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LOI CAM POAN

Luan van nay dudc thuc hién dya trén sy tim toi, hoc hdi cua ca nhan t6i
dudi su hudng dan ctia thay Pinh Nho Hao. Moi su giip dd cho viéc thuc
hién luan vin nay da dugc cam on va céc thong tin trich dan trong luin vin

déu dudc ghi rd ngudn gbe. Toi xin chiu trach nhiém vé nhiing 15i cam doan.

Ha Noi, thdang 10 nam 2022

Hoc vién

Pham Hitu Thuan
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LOI CAM ON

Pau tién, toi xin gi 15i cdm on tdi thidy hudng dan cda té6i GS.TSKH.
Dinh Nho Hao, thay khong chi gidp dd t6i hoan thanh luin vin mot cach tét
nhit ma con ludn quan tam va chi bao t6i trong cudc sdng.

Tiép theo toi xin gtii 15i cAm on t6i quy d6i mdi sang tao (VINIF) da tai tro
hoc bong cho tdi, gitp t6i ¢ thé tap trung hoan toan vao viéc hoc tap, nghién
ctfu d€ hoan thanh tot nhat chuong trinh thac si cia minh.

T6i cling xin cam on trung tdm dao tao sau dai hoc Vién Toan hoc va Hoc
vién Khoa hoc va Cong nghé, Vién Han 1am Khoa hoc va Cong nghé Viét
Nam da tao ra mot moi trudng hoc tap, nghién ctu tot nhit trong sudt qua
trinh t6i hoc tap ciing nhu thuc hién luan van nay. Bén canh do t6i xin gui 101
cam on t6i anh Nguyén Xuin Quy, mot ngudi ban cling nhu ngudi anh cung
16p vdi toi da hd trg tdi trong qua trinh tim hiéu ciing nhu 14p trinh vi du s
cho luan van.

Pac biét, toi xin gui 161 cdm on t6i gia dinh cua t6i. Nhiing nguoi da luén
lam viéc cham chi dé t6i ¢ thé thuc hién uéc mo ctia minh. Cadm on vi tinh
yéu thuong vo diéu kién ctia bd, me va toi tin ho ludn tu hao vé hanh trinh

cua toi.
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MO PAU

Phuong phap phan tich truc giao chuin

Phan tich truc giao chudn (Proper Othorgonal Decomposition, viét tit 1a
POD) 1a mot phuong phéap s cho phép gidm do phiic tap ctia cic mo phong
trén may tinh nhu dong Iuc hoc chit 16ng tinh toan va phan tich ciu tric (nhu
mo phéng va cham). Dién hinh trong phan tich dong Iuc hoc chit 16ng va tua
bin, n6 dudc st dung dé thay thé cic phuong trinh Navier-Stokes bang cic
md hinh don gian hon d€ giai nhu trong [1].

Phuong phap phan tich truc giao (POD) c6 mdt lich st 1au dai. Tién than
cua POD la phuong phap vector riéng do K. Pearson khdi xuéng tir nam 1901
d€ chon nhitng thanh phan chinh trong mot luong dit liéu 16n. Tuy nhién,
phuong phap anh tic thoi (snapshots) cho POD méi dude Sirovich khéi xuéng
vao nim 1987. Phuong phap nay dudc phat trién cho nhiéu bai toan trong cc
linh vuc khac nhau, nhu xt 1y tin hiéu va nhan dang mau, thong ké, thiy dong
hoc, khi tugng, ky thuat y sinh. . .

Mot thoi gian dai ké ti nidm 1987, phuong phap POD chu yéu dudc su
dung d€ thuc hién phan tich thanh phan chinh (PCA) trong tinh toan thong
ké. Pic biét, phuong phap POD Galerkin bit diu dugc ap dung vao xay dung
mo hinh gidm s6 chiéu cho phuong trinh dao ham riéng PDEs va dugc dé
xuét trong cong trinh xuit sic nim 2001 va 2002 bdi Kunisch va Volkwein.
Tur thoi diém d6 trd di, viéc gidm sd chiéu cla cac phuong phap tinh todn sb

dua trén POD cho PDE da trai qua qua trinh phat trién nhanh chéng, ci tién



hiéu suit cho céc gidi phdp sd cho PDE. Phuong phdp xiy dung mo hinh véi
bac nhd dua trén co s6 POD ngay cang dugc tng dung vao nhiéu mé hinh
trong nhiéu linh vuc cta cudc séng nhu y té, dia chit...

Pbi twgng nghién citu ctia ludn vin

Trong luan van nay nay, chuing t6i 4p dung phuong phap POD cho bai toan
udc lugng tham s6 vo hudng trong phuong trinh dao ham riéng dang elliptic
qua quan sat trén bién.

Trong nhiéu tng dung, d& phii hop vé6i y nghia vt ly, ki thuit tham sb can
udc luong phai thda min nhitng rang budc bit dang thiic nao dé. Do d6, bai
toan udc lugng tham sd c6 thé dudc xay dung dusi dang bai todn diéu khién
t6i uu cho mdt phuong trinh dao ham riéng véi rang budc bét dang thc.
Trong ludn van nay, ching toi tap trung vao thuat toan Lagrange tang cuong,
két hop véi phuong phdp SQP toan cuc cho bai todn diéu khién tdi uu nay,
nhu trong [2], [3]. C4c phucong phdp SQP cho cic van dé udc lugng tham sb
dudc nghién cifu trong [4], [S]. Rang budc bat dang thiic trong bai toan diéu
khién t6i vu dudc xi Iy béi thuit toan Lagrange ting cudng. O mdi bude cia
phuong phap Lagrange tang cuong, phuong phap SQP toan cuc dugc st dung
dé giai quyét vin dé véi han ché dang thic.

Uéc luong tham sb thudng yéu cau thuc hién phép lip nhiéu 1an ma mbi
1an 1ip ta phai giai hai bai todn gia tri bién. Do d6, phuong phap sb dé gidi
quyét bai todn kha dat dé. D& khic phuc han ché nay, chiing tdi ap dung mot
mo hinh gidm sb chiéu cho bai todn diéu khién tdi uu d€ tiét kiém thdi gian
tinh to4an. Phuong phdp giam s chiéu cho phuong trinh elliptic phu thudc

tham s6 dudc thdo luan trong [6], [7]. Trong luan vin nay chiing t6i 4p dung



phan tich tryc giao chuin (POD) dé thu dudc md hinh gidm s6 chiéu cia bai
toan diéu khién tbi uu.

POD 13 mot phuong phap dé xAp xi cac phuong trinh vi phan bing cic md
hinh bac thip cho hé tuyén tinh va phi tuyén tinh. N6 dua trén viéc chiéu hé
can giai 1én khong gian con bao gdm céc phan tif co s& chifa cac dic diém
(features) cta 15i giai. Trong ludn vin, cd s6 POD bat ngudn tif cac nghiém
cho phuong trinh PDE cho cic gia tri tham s6 khac nhau (ching t6i goi cic
giai phap nay la ’snapshot’).

B6 cuc luén vin

Luan vin dugdc viét dua theo tai liéu [6], [8], [9] va dudc trinh bay theo %)
cuc:

Chuong I: Giéi thiéu vé phuong phap POD cho trudng hop rdi rac va lién
tuc.

Chuong 2: Phuong phap POD-Galerkin cho phuong trinh dao ham riéng
elliptic va uSc lugng sai sb6 ctia phuong phap POD-Galerkin, ngoai ra trong
chuong nay chiing toi ciing gidi thiéu phuong phap phan ti hitu han dé tao ra
cac snapshot cho phuong phap POD.

Chuwong 3: Gi6i thiéu chi tiét vé vin dé& udc luong tham sd trong khong
gian ham vo han chiéu. Ching tdi ciing trinh bay cach thuit toan Lagrange
ting cudng (bao gdm ca phuong phdp SQP) c6 thé dudc rdi rac bdi co s&

Galerkin phan t hitu han hoic POD.



Chuong 0

Mot s6 kién thitc chuin bi

0.1 Pai s6 tuyén tinh

B6 deé 0.1. (Bdt ddng thiic Young) Véi moi a, b € R va véi moi € > 0 ta co:
b2
b<ea® + —.
ab < ea” + 1
B& dé 0.2. Ma trdn ddi xung, xdc dinh duong M € R™ "™ co phdn tich gid
tri riéng:
M = QDQT.
O dé D = diag (n1,...,nm) € R™™ vgin; > 0vdimoi i € {1,...,m}.

Hon nita, () € R"™*™ la ma trdn truc giao.
Dinh nghia 0.3. Véi moi a € R ta dinh nghia:
M = Qdiag (nf,...,n%) QT,

v6i ma tran (Q € R™*™ cling nhu cac gia tri 7;,¢ = 1, ..., m, dudc gidi thiéu

3 bé dé trudce.



B& dé 0.4. Tu c6 cdc tinh chdt sau:
(M) =M,
M = MMP véi moi o, 5 € R,
(M*" = Me.

Voi o = =, ta co:

DO +—

[

M :Qdiag<m,...,M)QT.

Dinh nghia 0.5. Ki hiéu Kronecker d;;, dinh nghia béi 6;; = 1 néui = k va
5ik: =0néuz’ # k.

DPinh nghia 0.6. Cho ma trin A € C"*" v6i m > n. Phan tich gia tri ki di
(Singular Value Decomposition, viét tat 13 SVD) ctia A 12 ma tran A dudc
viét dudi dang:

A=UXV*,

trong d6 U va V 1a hai ma tran truc giao va ¥ 12 ma tran dudng chéo. Néu
UecCmm VeC™vay e C™thi A= UXV* dudc goi la SVD day
dicia A. NéuU € C™", V € C™"va ¥ € C"" thi A = UXV* dudc goi
la SVD rut gon cua A.

Dinh i 0.7. Moi ma trdn A € C™ " déu cé SVD. Hon thé nita, cdc gid tri
ky di o; dugc xdc dinh duy nhdt. Néu A la ma trdn vuéng va cdc gid tri ojla
khdc nhau thi cdc vector ky di trdi va phdi {v;}, {u;} xdc dinh duy nhat (sai

khdc nhdn tit c6 module bang 1).



0.2 Giai tich ham

Dinh nghia 0.8. Mot ho M cac tip con ciia RY 14 mot o-dai s6 néu:
0,R? e M,
A€ M suyra <Rd—A> e M,

néu {A;};2, C M, khidé | J Ay, [ A € M.

k=1 k=1

Pinh nghia 0.9. Véi f : R? — R. Ta goi f 12 ham do dudgc néu:
fHU) eM,
v6i moi tap mé U C R,
DPinh nghia 0.10. Todn tif lién hop A* : H — V clia toan td tuyén tinh, bi
chan A : V — H dudc dinh nghia bdi:
(Au,v)g = (u, A"y,
véimoiu e Vvave H.

B& dé 0.11. (Bdr ddng thitc Cauchy-Schwarz) Cho V la khong gian Hilbert.
Khi do:

(u, v)v < lully|[v]lv,
voi moi u,v € V.
Pinh nghia 0.12. Véi By, By 1a hai khong gian Banach thuc. Toan tG 7 :
B, — B, dudc goi 1a todn ti tuyén tinh, bi chin néu cic diéu kién sau thda

man:

) T(au+ Bv) =aTu+ Tv, véimoia, S € Rvau,v € By.



2) Ton tai hidng s ¢ > 0 sao cho || 7, ||5, < cl|u|/s,, v6i moi u € By.

Tap tit ca cdc todn ti tuyén tinh, bi chin tit B; vao By dudc ki hiéu 1a

L(Bi, Bs), 1a khong gian Banach véi chuan:

TN z,,8,) = sup || Tulls,, v6i T € L(By, Ba).

l[ulls, =1
Néu B; = B, ta c¢6 thé viét don gian £(B;). Toan ti lién hop 7' : By — Bj

cua toan tir 7 dudc dinh nghia béi:

<7-/f7 U>B’1,Bl = <f, TU>B’2,BQ ,

v6i moi (u, f) € By x B,. O d6 ()5, 5, 12 cdp lién hop cuia khong gian B, véi
khong gian d6i nglu ctia n6 B = L(By, R).

VG6i H1, Hs 1a hai khong gian Hilbert thuc. V6i T € L(Hy, Hs), toan ti
lién hop 7+ : Hy — H; 1a duy nhéit va dinh nghia béi:

<T*U7 u>7—[1 = <U? Tu>7—[2 - <TU, U>7—[2 )

voi moi (u,v) € Hy x Ha. V6i J; : H; — H' v6ii = 1,2, laki hidu ctia dang
ciu Riesz thoa man:

(u,v)% = <~7iuav>7-£§,?—ti7
v6i moi v € H,.

Khi d6 ta c6 biéu dién T* = J; 'T'Jo. Hon nita (7*)* = T vdi moi
T € L(Hi,H2). NéuT* = T tandi T tu lién hop. Toan ti 7 € L(Hy, Ha)
dugc goi la khong 4m néu (Tu,u),, > 0, v6i moi u € Hy. Cudi ciing
T € L(H1, Hs) dudc goi 1a compact néu moi day bi chin {u, }n,ey C H; day

{Tup}nen C Ho chita mdt day con hoi tu.

Pinh nghia 0.13. V6i #H la khong gian Hilbert thuc va T € L(H).



1) Mot s6 phiic A thudc tap chinh quy p(7) néu A\Z — 7T la song 4nh véi

toan tit ngugc bi chin. O day 7 € L(H) la ki hiéu cta toan ti don vi.

)

Néu A ¢ p(T), khi d6 X thuoc tap phd o(T) cta 7.

2) V6i u # 01a vecto v6i Tu = Au véi A € C. Khi d6 u dugc goi la vecto
riéng clia 7 va A 1a gia tri riéng tuong ting. Néu ) 1a gia tri riéng, khi d6
AZ — T khong phai 1a don anh. Do d6 A\ € o(T).

DPinh li 0.14. (Riesz Schauder) Voi H la khéong gian Hilbert thuc va T :
H — H la todn tik tuyén tinh, compact. Khi dé tdp pho o(T) la tdp roi rac
va khong co diém gidi han ngoai trie (c6 thé) la diém 0. Hon nita, khéng gian

vecto riéng tuong vung véi méi gid tri khdc 0 ciia X € o(T) la hitu han chiéu.

Pinh i 0.15. (Hilbert-Schmidt) Vi H la khong gian Hilbert thuc va T :
H — H la todn tik tuyén tinh, compact, tu lién hop. Khi do, ton tai day gid tri
rieng {\;}; € J va hé co s truc chudn ddy di tuong ving {1;}ic.;r C H théa
man:

0.3 Phuong trinh dao ham riéng

DPinh nghia 0.16. Cho ) C R". V6i 1 < p < oo ta dinh nghia khong gian

LP(£2) 1a khong gian cac ham do dugc trén (2 thoa man:

(/Q |f(:p)pda:>; < 00.
11l = ( /Q | f(a:)\pda:>

va chuan trén no:



Dic biét v6i p = 2 ta dugc L?(£2) 1a khong gian Hilbert.

Dinh nghia 0.17. Véi (2 dinh nghia 6 trén, ta dinh nghia khong gian cac ham
kha tich dia phuong bdi:

Lj,.(Q) ={f:Q — Rdodugc |f|x € L'(K) VK C €, K compact}.

Dinh nghia 0.18. (Pao ham yéu) Gid st u,v € L} (Q) vaa = (aq, ..., )
la da chi sb véi bac || = a; + ... + a,. Tandi v 1a dao ham yéu clp « cla u
va ky hiéu:

D% = v,

g oo

TR
Ox"  Oxy"

/QuDagbdx: (—1)'0“/Qv¢d:c,

v6i moi ham thit ¢ € C°(Q2), v6i C2°(2) 1a khong gian cac ham kha vi vo

vol D% = u. Néu:

han 1an va c6 gid compact trén €.

Dinh nghia 0.19. (Khong gian Sobolev) V6i 1 < p < oo va k € N. Ta ki
hiéu W"?(Q)) 1a khong gian tuyén tinh cta cdc ham y € LP(2) c¢6 dao ham
yéu D%y € LP()) v6i moi da chi s6 « véi bac |a| < k, cing véi chuén tuong

ung:

D =

Wl = | 3 / Dy [Pda

|| <k

Khong gian W*?((2) 1a khong gian Banach, dugc goi 1a khdng gian Sobolev

Ta thudng quan tAm dén trudng hop cu thé p = 2, ta ki hiéu:

HY(Q) = WH(Q).
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Dic biét ta quan tAm dén khong gian H'(€)) ma ta sé st dung trong luin
van nay. Ta co:
HY Q) ={yec L*(Q): D,y L*(Q),i=1,...,N}.
Véi tich vo huéng:
(U, 0) ) = /qudx + /Q Vu.Vude,

v6i Vu = (D, u, ..., D, u). Va chuan tuong dng:

Iyl = ( /Q (v + |Vy12>dx) |

voi [Vy? = (Dyyy)? + ... + (Da,y)”.
B& dé 0.20. (Pinh li vét) Gid sit Q bi chin T = 99 thudc Idp C. Khi dé tén
tai todn it tuyén tinh bi chdn:
T H'(Q) — L*(T),
thoa man:
TuU = Uu T
va:
[mrull 2 ry < Crllullgye),
vdi u € HY(Q), vdi hdang s6 Cr > 0, dugc goi la hang sé vét, phu thudc vao
mién ().
Pinh nghia 0.21. Moi anh xa tu [a, b] € R vao khong gian Banach X dugc
goi la ham gia tri vecto.

Phu thudc vao khong gian X, ta c6 mot sb trudng hop dic biét:
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e X = R. Khi d6 ham gia tri vectd y : [a,b] — R la ham gia tri thuc mot
bién.

e X =RN. Khidéy: [a,b] — RN véi mbi gia tri clia bién ¢ 12 mot vecto:
y(t) = (1), ., yn(t)]" € RY.

« X = HYQ). Khi d6 v6i mdi t € [a,b], gid tri y(¢) clia ham sb y :
[a,b] — H'(Q) la mot phan ti ctia H'(Q2), va do d6 né chinh 1a mot
ham trén bién khong gian = € €. Néi cach khac, y(t) = y(.,t) € HY(Q)

v6i mdi t € [a, b], nghia la ham x — y(x,t) thudoc H'(Q).

Pinh nghia 0.22. Cho {X, |.||x} la khong gian Banach. Ta n6i ham gia tri
vecto y : [a,b] — X lalién tuc tait € [a, b] néu ta co 1713% ly(T)—y(t)]|x = 0.
Ta ki hi€u khong gian cac ham gia tri vectd lién tuc tai moi ¢t € [a, b] bdi
C([a, b], X]. Khong gian C([a, b], X]) 1a khong gian Banach véi chudn tuong
ung:
I¥leosx) = max ()]

Pinh nghia 0.23. Mot ham gia tri vecto y : [a, b] — X dudc goi la ham buée
néu ton tai hitu han y; € X, va cac tap do dugc Lebesgue, doi mot rdi nhau
M; € la,b] v6i 1 < i < m, théa man [a,b] = U™ M; va y(t) = y; v6i moi

DPinh nghia 0.24. Mot ham gia tri vectd y : [a,b] — X dudc goi la do duge
néu ton tai day cdc ham budc {y; }3°, sao cho y(t) = lim yx(t) hau khip noi
—00
t € |a,b].
Bay gi0 ta gidi thiéu khong gian LP ciia ham gia tri vecta:

Pinh nghia 0.25. (i) Ta ki hiéu LP(a,b; X) v6i 1 < p < oo, la khong gian
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tuyén tinh clia tit ci cac ham gid tri vecto do dudc y : [a,b] — X véi tinh
chat:
b
[ It < oo
a

L?(a,b; X) 1a khong gian Banach véi chudn tudng dng:

1
b ]
Y| Lo (ap:x) == (/ Iy(t)|f’§(dt> .

(ii) Ta ki hiéu L*°(a, b; X ) 1a khong gian Banach tit ca c4c ham gid tri vecto

do dugc y : [a,b] — X véi tinh chét:

HyHLoo(a,b;X) = €SS SUPq ) ly() ]| x < oo.

Trong khong gian da dinh nghia, cac ham khac nhau trén mot tap con cia
[a, b] c6 d do Lebesgue la 0 thudc cuing mot 16p tuong duong va dudce coi la
bing nhau. D& thiy C([a,b], X) C LP(a,b; X) C L%(a,b; X) v6i1l < p <
q < 0.

Trong khong gian L!(a, b; X), va do d6 ciing trong khong gian L?(a, b; X)
v6i1 < p < oo va C([a,b], X), tich phan Bochner ¢6 thé dinh nghia cho ham

gia tri vectd. V61 ham budc y ta dinh nghia nhu sau:

b m
@ i=1

Vi y; € X la gia tri cia y trén M; va |M;| 1a ki hiéu do do Lebesgue cua
tap M; véi 1 < i < m. RO rang tich phan nay 12 mot phan ti ctia X. Véi
y € L'(a,b; X), vi y do dudc nén ton tai diy {y;}2>, cac ham budc hoi ty
hau khip noi trén [a,b] dén y. Khi d6 tich phan Bochner clia y dudc dinh

nghia nhu sau:
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Dinh nghia 0.26. (i) Ta goi ham do dudc y : [a, b] — X 1a kha tich néu ton
tai day cac ham buée {y;}7° , thoa man:
/ \lyi(t) — y(t)||xdt — 0, v6i k — oo.
(ii) Néu y kha tich, ta dinh nghia:

b b
/ y(t)dt = lim/ yr(t)dt
a k—o J,

Pinh li 0.27. (Bochner, [10] chuong 5) Mét ham do duoc y : [a,b] — X la

khd tich khi va chi khit — ||y(t)||x la khd tich. Trong truong hop nay:

< [wonar,
<u*7/aby(t)dt> :/ab (u*,y(t)) dt,

véi u* € X' la khong gian doi ngdu ciia X.

(t)dt

va:

DPinh nghia 0.28. Véi u € L'(a,b; X). Ta goi v € L'(a,b; X) la dao ham
yéu clia u va viét:

!/
u =,

/ 6 (b / o(1)

v6i moi ham tht v6 hudng ¢ € C'°(a, b).

néu:

Dinh nghia 0.29. (i) Khong gian Sobolev W1 (a, b; X) chiia tht ca cic ham
u € LP(a,b; X) sao cho v’ ton tai theo nghia yéu va thudc LP(a, b; X). Hon

nua:

p
[ullwroepx) = (/ Ju(t |p+u()|pdt> V61 < p < oo
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V6i p = 00, ta 6 [|ul[wia(apx) = esssuppy ([lu(®)][x + [|v/' ()] x)-

(i) Ta ki hiéu H'(a, b; X) = W2(a, b; X).

0.4 Li thuyét tbi vu

Xét bai todn t6i vu hitu han chiéu dang:
min J(z) véix € R"s.te(x) =0 € R™, (P)

Véi e : R" — R™. Mot nghiém cta (P) dudc goi 1a mdt nghiém tdi wu cla
bai toan tbi vu.
Dinh nghia 0.30. (Tap di€ém chip nhan dudc) Tap diém chap nhan dudc dugc
cho bdi:

F={zeR":e(z) =0}.
Dinh nghia 0.31. (Pao ham riéng) Choz € X" vay € Y v6in,m € N.

Khi d6 V, J(z,y) la ki hiéu cta vectd chuia 3(:17 Yyéil <i<n.

DPinh nghia 0.32. (Ma tran Hessian ) Ma trin chifa cic dao ham riéng cip

hai ctia J : X" — R chifa 2 a ) tai (V2J( ))w voi 1 <, 7 < n, dudc goi la
ma trdn Hessian va ki hiéu la VQJ(x). Néuzr € X"vay € Y™ v6in,m €N,
ma tran V2 _J(z,y) chida cac thanh phan % voi 1 <i,j <n.

DPinh nghia 0.33. (Diém chinh quy) Diém 2* € F la di€ém chinh quy néu
gradient (yéu) (da dinh nghia & phan truéc) Ve, (z%), ..., Ve, (z*) 1a doc
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1ap tuyén tinh. Do d6, x* 1a chinh quy néu:

Ve, (:E*)T
Ve (ZC*> = )

Ve (%)
la toan anh.
DPinh nghia 0.34. (Nghiém dia phuong) Di€m z* € F la nghiém dia phuong
(chat) caa (P) khi va chi khi:

J(z) > J(z*) (J(z) > J(2%),véimoiz € (UNF)\{z"},

v6i U 1a lan can caa z*.

Dinh 1i 0.35. (Diéu kién cdn t6i uu bdc nhdt) Gid sit x* € R" la mot nghiém
dia phuong ciia (P) va x* la chinh quy. Khi do ton tai duy nhdt vecto nhdn tit
Lagrange \* = ()}, ..., /\Z,L)T théa man diéu kién toi wu bdc nhdt (diéu kién
KKT):

VJ (z") + Ve ()" X =0 e R”,

va:
e(z*)=0€eR™
Ham Lagrange L : R" x R — R dinh nghia boi:
L(z,\) = J(x)+e(x)" A= J(x) + {e(x), \)gm vdi (z,)) € R" x R™,
Piéu kién t6i uu bdc nhdt cia (P) co thé'viét nhu sau:

V. L(x* X)) =0va V) L(x*,\*) =0.
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Dinh i 0.36. (Piéu kién dii t6i uu bdc hai) Gid sit x* € F la diém chinh quy
va x* cung voi \* € R thoa man:

VJ (z") + Ve ()" X =0 e R”,

va:

e(x*) =0€eR™.
Hon nita, ma tran:

VoL (25, X)) = Vo (%, ) + Ve (2" X

= Vo (&5, X) + ) X Vipe; (27),
i=1
xdc dinh duong trén Ker (Ve (2*) ), nghia la, v'V ;. L (2, X*) v > 0 vdi moi

v € R" théa man Ve (x*)v = 0. Khi do z* la nghiém dia phuong chdt cua

(P).
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Chuong 1

PHUONG PHAP POD

Cho X la khong gian Hilbert thuc véi tich vd huéng tuong ung (., .) , va
chun sinh béi tich vo hudng ||.||x = (., >§(/2 Hon nita ta gia st X kha li tu
d6 suy ra X c6 hé co sé truc chuin dém dudc. D€ ap dung dudc phuong phap
POD ta can c6 cic phan ti (dif liéu) trong khong gian ma ta mudn gidm sd

chiéu (goi 1a cac snapshot) dé thuc hién viéc tim cd s3 POD.

1.1 Truong hop roi rac

Véin,p € N gid st ta c6 cac snapshot y}, ...,y € X v6i it nhat mot phan

ttt khac 0. Ta xét khong gian con tuyén tinh, hitu han chiéu:
V”:span{yﬂl <j<n1<k<p}CX,

v6i 86 chiéu d” € {1,...,np} < co. Ta goi V" 1a khdng gian con snapshot.
V6i hé co 6 truc chuan day da {¢);}ic7 € X ta c6 biéu dién:
yh = Z <y§,wi>x .
1€J
Phuong phéap POD bao gdm viéc chon mot co sd truc chuin {1; };c7 sao

cho véi batki ¢ € {1,...,d"} sai sb trung binh binh phuong giita ng phan ti
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y§ va { thanh phan tuong ting trong biéu dién trén 1 nho6 nhat:
(
P n L
: ny|, k k
min Y >l =D (uhv) il

: : 0
{ k=1 j=1 i=1 ) (P))
st {yi}i, C X; (i, ) = 0ij, 1 <, j <L

\

Vi o 1a céc trong s6 duong va d;; 1a ki hiéu Kronecker. Mot nghiém t6i
uu ctia (PY) dudc goi 1a mot co sé POD bdc (. Ta c6:

o =3 (vbwi) willk

i=1

= <y§~“ Y (ubowi) iyl - 5 (vbovn) ¢h>

1=1 h=1

l 14
2
= Il =23 (uhve) +
i=1

i=1 h=1

X
14

<<y§-“, vi) ol wh>X (Wi, Yn) x

1

2
= llyfI? =" (o)

i=1
(1.1)

ding v6i moi tap {¢;}{_; C X théa man (¢, 1);) . = d;;. Do d6 (P)) tuong

duong véi bai toan maximize

( © n Y4 9

max Y3l 3 (v :
{ k=1 j=1 i=1 ) (Pf)
\

Dinh nghia 1.1. V6i X la khong gian Hilbert thuc va yf,...y"* 1a snapshot

v6i 1 < k < p. Ta dinh nghia todn tif tong:

R « X — X

v — iia?<¢=yf>xyf’

k=1 j=1

(1.2)
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Lr 2 A n
v0i cac trong sO duong o
B& dé 1.2. R" la todn it tuyén tinh, compact, khong am, tu lién hop.

Chitng minh. V6i moi ¢, va 1, va 2 sb thuc z, y ta co:

P n
R"™(xh1 + yiho) = Z ZO‘? <ﬂ/}1 + Yy, yf>X yf

k=1 j=1
n
:xzza?<¢1,yj> ?JJJV?/ZZ <¢2,y]> ?Jf
k=1 j=1 k=1 j=1

= 2R"P1 + yR"s.

)

Do d6 R" tuyén tinh.

Theo bat dang thiic Cauchy-Schwarz ta cé:

[ n
IR lx < 35Dl (vouh) Niwdllx

k=1 j=1
P n
<Y o lellxllyflxllyb]x
k=1 j=1
P n
= O IR x
k=1 j=1

Do d6 R" bi chan. Mat khac ta ¢6 Img(R") € V" do d6 R" c6 anh hitu han
chiéu nén R" compact.
V6i moi ¢ € X ta co:

<R"w,¢>xzfia?<w,yj> () Sy S, e

k=1 j=1 k=1 j=1
Do do R" khong am.

3

V6i moi ¢, 9 ta c6:
n

(Ro0T), = (), (57),

k=1 j=1
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3

i ki <E’ yf>X <y§?’¢>x - <R”E,¢>X

1 j=1
Do d6 R" tu lién hop.

[]

Do X 1a khong gian Hilbert thuc, kha li vA R” 1a tuyén tinh, compact,

khong am, tu lién hop do d6 ton tai hé co sé truc chudn day du {E?}Ze 7 va

day céc gid tri riéng thuc tuong tng {\, }ic7 thoa mén:

RUG! = XY >N > > N > My = .. = 0.

Nhan xét 1.3. Tu (1.2) va (1.3) ta co:
© n
) of <y§“,¢?> <Z > aof <yj,¢”> yf,¢?>
1=1 j=1 1=1 j=1 X
= (R"},07), = A, Vi€ J.
Do do:

3

f: o <yj,¢"> —0,Vi > d".

1=1 j=1

Vi {9"};c.7 1a hé truc chudn diy di nén ta co:

§© n © n
S el = 303 3 ok

i=1 j—l =1 j=1 veJ
dn
Y Y () = =
veJ i=1 j=1 veJ 1=1

(1.3)

(1.4)

(1.5)

(1.6)

Tu (1.6) tong ZZG 7 Aj bichan. Theo (1.1) ham muc tiéu cua (Pé) c6 thé viét

nhu sau:

p_n ¢ an
SO afllyf = 30 () willk = N
=1 j=1 i=1 '
. @ /

_Z @ Z<yw >

k=1 j=1 =1

n

(1.7)
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Bay gid ta sé dua ra két qua chinh cho bai toan (P,f) va (p,f):

Dinh li 1.4. Cho X la khéng gian Hilbert thuc, khd li, v, ..yF véi1 < k < p
va R" dinh nghia nhi (1.2). Gid st {\"}ic.7 va {1 }ic7 la cdc gid tri riéng
khong dm va cdc vecto riéng cua R" thoa man (1.3). Khi do, vdi moi { €
{1,...,d"}, € vecto riéng dau tién {7 }t_, la nghiém téi wu ciia bai todn (P.)
va ( FA’,‘Z ). Hon nita gid tri ham muc tiéu thoa man:

o n dr

>3 ellf - ;<y§,z@i>x Gik=3 X a9

va
¢

© ¢
SNy () = (1.9)
i=1

k=1 j=1 i=1

3

Chitng minh. Ta chiing minh khang dinh cho (p,f) bang cach st dung quy nap
voil e {1,...,d"}.

V6il =1vay e X véi ||¢y]|x = 1.

Do {9"},c.7 1a hé co s6 truc chuin day di. Ta c6 thé biéu dién 1) qua hé nay

nhu sau:

=) () Ul (1.10)

veJ

Khi d6 ham muc tiéu ciia (P') ¢6 thé viét lai nhu sau:

Zp: s o <y], > ZZO‘ <y§“,2<¢,¢ﬁ>xwﬁ>2

k=1 j=1 k=1 j=1 veJ X

<<y§a (000 ) <y (0 4), ¢Z>X>
-y Z 9> (<y;a o)yl (60 (v, @%)
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n

Yy (2

veJ ped k=1 j=1

o (b0 ) yf,wz> (o B0y (0,05)

X

T (1.2), (1.3) va ||[¢"]|x = 1 ta c6:

ZZ (o) ZZ(<Wﬁ,&z>x<w,w>x<w,¢iz>x)

k=1 j= veJ ped

= 3N, dy

veJ
Do \! > \" Vv € J, tit (1.4) ta c6:

STX (w0 < XS {0y = M)k = A
veJ veJ

n

sz <yj7¢1>2

k:l =1

Nghia 12 ¢/} 12 nghiém t6i uu ctia bai toan (]55) va (1.9) dung. Tu do v6i £ = 1

khang dinh ding. Chd y tir (1.7) va (1.9) ta suy ra (1.8).

Gia st khang dinh diing véi ¢ tic 12 ta co:

,
V6i 0 < d* — 1, {¢"}_, C X langhiém t6i vu ciia bai toan (PY)

< n

ZZF? @,>—§?7

kl]l i=1

~

(1.11)
Xét bai toan:
(+1
maXZZ Z<w> A
$ h—1 j—1 i1 : (PLTh

stwa“l C X (i) =0y, 1 <id,j < L+1
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Tu (1.11) ta c6 {¥?}¢_, cuc dai :

P ¢ 9
Z sz <y§€’¢i>x

k=1 j=1 =1

n

Do d6, (P*1) tuong duong véi

r © n
max Z Z oy <yf, w>i

X k=1 j=1 : (1.12)
st e Xvally|lx =1, (¢, ¢, =0,1<i<(
\

Lay ¢ € X thoa mén ||¢]|x = 1va (¢, ¢]"), = 0v6ii=1,..,¢. Khi d6 sit
dung bi€u dién (1.10) ta co:

o n ) i i ) )
SO ar(yhw) = SR 0y = SN (0

k=1 j=1 veJ v>{

2> 5\3 véimoiv > ¢+ 1 vatu (1.4)taco:

AL
e 2
ZZ <yp > < )‘€+1 Z <¢ ¢ x = )‘£+1 Z ¥, wn>x

k=1 j=1 v>/{ veJ
% n 9
= Xeallol =Xy = DD ot (v o)
k=1 j=1

Do d6 ', , 1a nghiém t6i uu clia bai todn (1.12) suy ra {7} 1a nghiém t6i

uu ctia bai todn (P/1) va:

© n {+1 ~ {41
S>> (ki) =2
k=1 j=1  i=1
Mot 1an nita ta c6 tir (1.7) va (1.9) ta suy ra (1.8). []

Nhéan xét 1.5. Pinh Iy ciing c6 thé dudc chiing minh bing cich tiép cin ham
Lagrange, khi d6 (2.6) 1a cdc diéu kién t6i wu bac nhit cho bai toan (P!) dugc

trinh bay trong [11].
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Trong viéc d4p dung phuong phap POD viéc lua chon ¢ c6 vai tro quan
trong. Ta can lua chon ¢ dya vao viéc quan sét ti 1& cia md hinh dugc 1ap va
t6ng ning lugng trong cac snapshot yF, ..., y* véi 1 < k < p, dugc biéu dién
bdi:

DYDY,
(0 = SR € 0.1

Biéu thifc nay cang gan 1 thi mo hinh clia ta cang chinh xac. T (1.7) ta c6:

5(6) _ Zle 5‘? 5
k
1

D> i 2?21 oy

Nghia la viéc tinh toan bd cdc gid tri riéng {A\"}¢", , la khong can thiét ma

ta chi can tinh ¢ gid tri riéng dau tién dé dat dudc ti 16 mong mudn.

Nhan xét 1.6. (POD trong R™) Gia st X = R™ v6i m € Nva p = 1. Khi
d6 ta ¢ n vecto snapshot yi, ..., y, vama trdn Y = [y1] ... |y, | € R™" véi
hang d" < min(m,n). Chon o} =1 v6i 1 < j < n khi d6 bai todn (Pfl) co
dang
2
0
Yi — D ie1 <ij¢z> Vi

min ) %,
Rm

st {}_, CR™and ¢ by = 65,1 < i,5 <,

v6i || - [|rm 12 chudn Euclidean trong R™ va "T" 1a ki hiéu ctia ma tran chuyén
vi. Ta co:
n
®Rw), = | > (v7¢) w Z Z Yy = (YYT9) . weRr”,
j=1 =1 =1 !
v6i mdi thanh phan 1 < i < m, khi d6 viéc tim gia tri riéng ctia R" tuong

duong véi bai toan tim gia tri riéng clia ma tran d6i xing:

YY T = Nl NP> o> A > N ==\
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Bai toan trén c6 thé gidi bang phan tich gid tri ki di (SVD): Ton tai cic sb
thuc o > oy > ... > ol > 0 vama trdn tryc giao ¥ € R™*" véi cac vectd

cot {zﬁf}zl va ® € R"™" véi cac vectd cot {gﬁ?}yzl théa man:

- D 0
VYD = _. % e R
0 0
véi D = diag (o7, ...,0%) € RT"*? va 0 trong cong thic 1a ki hiéu ciia ma

~ fe N ~ . o1 4" s (I d" 9
tran voi c¢6 phu hgp. Hon nua cac vecto {wgf‘}i:l va {cb?}i:l thoa man:

Yo =atPvay gl =a"¢" voii=1,...,d"

D6 1a cdc vectd riéng tuong tng cia YY" va Y'Y, vé6i gid tri riéng \! =
(@) > 0,i=1,...,d" Cicvects {gr}" . va{gp} .. (méud" <m
tuong ting d" < n) la cic vecto riéng cia YY" va Y'Y véi gid tri riéng O .
Do do, trong trudng hgp n < m c¢6 thé xdc dinh cd s6 POD bac ¢ nhu sau:
Tinh céc vectd riéng @7, ..., Q_SQ € R” bang cach giai bai toan gia tri riéng

clia ma tran d6i xting cd n X n:
Y'Y =Nl véii=1,...,0,

va khi do:
— 1 — .
lp?:_—quby Véllzl,...,g.
(A¥)
Miit khac, néu m < n , ta cé thé cé dudc co s POD bﬁng cach giai bai toan
gid tri riéng m x m . Néu ma trin Y c¢6 chiéu khac biét, ta nén tinh YY"
(hodc Y'Y ). Trong trudng hgp nay SVD trd thanh mot phuong phap sé 6n

dinh d€ tinh todn co s6 POD bac /.
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1.2 Truong hop lién tuc

Liy0 <t < ... < t, < T laluéi thdi gian trong doan [0, T'] v6i budc luéi
At =T/(n—1),hay t; = (j — 1)At. Gid st ta c6 y* € C([0,7],X),1 <
k < . Khi d6 sanpshot dugc cho bai y] = y*(t;) € X.Khi d6 khong gian
con snapshot V" phu thudc vao viéc chon ¢;. Do d6 co sd bac ¢ {wgl}le tuong
ting véi cac gid tri riéng {\?}¢_, cling phu thudc vao t;. Hon nita ta ciing chua
thao luan vé cic trong sd duong {a _, trong bai toan (Pg) Do d6 ta can

tim hiéu hai cau hoi:
* Can lay n thé ndo d€ cic ¢; du tbt .
« Céc trong s6 duong {a _, chon thé nao 1a thich hgp.
D& giai quyét hai cau hdi trén ta gidi thiéu phién ban lién tuc clia phuong
phap POD. Ta dinh nghia khong gian snapshot bdi:
V =span {y"(t)|t € [0,T],1 < k < p} C X,
véi s6 chidu d < co. V6i moi ¢ < d ta xac dinh cd s POD bic ¢ bang cach

giai bai toan:

min |y (¢ ), i) i)k dt
Z/ Z:lx >X " . (PY
st {dity © X (i) = 8,1 S <

Mot nghlem t6i uu {¢;}'_, clia bai toan (P*) dugc goi 1a mot co s6 POD

bac /. Tuong tu nhu bai toan (Pﬁ) thay vi (P) ta c6 thé xét bai toan:

(max f:/Ti:<yk(t),¢i>idt
k=170 =1

\ s.t {%}521 C X7 <77/}Z777D]>X = 62]71 < Za] < 4

(P
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Nghiém tbi uu cta bai toan (P’) va (pe) c6 thé dudc tinh bang bai toan gia
tri riéng cla toan t tich phan tuyén tinh:
R : X — X

Yo f:/OT <yk(t),¢>xyk(t)dt'

V6i khong gian Hilbert X ta ki hiéu L?(0,T; X) la khong gian cac ham

(1.13)

kha tich bac hai t — ¢(t) € X nghiala:
« Anhxat — o(t) 1a do dugc véi t € [0, T].
Nellorn = (I e lkdt)* <oc.
cung vdi tich vd hudng:
(&, V) p20rix) = / ((t), (1)), dt, Vo,¢ € L*(0,T; X).

Bodeé1.7. X la khong gian Hilbert thuce, khd li, y* € Hl(O, T:X),1<k<
© la cdc quy dao snapshot cho trude. Khi do todn tit R la todn it tuyén tinh,

khong dm, tu lién hop va compact.

Chitng minh. Véi 1,1, € X va hai sb thuc z, y ta c6:

T
R(z)1 + yibo) = /0 <y’“(t), Ty + W2>X y"(t)dt

e [ (o) iy [ () oo

Do d6 R tuyén tinh. Véi moi 1) € X ta cé:

(Rap, ) x = </OT <y’“(t),¢>x Z/k(t)dt,l/)>

X



Do d6 R khong am. Véi moi ¥, ¢ € X ta co:

(Rap, ) = </OT <yk(t),w>x yF (t)dt, ¢>
- < [ (e, (Fo.6), dt>
- < / ' <yk<t>,w>xy’f(t>dt,w>

= (RY. ) -

X

Do d6 R tu lién hop. D€ chiing minh R compact dau tién ta viét R 1a tich cla
mat toan tu va lién hgp cua n6 trong khong gian Hilbert. Ta dinh nghia toan

td tuyén tinh ) : L?(0, T; R¥) — X nhu sau:

© T
Vo = Z/ SOyt vsio=(8...,6") € I*(0,TRY).
k=10
(1.14)
Theo bat dang thitic Cauchy-Schwarz va y* € L0, T:X)vwil< k< pta

cO:

p T %
ollx <3 [ [oto] [, ar< S0
k=1 k=1
) 2 2o 2 1
(SWt) (Sl

= Cy||éllr201re) > VOiMOI § € L*(0,T;R%).

|+
L2(0,T)
/2

L2(0,T;X)

1/2

P 2
§do C, = Z Hyk(t) HX < 00. Do d6, toan tit ) bi chan. Toan t lién
k=1
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hop ciané Y* : X — L? (0, T;R?) thda man:

V0, 0) 2ormey = (0, Vd)x VO € X vag e L*(0,T;RY).

Do dé ta dudc:

<y*¢7 ¢>LQ(O,T;Rp - <w y¢ <¢7 Z/ ¢k >
X

_i/:<w,yk<t>>xw<t>dt—<<<w<->>x>l<,f<pﬂ¢>

v6iy € X vag e L?(0,T;R®), tit d6 ta c6 todn ti lién hop:

L2(0,T;R#)

(' (1)
(V) (t) = : ,v6i € X vat € [0, T] hau khip ndi.
Tu dinh nghia cua toan ti R va:
<¢,y1(')>x 0 T
* _ . — k k d
Gvye=y| ;/0 (0. ®) v ey,
<¢,ZJ@()>X

véi Y € X.
Ta dugc R = YY* . Hon nifa, lay K = Y*Y : L2 (0, T;R®) — L? (0, T;R¥).
Ta co:
T
St Jo (UF(9) 9 (1)) @F(s)ds
(Ko)(t) = ; pe L*(0,T;RY).

D i fo (Y (s > ¢*(s)ds

Do Y bi chin, nén toan ti lién hgp ctia né clng bi chian va do d6 R = Y)Y~

la toan tu bi chan. Chud y ham nhan:

ran(s, t) = <yk(s),yi(t)>X, (5,8) € [0,T] % [0,T] va1l < i,k < o,
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thuoe L2(0,T) x L2(0,T). 6 dy, ta ki hidu L2(0, T) thay cho L*(0, T; R).
Khi d6, toan tif tich phan tuyén tinh KC;, : L?(0,T) — L%*(0,T) dinh nghia

bdi:
Kal) = [ rals.00()ds, o€ 0.7
O P
la toan ti compact. Do do, toan ti Z ICir, compact véi 1 <1 < ¢ . Tu do, K
va R = K* compact. = H

Pinh li tip theo mo ta cach giai bai todn (P') va (PY):
Dinh Ii 1.8. X la khong gian Hilbert thuc, khd li, y* € HY0,T;X), 1<
k < @ la cdc quy dao snapshot cho trudc. Todn tw 'R duoc dinh nghia trong
(1.13). Khi dé R c6 cdc vecto riéng {1);}ics va cdc gid tri riéng tuong iing
{S\i}iej VOi:

R = Nithi, Ay > Ag > ... >0; lim \; =0,

1—00
véimoi 0 € {1,2, ..., d}, {0;Y_, la nghiém ti wu ciia bai todn (P*) va (P').

Hon nita:

I
>

> [ S o) any

va
¢

f: /OT It = > (o @), ) dilliede = DO A

i=1 i>l
Chitng minh. Su ton tai cic gid tri riéng va vecto riéng tuong tng 1a hé qua
truc tiép ctia bd dé phia trén. Phan tiép theo hoan toan tuong tu & chiing minh

trong truong hgp rdi rac. [
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Nhan xét 1.9. Tuong tu trudng hgp r6i rac ta co:
Ty d_
Dl a=>"x 115

> /0 [, at=> (1.15)
That vay,

¢ T )

:Z/ <yk(t)a¢i>xyk(t)dt ,vé6imoii € J.
k=10

Nhan tich vd huéng véi v;, va ldy tong theo i ta dudc:

ZZ/ 0, = 3 (R i) = 30

=1 k=1

Phan tich y*(t) € X theo {@Zi}iej voi 1 < k < ptaco:

Y (t) = i <y’“(t), @@>X ;.

1=1

va do do:
T p_d LT 9 d
S [ el =3 [ (e, ar=30

Ta thu dudc diéu can ching minh.
Nhan xét 1.10. (Phan tich SVD) Gia st 4* € L?(0,T; X). Ton tai cic gia
trj riéng khong am {\; },_, va cdc vectd riéng tryc chudn tuong dng {¢;},_,
ctia R. Do K = R* tit d6 suy ra ton tai ddy {gz_ﬁi}l.ej sao cho:

Koi = Niyi= 1...,0.
TaditR; ={s€R|s>0}vag; = 5\11/2. Day {61,(@,1@}%‘7 thudc Ry x
L*(0,T;R?)x X c6 thé hiéu la phan tich gid trikidicaa ) : L? (0, T; R®) —

X dudc dinh nghia trong (1.14). That vay, ta co:

Vo, =aihi, Vb =06i¢9i, 1€ J.
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Ta nhic lai khong gian H'(0, T'; X) cho bdi:
H'0,T; X) = {p € L*(0,T; X)|g € L*(0,T; X)}.

véi ¢; 1a dao ham yéu cta ¢. Khong gian H'(0, T’; X) 1a khong gian Hilbert

vai tich vO hudng:
T
(02 8) o) = / (olt), 6()) ¢ + (orlt) + dnl0)) .

v6i moi ¢, ¢ € H(0,T; X), va chuan tuong dng

1/2
ellimorx) = (@ Pt omx) -

Ta chon trong hinh thang:

T T
R TC § E A (119

Véi cach chon nay véi mdi ¢ € X ta c6 R 1a xap xi hinh thang ctia R}

v6i R" 1a toan tif dudc gi6i thiéu & phan trudce.

B6 dé 1.11. X la khéng gian Hilbert thuc, khd li, y* € HY0,T; X)véi 1 <

k < pva cdc trong so la trong hinh thang. Khi do lim |R" — Rllzx) =0.
n—oo

Chiing minh. V6i ¢ € X v6i ||¢||x = 1 ta dinh nghia F' : [0,7] — X cho

bdi:

F(t) =3 (40, v) _o'0), te0.7],

=
I
—

Khi do6 ta co:

) FlA . (1.17)
R = 3 alF(L) = 5 SO (F() + Fty)
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Do ||¢||x = 1 theo bét dang thiic Cauchy-Schwarz ta c6:

1F@)][% < ZHy %)™ (1.18)

Do y* € HY(0,T; X) suyray* € C([0,T]; X) v6imoi 1 < k < p. Do d6 tit
(1.18) ta co:

HFHLZOTX / ZH?JHC 0,71, X 2dt<TZHyHC 0,71, X )2201-
k=1

Hon nita F € H(0,T; X) véi:

= Zp: <yf(t), ¢>X yF(t) + <yk(t), ¢>X yr(t), hau khip noi t € [0, T7.

k=1

Tiép tuc 4p dung bit dang thiic Cauchy-Schwarz ta co:

HFtHL2OTX<4/ Zl\y ) Ixllyt (0)]1x)%dt < Co.

V0102_4ZH9 HC 0.7);:X ZH%HB (0,7:x) < 00. Do do:
k=1 k=1

T
1F |l = ( / @)% + IE@OIA)Y? < Gy (119)

véi O3 = (C} + Cy)'/2. Ta cé:

/t.tj-&-l F(t)dt :% /:“1 (F (t;) + /t.t E(S)ds) dt

J J J

tit1 t
! / (F (tj41) + / F}(s)ds) dt
2., o (1.20)
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Tu (1.17) va (1.20) ta co:

n—1

IR — Rl x = ( ( )+ F( .7+1)) — /v% F(t)dt)

j=1

.

X
n—1 t t -1
1 j+1 j+1
<3, /t /t Ft(s)dsdt Z / / Fy(s)dsdt
j=1 J J =1 tj+1
Ap dung bét dang thiic cauchy-schwarz va dinh li Bochner ta cé:
n-l tivy1i [t 1
/ / Ft(s)dsdt < / / ds|| dt
j=1 |17t X
n—1 tit1 t 2 1/2
< VALY / / Fy(s)ds| dt
j=1 \"b ti X
) 12 (1.21)
n—1 tit1 t
< VALY / (/ HFt(s)Hde> dat
j=1 j t
n—1 tj+1 t 5 1/2
j=1 tj tj
Tuong tu ta cling danh gia dudc:
n-t tiy1 pt
/ / Ft(S)det S Tv AtHFHHl(O,T;X)' (122)
j=1 ||t tj+1 Y
Tu (1.19), (1.21) va (1.22) ta co:
C3T3/2
R'"Y —R < :

do (3, T khoéng phu thudc vao n, ) do do:

HR”—RHE(X) = sup |[R™)—Ry||x — 0, khin — oo

[l x=1

Hay R" hoi tu dén R trong £(X). ]
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Tagiasiy® € HY(0,T; X) v6i1 < k < p.Dodéy* € C([0,T]; X), diéu

nay suy ra:
P n . 9 o T . 9
;2% v ()|, %;/0 | @] at khin— oo (123)
= j: —

Két hap (1.23) v6i (1.4) va (1.15) ta dudc:

dr d
DX =Y A L khin — oo, (1.24)
i=1 i=1
Ta ¢6 dinh:
¢ thda man \y # Api1. (1.25)

Khi d6, theo phan tich phd cla toan tif compact [12] va bd dé (1.11) ta dudc:
A= X\, v6il < i< khin — oo. (1.26)

Két hop (1.24) va (1.26) ta c6:

d" d
Z A — Z A\, khin — oo.

i=(+1 i=(+1
Tt (1.25) va bd d& (1.11) ta ¢6 limy, o0 |07 — 0|, =0 VGii =1,... L.

Céc két qua dudc dua ra trong dinh 1i sau:

Pinh Ii 1.12. Cho X la khong gian Hilbert thitc, khd li, vdi trong s6 {ag}
j=1

la trong hinh thang va y* € H*(0,T; X) véi 1 < k < p. Dt {( e, /_\f)} ,
1€
va {(1@, Xi) } ; la cdc cdp vecto riéng va gid tri riéng cua R" va R. Vi
1€
¢ € N ¢6 dinh sao cho (1.25) diing. Khi do ta co:
lim |A} = N = lim |[¢) — ]|, =0 woil<i<{,

n—00 n—00
va

dar d
fm DL N= DN

1={+1 i=0+1
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Nhan xét 1.13. Dinh 1i (1.12) dua ra cau tra 16i cho hai cau hoi ta dat ra &

dau phan nay: {tj}?zl va cdc trong s {a?}j_l nén dudc chon sao cho R" la

xap xi R va |[R" — R||£(X) 12 nhd (vdi n phi hop ). Ngoai ra ta ciing c6 thé

n
chon {a?} theo cach khac. Vi du, ta c6 thé chon trong Simpson.
j=1

Chi y & day ta dé€ khoang [0, T’ nhung thuc té c6 thé 1a khoang [a, b].
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Chuong 2

Phuong phap POD-Galerkin cho phuong
trinh elliptic

2.1 Bai toan bién Robin cho phuong trinh elliptic

Gia st 2 12 mién bi chiin trong R? véi bién Lipschitz. Ta xét phuong trinh

elliptic c6 dang sau:

—cAu+ B -Vu+qu=f trong €2, 2.1)
c@ +ou=g trén I' = 0(), (2.2)
on

voi f € L2(Q)vage L*T),c>0,8€ R, ¢ > 0,0 € R, uthudc H'(Q).
Piéu kién cda cic tham sb ¢, ¢, 3, va o d€ ton tai nghiém yéu duy nhit cia
phuong trinh sé dudc dua ra & phan sau. Trong diéu kién bién Robin (2.2),
n 12 ki hiéu ctia vecto phdp tuyén ngoai. Ta dinh nghia todn tG tuyén tinh

L: HY(Q) — H(Q) cho béi:
(Lu, ©) iy m1(Q) = c/ Vu - Vedr + a/ucpds
Q r

—i—q/ugodx—i—/ﬁ'Vugpdx,
Q Q
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véi u, o € H'(Q). O phan tiép theo ta sé chiing minh L bi chin va do dé lién
tuc.

Ta dinh nghia anh xa tuyén tinh ' : H'(Q2) — R cho béi:

(F, o) oy, (@) = /wadx + /ngﬁds voi o € H'(). (2.3)
Vi f € L3(Q) va g € LX(T), F bi chin va do dé, F € H'(Q)'.
Dinh nghia 2.1. Ham u dudc goi 1a nghiém yéu ctia (2.1) néu:
Lu = F trong H'(Q2)". (2.4)
Noi cach khac,
(Lu, ©) iy i) = (F, @) iy i), v6i moi ¢ € H' (). (2.5)
Ta nhic lai dinh 1i quan trong Lax-Milgram.
Pinh li 2.2. (Lax-Milgram) Cho V' la khong gian Hilbert va
B:V xV =R,

la dnh xa song tuyen tinh sao cho ton tai hang so oy, as > 0 thoa man diéu

kién lién tuc:

[B(u, v)| < aufjullv[|v]

v, VOi moi u,v €V,
va diéu kién biic:

asllulli < B(u,u), vdi moiu €'V,
Ldy F € V'. Khi do ton tai duy nhdt phdn tit v € V théa mdn:

B(u,v) = (F,v)yy, vdimoiv € V,
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Liy 0 < q < g, cho truéc V = HY(Q). V6i moi tham s6 ¢ € 7 =
l¢1, ¢.] ta dinh nghia dang song tuyén tinh (c6 tham s6) B(-,-;q) : HY(Q)x

H(9) — R tuong tng v6i phuong trinh elliptic cho bdi:

B(u, ¢;q) = / cVu-Vo+ qup + 5 - Vupdr + 0/u¢d$
& L ) (2.6)

= (Lu, ¢>H1(Q)’7H1(Q)
v6iu, ¢ € H(Q) vaham F € H(Q)' cho béi (2.3).

Meénh dé 2.3. Ldy ¢ € . Néu:
2
Qg i min{g,q ”Z'Rd} +min{o,acl%} >0, @2.7)
C

diing (vdi Cr la ki hiéu ciia hang sé vét), khi do tén tai duy nhdt nghiém yéu

u cua (2.1).
Chitng minh. Ta can kiém tra diéu kién lién tuc va diéu kién biic ctia dinh li
Lax-Milgram cho dang song tuyén tinh B(-, -; ¢) v6i moi ¢ € Z. Ap dung bét
dang thiic Cauchy-Schwarz va dinh 1i vét ta c6:
|B(u,v;q)| = | e(Vu, Vv) 12y + o{u, v) 20y + q{u, v) r2(q)
+/Q<B,Vu(a:)>Rdv(x)dx|
<cl|Vull 2l Vol 2y + lolllull 2y lloll 22y
el ol + [ 180kl Vule) lofa)ds
<c||Vull z2(0)al| Vol| z20ya + [o|CEllull oy 0] 0
+ qllull 2 vl z2) + 1 Bllra (|| V]| ga, |"U|>L2(Q)
<cllullaoyloll ) + o|CElull o) 0]l @)

+ qllull g o) l|vl e @) + 1| Bllrel| Vel r2alv] 220
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<cllull @y lvll o) + 1ol CRllull gy o]l
+ qllull @ llvll gr@) + 1 Bllrallull m@) 1oz
= (c+ 101G + g+ 18112 llellzr oy ol o
Dit a; := ¢+ |o|C2 + q + || B||re > 0, diéu kién lién tuc cta dinh 1i Lax-
Milgram dudc thda man.
Tiép theo ta tim diéu kién clia tham sb trong phuong trinh elliptic sao cho
diéu kién bic dugc thdoa man. Ly v € H'(Q2) vaq € Z.

Ap dung bét dang thiic Young, ta co:
B(u, u; q) =c||Vull 20y + ollullizm + allullzz
- /(6, Vu(x))gau(r)de
9

>cl|VullZa e = [ 1Bllgal V() lrelu() | de + g [[ul 720
(©2) 0

+ol|ullZ2r)

>c|| Vullfaq = I Bllre ([ Vullre, [ul) 10) + allulZeq
+<7HU||%2(F)

el Tl o L 1Bl o
el Vs = 181k (=l Veloy + 15l

+qllullz2) + o llullzam

Néu o > 0, ta co:

181
<F7U>H1(Q)/,H1(Q):B(Uau;Q) _HquL2 d—|-<q— QCRd HUH%%Q)
Je 1Bl
zmm{é,q— 2CR (HV HL2 d"‘HuHL2 )

e 1Bl )
mlﬂ{§aq ¢ HUHHl(Q)
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||5|‘Rd > 0. Néu o < 0, tir dinh Ii vét ta c6:

Do ¢ > 0, ta chi can dam bdo ¢ —
ollullz2m) = oCEllullf g

va do do:

, e 1B
B(’U,,U, Q) Z min éaq - %2 Hv HL2 d + HUHL2

"‘UCIQ‘HUH%F(Q)

) 1B
= mln{§,q— ZCR —|-O'CI21 H’UzH%{l(Q)

Do dé,néutacéc > 0,qg > 0,8 € R? ¢ € R théa man (2.7), cac diéu kién

ctia dinh 1i Lax-Milgram dudc thda man va do d6 (2.1) c6 duy nhét nghiém

yéu u. [
Nhan xét 2.4. Theo chiing minh ctia ménh dé (2.3) véi moi ¢ € Z:

B(u,u;q) > oz(q)HuH%{l(Q) véi moi u € H' (1),

e Blge . 2
a(q) = min 24~ "5, + min<0,0Ct ¢ >0

Heé qua 2.5. Gid s cdc gid dinh ciia ménh dé (2.3) dugc théa mdn. Khi do:

vOI:

[ull (o) < _HFHHl
VOi oo dua ra trong (2.7).
Chitng minh. Ti chiing minh cia ménh dé (2.3) ta dugc:
asllullipie) < Blu,u;q) = (F,w)moym@) < 1F|moyllullme
< 5ol Py + Zlulln

Tir d6 ta nhan dugc uSc lugng tién nghiém cta u theo chuin trong H1(2). [
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2.2 Phuwong phap phan ti hitu han

Néu bai todn gid tri bién dugc dua vé dang phuong trinh bién phan, khi d6
ta c6 thé roji rac va giai né bang xap xi phan ti hitu han.
Ta coi ham u : © — R 1a mot t& hop tuyén tinh cta tap hop hitu han cac

ham co s6, dudc goi 1a phan tif hitu han. Tic 1a:
u(z) = Z w; (), (2.8)
i—1

v6i npp 12 s6 lugng phan ti hitu han, {¢;}!"* 1a tp hgp cdc ham co s§ phan
t& hitu han, va {u; };"¥ 1a tp hop céc hé s tuong tng. Céc hé sb nay 1a chua
biét va s& can tim.

Ta dinh nghia V" 1a tap tit cd ciac ham c6 thé viét nhu (2.8), V" =
span {¢; }:7E. O day ta chon co s& tuyén tinh ting khic {¢;}1“F, do d6
Vh c HYQ) . S6 lugng phan ti hitu han can dugc chon di nhiéu dé ta
c6 dudc mot xAp xi nghiém da tot.

Céc phan ti hitu han doc 1ap tuyén tinh dugc dic trung theo cach mdi phan
tt khac khong chi trén mot mién xung quanh mot diém ludi cia Q. Hon nita
moi diém z trong mién dugc bao ham bdi diing mdt ham co s phan ti hitu
han c6 gid tri 16n hon 0 tai . Cdc ham co s phan ti hitu han nén dugc chon
don gian d€ gidm thdi gian tinh todn. Su i rac ctia mién c6 thé dugc thuc
hién theo nhiéu cach. Mot s6 bién thé thudng dudc st dung cho cic bai todn
hai chiéu 13 4p dung luéi tam gidc hodc 1udi chit nhat ctia mién.

Tit bai todn gi4 tri bién (2.1) ta dudc phuong trinh bién phan:

B(u,v;q) = (F,v) @y mq), v6imoiv € H(Q) vaq € T.
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Bay gid ta c6 bai toan bién phén rdi rac:
B (uh,vh; q) = <F, Uh> , véi moi v" € V'(Q) vaq € T,
HY(Q) H'(Q)

(2.9)
v6i u cho trong (2.8) va v 1a mot t& hdp tuyén tinh bat ki ciia cac phan td
httu han:

h
v (x) = Zvlgoz(aj)
i=1
Su ton tai duy nhat ctia v” trong (2.9) theo dinh 1i Lax-Milgram , & day ta can
cac gia thiét nhu da néu & phan trude cho hing sb ¢, ¢, o, and 3, bdi vi ta dang

1am viéc trén mot tap con dong ctia H'(€2). Chon v" = ¢; ta c6:

B <uh790]7Q) = <F7 gpj>H1(Q)’,H1(Q)’ 1 S] < nrg.

Thay (2.8) vao biéu thifc trén ta co:

nrp

B Z uigoi(:z:), isqd | = <F7 gpj>H1(Q)’,H1(Q) ) 1< ] < npp.
i—1
Do B(-,-; q) 1a song tuyén tinh v6i moi ¢ € 7 ta dudc:
nNrE

ZB (9027 ij;Q) u; = <F7 SDJ>H1(Q)’7H1(Q)’ 1<y <nrg (2.10)
i=1

Khi biét B(-,-;¢q) va ham F ta c6 thé tinh:

Bij = B (i, ¢j:q) v6il <4,j < npp, (2.11)

va:
Fj = (F,05) oy Y1 <Jj <nre. (2.12)
Tu do ta dudc npp phuong trinh cho npg biénuy, ..., Uy, vataco thé gidi hé

tuyén tinh BTu = F c6 nghiém duy nhat, véi B = ((Bij)) € RIFEXrp 3 =

(u;) € R"7=, va F = (F;) € R""*. Diéu nay tudn theo dinh 1i Lax-Milgram.
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2.3 Tim co sé POD

Trong trudng hop ta biét nghiém yéu u(q) trén ca ludi Z = [q;, q,] ta sé ap
dung phién ban lién tuc POD d€ tim cd sé POD.

Trong thuc té ta thudng khong biét nghiém yéu u(q) trén ca ludi T =
[q1, ¢.) ma chi biét nghiém yéu trén mot 1uéi ctia Z.

Gia st snapshot trén mot 1u6i ctia T = [g;, ¢,] c6 dudc bing cach giai

phuong trinh bang phuong phap phan tif hitu han c6 dang:

nNrE

— ZYIJQOICE)?] — 17 e N,
=1

v6i Y € R™ 5" 13 ma trin chia cac hé s trong cach tiép can Galerkin cho
moi snapshot trongmdicot Y. ; = y; € R"2 j =1 ... n.Cacham {¢ }7
12 ki hiéu ctia cdc ham theo cdch tiép can phan tif hitu han.

Céc ham co s POD (ma ta dang tim) c6 thé dugc viét dudi dang t& hop

tuyén tinh ctia cdc ham phan ti hitu han:

nrE

k=1

Khi d6 theo chuong trudc phién bén lién tuc c6 thé xap xi nhu sau ( v6i a; 1a

trong hinh thang, 7 =1,...,n):
2

{
h h hoh
mmhz% y] Z<yj’¢ > ¢z s.t. < ia¢j>L2(Q) = 0.
¢ =1 i—1

Y 12(9)
(2.14)

Cung tuong duong v4i bai toan max

maxh Z Z Qs <y] ) ¢h>L2

1771%'1]1

Tl < f,¢h>L2(m — 6. (2.15)
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Dit M;; 1a ki hiéu cta tich vd hudng trong L? cla cdc ham co sG theo phuong

phap phan ti hitu han ¢; va @, tuong ung. Tirc la:

M;; :/ngi(:r:)gpj(a:)dm. (2.16)

Khi @6 ma tran M = <(Mz )) € R"eX"rE duge goi 12 ma tran khéi luong.
Néu ta 14y tich vd huéng trong H' thay vi tich vd huéng trong L? trong (2.15),

ta dugc ma trdn do cling S = ((SZ])> € R"rEXNFE y{i:

S5 = [ (ela)os(o) + Valo) Vo) do. @D
Do do, ta co:
(W01 gy = [ i@ = Z Z ¥ [ ee)outa)dat
= Z Z YiWiUs = (Y.;)" WU,
=1 k=1

v6i W = M. Néu ta chon tich v6 huéng trong H', ta cling c6

<yjh7 %h = (Y,])T WUJ?

>H1(Q)
voi W = S.

Nhu da thiy, tich v hudng trong L? ctia hai ham phan ti hitu han yj”‘ va
c6 thé tinh bang tich (Kj)T MU.;, v6i Y. ; 1a vectd cdt chifa céc hé s6 theo co
s& phan ti hitu han ctia c4c snapshot y?, va U.; 1a vectd céc hé sb theo cd sd
phén tif hitu han cta co s POD ! , muc tiéu cla ta 1a tim nghiém cda bai
toan (2.15).

Dau tién ta xem xét bai todn v6i mot bién, nghia 1a:

h 1h
max Zaj <yj,¢ >L2(Q)

¢h€span{<p1,...,ganFE} =1

2
oo |4

= 1. 2.18
L) (2.18)
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Do {@1, -, Pupp + 12 6 dinh, (2.18) c6 thé thay thé bi:

2

NFE NrE
max Zozj <y§l,2uigpi> S.t. Zuigpi =1, (2.19)
=1 L2() '

7777 u"LFE ,_
B L2()

Vi u; = Uy trong (2.13). Pt u = (uy, ..., tnyy) > (2.19) ¢6 ham lagrange
L:R"Ex R — R cho bdi :

2 2

n NrFE nrE
A) :Zaj <y§L,Zuig0i> +A|1- Zui%
J=1 i=1 L2(Q) i=1

L2(Q)

Dé nhan dugc bai toan gia tri riéng ta tinh dao ham ctia £ theo u;, v6i i =

1, ..., NFE.
2
o n NFE NFE T
Vu ﬁ(u, )\) _8u2 Z Qy (3/}[) V[/lkuk
j=1 k=1 I=1
NFE NFE
—f‘)\ 1— Z Zuﬂ/vlkuk
k=1 [=1
n NrEg NFE nrE
:2205] ZZ( Wikug Z
j=1 k=1 l=1 s=1

nNrE NrE

— E Wiy, — E w Wi

NrFEg NFE NFE

235573 (2w (1), i

k=1 =1 s=1

nrE nNrE

— E Wirug, — E Wi
1 -1

) (WYDYTWu)i — 2\ (W),
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v6i D = diag (aq,...q,) va W = M. Néu ta st dung tich v hudng trong
H' thay cho tich v huéng trong L%, tac6 W = S.
Do d6, diéu kién V,,£(u, \) = 0 din dén bai toan gi4 tri riéng:

Q@HUH”WM—AWM):Q
hay tuong duong WY DYTWu = AMWu. Pat Y = WY2YDV?2 va u =
W12y, ta cé:

WY DY Wu = WY2w2y D\ DYy Tw 2wy = w2y y Ty,
va:
AW = AW 20 = AW,
Tu d6 ta dudc:
WYY YT = AW,
Nhan ca 2 vé dang thiic trén véi W1/ ta dudc bai toan gia tri riéng ctia ma
tran d6i xdng:
YT 4 = \a.

Tu phan trudc ta dugc két qua cho bai toan £ bién 11, ... 1. Ta dugc:

YYTa;, = N véii=1,...,¢,
v6i Y = W2y DV2 vau; = WU .

Tuong duong ta c6 thé tinh vectd riéng ti bai todn gi4 tri riéng:

YIV3; = \o; voii=1,....0. (2.20)

bat:

1 Y — W~ 1/2 =~ W1/2YD1/2

Ui =W 1Pa; =W/

1
RveY

— Y D%y,
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v6ii =1,...,¢. Do tinh dbi xting ctia W ta dudc Y'Y c6 thé viét thanh:
)_/TY _ D1/2YTW1/2W1/2YD1/2 _ D1/2YTWYD1/2.

Do d6, d€ gii (2.20) va tinh U_; qua (2.21) ta khong nhét thiét phai tinh 1W1/2,

Vay khi muén tinh co s POD bac ¢ theo phuong phap sb, dau tién ta tinh
snapshot bang phuong phap phan ti hitu han cac hé s6 ctia ham co s phan ti
hitu han cho méi snapshot tao thanh vectd y; 1a cdc cot clia ma tran snapshot
Y.

Sau khi tinh tich YTV, ta 4p dung (phép lip) d€ giai bai todn gid tri riéng
d€ tim ¢ gia tri riéng {)\i}le ( ¢ gia tri riéng 16n nhét ) cling véi cac vecto
riéng tuong Ung cua no v;. Tu (2.21) ta tim cac vecto U.;,7 = 1,..., /. Khi

d6 co s6 POD bac ¢, ¢!, . .. ng s€ dugc tinh béi (2.13).

2.4 Phuong phap POD-Galerkin cho bai toan bién Robin

Tong hop lai d€ tim c¢d s& POD ta chon trong hinh thang:

oq

o=, = Evéozi =0q,v6ii=2,...n—1,
véi 0g = =& Sau d6 ta giai bai todn gid tri riéng:
DV2YTWY DY?5, = A\ (2.22)

Ta tinh ¢ gid tri riéng 16n nhat \{, ...\, va £ vectd riéng tuong tng oy, ..., ¥y,
sau d6 tinh vecto hé s U _; v6i mo6i ham co s6 POD ¢; véii = 1,2, ..., ¢ khi
biéu dién qua co sé phan ti hitu han bdi cong thc:

1

\/XYDV%—%. (2.23)

U



49

Khi d6 ¢ ham co s POD xac dinh bdi:

nNrE

viz) =Y Ujipj(@) voii =1, ..., L. (2.24)
j=1

Sau khi tinh £ cd s POD nhu da md ta & trén ta ¢6 nghiém POD v € V! =

span{¢;}¢_, € H' () dugc cho béi:

Y4
(@) =) ujhi(x). (2.25)
=1
thdoa man:
B (u{vﬁ; q) _ <F v£> véimoi vf € Vivag e T.
H(Q) ()

bac biét,
14 . —
B <U 7¢j7 Q) - <F7 I/Jj>H1(Q)/7H1(Q)7 (226)
véij=1,...,fvageT.

Tuong tu nhu phuong phap phan tit hitu han, ta thé (2.25) vao (2.26) ta dugc:

i
ZB (wiﬂpj; q) Uf = <F7 ¢j>H1(Q)’7H1(Q) 1<j<t

i=1

Ta dugc hé phuong trinh tuyén tinh:

(Bf)Tuf _F! (2.27)

s Rl . ! __ / Ixt e __
Va1 sz = B (%a@%; Q) 7B - (<sz>> € R™ 7F] - <F7 ¢j>H1(Q)’,H1(Q)’
Ff— (Fﬁ) e R, vaul = (ug) € R'. Gidi hé tuyén tinh ndy ta nhan dugc

nghiém POD v cho bdi (2.25).
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Nhan xét 2.6. Chuy :

nNrE NrE

Bl = B (¢, v1; 9) Zng%,ZUlM q

NFE NFE NrFE NMFE
=y > (UT) B (¢, 050) Uk =Y_> (UT) - BiUu
J=11=1 j=1 1=1
UTBU> ,
ik
va:
nNrEe
Fi (F, ¢k:>H1 <F ZUJIWJ>
H1(Q) H(©)
NrFE NrE
=S U (o) oy = O (UT) L Fi= (UT F)k
Jj=1 j=1

Do do B’ = U'BU va F' = U F, véi B = ((By)) € R'=*re va F =
(F;) € R"= dugc cho trong (2.11) va (2.12).

2.5 Udec lugng sai so ciia phuwong phap POD-Galerkin

Cho q € Z, B(-,+;q) dudc cho bdi (2.6) va F' cho bdi (2.3), {zpi}le la co
s6 POD dudc tinh nhu da dua ra & phan trudc. Ta sé dua ra udc luong sai s6

gitta nghiém u = wu(q) cla phuong trinh:
B(u, $;q) = (F, &) (ay.m ) v6i moi ¢ € H'(Q), (2.28)

va nghiém POD tuong tng u’ = u‘(q) € V' = span {zbl} _, cua phuong
trinh

B (uﬂ, & q) = (F, &) 11 (.11 v9i moi ¢ € V', (2.29)
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Pinh nghia 2.7. Véi u,v € H'(Q) ta dinh nghia tich vo hudng (-, -) g1 (o) Vi
c,o0 > 0 béi:
(U, v) 10y = c/QVu - Vo dx+0/Fuv ds,
va chuan ctia n6 || - [| 1o boi:
HUHH%(Q): <U>U>H%(Q),
v6i moi u € H'(Q).

Do || - || 1 (q) tuong duong véi || - || (@) trong H'(€), do d6 ton tai hing

s6 ¢z1 > 0 thda man:
[ullg@) < cmllull gy vOi moi u € HY(Q). (2.30)
Vi H'(€) 12 nhing lién tuc trong L?(2), ton tai hing sb cz» > 0 thda man:
lullz20) < crzllull i) v6i moiu € H' (). (2.31)
T bt dang thic (2.30) va (2.31) suy ra bat dang thiic Poincaré:
[ullr2) < evllullgyq) voi moi u € HY(Q),

Vi ¢y = cracgn > 0. DE don gian ta gia st tham s6 3 biang 0 trong phuong
trinh elliptic. Khi 8 # 0 cac chiing minh cling hoan toan tuong tu. Khi dé

dang song tuyén tinh c6 thé viét lai nhu sau:
B(u, ¢;q) = (u, 9) o) + (U, @) 20, (2.32)
véiu,¢ € H'(Q) and g € Z.
Bay gid ta sé udc lugng sai s6 gitia nghiém u = u(q) cla (2.28) va nghiém
theo POD u‘(q) clia (2.29) v6i ¢ € Z. Tru6c hét ta xét trudng hop ta biét

nghiém yéu u(q) trén ca lu6i Z = [q;, q,,] khi d6 ta ¢6 phién ban lién tuc POD.
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Ménh dé 2.8. Sai s6 gita nghiém v = u(q) cua (2.28) va nghiém theo POD

u'(q) ciia (2.29) vdi q € T c6 thé udc lugng bdi:

/IHU(C]) —Ug(@’ 2

dg < Ccon /\ia
Hl(Q) q - ! Z

i=0+1

Vi Ceonr > 0 la hdng s6 chi phu thudc vao q;, qu, o1 (qu) va as (qp).
Chitng minh. D€ don gian taki hiéu V = H'(Q). Xét todn ti chiéu P! : V —
V¢ cho béi:

Plo=> (o.ti)y i ,véimoip € V.

Tu trudng hdp lién tuc cua POD ta cé:

[l -7} = 5

i=0+1

Ta viét lai:

u'(q) — ulq) = u'(q) — P'ulq) + P'ulq) — u(q) = ¥(q) + o'(q),

véi 9¢(q) = u(q) — Plu( )Vag() Plu(q) — u(q). Ta co:

/ HQ dq _ i A (2.33)

Ta danh gid 9'(q) € V. Tu (2.28) va (2.29) ta c6:

B (v'(q).v34) = <uf<q>,w>H1(m +q <uf<q>,¢>p(m

— (P'ulq). ¥)myio) — a (P'ula). )
= (F, ) my.m@ — (Pu(q), V) 1)
—q <P€U(Q)7 ¢> )

12(Q)

= B (u(q),v,q) — B (PEU(Q)% q)

=-B (@é(Q),@/},q) -

L2(Q)
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Chon 1 = 1(q) theo chiing minh ctia ménh dé (2.3) ta c6:

o) |, = | (900 0@10)| = |5 (0 v0)

(2.34)
<o, 0,

Do d6 ta co:

ol < 2 ol < 2 . ez
viag(q) < ai(qy) va as(q) > as(q). Ta co:

[0 -w@l, aa <2 [ |0l + | aa
<2 (st 1) el o

Két hop véi (2.33) ta dugc diéu can chitng minh. ]

Ta thiy, sai s gitta nghiém yéu u = u(q) cta (2.28) va nghiém theo POD
u = u'(q) clia (2.29) v6i g € T c6 thé ubc luong bing téng cac gid tri riéng
ma cic vecto riéng tuong dng ta khong dung dé mo hinh. Do d6 néu cac gid
tri riéng {)\;}2°, gidm rat nhanh, ta dugc u' sé rit gan u véi gid tri nhé cta /.

Tiép theo ta di dén truong hop ta thudng ding trong phuong phap sb hon,
véi cdc snapshot dugc cho trén mot 1udi 13i rac {¢;};, C Z. Diéu ndy tuong
duong véi viéc tim co s POD ta dua ra é phan trudc, v6i sd cot clia ma tran
Ylan. Gidstitacd 0 < q < g, ta ldy budc ludi khong ddi trén [g;, ¢,] véi
n > 11a sb diém lué6i véi budc ludi d¢ cho béi:

Gu — q1

¢G=q+ (i—1)dqvéiie{l,....,n},vadqg = (2.36)

Gia tri riéng cua bai toan (2.20) phu thudc vao Iuéi (2.36) ta ki hiéu bdi

N'v6idi = 1,...,d" v6i d" 1a hang cia ma tran YV trong (2.20). Khi d6
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cd s6 POD 1, ... 4} dugc tinh bdi (2.13), véi cic vecto U ; duge tinh cho

i=1,...,0qua(2.20) va (2.21).

Ménh dé 2.9. Sai s6 giiia nghiém u = u (q;) cua (2.28) va nghiém theo POD
u’ (q;) ciia (2.29) vdi q; cho béi (2.36) c6 thé udc luong bi:

n dr
ZO&j ) < C(disc Z )\?,
j=1

i=0+1
vi Cyise > 0 chi phu thudc vao cdc hdng s6 q, qu, a1(q.), oo (q). Khdc véi

‘2

u(g5) — u' (4))

HY(Q

truong hop snapshot lién tuc hang d" ciia ma trdn Y'Y va gid tri riéng ciia
no \i = 1,...,d" phu thudc vao viéc chon ludi trong (2.36) dé’tinh todn

co sd POD.

Chiing minh. Ménh dé dudc chiing minh tuong tu ménh dé trudc. Thay vi
(2.33) va (2.35) ta co:

> as||e'tan] = D2 A

=1 i=t+1

va
2

Hﬁ‘(%)‘r < le) H@f(qy')H

v T as(q)? v

[

Nhu trude do, sai s6 gitta u = u (g;) cha (2.28) va nghiém u’ (¢;) cia
(2.29) véi ¢; cho béi (2.36) c6 thé udc lugng bing tdng cac gia tri riéng ma
cdc vectd riéng tuong dng ta khong ding d€ mo hinh. Nhu & phan gii thiéu
vé phuong phap POD ta biét gia tri riéng \!' cia ma tran YTY s hoi tu t6i
gid tri riéng \; v6i 1 < i < £ (v6i £ cb dinh). Do d6, hai uSc luong sai sd

(trudng hop lién tuc va r8i rac) c6 quan hé mat thiét.
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Ta ki hiéu V = H(Q). Gia st ta c6 2 ludi {qj} va {q;},, thudec 7

thoa man:

= <@<...<@p=q q=q<@<...<qp=q. 2.37)

Ta dat:

0¢; =q¢; — ¢j—1,] = 2,...,n, 6q = mjln 0q;, Aq = max dgj,

2<5<n

00k = Qrx — Q—1,k =2,...,m, ¢ = min 4q;, AGg= max g,

2<k<m 2<k<m
va:

6qj+5qj+1

ar = =55, Oé]:T ,V612§]§n—17 Ozn:%

2

Bi =122 B =200 G2 <k<m-—1, B,="%2

Muc tiéu cua ta la danh gia:

m ) , 9

> B HU (qk) — u (%)HV,

k=1

N n
v6i co s POD bic £ duge tinh bling cdch sit dung {u (q) } _ phu thude vao
]:
ludi {qj}?zl. Véi gy € I,k € {1,...,m}, cho trudc khi d6 ton tai chi s6
Jr € {1,...,n — 1} sao cho:
ij S Qk S ij+1'
Ta dinh nghia o,, € {1,...,m} la s6 1an xuét hién t6i da ctia chi sb j; tng
v6i k trong khoang 1 < k < m. Chuy:
maX{’Qk QJkJrl‘ | QJk’} < 4gj, 11 < Ag.

Véimoi k € {1,...,m} tacé thé viét u (g;) — u’ () nhu sau:

(u (Gr) — u' (@) = (q) — v (g5.) +u(q5,) — u’ (g5.) + u’ (45.) — u' (qr) -
(2.38)
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Vi g;, thudc 1udi, diém ma ta sé tinh snapshot, ta sé¢ ddnh gia sy sai khac
U (qjk) — (qjk). Ta co:
B (u(qr),¢;qr) = (F,o)vy ,v6imeip eV,
B (u (qjk) ,cp;qjk) = (F,o)yy ,vimoip e V.

Trit theo vé hai phuong trinh ta dudc:
<U (qr) —u (ij) 7¢>H}(Q)
v6i moi ¢ € V. Tu do ta co:

B (@)~ u(3:) 0 0) = (@ — @) (ula) ), -

(©2)

+qk <U (@C) ’SO>L2(Q) — gy, <U (q]k> 790>L2 = 07

Chon ¢ = u (@) — u (gj,) 4p dung bat dang thic Young va (2.31) ta c6:

o[+ - @,

< |g;. — @ H (qjk H (@) — u (g5.) 12

< 0gj+1 Hu (qjk) H —u (4) £2(9)

= % H () ;(m * aQéql) H“(q’“) ~u(ai) ’i

Do do ta co:

’2v sB (“ (@) — u (a,)  u (@) — v () ;cik)

anlar) [ (@) = (a:)

2§92
CL26qjk+1 H 2 Oég(ql) H 3 ‘2
< Z W . —wla)
2a9(q1) (9¢) £2(Q) T u(ar) = u(g;) -
Tur do ta co:
_ 2 c‘iz
[ (@) =@, < o Bt nll FlR (2.39)
Tuong tu ta co :
0/~ ( 2 0%2
Hu (Qk> —u (ij) ‘V S &2(%) jk+1HFHV" (2~4O)
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Chiy: 0, < Aq1<k<m,vaa; >dq/2,1 < j<n.Dodo:

B < 20480

vil<k<mval<j<n.

Dit C) = 4cpL || F|)3 /az(@)? > 0. Ta D01, Br = qu — qi» (2.38), (2.39) va
(2.40) ta co:

> A — o @)
k=1

< QZBk Hu (qjk:) - uE (qjk)
k=1

2 m
2
L+ ]; B2

40 A] w— 2

< 5q > HU (97) — ' (a) HV +Ci (qu — @) A’

j=1
Tu dé ta dudc:

m _ ar
_ N E Yo ANy N

ZBkHU(%)—uE (qk)HV < 5 Z A+ CHAG,

k=1 T S5

v6i Cy = (q, — q;) C1 > 0.

Tu céac 1i luan trén ta c6 dinh 1i sau:
Pinh i 2.10. Gid su ta co 2 ludi {qj }?:1 va {qi },-, trong khodng T théa man
(2.37). Véi G, 1 < k < m, ki hiéu v (qy) va u’ (q) la nghiém ciia phuong
trinh (2.28) va (2.29). Khi do ton tai hang sé C > 0 phu thudc vao q;, qu, Crz,

nhung khéng phu thudc vao ludi thoa man:

m _dn
_ _ 2 JmAq 2
ﬁHuéq —u(q ‘ <C AP+ Ag
2 k| a0 =@l <€ 75 2

2.6 Vidusb

Trong phan nay ta sé dua ra vi du s6 d& minh hoa két qua nhan dudc.

Chuong trinh dudc 1ap trinh thong qua thu vién Fenics cua Python 1a mot thu
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vién d€ giai phuong trinh dao ham riéng bing phuong phap phan ti hitu han.
Ta lay mién Q = (0,1) x (0,1) € R? chon ¢ = 0.75, 8 = (1,1)7,
f(x) = 21,0 = 1.5, va g(z) = —1. D€ nhan dugc cac snapshots {y;}’_, ta
st dung phuong phéap phan ti hitu han vé6i lu6i cdch déu trén hinh chit nhat
v6i kich thudc ludi h = 1/50. Khi d6, roi rac phan o hitu han clia ta ¢6 2601
bac tu do. Ta chon cdc ham co s& phan tif hitu han 13 nhitng ham tuyén tinh
timg khuc {¢; }17F v6i npp = 2601. Lay ¢ = 0.5, ¢, = 50.5 va §q = 1, ta
nhén dugc 51 snapshot y; = Y ; v6ii = 1,...,51, 6 d6 Y € R"*#*°! ]a ma
tran hé s6 thoa man:
nNrE
u"(q;) = ZYij%‘
i=1
v6i tham s {g;}?L,. Sau d6 ta xac dinh ¢ = 7 ham cd s& POD béng cach dp
dung (2.22) v6i ma tran trong M = W, sau d6 st dung ( 2.23) va (2.24). Hinh
2.1 minh hoa téc do gidm clia cic gid tri riéng. Sau d6 nghiém POD dudc cho
bdi (2.25), v6i vecto hé s6 v’ 1a nghiém duy nhét cta (2.27).
Vé6i ¢ = 25, ta dudc nghiém khi giai bang phuong phap phan ti hitu han
dugc minh hoa trong hinh 2.2 va nghiém khi giai theo phuong phap POD
dudc minh hoa trong hinh 2.3. Sai khac giua hai nghiém dudc minh hoa trong

hinh 2.4. V& mit két qua s, sai sb gilta nghiém theo hai phuong phdp la:

Ju" — u’|| f2(0) = 3.2233 x 1077,

Huh — ugHHl(Q) ~ 3.0345 x 107%.
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Decay of eigenvalue

3
-2 4
10 &
1076 - -
10710 4 ®
10-14
©
10-18 -
o
10-22 .
@
0 1 2 3 a 5 6
Hinh 2.1: Téc do giam ctia cdc gia tri riéng
FE solution
| | .
: - —0.05
|
-0.05 - -0.10
- =-0.15
- =0.20
- —0.25
-0.30

Hinh 2.2: Nghiém theo phuong phap phan ti hitu han
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POD solution

-0.05
-0.05| - -0.10
-0.10 - -0.15
-0.15

Vi - -0.20
-0.20| |

- —0.25
-0.25
ot -0.30

Hinh 2.3: Nghiém theo phuong phap POD

Difference between FE solution and POD solution

6—9°1

Hinh 2.4: Sai khac gitta nghiém theo hai phuong phap
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Chuong 3

UGC LUGNG THAM SO CHO
PHUONG TRINH ELLIPTIC

Trong phan ndy ta 4p dung phuong phap POD cho bai todn udc lugng tham
s6 trong phuong trinh elliptic. Muc dich 13 u6c lugng tham sd vo hudng clia
phuong trinh elliptic tu cac do dac trén bién.

Xic dinh tham s vd huéng g trong phuong trinh:

—cAu+ 6 -Vu+qu=f trong (2, (3.1)
c@ +ou=yg trén I' = 0f). (3.2)
on

tlf gid tri cia u trén bién I'. Trong (3.1)-(3.2), ¢ > 0, 5 € R?%, 0 € R 1a cac
tham s6 da biét, con f va g 1a cdc ham di cho.
3.1 Dat bai toan

Xét todn tti e: R x H(Q) — H(Q) cho béi:

(e(q,u), ©) iy w1 () :/ cVu - Vedr + / B - Vupdr + / qupdr
Q Q Q

—/fgoda:—i—/augods—/ggods,
) r r
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véi (¢,u) € R x HY(Q), ¢ € H(Q). Chd ¥ ring:
e(Qau) - B(u7 7q) - Fe Hl(Q)lv

vé1 B cho trong (2.6) va F' cho trong (2.3).
P& x4c dinh ¢ ta sé st dung phucong phap binh phuong tbi thiéu két hop
v6i chinh Tikhonov. Ta dinh nghia ham chi phi J : R x H(©2) — R cho bdi:

87

J(%u) = 9

K
/|u—ur|2 d3+§|q—Qd\2, (3.3)
r

v6i gid tri o > 0 va x > 0 dudc hiéu 12 céc trong hoic cac tham sb chinh hoéa.
Gia tri vo huéng ¢; 12 mot uSe luong tién nghiém c6 thé cé cho tham sb ¢ .
Néu ta khong c6 udc lugng nao thi ta liy ¢ bang 0. Ham ur € L?*(I) biéu
dién dit liéu dudc cho clia u trén bién I'. Phép do nay c6 thé chi dudc 14y trén

mot ludi cua I trong thuc hanh.

Nhan xét 3.1. Trong nhiéu trudng hop ta c6 thé c6 phép do cho u trong ca
mién €2 (khong chi & trén bién I' ) hoic thim chi 1a phép do cho gradient cla

u trong mién (). Téng quat hon, ham chi phi cia ta c¢6 thé mé rong nhu sau:

J(q,u) :%/|u—uQ]2 dl'—F%/‘VU—UQlQ dx+%/]u—ur\2 ds
2 Jo 2 Jo 2 Jr

K

2

voi ug € L2(Q),vq € L* (), a1 > 0,00 > 0,3 > 0, va k > 0. O day ta

+ ‘q_qd|27

tap trung vao truong hop: oy = s =0 vaasg =: a > 0.

St dung céc ki hiéu & trén ta c6 bai toan tdi uu sau:
min J(q, u) s.t e(q,u) = 0 trong H'(Q)' va ¢, < q. (P)

Gia tri g, 1a chin dudi cho tham sb ¢. Rang budc bét dang thiic trong (P) c6
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thé c6 hoidc khong, trong nhiéu bai todn thuc hanh né 1a can thiét va thudng
1a ¢ > 0. Can trén cho ¢ ciing c6 thé dudc thém vao bai todn.

Pinh Ii 3.2. Néu:

e 18]/ . 5
a3 (q,) = min 50~ " + min 4 0,0Cf ¢ > 0,

thi (P) co nghiém dia phuong x* = (q*, u*).

Chitng minh. Ta kiém tra tap cac di€ém chip nhan dudc:

F(P)={(q.u):e(q,u) =0vaq, < q},

1a khic rong. Gia st cac diéu kién tit ménh dé (2.3) ding véi moi ¢ € Quq =
{g€R:q>q,}. Khidé chon ¢ = g, va tif ménh dé (2.3) ton tai duy nhét
nghiém yéu u = u(q), théa man e(q, u) = 0.

Tir d6 ton tai day {¢", u"}, .y trong F(P) va:

0< inf J(qg,u)= lim J(¢",u") < cc. 34
S et o) (q,u) = lim J(q",u") (3.4)

Ta chiing minh day nay bi chan. Gia st nh_)rglo q" = oo. Khi d6 J la khong bi
chan theo ¢ va Jggo J (¢",u™) = oo do k > 0, diéu nay méau thuan véi (3.4).
Do d6 ton tai hing s6 C, khong phy thudc vao n sao cho |¢"| < C, v6i moi
n € N. Ap dung dinh 1i Bolzano-Weierstrass ton tai mot diy con {¢"™} eN
v6i ¢ — ¢* khi kK — oo véi ¢* € R. Vi ()4 1a dong, nén ¢* > q, .
Tiép theo gid si lim,, o [[u"]|j1q) = o0. Do (¢",u") € F(P) véi moi
n € N, diéu kién dang thiic e (¢", u") = 0 ding, hay:

—cAu" + B -Vu" +q"u" = f trong €2, (3.5)

ou”
on

c +ou" =g trén I' = 0(). (3.6)
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Nhan 2 vé 2 phuong trinh trén v6i u™ va lay tich phan trén €, va trén bién I

tuong ung ta dudc:
/CHVU”HIZW dx-l—/B-Vu”u" d:zt-l—/q"|7,L”|2 dx—l—/a|u”\2 ds
) Q Q r

:/fu”dx+/gu"ds.
Q r

Nhic lai dang song tuyén tinh B(-,-;q) : HY(Q) x HY(Q) — R véi ¢ > ¢,

(3.7)

dudc gidi thiéu & phan trudc:
B(u, ¢;q) = c/QVu-V¢dx+0£u¢ds+q[zu¢dx+[26-Vu¢dx,

véi u, ¢ € H'(Q),q € Z. Phuong trinh (3.7) c6 thé viét lai :

B (u",u";q") = / fu" dz + /gu" ds.

0 r
Ap dung (2.4) ta dudc:
s ds [guds = B atia’) = a0 @) 1o .
VOi:
a3 (¢") = min {g, q" — WQ—:R(I} + min {O, UC%} :

1
OéQ(Q”) 9

Ap dung bit dang thiic Young véi € = va dinh 1i vét v6i Cr 1a ki hiéu

ctia hing s6 vét, ta duogc:

a2 (¢") ||Un“3{1(9) <IIfll 20 HUnHL2(Q) + gl 22 Hun||L2(F)
1 a2 (¢")

< 22 + un 22
< ey + 2
+ Crllgll 2@ W | g1 0
1 az (q") 2 Ct )
< f22 + u” 1 + gll72
ey + S W oy + o sl
a2 (q") o2
Ty ™[50 -
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Do do6 ta dudc:

a2 (q") o2 1 2 Cf >
1 <
9 Hu ”H Q) = o (qn) + o (qn)HgHLQ(I‘)
bdi vay:
2 1 C?2
ni 2 2 T 2
| u HHl(Q) < o (q”) < > (g n)”fHB(Q) + o (qn)|9|L2(r)>
=~ (q) > (11 + CRllglagry) < €.
2
véi O = (an A C2llg 2 ) >0, a0 (q") > 0 (vi ¢" > qu V6i

moin € N, nén ta co as (¢") > a2 (q,) > 0 véimoi n € N). Khi do {u"},
bi chin déu trong khong gian Hilbert H'((2), va do d6 n6 ¢c6 mot diy con hoi
tu yéu vé mot phan ti u* € H(Q) (ki hiéu u™ — u*), tic 1a ton tai mot day

con {u"},  VOi:

lim (u™ —u”, ) ) = 0 v6i moi p € HY(Q).

k—00
bac biét:
lim [ (u™ —u*) pdr = 0 vé6i moi p € L*(Q), (3.8)
k—o0 9]
va
klim V (u™ —u*) - Viodor = 0 véi moi o € H' (). (3.9)
— JO

Phuong trinh (3.9) tuong duong:
/ V (u ) - pdx — 0 v6i moi i € L*(Q)7. (3.10)
Toén t& vét v : H(2) — L*(T") 1a tuyén tinh va bi chin, do do:

lmru™ || oy < sup (170l oy (16" [ 1oy
el 1 0y =1

< Gl ey = Crllw™ L
H



66

Vi u™ bi chdn trong H'(Q), rru™ bi chan trong L*(T), ta dudc mru™ —

mru*. Do d6 theo tinh chat cta hoi tu yéu:

lim [ (u™ — u*)pdr = 0 véi moi p € L*(I). (3.11)

k—o00 T

Do (¢™,u") € F(P) véimoi k € N,

/ cVu™ - Vodz + / B Vu"™pdr + / q"u"pdr — / feda
Q Q Q Q

+/au"kg0ds—/gg0d3:o,
r T

ding v6i moi k € N va o € H'(Q). Ta sé ching minh tiing phan trong tdng
trén chia "™ hodc ¢"* hoi tu (yéu) dén phan tuong ting v6i ¢* va u*.

Ta cé [, cVu™ - Vipdz hoi tu dén [, cVu* - Vdr vi:

/ cVu'™ - Vdr — / cVu* - Vedr = / V (u™ —u*) - V(cp)de,
0 0 0

cp € HY(Q), va (3.9). Do sy hdi tu yéu ctia {u"},  khang dinh dung.
fQ B - Vupdx hoi tu t6i fQ B - Vu*pdr vi:

/B -Vu pdr — / B - Vu'pdr = / V (u"™ —u*) - (pp)dx,
Q 0 Q

0B € LX(Q)7, va (3.10).

V6i tich phan [, ¢"u" pdx. Ta co:

/q”ku”kgpdx—/q*u*gpdx
Q Q

/ (¢"u"™ — ¢"u”) pdx
Q
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/ (¢" —q") u"pdx + / ¢ (u"™ —u") pdx
Q QO
<lq™ ~ | [ Ju"elda
Q
ng 'U,* *

[ =)o

_|_

<Ilg" = [ [W™[| 120y llellz2(0)
Q

Phén th hai cia vé phai héi tu t6i 0 vi ¢*¢ € L*(€) va (3.8). V6i phan diu

_|_

tién ta c6 [[u"|| o) ¢llr2() < 0o v6i moi k € N i [[u"| 2 bi chdn
khong phu thudc vao ny va ¢ thude L*(Q), ¢"* hdi tu téi ¢*, nén phan dau
nay hoi tu t61 0.

Cubi cung ta xem xét thanh phan fr oupds. Ta co:

/Ju”’“apds — /Ju*gods = / (u™ —u*) (op)ds,
r r r

op € L2(Q), tir (3.11) ta dugc e (¢, u™) — e (¢*, u*), vado d6 e (¢*, u*) =
0.

Do chuin L?(T") trong (3.22), 1a nita lién tuc dudi yéu. Nghia Ia, néu u™ — u*,
ta s€ dugc (u" — ur) — (u* — ur), do d6 theo dinh nghia cla nda lién tuc

dudi yéu ta dudc:

[u” = ur|| 2y < Jim [u™ — url| 2y -

Do doé, ta dudc:

ol 100 = ) 2 S ),

vi vay (¢*, v*) la nghiém cua (P). O
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3.2 Diéu kién can toi uu bac nhat

Ham Lagrange cho bai toan (P) la:

E(Q) u,p, )‘) - J(Q? U) + <€(Q7 u)ap>H1(Q)’,H1(Q) + A (QCL - Q) ) (3.12)

v6i cdc nhan tif Lagrange p € H1(Q) va A € R.

Pé xay dung diéu kién tdi uu bac nhit cho (P) véi cac nhan tif Lagrange
ta can chiing minh J va e ¢6 dao ham Fréchet va z* = (¢*, u*) 1a diém chinh
quy.

Dinh nghia 3.3. Cho B; va Bs la cac khong gian Banach va f : By — Bs.
Néu ton tai toan ti A € L (B, By) sao cho tai x € B,

i M@ +y) = f2) = Aylis,
1yl 3, N0 1yl 3,

= 0,

khi d6 Ay dudc goi 1a dao ham Fréchet cua f(x) tai x va ki hiéula 6 f(z;vy).
Toan ti A dudc goi la dao ham Fréchet cta f () tai x, vakihiéula A = f'(z)
vaof(zy) = f(x)y.

Nhan xét 3.4. Trén khong gian Hilbert R x H'(Q) ta dinh nghia mot tich vo
hudng:

<(q7 U’)) (67 a)>]R><H1(Q) = <QJq~>R + <U,€L>H1(Q) = QQ+ <u7/&>H1(Q)7

vé6i (g, u), (¢,%) € R x HY(Q) va chuan tuong tng:

(g, W &mn) = lal* + iz o).

B& dé 3.5. Todn ti J c6 dao ham Fréchet.
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Chiing minh. Pau tién ta tinh dao ham ctia J theo huéng Ju. Ta c6:

d S u+tou) — J(q, u)
VuJ(q,u)du = EJ(Q, u + tou) T 11\11% :
~lim & Jplu+ t6u—url* ds+ % |g — gl
t\O t
5 Jelu—url® ds+5lg — qal”
t
i & o (t26u® + 2t6u (u — ur)) ds
N0 t
—lim & <t5u2 + 20u (u — ur)) ds = oz/ (u — ur) du ds.
t\0 2 r T

Theo dinh nghia (3.3), J c6 dao ham Fréchet néu:
| | J(q, u+ du) — J(g,u) — Vi J(q,u)du]
lim = 0.

16wl 171 ) o |6l 7 ()

Ta chitng minh dao ham theo huéng ciing 1a dao ham Fréchet. Ta co:
| J(q, u+ du) — J(g,u) — Vi J (q,u)du]

K

2
9 Iq C]d\

e! K «
=\—/|u+5u—up\2ds+—|q—qd\2——/\u—ur|2 ds —
2 /. 2 2 /.

—oz/(u—ur)&ads\
r

87

— | _ 2 2 o o B )
— 2/F<\u up|” + [dul” + 2 (u up)5u>ds Q/F\u ur|” ds

—&/(u—ur)5uds|
T

@ 2 1. @ 2 aCt 2 _ 2

=5 [16u? as = S16uligy < “EI0ulne (= 0 (Wulkng) )
bdi vay:

| J(q,u+ 6u) — J(q,u) — Vi J (g, u)dul

0< lim

T 8ull 1) \O [0ul| (0
aC? aC?
< lim  —L||6ul? =  lim  —L||6ull g = 0.
o2 10y = o loulin
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Tu do ta co:
. | J(q,u+ 6u) — J(q,u) — VuJ (g, u)dul
lim —

0.
16l 71,y O [0u]| 10

Do d6 J ¢6 dao ham Fréchet theo w.

Vi ¢ la vo huéng, dat V,.J (¢, u)dq = k (¢ — qq) dq ta dugc:
o
’J(q+5q,u) — J(q,u) — VqJ(q,u)&]} = ‘5/1“ lu — ur\z ds
K o K
Sl dg—af =5 [ u—unf ds—Slo - — o - ) b
T

K KR K
:\§\q — qa” + §|5€1|2 + klg — qal|0q| — 5\61 —qal’ — K (¢ — qa) 561‘

K
= —~|5q|?
5104,
do do:
o 1@+ 0g,u) — J(g,u) = Vi (g,u)dq]
69I\0 g
El5al2
= lim 2104 = lim E|(5q\ = 0.
6al0 [dq|  log\0 2
Do d6 J ¢6 dao ham Fréchet theo gq. [

B dé 3.6. Todn it song tuyén tinh e c¢é dao ham Fréchet véi moi (q,u) €

R x HY(Q).

Chiing minh. Dao ham theo hudng Ve(q,u) : R x HY(Q) — HY(Q)' dinh

nghia bdi:
d
Ve(q,u)(0g,0u) = —e(q +tog,u+téu)|
dt 0
co dang:
(Ve(q, u)(dq, ou), o) may.m @) = / cVou - Vdx + / B - Voupdx
0 0

+/5qug0dx+/q5ug0da:+/0(5ugods,
Q Q r
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v6i (q,u) € R x HY(Q),p € H(Q) va hudng (4q, 0u) € R x HY(Q).
Ta co:
le(q + 0, u + 0u) — e(q,u) — Ve(q, u)(dq, 0u) || g (qy

= s {ela+0g,ut5u) — elg.w) = Ve(g.u)(3q. 6u). @maymie
2 Hl(Q):]-

oyt (g + 0g, u+ 0u), @) may.are) — (e(g, u), P ay.m@)
4 Hl(Q):

—(Vel(q,u)(dq, du), 90>H1(Q)/,H1(Q))

= s [gupdr< s |aallulilieli
||90||H1(Q):1 Q H<,0HH1(Q):1

< sup ’59||5UHH1(Q)HSOHH1(Q) =‘5Q\ H5UHH1(Q)

el =1
<5 (16 + 16l ) < 21150, 60) B
2 2
do do:
. le(q + 6q,u + du) — e(q,u) — Ve(q, u)(dq, 6u)|| gy
(6000 1112y N0 100, 0u) lrx (@)
1
< ||(5q75u)ﬁ$1m(m\0 5”(5% ou)||rx () = 0.
Do d6, Ve(q, u)(dq, du) 1a dao ham Fréchet cua e(q, u). ]

Ménh dé 3.7. Vi cdc didu kién ciia ménh dé (2.3). Khi dé todn tir Ve(q,u)

la toan dnh vdi moi (q,u) € Quq x HY(Q).
Chiing minh. Véimoi F' € H'(Q)' tacan tim (6q, du) € R x H'(Q) sao cho:
(Ve(q,u)(8q,0u), ) mry.mo) = (F, )y .m ) voi moi ¢ € H'(Q).

(3.13)
Ta chon g = 0. Khi dé ta c6 :

<V6(q, u) (0; 6“), 90>H1(Q)’,H1(Q) = /

cVou - Vidr + / B - Vioupdr
Q Q
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+/q5ugo+/aug0ds.
Q r

St dung i luan trong chiing minh ménh dé (2.3) ta dugc - véi diéu kién
s (qa) > 0, ton tai duy nhét phan tif du sao cho (3.13) diing v6i moi (q, u) €
Qua X HY(Q). O

Nhén xét 3.8. Ti chiing minh cia ménh dé (3.7) ta c6 V,e(q,u) : HY(Q) —
H'(Q)' 1a song anh.

Bay gio ta xac dinh dao ham Fréchet cua ham Lagrange theo ¢, u, va p va

do d6 ta c6 diéu kién tdi vu bac nhit cho bai toan téi vu (P):

Pinh li 3.9. (Diéu kién cdn téi wu bdc nhat) Vii * = (q*, u*) la nghiém dia
phuong ciia (P). Vi cdc gid thiét ciia ménh dé (2.3) duoc théa mdn. Khi do
t6m tai cdc nhdn tir Lagrange p* € H*(Q)) va \* > 0 théa man diéu kién toi
uu:

k(¢" —qq) 6q + / u'p*oq dx — N6q =0, (3.14)
Q

voi moi 0q € R, phuong trinh lién hop:

a/(u*—up)5uds+/ch*-V(Sudx
r 0

(3.15)
+ / p B - Voudx + / ¢ p*ou dx + / op*ou ds = 0,
Q Q T
vdi moi du € HY(Q), va phuong trinh trang thdi:
/ cVu* - Véop dr + / G- Vu op dr + / g u*op dx
0 0 2 (3.16)

—/fépdx+/au*5pds—/g5pds =0,
Q r r
vdi moi 6p € H(QY). Cdc phuong trinh (3.14), (3.15), (3.16) duoc goi la hé

Karush-KuhnTucker (KKT) cua (P).
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Chitng minh. Tu bd dé (3.5) va (3.6) ta dudc L c6 dao ham Fréchet. Tir ménh

dé (3.7) ton tai duy nhit nhan t Lagrange p* € H*(Q2) va \* > 0 sao cho:

VL (¢, u",p*,\") dq¢ = 0 v6i moi dq € R, (3.17)
VL (g, u*, p*, \¥) du = 0 v6i moi du € H' (), (3.18)

va:
V,L (", u*,p*, \*) 6p = 0 v6i moi dp € H' (). (3.19)

Ta tinh dao ham cua £ theo ¢ :

Vo L(¢ v, p*,\)dq =k (q" — qa) g+ / u*p*dq do — N\*dg,
)

v6i moi 0q € R. Do d6 (3.17) suy ra (3.14).

Tuong tu ta dao ham L theo u:

V.L(¢"  u*,p*, \) du = a/

(u* —ur) du ds + / cVp* - Vou dz
r

Q
+ / p B - Voudx + / ¢ p*ou dx + / op*ou ds.
Q Q T

Do (3.18), v6i diém tdi wu z* va nhan tif Lagrange t6i uu p*, \*, s6 hang nay
bang 0 v6i moi huéng su € H'(), nghia 12 § dang manh ta thu dugc bai
toan gia tri bién elliptic:

—cAp" —[B-Vp"+4q¢'p*=0 trong (2,

op*

on
Pao ham L theo p, ta dudc:

VoL (q", u*,p*, \*) dp =/Q

—I—/ g u*op do — / fopdx + / ou*op ds — /g(Sp ds,
Q Q r r
v6i moi dp € H1(Q2). Tu (3.19), ta nhan dugc (3.16). O

c—+ @+ -n)p"=a(up—u") ténl.

cVu* - Vip dr + / B - Vu*op dx
Q
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Nhan xét 3.10. Tur
Ta ducgc
Vue (q*a U*)*p* — _vuJ (q*7 U*) y
v6i Ve (g5, u*)" + HY(Q) — HY(Q) 1a todn ti lién hgp cia Ve (¢*, u*)
thda man:
<vu€ (q*a U*)*pa 5U>H1(Q)’,H1(Q) — <vu€ (q*a U’*) 5“’7 p>H1(Q)’,H1(Q) )

v6i moi p, du € H(Q).
Tit nhan xét (3.8) ta biét Ve (¢*, u*) 1a song dnh, nén né ciing don anh, do

d6 p* 1a ton tai duy nhit.

3.3 Thay thé rang budc bat dang thitc

Ham chi phi c6 thé xét & dang sau:
1 . 2
J5(q,u) = J(q,u)+2—gmax{0,>\+g(qa—q)} , (3.20)
V61@>0V215\>0.
B& dé 3.11. Piéu kién bdt ding thiic:
G —¢q <0, (3.21)
cung vdi diéu kién khong dm:
AF >0, (3.22)

\ N A A
va diéu kién bo sung:

N(¢a—q") =0, (3.23)
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vdi nghiém toi wu \* va q* tuong duong vdi diéu kién ddng thiic:
A =max {0,\" + 0(q. — ¢") } - (3.24)

Chiing minh. Tu (3.23), it nhat mot trong hai diéu kién (3.21) va (3.22) phai
dat dugc dau bang. P& ching minh (3.21), (3.22), va (3.23) suy ra (3.24), ta
xét ba truong hop:

V6i A = 0 va q, — ¢* = 0. Khi do6 (3.24) dung.

V6i A* >0vaq, —q¢* =0.

Ta ¢6 max {0, A" + 0(¢, — ¢*)} = max{0,\* +0} = \*, do d6 (3.24)
dang.

Vi A" =0vagq, — ¢ < 0.Tacémax{0,\"+ 0(g, —¢*)} = 0, do d6
(3.24) dung.

Gia st (3.24) diing. Hién nhién (3.22) diing. Gia st ¢, — ¢* > 0 ding. Khi d6

v6i moi o > 0 ta co:

A\ = maX{O,A*JrQ(qa —q*)} =N+ 0(q.—q") >\,
vo li, do doé (3.21) dung.
Néu \* > 0. Gid st ¢, — ¢* < 0 diing, talay o = % > () khi do:

A*
% —q") ¢ =0,
pa >}

mau thuan v6i \* > 0. Do dé, ¢, — ¢* = 0 va (3.23) ding.

A" = max {O, N+ 0(qa — q*)} = max {0, A —

Tiép theo ta xét trudng hop ¢, — ¢* < 0 ding. Gid st \* > 0 taldy o =

A~ () khi dé:

Ga—9q"
)\*
- (@a—q") = 0.
o — ¢4 ( )}

Mau thuan do d6 (3.23) ding. O]

A" = max {O, A+ 0(qa — q*)} = max {O, A —
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V6i ham chi phi méi J ;f ta da thay thé rang budc bat dang thic bing ham
- 2 R e .
phat 1 max {0, At o(ge— q)} . Do d6, ta dugc bai toan didu khién i wu
sau:

min J{(g,u) s.t (¢,u) € R x H'(Q2) théa man (2.1). (P)

Theo ching minh cua dinh 1i (3.2) ta c6 (P/?\) c6 nghiém dia phuong. Hién
nhién, bai toin méi thay ddi hé KKT cta ta néu: A + o (g, — ¢) > 0.

Bai todn tdi uu (Pi) c6 thé dugdc giai bang phuong phdp SQP toan cuc.
Mot nghiém cho (Pg) ciing 1a mot nghiém cho bai toan (P) véi gia tri du 16n
ctia o, nghia 12 ton tai 0 > 0sao cho nghiém cua (Pff\) la mot nghiém cua (P)
véi o > p dudc chiing minh cu thé trong [13].

Tém tat y tudng ta c6 thuit toan sau:

Thuat toan 3.1 (Phuong phap Lagrange tang cuong)

(1) Chon X\° > 0,00 > 0, va 3¢ > 1. B¢t k = 0. Chon diéu kién ditng phii
hop.

(2) Xdc dinh nghiém 1 = (qk“, ukH) cua (Pg) Véi 0 = o va A = N va
nhdn tit Lagrange p**' bang cdch dp dung thudt todn 3.2 (Phwong phdp SQP
toan cuc).

(3) Cdp nhdt nhdn tit Lagrange \**' = max {O, N+ o (qa — qk) }

(4) Cho dén khi diéu kién ding duoc théa man, ddt o1 = Blor, k = k + 1,

va tiép tuc budc (2).
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Ham Lagrange tang cuong c6 dang:

L5(q,u,p) =J5(q, u) + (e(q, u), p) m ()., m(9)

(8% K
=§/F|u—ur\2 d8+§\q—qcz|2

1 . 2
— 0.\ oy — -Vpd
—I-QQmaX{ A+ 0(q q)} +/QcVu Vp dx

+/5-Vupdx+/qupda:—/fpdx
Q Q Q

-I-/aupds—/gpds.
r r

Ta thay Vq£§ (q,u, p)dq 1a dao ham riéng duy nhat khac v6i dao ham riéng
cia L(q, u, p, ). Ta dugc:

Vq[,g\(q, u,p)oq =k (q — qq) 6q+/9up6q dr —max {O, N+ 0(qa — q)} q.

Trong Hessian ctia £ (g, u, p) phan duy nhat c6 thé thay d6i so v6i phan
tuong ng trong V2L (q, u, p, ) la khi ta tinh V%q L3¢, u, p). RO rang phan
nay sé khong d6i néu A\ + 0 (g, —q) < 0.Néu A+ 0(q, — q) > 0, ta dudc
v%q,q)ﬁg\(Q7 U‘?p) =K + Q

3.3.1. Phuong phap SQP cho (PY)

Ta gidi bai todn t6i uu (Pff\) trong mdi 1an lip bang phucng phap sequential
quadratic programming (SQP) dudc trinh bay cu thé trong [14]. Ta c6 thuat
toan:

Thuait toan 3.2 (Phuong phap SQP toan cuc)

(1) Pt ¢° = ¢, u’ = u¥ va p° = p*. Ddt i = 0. Chon diéu kién dirng phi
hop. Pdt 0 = ox va A=)k,

(2) Vdi ¢',ul, p* tinh Hessian V2£§\ (qi, u', pi) va dao ham Fréchet
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VLS (¢',u',p") vai A=MN4p (ga — ") véi méi budc lip SOP ' = (¢, u').
(3) Tim nghiém cua hé tuyén tinh VQ,C/Q\ (¢',u',p") Az = —V/L§ (¢',u',p")
voi Az = (Aq, Au, Ap)T.

(4) Néu meﬁf{ (qi, u', pi) khong théa mdn diéu kién biic, bién doi ma trdn
Hessian (sé trinh bay & phdan sau) va quay lai budc (3).

(5) Thuc hién tim kiém LI-line search theo hudng A% (sé trinh bay & phdn
sau) dé nhdn dwoc budc nhdy s.

(6) Cho dén khi diéu kién ditng duoc théa man, ddt ¢ = ¢ + sAq, vt =

u' + sAu, p"t = p’' + sAp, diti = i+ 1, va tiép tuc budc (2). Néu diéu kién

k+1 1

ditng théa mdn, ddt ¢" ' = ¢, u**1 = !, va p"*t! = p' va tiép tuc budc (3)
trong thudt todn 3.1.

Vi trong phuong phap SQP ta bat budc phai tinh Hessian ctia haim La-
grange. Do d6 ta ¢ cac diéu kién t6i wu bac hai. D€ xay dung cdc diéu kién
t6i wu bac hai, tAt nhién ta cAn ham chi phi J va todn tif song tuyén tinh e ¢
dao ham Fréchet cap hai. Chiing minh diéu nay tuong tu dinh i (3.5) va (3.6).
Meiit khdc, ta da chi ra trong ménh dé (3.7) toan ti Ve(q, u) 1a toan anh.

Ta sé dua ra cac diéu kién t6i uu bac hai cho ham Lagrange cho bdi:
L2 (g,u,p) =J{(q,u) + ("(0, ), P) sy 10

(6% K
/\u—uf\2d8+§|q—qci|2
T

2
1 . 2
+2—Qmax{0,)\+g(qa—q)} +/cvu.Vpda:
Q

—|—/5-Vupdx—|—/7qupdx—/fpdx
Q Q Q

—i—/aupds—/gpds.
r r

V6i vy =1tacod E?\” = Eé’.
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P& dam bao diéu kién tdi uu bac hai phi hdp nhit, ta st dung hai bg dé

sau:

B6 dé 3.12. Véi x* = (¢*,u*) la nghiém t6i wu ciia (P) va ddt (3¢, 0u) €
Ker (Ve (¢*,u*)). Khi do:
10wl () < Culdql,
. L. . ||U*||L2(Q)
diing voi C, 1= ol
Chiing minh. T dinh nghia cia Ker (Ve (¢*, u*)) ta cé
Ve (¢",u") (6q, du) = 0.
Do do:
(Ve 0" 0") (04.50). )y i) = [ V0 Vipda
, (3.25)
—|—/6-V5ucpdx—|—/5qu*gpdx+/q*5ugpdx+/a5ugpds =0
Q Q Q r

ding v6i moi ¢ € H'(Q). Ta c6 phuong trinh (3.25) la phuong trinh bién

phan cida phuong trinh elliptic:

—cAdu+ [ - Vou+ ¢ ou = —dqu” trong €2, (3.26)
c@ +oou=0 trén I (3.27)
on

Phuong trinh nay tuong dng véi phuong trinh trang thai ctia rang budc dang
thic e (¢*, du) = 0, v6i f = —dqu* va g = 0. Do d6, ham F' € H*(Q))' dua
ra trong (2.3) cho bdi:

<F7<P>H1(Q)/,H1(Q)Z/Q(—(Squ*)gpdx.
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Tu nhan xét (2.4) v6i moi g > q, tacd :

2
az(q) > a2 (¢a) = min {g, Ga — |62||6Rd} + min {0, UC%} > 0.

Khi d6, bat dang thiic:
B(du, 6u; q) > a2 (qa) 6wl o)

ding v6i moi ¢ > ¢,. T ménh dé (2.3) ton tai duy nhit nghiém du € H'(Q)

cua (3.26) thoa man:
B(du, ¢;q) = (F, @) iy 1) véi moi ¢ € H'(2),
bdi vay:
(F, 0u) oy m o) = B(0u, 0u; q) > as (4a) [|6ull3 (q)-

Tu dinh nghia chuén cia ham F € H(Q2)

| Fl @y = sup (F, @) mqy.m @)
||80||H1(Q):1
Ta co:
1 1
6ul[F1 () < (F, 0u) iy mo) < | E oy ll0ull 1,

8% (Qa) (0% (Qa)
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bdi vay:
1
[0l (o) < sup  (F, 0)m(qy,m()
2 (4a) Jjg] ;1 0)=1
1 *k
= sup <—/5qu <,0d:c>
@2 (da) ol iy=1 \ Jo
1
< swp(10al (Ju 1) 20
a2 (Qa) el 10y =1 R
1
< sup (1oal I s Nl
@2 (4a) ¢l 1,09 =1 )
1
< sup (18] 1w |20 llelaron )
2 (da) Jjp] 10 =1 )
1 *k
- o (Qa) |5q‘ HU HLz(Q) - Culéq‘
Ta dudc diéu can chiing minh. [

Nhén xét 3.13. Dbi vdi bai todn tdi uu (P?) diéu kién téi vu (3.14) duge thay

thé bang:

k(q" — qq) 0q + / updq dr — max {0, pyut 0(qa — q*)} 0g =0. (3.28)

Q

Hai didu kién t5i vu con lai (3.15) va (3.16) khong thay ddi.

B6 dé 3.14. Vii (¢, u*, p*) la nghiém ciia diéu kién toi uu bdc nhdt (3.28),
(3.15), va (3.16). Khi do:
Cr

dQ (Qa

1P* | 1110y < ] o (ur = )| oy -

vdi G (q,) = min {g,q — 2—0} + min {0, (o + 8- n)CE} > 0.
Chitng minh. Dang manh cua phuong trinh li€n hdp (3.15) dudc cho béi:

—cAp*— 3 -Vp " +¢p" =0 trong €2,
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k

dp
on

c=—+(c+p-n)p" =a(up —u") trén I

Ta dinh nghia todn ti song tuyén tinh B (-,-:q) v6i ¢ > q, cb dinh bdi:

B - [

Q

—|—/q*p*¢dx—|—/ap*¢ds.
Q r

cVp* - Vodr + / p'p-Veodr
9)

Tuong tu chifng minh clia ménh dé (2.3) ta c6 véi:

P
&9 () = min {g;Qa - lﬁ;Rd} + min {0, (0 + 05 - n)CI%} > 0,
c

va F e H'(Q)' cho bdi:

A

(F, o) i y.m) = /Oz (ur — u*) @ds, v6i p € H'(Q),
T

ta co:
B(p*,p";9) = s (q0) 1930 -
va
B (p*,¢7q) = (F, ¢} 10y, m1(0) v6i moi ¢ € H'(9).
Ta dudc:

& (¢a) 10" 520y < B (07, 0%50) = (F.p")
HA(@Q) 1Y (@)

< [[Fllz@y 10" 10y »
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do do:
1 - 1 .
12 ) < =7 1F ey = % sup  (F', o) iy,
HY(Q) & (¢a) Q) & (qa) ol =1 (Q),H'(Q)
1
= - sup /a (ur — u*) pds
2 (Qa) el g1 (o)y=1JT
1
<- sup ([l (ur = )|y lellieqm))
62 (4a) o] 10y =1 7
1
< - swp (e (ur = )| ey Crllpllon o)
&2 (da) ol =1 Fo
Cr .
" o (qa) H& (ur —u )HL‘Z(F) ’
ta dudc diéu can chiing minh. O

Dinh 1i tiép theo 1a diéu kién du tbi vu bac hai cho bai toan t6i vu vo han

chiéu (dugc trinh bay trong [15].
Dinh li 3.15. Cho (¢*, u*, p*) la nghiém ciia diéu kién téi uu bdc nhdt (3.28),
(3.15), va (3.16). Néu Vixﬁiﬁ (q*, u*, p*) théa man diéu kién biic trén
Ker (Ve (¢, u*)) khi do (q*,u*,p*) la nghiém cua (P?\).

Dinh Ii tiép theo dua ra diéu kién di dé€ théa man dinh 1i (3.15) véi bai todn

0
(P)-
Pinh li 3.16. Cho (¢*, u*, p*) la nghiém ciia diéu kién téi uu bdc nhdt (3.28),
(3.15), va (3.16). Néu:

2 (g.) min {3, 3% |

Cr HO‘ (ur — u*)HB(F)’

N < (3.29)

khi do N2,L27 (¢*, u*, p*) théa man diéu kién biic trén Ker (Ve (¢*,u*)), do

Trr by

do (q*,u*, p*) la nghiém toi uu clia (Pi).
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Chitng minh. Ta co:
V2L (o) (50,600, (50, 5u) = il + 293 | pou ds
+ 04H5U\|%2(r)
v6i (0q,6u) € R x H*() va ta cin chiing minh vdi diéu kién (3.29) diéu

kién buc ctia V2, L£27 (¢, u*, p*) trén Ker (Ve (¢*, u*)) duge ddm béo nghia

rxr by
la:
VELYT (gF ut,p7) (69, 6w), (8q, 0u)) > n[[(8¢, 5u) |G iy, (3.30)
v6i (0g, 6u) € Ker (Ve (¢*,u*)) va hang sd 1 > 0.
Pau tién ta xét trudng hop v = 0. Theo bé dé (3.12) ta dudc:
V2,L8% (¢ u*, p") ((8q, 6u),(8q, 6u)) = k|6q]* + alldul[ 7z

R R
= §|59|2 + —|5Q|2 + O‘H(SUH%Q(I‘)

K
> —|0g” +

202
K
> min 3 202 Il(ég,éu)HRle Q)

Do d6, (3.30) thda man vdi i := min { , 202} > 0. V6i~y > 0, dp dung bod
dé (3.14) ta cé:

V2 L7 (q*, u*, p*) ((0q, 0u), (6q, du))

xrx by

Z§|5Q|Z 202 - 27/9

Zg|5q|2 205H5UHH1 — 2]dq]| HP*HB(Q) H(SUHLQ(Q)

Zg|5q|2 202\|5uuH1 — 2910g| 1p" | 103y 10l 1)

>Z15q) + 202 - 270726;;) o Cur = )| ey IO 160110
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K K
2—5ﬂ2+2CJMUMFm)
CF * 1 2 2
2y o =)y 5 (1008 + Do)

. K K CF *
> <m1n {5, 2—6,5} - 7&2 (qa) HO& (UT —u )’LQ(F)> ||(5Q7 5U)HI2R><H1(Q)

Do d6 néu (3.29) ding, hing sb:

. N C .
= mln{§’2—6'3} — 7&2 (ga) Hoz(ur —u )HL2(F) > 0,

va (3.30) ding véi n = 7. N

Nhén xét 3.17. T dinh 1i (3.16), V2 _£27 (¢*, u*, p*) théa man diéu kién biic

Trx by

&2(%) . K K
) < T o mm{?z—cg}’

da nho. Do dé néu u* gan v6i ur trén bién I'

neu:

7 |lor (ur — )
nghia la ~y Ha (ur — u*)HLZ(F)
theo chuan L?, tham s6 damping v c6 thé 14y bang 1.

Dinh 1i tiép theo khang dinh tinh hoi tu dia phuong cta phuong phap SQP
v6i ti 1€ hoi tu bac 2 .
Pinh li 3.18. Cho (¢*, u*) la nghiém ciia (Pg). Vi Ve (¢*,u*) la toan dnh,
vd Vixﬁg (q*, u*, p*) théa man diéu kién biic trén Ker (Ve (q", u*)) Khi do,
vi phuong phdp SQP tuong duong cuc bo voi phuong phdp Newton dp dung
cho diéu kién toi wu bdc nhdt, sw hoi tu ciia phuong phdp SOP ma ta dp dung
trong bai todn la dia phuong bdc hai, nghia la ton tai p > 0 va C > 0 théa

man:

H (q”l, uz’—i—l’pz’—i—l) — (q", u",p")

Rx H(Q)x H'(9)
P
, voi moi i € N,

RxH(Q)x HL(Q)
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<p.
Rx H () x H(R) P

néu cho gid tri khdi tao H (qo, uo,po) — (q*,u*, p*)
Nhén xét 3.19. Hé phuong trinh tuyén tinh, d6i xtiing & budc (3) ctia Thuat

toan 3.2 c6 thé dudc giai, vi du, bang phuong phap phan tich LU.

3.3.2. Damping Hessian

V6i V2, L£8(q, u,p) ta bi€u thi Hessian gdm dao ham riéng cap 2 theo bién

xrxr by

x = (q,u). Nghia la meﬁf{(q, u, p) ¢6 dang :

K+o0 p
Vi LS (q,u,p) = :
P«
néu \ + 0 (g, — q) > 0, va c6 dang:
Kk P
VLS (g u,p) = :
P«

néu A + 0 (g, — ¢) < 0. Toan ti V%wﬁi(q, u, p) can thoéa man diéu kién biic
trén Ker Ve(q, u) d€ c6 dudc mot hudéng gidm. Diéu kién nay c6 thé khong
thda man tai moi budc ldp & = (g, u, p). PE tranh vin dé nay, ta lam giam
mot s6 phan tf cla V7, £{(q, u,p) c6 thé dnh hudng dén viéc khong thoa

min diéu kién biic cia Hessian . Nhiing phan ti nay 1a V%q L5 (g, u,p) va

Vi Li(g, u, p). Ta thay doi todn ti V7, L5 (q, u, p) mdt chit d€ nhan dugc
damped Hessian V7, £ (g, u, p) :
r(+e)

Vix‘cgﬂ(q’ u,p) - )
P a
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nhu trong [16]. Ta can:

V2,057 (¢" ) (A, Au), (Ag. Aw) > 1 (|Ag] + [ Al Fq)).
(3.31)
vGi hudng (Ag, Au) duge tinh trong bude (3) cia thuét toan 3.1, véi n 1a mot

gid tri 16n hon 0. Tai moi budc ldp i ta co:

Vixﬁiﬁ (qi,ui,pZ) ((Aqi’ Aui) : (A%Am))

12 . . . .
=K }AqZ + 2vAq" /pZAuZ ds + « HAuZ
r

Y

2
LA(T)

Vé6i v = 0, ta duge V2 _£2° (¢',u',p") xdc dinh duong vi cach xdc dinh v va

Trxr A

. Muc dich ctia ta la u6c tinh V2, £¢ (¢, ', p') di tdt. Do do, ta cb ging tim

xrxr by
gia tri v nam gitta 0 va 1 théa man (3.31). Chd y véi:
o 1A A ) — A — a8 g
T=Mr 2A¢" [ p'Aul ds ’
ta duoc (3.31). Do dé, ta c6 thé chon:

7' = max {0, min {wa 1}} :

tai mdi budc lip thi i ctia SQP véi & = 0.9 chang han.

3.3.3. Line search

Phuong phdp Lagrange ting cudng SQP van c6 thé khong hoi tu da moi
buéc 1ip dam bao tinh x4c dinh duong ctia ma trin Hessian. Do d6, ta cd gang
khic phuc viéc nay bang cach chon line search phu hop.

Mot ki thuit c6 thé sit dung 1a Armijo-rule nhu trong [16] yéu ciu vé6i budec

nhay s bat dang thic sau ding:

pi(s) — #(0) < es (7(1) ~ #(0)) (3:32)
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v6i hdng s0 ¢ dinh e € [107*,107?], tai mi budc ldp i ham ¢’ duge dinh

nghia cho 2’ = (¢’,u’) bdi :

SOi(S) =J (SL‘Z + sA:ci) + 1 |le (xl + SAZCZ) , Vi s € [0, 1],

H()

va tuyén tinh héa ctia né ¢’ dinh nghia bdi:

9

@'(s) = J (:cz) +sVJ (ZCZ> Ax' + o

e (:cl> + sVe (:(:Z) Az’

véi s € [0, 1] va tham sb phat p > 0.
Chu y Ve (z') Az’ = —e (z') ding (do phuong trinh thi ba cta budc thi
3 trong thuat toan SQP), va do do ta co:

(1—1s),véis€|0,1].

@'(s)=J (SUZ> +sVJ (mz) Ar' + p o

()

@ c6 thé hi€u 12 ta mudn danh ddi tinh gidm ctia ham
HY()
chi phi J v6i viéc do su vi pham rang budc e (x’) = 0. V6i gia tri 16n cua p

Phan phat p He (x’)

tinh gidm ctia ham ¢’ dudc dam bao.

Vé miit tinh todn, ta can ting tham s6 ;2 cho dén khi diéu kién
@'(1) — ¢'(0) <0,

dudc théa man. Gia tri nay cho p duge chén vao gitta hai ham ' va ¢'. Bay
gid ta ¢ thé bat ddu Armijo-type line search. Ta giam budc nhay s - vi du

giam 1 nira - cho dén khi (3.32) thda man.

3.4 Xap xi Galerkin ctia thuat toan SQP

Trong cac thi nghiém sd ta xAp xi v bdi cdc t6 hop tuyén tinh clia phan ti

hitru han hoac cd sé POD.
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Ta ki hiéu nghiém bdi phucng phéap phan ti hitu han 1a u" va bgi POD la
u’. Céc hé sb clia ham co sé tuong dng (cd s6 cla phan t hitu han 13 ¢; véi
i=1,...,npp vaco sd POD la ; v6i i = 1,..., /) dugc ki hiéu bdi ul* va
ut, nghia la:

NrE
u(z) =y ulpi(e),
i=1
va:

l
u'(e) = Y ulti(a).

Ta lam tuong tu v6i nhan tif Lagrange p € H'(Q), ta dinh nghia x4p xi theo

phan ti hitu han ctia p béi:

nrE

p'(x) =) pleile),
=1
va béi POD bdi: ,
p'(x) = piti(x),
=1

véi pl va pf la cac hé so tuong tng. Ta muon roi rac cac di€u kién toi vu lién

tuc (3.14) -(3.16) cho bai toan (P) bdi hé hitu han chiéu khong tuyén tinh.

Ta xem xét tich v huéng trong L? ctia ham u” va p':
nrEe nrEe
[ @ = [ Y o)y vl
Q Q1 =1
NFE NFE NrFE NMFE
=33 [ eteeiodent = 303 wiMpl
i=1 j=1 @ i=1 j=1

V6i M” ta dinh nghia 1a ma tran ddi xing xdc dinh duong v6i mbi phan ti
MZ 1a tich v hudng trong L? clia ham cd s phan ti hitu han ¢; va ¢; véi

1 <i,j < npg . Do db, rdi rac theo phan ti hitu han ctia diéu kién t6i uu bac
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nhéit (3.14) 1a:
W\ ghoh
/i(q—qd)+(u) M'"p" — A =0, (3.33)

nrE

v6i u” va p" 1a céc vecto chita hé s6 {u}"7 va {p!'}""7 trong xAp xi phin

tG hitu han. Ta dinh nghia ma tran d6i xing, ntta xdc dinh duong BD" ¢

RMreXrE Hii:
BD!, = /gpi(x)gpj(x)ds Voi 1 <i,j < npg.
r

Chu y BD% = (pi(z), gpj(x)>L2(F) v6i 1 < i,j < npg. Do do6 ta c6 thé viét

o [ (u" — uft) 6u” ds nhu sau:

a/F(u —ur (5u ds-oz/zmi(u - ur)>% )géu?gz)j(a:)ds
:azi <u£‘— (ug)) / i) (x)dsou’

T
=« (uh — u?) BD"su”,

v6i Ju” 1a vecto chida cac hé s6 {(5uh} clia cd s& phan ti hitu han.

Ta dinh nghia ma tran ddi xing, ntia xdc dinh duong Sh e Rrrexnre h;:

SZ — /Q/QV%(x) -Voj(z)dz véil <i,j < npg.

Chiy S" = S" — M", v6i S" 1a ma tran do cing ta da giéi thiéu trong (2.17).
Khi do6 ta dudc:

/ cVp' - Vou" de = c/ \% Zp?goz(ac) -V Zéu?gpj(:);) dz
Q@ f i=1 j=1

NrFe NFE

—E:E:cpZ /VgpZ - Vj(z)dzéu]

1=1 j=1

= <ph> ! Shou’.
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Pinh nghia ma trdn khong d6i xiing BE" € R"##*"re bgi:

BE!, = [ @i(a)8 - Vij(a)da v0i 1 < 0.5 <
Q

Ta dugc
/Qphﬁ - Vou'" dz = /QZP?%‘(:C)/B -V 2511?@]-(@ dx
1=1 j=1
=330t [ aw)s Vetadand
i=1 j=1 Q
T
= (v") BE'sw’
Hon nua, ta co:
/ o’ di = / a)_vivi(n) ) ou5p;(x)
& & =1 j=1
NFEg NFE T
= qz ZP? /Q pi(z)p;(z)dzéun] = <ph> M sul,
i=1 j=1
va:
/oph(SUh ds = /O’ Z ploi(z) Z 511?%(33)(13
r I i=1 j=1
NFE NFE T
=0y > vl / pi(2)p;(x)dsou] = o <ph> BD"su".
i=1 j=1 r

Rdi rac theo phan ti hitu han cta diéu kién tdi wu (3.15) dudc cho bdi:
. T
aBD" (uh — u{k) + <csh + (BEh> + oM + aBDh> ph=0. (3.34)
Ta dinh nghia vecto f* € R"## va g" € R"** béi:

fh = / f(x)pi(r)de v6i 1l < i < npg,
0
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va:
o = [ g@)ela)do Vi1 < i <
r
Tuong tu (3.33) va (3.34), ta ap dung rdi rac theo phan tif hitu han cho diéu

kién t6i uu (3.16) va dudc:
(cSh L BE" + gM" + aBDh> ah—fh—gh =0, (3.35)

Tiép theo ta mo ta phuong phap xap xi POD Galerkin clia cic diéu kién

i uu (3.14)-(3.16).
Céc ham cd s POD {w?}le c6 thé viét thanh t& hop tuyén tinh clia phan ti
httu han {p;}“7, nghialavéii € {1,...¢}:

nNrE

Yl(z) =) Uupi().

I=1
Ma tran chia cac hé sd phan ti hitu han ctia co s6 POD dudgc ki hiéu bdi
U= ((Uy)) e Rurex,

Ta xem xét chuén trong L? cia cac ham v’ va p’ dua trén co s6 POD ta dugc:

¢ i
“x)pt = ube;(z Lpi(z)da
/Qu (x)p (x)da:—/glzz; i );pj%( )d

Y4 14
=3 3wl [ wia)uadon),

i=1 j=1
bat:
My = [ @) = [ 37 Una(aUnen(e)da
Q Q=1 k=1
= Z Z UgiUkj / gpl(x)gok(a:)d:v = Z Z UliUijlhk
I=1 k=1 @ I=1 k=1

- <UTMhU>

)
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Do do:
M’ = U'M"U € R,
Tuong tu ta tinh cac ma tran:
BD! = U'BD"U € R™,
§ = UTSMU € RY,
BE’ = U'BE"U € R™.
Va cac vecto:
f* = UTth e RS,
va:
gt =UT g" e R
Khi d6 rdi rac POD ciia cac diéu kién tbi vu (3.14)-(3.16) 1a:

T
k(g — qq) + (uf> Mip! — A =0, (3.36)

" T
aBD' (uf _ ufé) + <CS£ + (BEf) + M’ + 0BD4> p' =0, (3.37)
va

(ch + BE! 4 gM! + aBDf) u—f—gl =0 (3.38)

Luu y ring cdc diéu kién tdi vu nay thudng c6 sb chiéu nhd hon (£ < npg)
so vOi trong (3.33)-(3.35).
Su 18i rac ctia Hessian dudc thuc hién tuong tu nhu dbi véi cac diéu kién

tdi uu bac nhat. Ta dugc Hessian:
K p’M u’M
MTp aBD (¢S +BE + ¢M +0¢BD)T |,
M”™u ¢S+ BE + ¢M + ¢BD 0
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trong d6 cac ma tran M, S, BD, BE va cac vectd u va p la dai dién cho
nhiing ma trdn va vecto phat sinh trong viéc i rac lién quan dén co sé phan
ti hitu han hodc co s6 POD. Ching dugc thay thé bing M", S", BD" , BE",
u” va p néu ta da lam viéc véi co sé phan ti hitu han va béi MY, S, BD,

BE*’, u*, va p’ néu ta lam viéc véi co sé POD.
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KET LUAN VA KIEN NGHI

Céc ket qua nghién ciu chinh cua luan van bao gom:

1. Trinh bay vé phuong phap phan tich truc giao chuan (POD) trong khong

gian vO han chiéu.

2. Pua ra xap xi POD-Galerkin cho bai to4n bién Robin clia phuong trinh

elliptic c6 tham s6 va udc luong sai s6 clia phucng phap.

3. M6 hinh héa bai toan xdc dinh tham sd dudi dang bai todn diéu khién
t6i vu va dudc xi 1f bang thuat toan Lagrange ting cuong két hop véi
phuong phap SQP toan cuc. Chung tdi cling trinh bay cach thuét toan c6
thé rdi rac bdi co sé Galerkin phan tif hitu han hoidc POD dé thiy su uu

viét cia phuong phap POD.

Dua vao cac két qua da dat dugc, mot sd huéng phat trién ctia luan vin

nhu sau:

1. Xem xét bai todn x4c dinh tham sd trong trudng hop khong gian tham s6

nhiéu chiéu hon.

2. Xem xét bai toan xac dinh tham sd trong trudng hop tham s6 13 ham.
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