.4 Mot s6 tinh chit co ban ciia dao ham bac phan s§ . . . . . . 28
2.5 Céac dao ham bac phan sb ctia ham Mittag - Leffler| . . . . . . 34
3 BAI TOAN GIA TRI DPAU CHO PHUGNG TRINH VI
PHAN BAC PHAN SO 39
46

ITai lidu tham khao| 47




Téong quan tinh hinh nghién ciu va su can thiét tién hanh
nghién ciu

Trong luan van nay ching toi gidi thieu vé phép tinh vi - tich phan phan
thi va phuong trinh vi phan bac phan s6 dua trén co sé ctia 1y thuyét toan
tit trong khong gian Sobolev bac phan s6. Cach tiép can nay maé rong cac
khai niém dao ham Caputo va Riemann - Liouville c¢6 dién trong khong
gian Sobolev bac phan s6 (bao gom ca cac s6 am). N6 cho phép ching
ta nghién cu mot cach théong nhat phép tinh vi - tich phan phan thi va
phuong trinh vi phan bac phan sé theo thaoi gian.

Phuong trinh vi phan bac phan s6 14 mot 1y thuyét toan hoc dude sit
dung dé mo ta cac hién tuong, qué trinh tién héa ma trang thai ctia ching
phu thudc vao toan bo lich st truée dé. Trong 30 nam tré lai day, cung
v6i su phat trién clia may tinh dién ti va cac phuong phap s6, 1y thuyét
nay da tim thay tng dung rong rai ctia minh trong gidi quyét cac van deé
ndy sinh tit cudc song va cac nganh khoa hoc khac nhu co hoc, vat 1y, hoa

hoc, tai chinh, tam 1y hoc, v.v.

Cong trinh mang tinh hé thong dau tién dé cap téi cac ting dung cla
giai tich phan thit 1a [I]. Trong cudn sach nay, cac tac gid da gisi thi¢u
nhiéu § tudng, phuong phap va ting dung cua giai tich phan thit dudi nhiéu
goc do thyc té. Sau [I], nhiéu chuyén khéo trinh bay co s6 1y luan cta ly
thuyét nay dudgc xuat ban. 0 day ching toi gidi thieu dén nguoi doc quan
tam mot sb tai lieu tieu bicu trong sé dé: S. Samko, O. Marichev va A.
Kilbas [2], R. Gorenflo va S. Vesella [3], K. Miller va B. Ross [4]. Ngoai
ra, gan day c6 them cac déng gop cua I. Podlubny [5], K. Diethelm [6], V.



Lakshmikantham, S. Leela va J. Vasundhara Devi [7], B. Bandyopadhyay
va S. Kamal [§].

Ngoai nhiing kién thitc da dude dac két trong cic chuyén khao néi trén,
trong nhitng nam gan day da c6 hang ngan bai bao vé phuong trinh vi
phan bac phan s6 da ra doi (theo trang Mathscienet ctia Hoi todn hoc My,
c6 khoang 3500 cong b lien quan dén linh viyc nay trong 5 nam vira). Cac
cong trinh nay lién quan su ton tai, tinh duy nhat, dang diéu tiém can,
qué trinh ré nhanh ctia nghiém, 1y thuyét diéu khién, cac phuong phap
giai gan dung nghiém va van dé st dung phuong trinh bac phan sé dé giai

cac bai toan thuc té.

Sau day ching t6i diem qua déng gép clia mot s6 nhéom nghién citu tieu
biéu trén thé gidi. Mot trong nhitng két qua dau tién va quan trong vé cac
phuong trinh dao ham riéng bac phan s6 1a ciia Gido su A. Kochubei (Insti-
tute of Mathematics, National Academy of Sciences of Ukraine, Ucraina)
va cong su. St dung ham H, phuong phap dong ciing hé sé va luge do
Levi, ho da chi ra su ton tai nghiem cd dién ctia bai toan Cauchy cho cac

phuong trinh khuéch tan thoi gian phan thi.

Nhém nghién citu thanh cong nhat vé phuong trinh bac phan s6 1a ctia
Giao su L. Cafferelli (The University of Texas at Austin, My). Ho da thu
dugc nhitng két qua quan trong vé Dinh 1y Evans-Krylov cho cac phuong
trinh phi tuyén day du khong dia phuong, dang diéu nghiém ctia phuong
trinh porous medium vdéi khuéch tan phan thi, tinh chinh quy nghiém ctia
bai toan Obstacle phan thit parabolic, tinh chat dia phuong clia nghiém
cho cac phuong trinh elliptic nita tuyén tinh phan thi véi cac ki di co lap,
bai toan parabolic véi dao ham thoi gian phan thi. Cac két qua clia nhom

Cafferelli chii yéu lien quan dén cic toan tit phan thit theo khong gian.

Nhoém ctia Gido su R. Zacher (Ulm University, Dic) nghién cttu nghiém
yéu clia cac phuong trinh dao ham riéng véi thoi gian phan thid va thu
duge nhiéu két qua quan trong lién quan dén sy ton tai, duy nhat nghiem,
dang diéu tiem can, uéc luong t6i wu, tinh chinh quy ctia cac nghiém, tinh

on dinh, khong on dinh va sit biing no ciia loai nghiém nay.



Ciing lien quan dén van dé nghién cttu nghiém yéu, nhém cta Gido su
Jian Guo Liu (Duke University, M§) xay dung mot 1y thuyét tong quat cho
cac tich phan va dao ham bac phan s6 Caputo. Trén co sé d6, ho nghién
cttu cac mo6 hinh vat 1y mo ta bdi cac phuong trinh véi toan tit dao ham

khong dia phuong.

Vé khia canh giai gan ding, nhom ctia Gidao su W. Mclean (New South

Wale University, Uc) cho nhiéu két qua tha vi v quan trong.

Nhom ctia Gido st M. Yamamoto (The University of Tokyo, Nhat) xét
cac bai toan ngugce cua cac phuong trinh dao ham riéng thoi gian phan

thu.

St dung Dinh 1y néi suy Marcinkiewicz, Dinh 1y Calderén-Zygmund, ly
thuyét nhiéu va dinh ly diém bat dong, nhom cia Gido su Kyeong Hun
Kim (Korea University, Hin Qudc) chiing minh duge sy ton tai, tinh duy
nhat va cac udc lugng cho cac nghiém suy rong trong khong gian Sobolev
déi v6i mot s6 16p phuong trinh dao ham riéng v6i dao ham bac phan s6

theo thoi gian va he s6 do dugc tuong doi tong quét.

O Viet Nam hien ciing c6 mot s6 nhom nghién cttu vé phuong trinh vi
phan bac phan s6. Gido su Vii Ngoc Phat va cac hoc tro nghién cttu bai
toan dieu khién, su ton tai nghiem, tinh on dinh thoi gian hitu han déi véi
phuong trinh vi phan bac phan s6 c¢6 tré. Gan day, Gido su Dinh Nho Hao
va cac cong su trién khai nghién cttu vé bai toan ngudce cho cac phuong
trinh dao ham riéng thoi gian phan thit va thu duge mot s6 két qua ban

dau.

Tai Dai hoc Su pham Ha Noi, nhém Phé Gido su Tran Dinh Ké va Gido
su Cung Thé Anh nghién citu phuong trinh vi phan bac phan sb trong cac
khong gian triru tugng, phuong trinh bao ham thitc phan thit. Tai Dai hoc
Khoa hoc Ty nhien Thanh phé Ho Chi Minh, nhém Gido su Dang Diic
Trong nghién cttu bai todn ton tai nghiém nhe clia cac phuong trinh dao
ham riéeng phan thi véi dieu kieén cudi, diéu kién bién hdn hop, bai toan
chinh héa hé s6 ciia cac phuong trinh dao ham riéng bac phan sb.

Tu nam 2014 t6i nay, nhém Gido su Nguyén Dinh Cong, Phé Gido su



Doan Thai Son nghién cttu vé 1y thuyét dinh tinh ctia phuong trinh vi
phan phan thi. Déng gép ctia nhém tap chung vao cac huéng sau: sir ton
tai vi tinh duy nhat nghiém, tinh on dinh, tinh hat cta he, su ton tai cla
cac da tap bat bién én dinh, van dé sinh hé dong luc ciia cac phuong trinh

vi phan phan thi.

Mic dit da c6 rat nghiéu nghién citu vé phuong trinh vi phan bac phan
s6 da ducc xudt ban. Su phat trién ctia linh vice nay con 6 giai doan so
khai. Nguyén nhan 14 do nhan suy bién trong bicu dién ctia tich phan bac
phan s lam cho nghiém clia cac phuong trinh nay cé nhiéu tinh chat khac
co ban v6i nghiém clia cdc phuong trinh vi phan thuong. Vi vay, can c6
them nhiéu nghién cttu chuyén sau dé phan tich sy phu thudc vao tri nhé

cua cac qua trinh sinh bdi cac nghiém cta ching.
Muc dich, déi twong va pham vi nghién ciu

Hiéu va van dung dugc cac két qua chinh trong tién an pham cia
Gido st M. Yamamoto “Fractional calculus and time-fractional diferential

equations: revisit and construction of a theory” (xem tai [9]).

Ching t6i quan tam dén phép tinh vi - tich phan phan thi, phuong
trinh vi phan bac phan s6, cic khong gian Sobolev bac khong nguyén va
ly thuyét toan tii.

Phuong phap nghién ciu

Chung toi stt dung cac cong cu va kién thiic ctia phép tinh vi - tich phan
co dién, phép bién doéi tich phan, giai tich phan thi, 1y thuyét cac khong
gian Sobolev bac khong nguyén va cac nguyeén ly tur giai tich ham.

Cau tric va du kién két qud dat dudc cia ludn van

Ngoai phan Danh sach cac ky hiéu, Loi mé dau, Loi cdm on, Loi cam

doan, Két luan va Tai lieu tham khao, Luan van dudc chia thanh ba chuong.

e Chuong 1: Kién thic chuan bi.

e Chuong 2: Xay dung mot dinh nghia mé rong cho khai niém dao ham
bac phan s6 duéi cach nhin ctia 1y thuyét toan tit va dua ra mot so

tinh chat ctia dao ham bac phan so.



e Chuong 3: Bai toan gia tri dau cho phuong trinh vi phan bac phan

sO.



CHUONG 1

KIEN THUC CHUAN BI

Trong chuong nay, ching ta trinh bay tém tat mot s6 kién thic da biét
veé khong gian Lebesgue L, cac bat déng thic Holder, bat ddng thic Young
va dinh nghia tich chap. Khong gian Sobolev-Slobodeckij, ham Gamma va
ham Beta cting dugce gidi thiéu. Ngoai ra, chung ta ciing dua vao day dinh

nghia ham Mittag-Leffler hai tham s6 va dang diéu tiém can ctia no.

1.1 Khéng gian L? va cac bat dang thiic

Dinh nghia 1.1 (Khong gian L [10]). Cho Q2 la tap md trong R" va
1 < p < oo. Ta dinh nghia khong gian LP(QY) la khong gian cic ham f do
duoc trén ) thoa man

Hfmmn=([jﬂmwm)p<ml

Ta dinh nghia khong gian L> () la khong gian cac ham f do duge trén §)
thoa man

[ fllzoe () = esssup | f| < oo,
trong dé ess sup |f| == nf{M > 0:u(x € Q:|f(x)] > M) =0} vdi u la
do do Lebesque.
Trong khong gian LP ta dong nhat hai ham bang nhau hav khdp noi.



Dinh nghia 1.2 (Khong gian Lj . [10]). Cho Q la tap md trong R". Ta
dinh nghia khong gian L}, () la khong gian cac ham f do duge trén Q sao
cho vdi moi tap md K C Q thod man K compact trong Q) thi f € LP(K).

Dinh 1y 1.3 (Dinh Iy hoi tu don dieu [10]). Cho Q la tap md trong R? va
{fa}52, la mot day ham trong khong gian L*() thod man

(1) fr(x) < fra1(x) h.k.n trong Q vdi moi k € N.
(i) Sup,en [q fo(z)dz < co.

Khi dé fn(x) hoi tu h.k.n trong  khi n — oco. Ta dat

lim f,(z) = f(z),

n—oo

h.k.n trong Q thy f € LY(Q) va

lim. fn )dxz/gf(x)dw

Dinh 1y 1.4 (Dinh 1y hoi tu chan [10]). Cho Q la tdap md trong RY va
{f.}°, la mot day ham trong khong gian LY(Q) thod man

(1) fu(x) = f(x) h.k.n trong Q khin — oo.

(ii) Ton tai mot ham g € LY(Q) thod man | f,(z)| < g(z) h.k.n trong

vdi moi n € N.
Khi dé f € LY(Q) va

lim fn )dx:/f(x)dx
n—0o0 0

B6 dé 1.5 (Bo6 dé Fatou [10]). Cho Q la tap md trong R va {f,}°2, la
mot day ham trong khong gian L*(Q)) thod man

(1) fu(x) >0 h.k.n trong  vdi mein € N.

(1) Sup,en [q fo(z)dz < oco.



Ta dat
lim inf fn(x) = f(x)a

n—0o0
vdi hau khdp x trong SQ.
Khi dé f € LY(Q) va

/f(a:)dx < liminf/fn(:c)dx,
Q Q

n—oo

Dinh 1y 1.6 (Dinh ly Fubini [10]). Cho € la tap md trong R™ va s la
tap md trong R™. Gid st F' € L* (Qq x Q). Khi dé, vdi hau khdp x € 4,

F(z,y) € L, () va / F(x,y)dy € L, ().
Qs

Tuong tiw, vdi hau khdp y € Q,

F(z,y) € LL () va / F(z,y)dz € L, (Q).
1

Hon nita ta co

/ dx/ F(x,y)dy:/ dy/ F(x,y)dx:// F(x,y)dzdy.
0 Qy Qy 0 Oy xQy

Dinh 1y 1.7 (Dinh 1y Tonelli [10]). Cho 4 la tap md trong R™ va Qs la
tap mad trong R™ va F : 1 X Q9 — R la mot ham do dugc thod man

(i) Jo, [F(x,y)|dy < oo vdi hau khap x trong .

(i) [, (fQ2 \F(x,y)uy) dz < oco.

Khi do F € Ll(Ql X QQ)

Dinh ly 1.8 (Bat déng thitc Holder [I1]). Gid stt f € LP(Q) va g € L' (Q)
vdi 1 < p < oo wvap solien hop Holder cia p, tic la }% + ]% =1. Khs do

/Q\f(x)g(x)!dx < 1Al llgll e -

Dinh nghia 1.9 (Dinh nghia tich chap [10]). Cho f, g la cac ham do duge
tit R? vao R. Chiing ta dinh nghia tich chap cia f va ¢ nhu sau:

(f xg)(x) = y flx —y)g(y)dy.



Dinh 1y 1.10 (Bat ding thic Young [10]). Gid st f € LP(R?) va g €
LY(RY) vdi 1 <p<oo,1<qg<oo. Khidsfxge L'(RY) va

1f*g

—-12>0.

ey < fll ey 191 Lagray,

/-1_
vdz;— +

] =
Q=

Ménh dé 1.11 (xem Meénh dé IV.19 trong [10]). Cho f € C.(RY) va
g € L. (RY). Khi dé (f * g)(x) luon dude zdc dinh vdi moi x € R va

fxgeCRY.

Ménh dé 1.12 (xem Menh dé IV.20 trong [10]). Cho f € C*(R?) vdi
k€ Nwvage L (RY). Khi dé (f * g)(x) luon dugc zdc dinh vdi moi

loc

x € R wva fxge C(RY). Hon nita

D(f xg) = (D"f) * g,

vdi moi o € Z4 thod man |a| < k.
Néi riéng, néu f € CX(RY) va g € L (RY) thy f x g € C®(RY).

Hé qua 1.13 (xem Hé qua IV.23 trong [10]). Cho 2 la mot tap md trong
RY. Khi do C>°(Q) la tru mat trong LP(2) vdi moi 1 < p < oo.

1.2 Khong gian Sobolev-Slobodeckij

Dinh nghia 1.14 (Dao ham yéu [11]). Cho Q la tap md trong R™, [ €
L},.(2) va a € Z" la mot da chi s6, ta néi g la dao ham yéu bic a ciia f,
ki hiéu la D f, néu

/ fD% = (—1)k / gy, vdi moi v € C°().
0 0

Dinh nghia 1.15 (Khong gian Sobolev-Slobodeckij [12]). Cho Q2 la tap
md trong R", 1 < p < o0, § € (0,1) va f € LP(Q), nita chudn Slobodeckij
dugc dinh nghia nhu sau:

o ([ 2250 )
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Cho s > 0 khong nguyén va 1 < p < 0o. Khong gian Sobolev-Slobodeckij
W#P(Q) duge dinh nghia nhu sau:

Ws’p(Q) = {f S WLSJ,p(Q) - Sup [Daf]s—LsJ,pﬂ < OO} )
|al=[s]

N 4 P
cung vdi chuan

[ lwsry = [ fllwisin@) + sup [D*fls_ 510

o =]s]

1.3 Ham Gamma va ham Beta

Dinh nghia 1.16 (Ham Gamma [13]). Ham Gamma, ky hiéu I'(-), duoge

dinh nghia nhu sau:
') :/ t*etdt, a > 0.
0

Dinh nghia 1.17 (Ham Beta [14]). Ham Beta, ky hiéu la B(-,-), duoc
dinh nghia nhu sau:

1
B(p,q) = / 11—t tdt, p,q > 0.
0

Khi d6 ta c6 mdi lien hé gitta ham Beta va ham Gamma nhu sau:

L'(p)l'(q)

- . s P4 > 0.
T'(p+q)

B(p,q) =

1.4 Ham Mittag-Leffler

Dinh nghia 1.18 (Ham Mittag-Leffler hai tham s6 [9]). Cho o, 8 > 0,
ham Mittag-Leffler hai tham s6 E, 5 : C — C zdc dinh nhu sau:

00
Zk

Ea75(2) = m

k=0

Chung ta gi6i thieu cac két qua vé dang diéu tiém can cia ham Mittag-

Leffler hai tham s6 nhu sau:
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Bo6 dé 1.19 (xem Menh dé 4.1 trong [9]). Cho trudc 0 < a < 1, T > 0
va A > —Ng, Ag > 0. Khi dé ton tai hang s6 C; = C1 (o, Ny, T) > 0 va
Cy = Cy(ax) > 0 sao cho

C, whi0<t<Twvis —AN<\N<O,
\Ea,l (—Ata)] <

C /" N
e voit >0 va A > 0.

Bo6 dé 1.20 (xem Ménh dé 4.1 trong [9]). Cho trudc 0 < a < 1, T > 0
va X > —Ng, Ag > 0. Khi dé ton tai hang s6 C3 = Cs (o, Ao, T) > 0 va
Cy = Cy(a) > 0 sao cho

1 Cs wii0<t<Twva —Ay <A<,
t* EOW (—)\ta) <

Tk vdit > 0 va A > 0.
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CHUONG 2

DINH NGHIA CUA DAO HAM BAC
PHAN SO 9° VA MOT SO TINH CHAT

CUA DAO HAM BAC PHAN SO

Trong chuong nay, dya trén bai bao ciia M. Yamamoto [9] ching ta mé
rong d dudi dang toan tit 1a dang cau trong cac khong gian Sobolev. Tit
d6, ching ta dua ra mot s6 tinh chat ctia dao ham bac phan s6. Cudi cing,

ching ta xay dung cac dao ham bac phan sé ctia ham Mittag-Leffler.

2.1 Gié6i thiéu vé cac khéng gian ham va

toan two

Ta dinh nghia cac toan tit tich phan Riemann-Liouville bac o > 0 nhu

(J)(t) = m [yt —s)*tu(s)ds, 0<t<T, DI =LY 0,T),

(Ja0)(t) = fy (€—1)""0(€)dE, 0<t<T, D(J,)=L'0,T).
(2.1)
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Bé dé 2.1. Cho o, 8 > 0. Khi dé
J(Jv) = J* v, J(Jav) = Juisv vdiv € LH0,T).

Chiing minh. Dau tién, ching ta co6

——1 t — 5t SS—Tﬂ_l’UT Tds
= e , ¢, e vt

St dung Dinh 1i Fubini dé thay doi th tu tinh tich phan ta thu dudc

JU(JPu(t)) // (t —5)* (s — 1) Lu(r)drds
o(7) / (t— 5)° (s — 7Y dsdr.

J*(J%u(t))

W/O

Doi bién u = == ching ta c6

J(JPu(t)) = W/O v(T)(t — T)a+ﬁ_1/0 (1 —w)* YW’ tdudr.

Do do6

T TPu(t)) = —— ) / ()t — 1)L = Jo ().

I'(a+8) Jo
Tiép theo, chiing ta c6

Ja(JﬁU(t))=m / (€~ 1)t /5 (n— €)°Yo(n)dd.

St dung Dinh 1i Fubini dé thay doi tht tu tinh tich phan ta thu dugc

Ja(Jpu(t)) / / §—1)""(n— &) dnde

- - v _ pna—l1 5—1
v | [ - e

Do6i bién v = 5 L ; ching ta c6

T0(0) = s | @ =07 [t )y



Do do

Ta dinh nghia toan ti 7 : L*(0,T) — L*(0,T) cho béi
(To)(t) == (T —t), v e L*0,T). (2.2)

Khi d6 dé thay rang 7 13 mot dang cau tit L2(0,7T') vao chinh no.

Trong sudt luan van, ching ta goi K la dang cau gitta hai khong gian
Banach X va Y néu anh xa K 1a song anh va ton tai hing s6 C' > 0 sao
cho C7Y|Kv|ly < |v]lx < C||Kv|ly véi moi v € X. Trong d6 ||.||x v&
|.]ly 1an lugt 1a céc chuan trong X va Y.

Dat

0C'0,T] == {v € C'(0,T]; v(0) = 0},
000, T) := {v € C0,T);v(T) = 0} = 7 (,C*[0, T)).

V6i 0 < a < 1, p = 2 khong gian Sobolev - Slobodecki H*(0,T') v6i chuan
duge dinh nghia nhu sau:

T () — o)\
HUHHQ(O,T) = <|U||%2(0,T) +/0 /O \t _ 8|1+2a dtds '

Chung ta dat

H(0,7) =00, 71" ", @m0, 1) =070, 7"

(2.3)
Dé thay Ho(0,T) = L*(0,T) va "H(0,T) = L*(0,T).

Meénh dé 2.2. Cho 0 < o < 1. Khi d6
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mon -{ foc o0y §Sa <), a-y

Hon nita, chuan trong trong H,(0,T) tuong duong vdi
0] e 0.), @ # 3 2

HUHH (0,7) =
o T |v(t)]? _
(10123 gy + 205, 0=

H2 (0,7)

N[

(ii) Tuong tu ta co

H(0.T) = q {ve Hi(
(

Hon nita, chuan trong trong “H(0,T) tuong duong vdi

HUHaH 07), & 7é bL

HUHH 0,7) = 3
(o7 ) 2 T |’U ‘ . 1
(H [ A dt) , =g

H2 (0,7)

2.2 Su md rong cua dy léen H,(0,7T): budc

trung gian

Ménh dé 2.3. Cho 0 < a < 1. Khi do
J: L*(0,T) — H,(0,T),
la mot dang cau. Néi rieng, Hy(0,T) = J*(L*(0,T)).
Vi du 2.4. Theo Ménh dé , chiing ta sé kiém tra ring
1

f(t)y=1t" € H,(0,T) néu g > o — 5"
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That vay, dat v := 8 — a thiy > 2 va do d6 g(t) =t € L*(0,T). Khi
do

t
Jg)(t :_/ t—s)*1s7ds.
@) = a5 [ -9
Doi biénu:; ta co:

T9(g)(t) = ﬁ /O (t — ut)o ) (ut) tdu
ot 1 . -
:F(oz)/g u(1 —u)® du
B8

= mB(’er 1, a)

P T(y+ D))
CT(@)T(y+a+1)
C(y+1) 8

F'y+a+1)

Do d6 f(t) = J*

g € JYL*(0,T) nén

IF'(y+a+1) T(y+a+1)
I'(y+1) I'(y+1)
fe Hy(0,T).

Dinh nghia 2.5.

O = (J*) ' = J " wsi D(OY) = Hy(0,T) = J*L*(0,T). (2.4)

Bén chéat ctia sy md rong nay 1a chung ta dinh nghia 9§ 14 nghich déo
clia dang cau J* tit L*(0,T) vao H,(0,T). Sau nay, chiing ta sé thuong
tim ¢ sao cho J%g = v, nhu trong Vi du [2.4

Meénh dé 2.6. Ton tai hing s6 C > 0 sao cho
C Ml a0,y < 1070l 20,1y < Cllvllay07):
vdi moi v € Hy(0,T).

Chatng minh. Xét v € H,(0,T) bat ky. Khi dé ton tai u € L*(0,T) sao

cho J%u = v.
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Mit khac J: L?(0,T) — H,(0,T) 1a mot ding cau nén ton tai hing

s6 C' > 0 sao cho:
C NIl g0y < Nullzor) < ClIlT |, 0.1)-
Ta ¢6 OMv = 02 (Ju) = (J)1(J) = u. Do d6

Collm,0r) < 1107 201y < Clollm,o.1)-

Vi du 2.7. Chang ta quay trd lai véi Vi du[2.4, Cho « € (0,1), 8> a—

Khi dé v(t) = t° € H,(0,T) va

Jagh-a _ F(?(g i 41‘)1)155.
Do d6
(7)) e
Suy ra
o0t’ = F(E(fj;-l:ntﬁ_a e L*(0,7).

Tuy nhién néu 0 < o < 1 thi 8 < 0 va khi d6 4¢7 = pt7~1 ¢ L}(0,

dt
Do d6 dv khong thé dinh nghia tric tiép.

Meénh dé 2.8. Vdi a, 3 > 0 sao choa — 3 < 1 thi
JOJ% = g7t tren D(JP).

Trong do

D(J—W) L*(0,T) néu —a+B>0,
N\ Hap(0,T) néu —1< —a+p5<0.

]

1

2

7).

Chiing minh. Gid st —a+ 3 > 0. Néu o = 3, thi J*J* = I la toan ti

dong nhat trén L?(0,T) nén két luan 1 hién nhién.

Néu 8 > a. Dat v := 8 — a > 0. Khi d6, v6i moi v € L*(0,T), ta c6

J(JPv) = 7 (J )
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= J (J(J "))

= (J7OJY) (J )

= Jv = J .
Nhu vay J~*J# = J="F tren L2(0,T).

Tiép theo, gid st —1 < —a+ 3 < 0. Xét v € H,_5(0,T) bat ki. Vi
Jo P L*0,T) — H, 5(0,T) 1a song &nh nén ton tai w € L?(0,T) sao
cho v = J* Pw. Suy ra

JaJby = jo b (Ja—ﬂw) _ Jo (J/”(a—%) — T = w.

-1
Mit khac, vi v = J* Pw nén w = (JO‘_5> v = J By,
Do d6 J~*J% = J=%F v6i mdi v € H,_5(0,T). O

Nhac lai

1 t dv
dv(t) = ———— | (t —s)"*—(s)ds.
o) = e [ (=) s
Ménh dé 2.9. Cho o € (0,1). Khi dé
Oty = DM = dv  wdi moi v € ¢C[0,T), (2.6)

V4

1 d

ool = ra oy

/t(t — 5)"“w(s)ds = Djv(t) vdi moiv € Hy(0,T).
' (2.7)

Ching minh. Dau tién, ching ta ching minh Dffv = d%v v6i moi v €
0C10,T]. Ta c6

_ (t _ S)—a+1

/Ot(t — 5) “v(s)ds =
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Ap dung quy t&c Lebnitz, ta thu duge
1 d ! -,/ ! —a !
—adi /), (t—s) "' (s)ds = /0 (t —s)""v'(s)ds.
Suy ra D{v(t) = dfo(t).
Vi (C0,T] C H,(0,T) nén ta chi can chitng minh

Ofv = Di'v v6i moi v € H,(0,T).

Xét v € H,(0,T). Khi d6 ton tai u € L*(0,T) sao cho J%u = v hay
u=J % = 0.

Ta co:

Suy ra 0f'v = Dj'v. O

2.3 Dinh nghia cta 0;': hoan thanh md rong

cua d

Bang cach dinh nghia hién tai ctia 8%, chiing ta hiéu rang %1 = 0 v6i

0 < o < 3, nhung khong thé dinh nghia duge 971 véi 1 < a < 1 do

1€ H,(0,T)=D (), 0<a<i,
1¢D(0), 3<a<l

Tuy nhién, d*1 = 0 va D1 = F(tl_—aa)

rang sy md rong hién tai ctia 9 1a chua di. Do d6 ching ta tiép tuc mé

véi moi v € (0, 1). Diéu nay cho thay

rong dinh nghia cta 0 dé c6 thé dinh nghia dugc Of'v trong cac khong
gian tong quat hon, chang han nhu L?*(0,T). Chiing ta bat dau v6i ménh

deé sau:
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Ménh dé 2.10. Cho 0 < a<1va0< B < 1. Khidé J,:"H(0,T) —
“HBH(0,T) la mot ding cdu.

Chitng minh. Xét u € PH(0,T) C L?(0,7). Khi dé ton tai duy nhat
up € L*(0,T) sao cho u = 7(uy), hay u(t) = u1 (T — t) v6i moi t € [0, T].

Ta co

1 T
— d
F(O& t ) °
1 T
- _ (T —
F(& /t s —t)” s)ds
-1 0
— T—¢—t)° d
Sl A R IO
1 T—t
— (T —&—1)° d
- o /O £~ )" hun(€)de
= (J"u)(T —t) =7 (Jw) ().
Ma 7, J® la ding cau. Do dé J, la mot ding cau. O

Ky hieu (J) va (J,) lan lugt 1a toan tit d6i ngau cta J* va J,. Goi
H_,(0,T) va ~*H(0,T) lan lugt la khong gian ddi ngau ctia H,(0,T") va
“H(0,T). Khi d6 ta c6 ménh deé sau:

Meénh dé 2.11. Cho a > 0 va B > 0 théa man o + B3 < 1. Khi do:

(i) (J*) : H o 5(0,T) — H_5(0,T) la mét dang cau. Ddc biet, (J*)
H _,(0,T) — L*(0,T) la mot dang cau.

(ii) (Jo) : = PH(0,T) — PH(0,T) la mot diang ciu. Dac biet, (J,)" :
“H(0,T) — L*(0,T) la mot ding cau.

(iii) Véi moiv € L*(0,T) ta cé
J% = (J,) v.
Chiing minh. (i) Ching ta nhéic lai rang

J Hﬂ(O,T) — Ha+5(O,T),
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l4 mot ddng cAu theo Menh dé 2.8 Do d6 (J*) : H o 5(0,T) —
H_5(0,T) 1a mot dang cau.

(ii) Theo Menh dé[2.10} J, : H(0,T) — “*PH(0,T) 1a mot ding céu.
Do d6 (J,) : ~*~ BH(O,T) “PH(0,T) 14 mot déng cau.

(iii) V6i moi u,v € L*(0,T) bat k¥, ta co

((Jo)v,w)_ —a H(0,T)x H*(0,T) — = (Jaw, V) 20 1) x 22(0.7)

trong d6 (-, )27 13 tich vo hudéng trong L*(0,T). Do d6 ta chi can
chiing minh

Jav,w L2(0.T) — Jaw,v L2(0.T v6i in UJELQ O,T .
(0,7) (0,7)

Ta co

(J, w)20,1) = /T “(t)w(t)dt
[ ] st 9 st
-[ m(/ (6= <>dt> (5

T
= / Jow(s)v(s)ds
0
= (Jaw, U>L2(0,T)-
Suy ra

J, W) 20 = (Jaw, v) 2 vOimoi w € L*(0,T).
(0,7) (0,7)

Do dé
J* = (J,)" trong L*(0,T).

Bay gio chiing ta c6 thé dinh nghia J'u cho u € L'(0,T) nhu sau:
Chon v > 0 sao Cho < a+ v < 1. Khi d6 tut phép nhing Sobolev ta c6

(0, T) < H(0,T) — C[0,T].
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Do d6, u € L'(0,T) bat ky c6 thé duge coi la mot phan tit trong (“*7H (0, T))/
= _a—H(0,T) nhu sau:
w : “T"H0O,T7) — R
o — [ u(t)p(t)dt.

Dinh nghia dugc xac dinh bai vi
T
(ts)-emsmamormon| < [ R@lle(Oldt

< sup |o() y/ )dt

te[0,7]
= HU”Ll(O,T)H%@HC[O,T]
< Cllullzromllellermom).
Hon nita ta ¢6 ||ul|-a—pgor) < Cllullpior), nen L(0, T) Cc D(J) =
~YH(0,T). Khi d6 chting ta c6 thé ci thien Ménh dé [2.11| nhu sau:
Meénh dé 2.12. Ta c6
1

t
Ju(t) = —/ (t —s)* tu(s)ds, 0 <t <T, wdimoi ue L' 0,T).
I'(@) Jo
(2.8)

Chiing ta co thé viét lai cong thite (2.8) nhu sau J!, = J* trong L}(0,T).

Chiing minh. Chon v > 1. Khi d6 a4+ v > 3, véi moi v € L(0,T) ta c6
LYN0,T) 7 H(0,T) va [[v]|-a=mo.1) < Cllvll 201

Xét u € LY(0,T) bat ky. Vi L?(0,T) tri mat trong L'(0,T) nén ton tai
u, C L*(0,T) sao cho u, — wu trong L'(0,T) khi u — oo. Theo Ménh dé
2.11} ta c6 J u, = JY, véi moi n € N.  (¥)

Theo Ménh dé (Jo) : 7VH(0,T) — ~YH(0,T) la mot déng
cau, nén ton tai hang s6 C sao cho

12 Gt = oy < €l = ull ™7 HO.T) < C llu = ull gy

Ma [lun, — ul| 1) — 0 khi n — oo nén Jyu, — Jyu trong ~7H(0,T).

(**)
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Mit khac, v6i u € LY(0,7T), 4p dung bat ding thitc Young cho tich

chap ta co

17w = T ull o2y = 17 (e = )| 1o
1 1
= [|=—— "% (u, — u)
I'(l—a) LY(0,T)
< 1 a—1
< mt Hun - U’HLl(O,T)
LY(0.T)

= C lun, — UHLl(o,T) :
Suy ra J%u, — J% trong L'(0,T), hay J%u,, — J% trong "V H(0,T).
Két hop véi (*) va (**) ta c¢6 Ju = JY. O

Dinh nghia 2.13. Cho a € (0,1), ching ta dinh nghia

o = (J)" wai D(0Y) = Hz(0,T) hodc D () = "H(0,T). (2.9)

T dinh nghia trén va Ménh dé ta c6 dinh 1y sau.

Dinh 1y 2.14. Cho a > 0 va 8 > 0 thda man o + 8 < 1. Khi do
of: PH(0,T) — ~*PH(0,T) va 0F : Hyyp(0,T) — Hg(0,T) déu la

cac dang cau.

Vi du 2.15. V6i 0 < a < 1. Chon v > 0 sao cho % < a+7 <1 taxét O
v6i D(0¥) = 7H(0,T) D L'(0,T). Khi d6 1 € D(8%), va ta co

1
0'1l=D1 = ————t7“.
! ! ['(1 - )

That vay, vi t~@ € LY(0,T), theo Ménh dé [2.12/ta c6

1
['(1—«)

(L a2 L L t — 5)* s
Ja(ru—a)t )F(l—oz)(F(a)/()(t ) d)

1 ! a—1 -«
b /O (t — ut)>(ut) " tdu
1

o /O (1 —u)* 'udu
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1
= B(a,1 —«o) = 1.
Tl @ i-a
Do d6, tit dinh nghia ta c6 91 L 4
O do 1nn ngnia ta Cco = ————— .
’ e ! I'l—a)

Meénh dé 2.16. Cho 0 < a < 1. Khi dé

O u(t) = %<ﬁ/o (t — s)o‘u(s)ds) trong (C5°(0,T)),

vdi moi u € LY(0,T), trong dé 7 la dao ham yéu.

Chiing minh. V6i moi u € L'(0,T), ¢ € C5°(0,T) ching ta can chiing

< 8?157 o> = <% (ﬁ/@ (t — s)au(s)d8> , Q0>

_ (_1)ﬁ</0 (t— 5)"u(s)ds, ¢(t)>.

Chon 7 > 0 sao cho 5 < v+ < 1. Khi d6 L*(0,T) € ~*7H(0,T).

minh

Do (C1[0,T] trtt mat trong L'(0,T), nén ton tai u, € (C0,7T], n €
N sao cho u, — u trong L'(0,7T) khi n — oo. Lai c6 L'(0,T) Cc™*
H(0,7), nén u, —»u € *7" H(0,T).

Theo Dinh Iy c6 0 : "*VH(0,T) — —772H(0,T) la ding cau.

Do d6 ton tai hing s6 C sao cho

Hﬁta(un - U)H—W—MH(O,T) < C Hun - u‘l—v—aH(QT) :

Suy ra 0fu, — 0%u trong 2*VH(0,T). Vi C°(0,T) C 2*™H(0,T)
nén 2 7H(0,T) C (C5°(0,T)) va
[l (cooporyy = Sup w, @
] ||s0||=1< >

< sup <w 90> = w2001 -
pETH(0,T), |lpl|=1

Suy ra Of'u, —> Ofu trong (C3°[0,T7])".
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Mat khéc, theo Meénh dé 2.9] ta c6 0fu, = Dfu,,¥n € N. Lai c6
LY0,T) C (C§°[0,T]) suy ra 8%u, = 0%u trong (C§°[0,T])’.

Do dé
D{u,, — 9w trong (C§°[0,T7)". (2.10)

Ta chi can ching minh Dfu,, — Dfu trong (C§°[0,T])'.
V6i moi ¢ € C§°[0,T7, ta co

< Dfunsip > = <% (ﬁ - s)“un<s>ds>,so>
— (1)<ﬁ/0 (t — s)o‘un(s)ds,go'(t)>
T4 t B /
— /O m/{) (t —s) “un(s)dsy (t)dt.

Tuong ty, ta co

T 1 t
< Dfu, p >= / —/ t — s) " “udsy'(t)dt.

Khi d6

1 T rt
< Dfu,, — Du, o > | = —/ / t — ) Hu, —u)dsg (t)dt
< D= Do > | = s [ [ =9 = w0
1 r 1

N (uy, — ) (t)p(t)dt

['(1 —oz)/o ['(1 - «)

< [l e )
o(0T) T * (U, —
= Wlcg o ['(1—«) tn LY(0,T)
< 1
< m ||90Hoo |, — uHLl(o,T) :
Do do
Dfu,, — D trong (CF[0,T]). (2.11)

Tir (2.10) va [@2.11) ta dugc

Ofu = Du trong (CZ[0,T7).
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Ménh dé trén gitp ching ta tinh todn dugc u € L'(0,7T) thoa méan
0%y = f ngay ca khi f € L1(0,T).

Vi du 2.17. a) V6i moi ty € (0,7) ham Heaviside duge dinh nghia nhu

07 t S th
hto(t) =

sau:

1, t>tg.

Véi moi ¢ € C§°(0,T) bat ky, ta co:
T d T
| e == [ e o
0 0
to T
—— [ e [ modoa
0

to

T
—— [ Gt = plte) =< B>

to
/
Suy ra %hy,(t) = 0, (t): ham Dirac tai ¢ trong (C’go((), T)) :
Do hy,(t) € L'(0,T), 4p dung Ménh dé , ta dugc:

Oy hy, (1) = %ﬁfo (t —s) “hyy(s)ds.

V6i t <t thi [ (t — s)"hy(s)ds = 0.
Véi t >ty thi

/O (= 5y (s)ds = /t (= 5)ods

t
=)t (t—t)t
B 11—« l—a
to
Dit
1 t
)= —" [ (t—8)"%hy (s)ds.
00) = gy | (= o) ()
Nhu vay
0, néu t < to,
_ 1 )
90 =9 L e st s

['(2—«)



27

V6i moi p € C5°(0,T) ta co:

Do do6

0, néu t < t,
Oy (1) = q (t —to)

~———— néut >t
F(1_04),1’1611 0

Tiép theo, v6i moi ¢ € C3°(0,T), ta co:

(‘3O‘ht0, / 8O‘ht0
:—m—a) / (t — to) ()t

1=t T
g raoa 0| “rEoa , €00

—1 g l—a, 7
:F@fﬁljﬁiw J(1)dt.

Do do

mn@hw>:—l‘guﬁ:¢%p4%wy

a—1—
Suy ra lim,_,1- Of'hy, = &, trong C5°(0,T).

b) Ta c6

6211/_[3 _ F(l + ﬁ) tﬂfa

O<ax<xl > —1
'l—a+p) a<l B
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trong ~*YH(0,T) v6i o + vy > %
Véi B > —1suy rat’ € L'(0,T), ap dung Menh dé ta co

L (N t(t— )“s’d
T a\ta—a) T

_df 1 panpgy

= F(l_&)t " B(1 a,5+1)>
_i F(B"'_l) tﬁ—aﬂ
dt\T(2—a+ )

Dit pltst5 =+ = g(t), v6i moi ¢ € C§°(0,T), ta c6

4 =< ">
dtgasp - g,g&

_ ! F(6+1) B—a+1, 1
B /()F(Q—Ct—l—ﬁ)t Rl

b
= —/a F(g(_ﬁzfﬁ)tﬁaﬂgo’(t)dt, (supp ¢ C la,b] C (O,t))

_ LB+ psanp|  B—at DIB+1) /b e (1)t

T2 —a+p) ['(2—-a+p)

B I'(s+1) r f-a
_F(2—a+ﬁ)(5—a+1)/0t p(t)dt

T'(B+1
- F(l(—ﬁ;_+)5) <177 >, véi moi p € C5°(0,T).

/
Khi d6 £4g = F(ljl(—ﬂotj—)ﬂ)tﬁil trong (C?(O,T)) :

Nhu vay
I'g+1)

atff
ot I'l—a+pb)

t7~1 trong (C?(O,T))l.
2.4 Mot sé6 tinh chat co ban ctia dao ham
bac phan sb

Dinh 1y 2.18. Cho «, 5 € (0,1) théa man o+ B < 1. Khi do

(0P v) = 8° v vdi moi v € H.,+5(0,T).
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Chatng minh. Ta c6 0F = (J*)~! khi D(9%) = H,(0,T) véi a € (0,1).
Xét v € Hyi5(0,T) bat ky. Dat w = JPv thi w € H,(0,T). Khi dé
J=J By = Jw va

JlatB)y, — j=(a+8) 18, — J=(a+B)+8,, — J=ay,.
Do d6 J=*J Py = J~@0)y v6i moi v € Hy 5(0,T). O

Chiing ta dinh nghia bién déi Laplace nhu sau:
T
(Lv)(p) = v(p) := lim v(t)e Pdt

T—o0 0
néu [, v(t)e Pdt < oo.

Bo dé 2.19. Cho w € L*(0,T) vdi moi T > 0. Néu ton tai ]E](p) vdi
p > po thi
(Ww)@)zp”@@% P> po.

Chiing minh. Chung ta nhac lai

1 t
Jw(t :—/ t —$)* Lw(s)ds, véi moi w e L*0,T).
)= g | (4= Ml 0.7)
Dat
L o420
g(t) ={ T(a)  ~ ’
0, t <0,

thi g € L(0,T),vT > 0. Suy ra
Jw(t) = g x w(t) € L*(0,T), v6i moi T > 0.

Theo giai thiét ton tai |w| nén ta co

T
lim e Pw(t)dt = w(p), p > po.

T—00 0

Chon T > 0 bt ky. Khi d6 w € L*(0,T) va

/OT e P J%w(t)dt = /OT o Pt (ﬁ /Ot(t _ S)alw(s)d$> gt
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T (T—s)p E a—11
/ e Pt —s)* ldt = / e —de
s 0 p p

— L - ! —ps s a—1_—¢
— F(a)p /g e Pw(s) (/0 £ e df) ds

Chiing ta thiy rang

(T—s)p 00
/T o tembde < / e 8de = T'(a).
0

0

Khi d6, vif,” e P'|w(t)|dt ton tai nen ta co

T (T—s)p
|| = %a)pa/T e Pw(s) (/0 §O‘le€d§> ds

T
< Cp_a/ e Plw(s)lds — 0 khiT — o0

[N

V6i0<s<%tacé

Khi d6
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suy ra
(T—s)p 00 T
lim o te=8q¢ = / 7 le™de =T(a) véi0<s< 5
0

T—o0 0

Mat khac f0+oo e Pw(s)ds < +00,Vp > py. Do d6

3 (T—s)p
lim [, = lim e Pw(s) / e tde | ds
T—o0 T—o00 0 0

=I'(a) /Ooo e Pw(s)ds

—Q

p /oo —ps e
= w(s)e P"I'(a)ds = p~“w(p), p > po.
s | et ®
Nhu vay
T
lim e P (Jw) (t)dt = lim (I + L)) = p *@w(p), p > po,
T—oo Jo T—o00
hay

(m) (p) =p “w(p), p>po.

[]

Dinh 1y 2.20 (Bién doi Laplace ctia 9%v). Cho u € H,(0,T) vdi T > 0
bat ky. Néu ton tai (@)‘E\) (p) vdi p > po la hang so duong thi ton tai
u(p) vdi p > po va

oulp) = p" @), p>po.

Chiing minh. Vi u € H,(0,T) v6i bat ky T > 0, khi d6 ton tai duy nhat
wy € L?(0,T) sao cho J*wr = u trén L*(0,T).

Dé thay rang néu 1) < Ty thi wr, = wr, trén L*(0,T). Do d6 chiing ta
dinh nghia:

w:l0,00) > R
t— w(t) =wr(t),
v6i T > t. Khi d6 v6i w € L?(0,T), v6i moi T > 0 vd J%w = u trén

L*(0,T), véi moi T > 0. Ttc 1a J%w = u(t) h.kn trén (0,00). Suy ra
0fu(t) = w(t) h.k.n trén (0, 00).
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Vi 0ftu(t) = w(t) véit > 0 va @OE] (p) ton tai véi p > po, ta co EU\| (p) ton
tai v6i p > po.
Ap dung B6 dé[2.19 ta c6

ﬁu‘ ton tai v6i Vp > pg va

(J/@) (p) =p “w(p), p> po
Do do
u(p) = p “0fu(p), p > po.

]

Hé qua 2.21. Cho u € H,(0,T) vdi T > 0. Néeu 0u € L"(0,00), r > 1
thi
Ofu(p) = p"u(p), p>po.

Dinh 1y 2.22. Cho o € (0,1). Khi do

(i) J*(ux* g) = (J%) * g vdi u € LY(0,T) va g € L1(0,T).

(1i) HU*Q‘H(X(O,T) < Cluf
LY0,T).

wom 19l o) voi u € Huo(0,T) va g €

(i13) 0% (u x g) = (0%u) x g vdi u € Ho(0,T) va g € L1(0,T).

Chaing minh. (i) Véi moi u, g € L*(0,T) ta c6

@ _ b t —g)o ! Su s — 5
Pt = oo [ (=9) ( J §>g<s>d5>d
= 57 |, 910 ( /g (1~ 5)* uls - é)d8> €

t t—¢
:ﬁ /0 g(f)( /0 (t—g—malu(n)dn)d@‘

_ /O 9(E) (Jou)(t — €)de
=(gxJ)(t), 0 <t <T.
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(ii) Xét u € H,(0,T), khi d6 ton tai w € L*(0,T) sao cho u = J%w trén
(O, T) va ”w||L2(O,T) S C H/U’HH@(O,T)' Ap dung Dlnh 15/' 2.19 ta thu dIIOC

uxg=Jwxg=Jwxg).

Viw e L*0,T) va g € LY(0,T) suy ra w* g € L*(0,T). Do d6
JYwx*g) € Hy(0,T) va

HJO‘(w * g)HHQ(O’T) < Cw 9HL2(0,T)
< Cllwll 207y N9l 220,y

<C ||uHHa(0,T) HgHLl(O,T) :

(iii) Xét u € H,(0,T), khi d6 ton tai w € L*(0,T) sao cho u = J%w trén
(0,7), suy ra ds'u = w trén (0,7).
Viw € L*(0,T),g € LY(0,T) suy ra w x g € L*(0,T).
Ap dung (i), ta c6

JY(wxg)=JwWwxg=uxg.

Két hop véi w* g € L*(0,T),w x g € H,(0,T) ta c6 0% (u * g) =
w* g = 0fu*g.
]
Dinh 1y 2.23. Choy > L wa B+~ > L. Khi dé, 8] : VH(0,T) —

“5=7H(0,T), ta co
v xu =0 (vxu),

vdi moi u € LY(0,T) va v e LY(0,T) théa man 8)v € LY(0,T).

Chitng minh. Theo bat déng thic Young ta ¢6 /v« u € L'(0,T). Ap
dung Menh dé[2.12] ta ¢

Jé(@tﬁv wu) = JHOPv x ).

Ap dung Dinh 1y [2.22] ta c6

Y0P v *u) = (J°8v) * u.
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Vi @ﬂv € L'(0,T), st dung Dinh nghia [2.13, vd& Ménh dé[2.12/mot 1an nita

suy ra

JOoPv = Jé(?tﬂv = Jy(Jp) v =v.

Dodc’),Jé(@fv*u):v*u.Suyra@f(v*u)zﬁtﬂv*u. O

2.5 Cac dao ham bac phan sé cia ham Mit-
tag - Leffler

Meénh dé 2.24. Cho trudc 0 < o <1, T >0 va X > —Ag, A\ > 0. Khi do
(1) Vdi moi X\ > —Ng ta ¢6 Eq1(—Mt") —1 € H,(0,7T) va

O (Eap(—=MY) = 1) = =AE,1(=M\%), t >0,
(ii) Vi moi X > —Ag ta c6 tEq (=) —t € Hy(0,T) va

0% (B o(— M) — 1) = —AtEaa(— %), t > 0.
Chitng minh. (i) Ta c¢6

1

PN (M0 = s /0 (£ — 8)* Y= ABy 1 (—\s)]ds

:ﬁ/ot(t_s ! Af%r(akjtk
= r(lQ) > r((;z)fi) /Ot(t — )t
_ F(la) f: F(<;2 .y /0 1(15 — ut)* " (ut) *tdu

= F(la) > r((;z ) /01 =) ut) du

Lo Ve
a(k+1) g |
" T(a ZF(ak—l— )/t (ak+1,0)
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i —At)*
— I'(ak +1
= avl(—)\to‘) —
Do —AE,1(=At*) € L*(0,T) nén E,1(—At*) —1 € H,(0,T) va

0% (Bt (M) — 1) = —AEq1(—At%).

(i) Ta c6:
I [~ MEas (—AY)] () = ﬁ /O (= )" (“AsEns (—As")) ds
_ ﬁ /0 (1= 5y {)\s :OO %ds]
- r(la) kf% r((_aAk) C-d:;) /Ot(t — )" s s
_ F(laz ;?6 r((_:k)a:; 2 Bk + 2, )

k=0
0 (=ae)”
=t _
kz:: ['(ak +2) ]

Vi —AtEq2(=MtY) € L*(0,T) nén tE,o(—At*) —t € H*(0,T) va

00 [t B a(— M) — ] = —AE,o(—At%).

Véi f € L*(0,T), ta dat

(Bf)(t) = /0 (£ = 8)° By o (=A(t — $)) f(s)ds. (2.16)

Khi do6 ta c6 két qua sau:
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Ménh dé 2.25. Cho f € L*(0,T). Khi dé
Brf € Ho(0,T) wa 07 (BAf)(t) = =A(BAf)(t) + f(t), 0<t<T.

Hon nia, ton tai hing sé6 Cs = Cs(a, Ao, T) > 0 va Cg = Cg(a, T) > 0

sao cho

1 BAfl ., o1 = Cs(a, Ap, T) HfHL2 oy V€ L*0,T), X > —Ay,
1B\ flniozy < ColenT) 1l ooy ¥/ € L20.T), A > 0.

Chiing minh. Ta c6

PEMBANG = 5 | (= FAB(5)ds
3

o [ [

—A t a—1 a—1 «
-5 / 1) / (t = 5)° (s — €0 By —A(s — £)°]dsde,

“E, a[=A(s = &) f(§)dEds

Ta xét
—A ! a—1 a—1 o
]—m/g(t—s) (5 — ) B u[=A(s — £)°]ds
___>‘ t _ )l _ g)a-t - (_)\)k(s—f)ak S
r(@)/f(t Y ; Dlak+a) ¢
—A - (_A)k ! a—1 a+ak—1
F(a) ;F(ak—l—a) /5 (t 8) (3 '5) ds
Déi bién u := j:? ta duoc
_ -« (_A)k ! —u afluozk+2ozfl _ \ak+2a-1 U
'= T Z%F(ak—ka)/o (1 =) (t=5) d

o —A - (_A)k ak+2a—1
- F(Q)ZF(akJroz)(t_O F B(ak + a, )

g)a(kJrl)Jra—l

B . (_)\k+1(t_
-2 Pla(k+1) +a)

jo-1| g [2AC oo 1
[Z ak+a _F(a)]




T AB)( /f
= B\f(t) = Jf(t),

suy ra
JU=A(BAf) + f)(t) = BAf(2).

Vi —=\(Byf)+ f € L*(0,T) nén Byf € H,(0,T) va ap dung 0% = (J*)~*
ta dugce
0y (Brf) = —AB)f + f tréen (0,7).

Theo Meénh dé 2.6] ta c6:
HB/\fHHa(O,T) < C HatO%B)\f)Hp(o?T)

= C|ABAf + fllr20.m)
< OB+ 1 £ z20.m)

L(0,7)

L) + 1) 11l z20.m) -

< c(HAtha,aut% 11202y + 1 iy )

_ 0( HAta—lEa,a(—At“)

Truong hgp 1: V6i A > 0. Ta c6
/
(Ban (=2 (£) = =M By o(—2%)

va By 1(=AtY) > 0, Eqo(—At*) > 0 v6i moi t > 0. Do dé

T
H)\to‘_lEma(—)\tO‘) = / MY B, o (=AY dt

Ll(OaT) 0

T
= —FEy1(—At%)

0
= —Ea71(—>\Ta) +1<1.
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Truong hgp 2: V6i —Ag < A < 0. Ta c6

T
et B2 = W / (L (M)
0

LY0,7
T
< \AO\CH/ tat
0
TOé
= |Ao|C1—.
o
Chon Cs(av, Ay, T') = C|Ao|C15 + 1, Co(a, T') = 2C ta thu duge:

IB\f e, 0y < Csla, Mo T) | fll g2,y » Y € LP(0,T), A > —A,
HB)\fHHa(O,T) < 06(047T> ||fHL2(0,T)7 Vf e LQ(O,T), A= 0.
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CHUONG 3

BAI TOAN GIA TRI PAU CHO PHUONG

TRINH VI PHAN BAC PHAN SO

Trong chuong nay, ching ta xét bai toan gia tri dau sau:

Of(u—a)(t) = —=du(t)+ f(t), 0<t<T
u—ae H,(0,7T)

trong d6 a € (3,1) A >0, T'> 0 16n tuy ¥.

Vi a € (3,1) nén véi moi v € H,(0,7) thi v € H*(0,T) c C*([0,T))
va v(0) = 0. Do d6 u — a € H,(0,T) C (C([0,T]) va suy ra u(0) = a
nén day dudc goi la bai toan Cauchy.

Dinh 1y 3.1. Cho f € L*(0,T). Khi dé ton tai duy nhat nghiém u =
u(t) € L*(0,T) cho bai todn gid tri dau (3.1)). Hon nita

t
u(t) = abq1 (—At") + / (t —8)" ' Epn (At —5)%) f(s)ds, 0<t <T.
0
(3.2)
Chatng minh. Truéc hét ta chitng minh bai todn c6 duy nhat nghiém trong
L*(0,T).

Gia st uy, up € L*(0,T) 1 hai nghiém ctia bai toan (3.1). Viu;—a, us—a €
H,(0,T). Khi d6

O (u; —a) = (J) Hu; —a), i =1,2.
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Ap dung Menh dé 2.3/ ta c6

w; —a=JY = u; + f) tréen H,(0,T).
Dit w = u; — us ta c6 w = (ug — a) — (uy —a) € Hy(0,T) C L*(0,T).
Hon ntta
0 (uy — a)(t) = =Aus(t) + f(t)
O (ug — a)(t) = —Auy(t) + f(1),

suy ra 0§ [(u1 —a) — (ug—a)|(t) = —A|ui(t) —uz(t)], hay Ofw(t) = —Aw(t).

Suy ra
w(t) = —\Jow(t) = % /0 (t — ) \w(s)ds,
hay
wlt) < s /|t S (s)lds.

= \JYw|(t)

Ap dung B8 dé Gronwall, ta duge |w(t)| < 0 h.k.n trén (0, T) suy raw = 0
h.kn trén (0,7) hay u; = ug h.kn trén (0,7). Nhu vay u; = us trong
L*0,7).

Cudi cung, ching ta chitng minh u(t) & cong thic (3.2) 1a nghiem cta
bai todn (3.1)).

Ta co
u(t) —a = alEqs1(=At") — 1] + (BAf)(2),

trong d6 (B, f)(t) duge dinh nghia trong cong thic (2.16)).
Ap dung Menh dé [2.24] va Menh dé [2.25 ta duoc

Eua(=M) — 1, B\f(t) € Ha(0,T).

Do d6 u(t) —a € H,(0,T). Hon nita, 4p dung Ménh dé va Meénh dé
ta thu dugc

O (u—a)(t) = a(=A)Ea i (=At") — X(BAS)(t) + f(2)
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= —AaE_q1(=XtY) + Baf (1)) + f(¢)
= —u(t) + f(t).

Nhu vay, u la nghiém cta bai toan (3.1)). ]

Tiép theo, chiing ta xét bai toan (3.1)) cho f € ~“H(0,T) nhu sau:

0 (u—a)(t) = —u(t)+ f(t), 0<t<T,

(3.3)
u—ac L*0,T).

Dau tien, ching ta md rong toan tit By len khong gian ~“H(0,7T) nhu
duéi day.

Meénh dé 3.2. Todn ti: By c6 thé duge md rong thanh Sy : ~“H(0,T)
— L2(0,T) nhu sau: Voi f € “H(0,T) va f ¢ L*(0,T) va ton tai day
{fu}n € L*(0,T) sao cho f, — f trong "*H(0,T). Khi d¢

m,n—00

tite la ton tai lim, oo Byfn trong L*(0,T), hon nita gidi han nay khong
phu thudc vao viéc chon { f,},. Do dé, dat

Sxf i= lim Byf, trong L*(0,7T).
Khi do ta cing co
0y (Sxf) = —=AS\f + f trong "“H(0,T). (3.5)

Chimg minh. Vi f € ~*H(0,T) va L*(0,T) trit mat trong ~*H(0,T),
chiing ta c6 thé chon day {f,}, € L*(0,T),n € N sao cho lim, o f, =
f trong L*(0,T). Tt Ménh dé v6i moi g € L*(0,T) ta ¢6 Byg €
H,(0,T) € L2(0,T) va

[Bag(t)] < ma%(] | Eoa(—=A")]

t
t—s)*g(s)d
ms =9 gts)as

< C|J%(t)] hkn trén [0,T].
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Do d6
T
1Bagllizon = | |Bag(e)de
’ T
<c [ 1rgpa
0

=C |Ua9HL2(0,T) :

Mit khac J% € H,(0,T) c L*(0,T) c LY(0,T) va ap dung Ménh dé
.12 ta co

J%(t) = (J,)'g(t), hkn tren (0,7).

Suy ra HB)\9HL2(O,T) <C |‘J<119HL2(07T)'

Do dé6 v6i moi m,n € N ta co

| Bafn — BAmeL?(o,T) <cC Hjé(fn - fm)HLQ(O,T) )

Theo Ménh dé c6 J' 7 H(0,T) — L*0,T) la dang cAu nén
H‘]éy(fn - fm)HL2(07T) S C an - mefozH(O’T)y suy ra

[1Brfrn = Bxfmll 20,0y < Clfo = finll-emzorr) -

Do f, — f trong “*H(0,T) khi n — oo nén {f,}, la day Cauchy trong
~H(0,T). Do d6

m’l%gloo | B fn — BAme*aH(O,T) = 0.
Diéu nay suy ra
m’l}lr_rgoo | Bxfn — BAmeLQ(QT) = 0.

Gia st cac day {fu}n v& {gn}n C L*(0,T) sao cho f, — f trong
““H(0,T) va g, — g trong ~“H(0,T), suy ra

A o = Gnll-emom) = 0.
va

| Bxfn — BA9n||L2(0,T) = HBA(fn - gn)HL2(0,T)
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g(ﬂklﬂ%ﬁ@—gdemI)
<C\fa=gall-amor), Vn €N

Suy ra
Tim [| By fy = Bagall = 0.

Do d6 lim,,_, By f, khong phu thuoc vao viéec chon {f,},.
Dit Syf = lim,, o By f, trong L?(0,T). Theo Ménh dé [2.25, ta c6

O (Bafn) = =ABxfn + fn trong L*(0,T),Vn € N.
Suy ra

Byfn = =M B\f, + J. f, trong L*(0,T) véi n € N.
Mat khac

1CT)" fu = (Ja) Fll a2y = 16" U = Ol 2oy
< C\fo = fll-enom
— |[(Ja) fn — (Ja)’fHLQ(O’T) — 0 khi n — oo.

Nhu vay trong L2(0,T) ta c6
lim J.) f, = J.f.
n—-ao0o
Tiép theo, ta c6

HJa/BAfn - Ja/S)\fHL2(0,T) - HJOz/(B)\fn - S)\f)HL2(07T)
< C|Bafn = S3fll-amom)
< C|[Bafo = Sxfll 2o -

Suy ra ||J./ Bafn — Ja’S,\fHLQ(O’T) — 0 khi n — oo.
Do dé trong L*(0,T)

11_>H1 Ja/B)\fn = Ja/S)\f-

(3)

T (1),(2),(3) cho n — oo ta thu duge S\f = —NJ,/S\f + J. f =

Jo (=AS\f + f). Suy ra 02 (Sy\f) = —AS\f + f trong "“H(0,T).

[]
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Dinh ly 3.3. Cho trudc 0 < a < 1 va f € "“H(0,T), ton tai duy nhat
nghiém u € L*(0,T) cia (3.3). Hon niia, ton tai hang s6 C > 0 sao cho

= allzzomy < € (lal + 1 oo ) -

Ching minh. Gid st uy,us € L*(0,T) 1a nghiem ctia bai toan (3.3). Dat
w :=u; —uy € L*(0,T). Khi dé, ta c6

O (ur — a)(t) = =Au(t) + f(t)
O (uz — a)(t) = —Aus(t) + f(1),
suy ra 08 [(ug —a) — (ug—a)|(t) = —Aui(t) —us(t)], hay Ofw(t) = —Aw(t).

Do d6 w(t) = —\(J,) w(t).
Mit khac, w € L*(0,T) € LY(0,T), ap dung Ménh dé ta dugc

w(t) = —\J w(t) = % /0 (t — 5)" L(s)ds.
Suy ra
)\ ! a—1
)] < g [ (= s (o)
= \J Ywl.

Ap dung B6 dé Gronwall, ta duge |w(t)] < 0 hk.n trén (0,7). Suy ra
w = 0 h.k.n trén (0,7). Hay u; = ug h.k.n trén (0,7).
Nhu vay u; = ug trong L?(0,T).

Tiép theo, ching ta ching minh u(t) = aE, 1 (—At*)+ S\ f(t) la nghiem
cua (3.3)).
That vay, S\ f € L*(0,T) suy ra u € L*(0,T) hay v — a € L*(0,T). Hon

ntta, ta co

O (u—s)(t) = a0 (Eap (=A%) = 1) + 97 (S\f)(1).

Ap dung Menh dé [2.24| va Menh dé 3.2} ta c6

O (u = s)(t) = a(=A)Ea1(=At") — ASM f(£) + f(2)
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_ —)\(aEaJ(—)\tO‘) + S)\f(t)) + f(t)
= —u(t) + f(1).

Do d6 u la nghiém cua bai toan (3.3)).

Ta 6 ||Sxf | 207y = Imp—soo | Bafall p2o - Tuong tut trong chitng minh
Menh dé [3.2] ta c6

HBAanB(o,T) <C H(‘]O‘),f”HLQ(O,T)
< O\ fall-amor) -

nén
7}1_)1’1010 HBAanLQ(O,T) S Cnh—{glo ||an*0‘H(0,T)
= C || fll-emom -
Do do

Ju — CLHL2(O,T) - Ha(Ea’l(_)‘tQ) — 1)+ S/\fHLQ(O,T)
< |af HEa,l(—AtO‘) - 1HL2(0,T) T HSAfHL?(M)
< C(lal + [[f - mro.m)-
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KET LUAN

Trong luan van nay, dya trén viec hiéu thau dao bai bao Gido su M.

Yamamoto, ching ta da trinh bay dugc cac ndi dung chinh sau

1. Gidi thieu vé phép tinh vi-tich phan phan thit v& phuong trinh vi phan
bac phan s6 duya trén co sé ctia 1y thuyét toan ti trong khong gian

Sobolev bac phan s6.

2. M6 rong cac khai niem dao ham Caputo va Riemann-Liouville ¢o dién

trong khong gian Sobolev bac phan s6 (bao gom cé cac s6 am).

3. Nghién cttu mot cach thdong nhat phép tinh vi-tich phan phan thi va
phuong trinh vi phan bac phan s6 theo thoi gian.
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