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MG DAU

1. Tinh cap thiét ctia luan an

Nhieu bai toan trong vat 1y, co hoc va nhieu linh viyc khac dan téi cac bai
toan bién doi v6i cac phuong trinh vi phan cap cao, phuong trinh vi-tich phan va
phuong trinh vi phan ham. Viéc nghién ctiu cac bai todn nay vé mit dinh tinh
nhu sy ton tai nghiém, tinh duy nhat va tinh boi, tinh duong, tinh 16i/16m va tinh
tuan hoan ciia nghiém ciing nhu cdc phuong phap tim nghiém luon 1a su quan
tam cua cac nha toan hoc va cac kj su-cac nha tng dung. Nguai ta chi tim duge
nghiém chinh xac clia cadc bai toan nay trong mot sb rat it cic truong hop riéng
khi phuong trinh va cac diéu kién bién 13 tuyén tinh va c6 dang don gidn. Con
no6i chung ngudi ta phai st dung cac phuong phap gan ding ma chi yéu la cac
phuong phap sb6 dé tim 1oi giai xap xi dic biet 1a khi phuong trinh 1a phi tuyén.

Trong s6 cac phuong trinh cap cao thi phuong trinh cip bén da duge nghien
citu rat nhiéu ca vé dinh tinh v dinh lugng do ching c6 rat nhiéu tng dung. Mot
s6 luan an tién si vé cac bai toan bién phi tuyén cap bon da ducc bdo vé thanh
cong trong thoi gian gan day tai Viet Nam nhu ctia Ngo Thi Kim Quy (2017),
Nguyén Thanh Huong (2019).

Ngoai phuong trinh cap bén thi phuong trinh cip ba ciing duge nhiéu nha
nghién citu quan tam trong thoi gian gan day do chting 14 mo hinh toan hoc clia
nhiéu bai toan trong cong nghé hoéa hoc, 1y thuyét truyén nhiét, vat 1y thien van,...
Déi v6i phuong trinh vi phan cap ba day du

u"(t) = f(t,u(®), ' (t),d" (1), 0<t<1 (1)

hodc khong day du véi cac dieu kién bién khac nhau da c6 nhiéu két qua nghién
cttu vé dinh tinh nhu ctia Li & Li (2017), Yao & Feng (2002), Feng (2008), Hopkin
& Kosmatov (2007), Bai (2008), Sun et al. (2014),... Bang cac phuong phap khéc
nhau nhu phuong phap nghiém duéi va nghiem trén, sit dung cac dinh ly diém
bat dong Schauder, Krasnoselskii,... ho da thiét 1ap dudc su ton tai nghiém, tinh
duong va tinh don diéu ctia nghiem duéi cac diéu kieén phic tap, kho kiém tra. Va
dac biét, trong cac thi du ho khong chi ra duge nghiém hoac phuong phap tim
nghiém khi ma su ton tai clia n6 duge khang dinh sau khi kiém tra cac diéu kien
phtic tap. Mot s6 tac gid khac nhu Pandey (2016, 2017), Al-Said & Noor (2007),
Danaf (2008), Khan & Sultana (2012), Lv & Gao (2017), He (2020) v6i gia thiét
1& céc bai toan bién cho phuong trinh cap ba phi tuyén c6 nghiém duy nhat da



dé xuat cac phuong phap gidi nhu phuong phap sai phan tric tiép cac dao ham,
stt dung cac ham spline da thiic hoac khong da thiic, phuong phap chudi,. . .

Chung toi cho ring viéc nghién ciu cac dicu kién dia dé kiém tra cho sy ton
tai va duy nhat nghiém ctia cac bai toan bién cho phuong trinh phi tuyén cap ba
la rat can thiét. Viec xay dung cac phuong phap s6 hitu hieu dé tim nghiém ctia
cac bai toan nay cling can thiét khong kém.

Trong thoi gian gan day ngudi ta cling bat dau quan tam nghién cttu cac phuong
trinh phi tuyén cap ba va cap bon véi cac dicu kién bién tich phan. Mot s6 két
qua da dat dugc vé su ton tai nghiém clia cac bai toan vdéi cac dieu kién bién tich
phan thuoc vé Boucherif et al. (2009), Guo et al. (2012), Wang (2015), Benaicha
(2016), Li et al. (2013),... Cac phuong trinh vi-tich phan va cac phuong trinh vi
phan ham cling dugc quan tam trong thoi gian gan day. Mot sé két qua 1y tha
vé sy ton tai nghiém v phuong phéap gidi cic phuong trinh nay da dat dugce béi
Aruchnan et al. (2015), Chen et al. (2015), Lakestania et al. (2010), Tahernezhad
(2020), Wang (2020), Bica et al. (2016), Khuri & Sayfy (2018), Hou (2021),...
Céc dieu kien du dé dam bao cac két qua nay thudng phic tap va khé kiem tra.
Do vay, viéc nghién citu dé xuat cach tiép can thong nhat giai quyét cic bai toan
bién cho cac loai phuong trinh trén ca vé mat dinh tinh va dinh lugng dudi cac
diéu kien dé kiém tra 1a mot yéu cau cap thiét.

Chinh vi cac Iy do néu trén ching t6i chon dé tai: "Sv ton tai, duy nhat nghiém
va phuong phdp ldp gidi mot s6 bai todn bién cho phuong trinh vi phan phi tuyén”.

2. Muc tiéu va pham vi nghién cttu cua luan an

Muc tiéu ciia luan an 1a nghién ciu sy ton tai, duy nhat nghiém va phuong
phap giadi mot s6 bai toan bién cho cac phuong trinh vi phan cap cao.

Pham vi nghién ctu ciia luan an la sy ton tai, duy nhat nghiém va phuong
phap giai mot sé bai toan bien hai diém cho phuong trinh cap ba phi tuyén, [l
phuong trinh cap ba va phuong trinh cap bon vdéi diéu kién bién tich phan, phuong
trinh vi tich phan cap bén va phuong trinh vi phan ham cap ba.

3. No6i dung va phuong phap nghién ctu

Luan an nghién cttu cac ndi dung sau day:
1. Sy ton tai, duy nhat nghiém va phuong phap s6 gidi mot so6 bai toan bieén hai
diém cho phuong trinh cap ba phi tuyén.
2. Sy ton tai, duy nhat nghiém va phuong phap lap gidi phuong trinh cap ba va
phuong trinh cap bén phi tuyén véi dieu kién bién tich phan.
3. Su ton tai, duy nhat nghiém va phuong phap lap gidi phuong trinh vi tich phan
cap boén va phuong trinh vi phan ham cap ba.

Luan an tiép can t6i cidc noi dung trén tir ca hai goc do ly thuyét va thuec
nghiém, cu thé 14 luan an nghién citu cac khia canh 1y thuyét ctia cic bai toan
nhu sy ton tai, duy nhat nghiém, mot s6 tinh chat nhu tinh duong, tinh don dieu
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clia nghiém va cidc phuong phap s6 tim nghiém clia cic bai toan. Phuong phap
luan xuyén sudt luan an la dua cac bai toan vé phuong trinh toan ti trong cac
khong gian phit hop, st dung dinh 1y diém bat dong Banach dé thiét lap su ton
tai va duy nhat nghiém va sy hoi tu clia cac phuong phap lap & mic lién tuc, sau
d6 xay dung cac tuong tu roi rac clia phuong phéap lap 6 mic roi rac. Cac két qua
Iy thuyét déu duge minh hoa bdi cac thi du sob.

4. Cau tric cua luan an

Ngoai phan md dau, két luan va tai lieu tham khdo, noi dung ciia luan an gom
4 chuong:

Chuong 1 trinh bay cac kién thic bo trg bao gom mot sé dinh 1y diém bat
dong; ham Green doi v6i mot s6 bai todn; va mot s6 cong thiic cau phuong.. Céc
kién thic co ban trong Chuong 1 déng vai tro rat quan trong phuc vu cho viéc
trinh bay cac két qua nghién citu trong cac trong cac Chuong 2, 3 va 4.

Chuong 2 gom 2 muc. Muc 1 nghién cttu sy ton tai, duy nhat nghiém va phuong
phap lip & miic lien tuc cho mot s6 bai toan bién hai diém ctia phuong trinh cap
ba phi tuyén day dia. Muc 2 xay dung [l phuong phap s6 hay tuong tu roi rac
ctia phuong phap lip ¢ mic lién tuc cho mot bai toan bién cap ba phi tuyén.

Chuong 3 gianh cho viéc nghién citu | bai toan bién cho phuong trinh cap
ba va phuong trinh cap bén véi diéu kién bien tich phan.

Chuong 4 phat trién phuong phap luan ciia cac chuong trude cho phuong trinh
vi-tich phan va phuong trinh vi phan ham. Cu thé 1a Muc 1 ctia chuong nghién
ctiu si ton tai, duy nhat nghiém va phuong phap lip gidi mot bai toan cho phuong
trinh vi-tich phan cap bén va Muc 2 nghién cttu sy ton tai, duy nhat nghiem va
phuong phap s6 gidi mot bai toan bién cho phuong trinh vi phan ham cap ba.

5. Két qua dat ducc ctia luan an

Luan an dé xuat phuong phap nghién citu dinh tinh va phuong phap lap giai
mot s6 bai toan bien déi véi phuong trinh vi phan cap cao phi tuyén. Cac két qua
chinh dat dugc la:

e Thiét lap dugc sy ton tai, duy nhat va tinh duong ciia nghiém clia cac bai toan
bién phi tuyén cap ba dudi cac diéu kien dé kiém tra va xay dung phuong phap
s6 hitu hiéu tim chdng.

e Dé xuat phuong phap nghién citu dinh tinh vA phuong phap lip gidi cac bai
toan bién phi tuyén cho phuong trinh cap ba va cap bon véi cac dieu kién bien
tich phan.

e Chitng minh su ton tai duy nhat nghiém va xay dung phuong phap s6 hitu hiéu
gidi phuong trinh vi-tich phan cap bon va phuong trinh vi phan ham cap ba.

Luan an dugc viét trén co s6 cac bai bao [AL1]-[AL6] trong danh muc céc cong
trinh da cong bo ctia luan an.
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Chuong 1

Kién thiic bo trg

Chuong nay trinh bay mot sb kién thic chuan bi can thiét cho cac chuong tiép
theo duge tham khéo tiu cac tai lieu Zeidler (1986), Guo and Lakshmikantham
(1988), Melnikov va cong su (2012), Burden and Faires (2011), Samarskii (2001).

Noi dung ctia chuong nay bao gom:
1. Cac dinh Iy diém bat dong Schauder, Krasnoselskii, Banach.
2. Ham Green.
3. Mot sb cong thitc cau phuong.

4. Phuong phap sai phan giai phuong trinh cap hai.



Chuong 2

Su ton tai duy nhat nghiém va phuong
phap 1ap giai @8 bai toan bién cho
phuong trinh cap ba phi tuyén

Trong chuong nay ching toi nghién citu sy ton tai duy nhat nghiém va phuong
phap lap & mic lién tuc va mtc roi rac giai mot sé bai toan bién hai diém cho
phuong trinh cap ba day du phi tuyén.

2.1 Su ton tai nghiém va phuong phap lip é miic
lién tuc giai @@ bai toan bién cho phuong
trinh vi phan phi tuyén cap ba

Xét bai toan bién

u"'(t) = f(t,u(t), ' (t),d"(t), 0<t<l1
Bilul = Balu] = Balu] =0, .
trong d6 Bilu], Bs[u], Bs[u] 1a cac toan ti dieu kién bién
Biu] = a1u(0) + 11/ (0) + yu"(0),
Bs[u] = au(0) + Sau'(0) + ~2u"(0), (2.2)
Bg[u] = 3U (1) + Bgu/(l) + ’Yguﬂ(l),

thoa man dieu kién

0 0 0 a3 B3 3

Ky higu G(t,s) la ham Green ciia bai toan trén (hay cia toan ti u”'(t) = 0),
Gi(t, s), Go(t, s) 1a cac dao ham cap mot va cap hai theo ¢ ctia G(t, s), Go(t, s) =
G(t, s) va

ap B 0 0 O
Rank a2 52 Y2 0 0 0 = 3.

-—maX/|Gts\dS i=0,1 (2.3)

0<t<1
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D6i v6i mbi s6 M > 0 dinh nghia mién

Dy =A{(t,z,y,2)| 0<t <1, || < MM, [y| < MM, |z < MpM}.
Dinh 1y 2.1.2 (Sy ton tai nghiém). Gid s ton tai s6 M > 0 sao cho ham
f(t,z,y, 2) lien tuc va gidi noi bdi M trong mién Dy, tic la,

|f(t 2y, 2)] < M (2.4)
vdi moi (t,x,y,2) € Dyy.
Khi dé bai toan (2.1) c¢é nghiém u(t) théa man
lu(t)| < MM, |u'(t)] < MM, |u"(t)] < MoM vdi moi 0 <t <1.  (2.5)

Dinh 1y dude chiing minh nhd viéc dua bai toan vé phuong trinh toan ti
Ap = p, trong d6 toan tit A duge xac dinh nhu sau
(Ap)(t) = f(t,u(t), w'(t), u'()), (2.6)
v6i u(t) la nghiém cua bai toan
u"(t) =), 0<t<1 @7
By|u] = Bsylu] = Bs[u] = 0.

Gia st rang G(z,t) va G1(z,t) khong doi dau trong hinh vuong Q = [0, 1]%
D&6i véi ham H (z,t) xac dinh va khong doi dau trong @ ta ky hieu

o(H) = sign(H(1,s)) = { b new ! g’(f}j >
Dé nghién cttu sy ton tai nghiém duong ctia bai toan (2.1) ta dua vao ky hiéu
Dy ={(t,2,y,2)| 0<t <1, 0 <o < Mo,
0<o(G)o(Gr)y < MM, |z| < MyM},
Sy ={peC0,1]|0<o(G)p < M}.

Dinh ly 2.1.3 (Sy ton tai nghiém duong). Gid st ton tai s6 M > 0 sao cho ham
f(t,x,y, 2) lién tuc va
0<o(G)f(t,z,y,2) <M (2.8)
doi vdi moi (t,x,y, z) € Dy;. Khi dé bai toan (2.1) c6 nghiém don diéu khong am
u(t) théa man
0 <u(t) < MM, 0<o(G)o(G)u'(t) < MM, |u"(t)] < MyM. (2.9)
Dinh 1y 2.1.4 (Sy ton tai va duy nhat nghiém). Gid si rang ton tgi cdc so

M, Ly, L1, Ly > 0 sao cho
‘f(t7 x? y? Z)‘ S M7

|f(t, 22,0, 22) — f(t, 21,91, 21)| < Lolwa — w1 + Lilya — y1| + Lo|2e —(2211|0)



doi vdi moi (t,x,y,2), (t,z;,yi, z) € Dy (i = 1,2) va
q = LoMy+ L1 M; + Lo My < 1. (

1)
Khi dé bai toan (2.1) c6 nghiém duy nhat u(t) sao cho |u(t)| < MM, |u'(t)] <
MM, |u"(t)| < MaM vdi moi 0 <t < 1.

Dé gii bai toan (2.1) chiing toi dé xuat phuong phéap lap sau day:
1. Cho xap xi ban dau ¢, € B[0, M], chang han
wolt) = 0. (2.12)
2. Biét ¢y, (k= 0,1,...) tinh

/Gtsgpk s, /Gltsgpk ) ds,

(2.13)

- / Ga(t, s)pu(s) ds

0
3. Cap nhat xap xi méi
or1(t) = f(t ur(t), yr(t), 2i(t)). (2.14)
Dat

g

Pr =7 1 — ol (2.15)
—q

Dinh 1y 2.1.6 (Hoi tu). Dudi cic gid thiét cia Dinh Iy 2.1.4 phuong phdp lap
trén hot tu va co danh gia
luk — ull < Mopg,  [lug — '] < Mipy,  |lug — " < Mapy, (2.16)
trong do u la nghiém ding cia bai todn (2.1), va My, My, Ms dugc cho bdi (2.3).
Dé minh hoa céc két qua ly thuyét ching toi xét bai toan (2.1) v6i nhiéu trudng
hop riéng clia cac dieu kién bien. Cac bai toan véi cac dieu kién bién nay da dugc
x6t bdi Yao & Feng (2002), Feng & Liu (2005), Hopkins & Kosmatov (2007), Li
& Li (2017), Bai (2008). Ap dung ly thuyét cta ching t6i vao cac thi du trong
cac bai bao ciia cac tac gid néu trén thuong cho két qua tét hon vé dinh tinh nhu
thiét lap dugc ton tai va duy nhat nghiém trong khi cac tac gia khéc chi két luan
dugc ve sy ton tai clia nghiem va cac danh gia vé nghiém ciia ching toi tot hon.

2.2 Phuong phap so giai cac bai toan bién cho
phuong trinh cap ba phi tuyén

Trong muc nay ching toi xay dung phuong phap lap roi rac c¢6 do chinh xac cap

hai v& phuong phap lap roi rac ¢6 do chinh xac cap ba cho bai toan

u®(t) = f(t,u(t), ' (t),d"(t), 0<t<l,

u(0) = 0,u'(0) = 0,u/(1) = 0. (2.17)
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Day 1a mot truong hop riéng clia bai toan tong quat (2.1). Phuong phap lap ¢ miic
lien tuc gidi bai toan nay da duge mo ta ¢ cudi muc trén. Dé xay dung cac phuong
phap lip roi rac tuong tng tic 1a thé hien s6 ctia phuong phéap lap mic lién tuc
chiing t6i phit khoang [0, 1] béi ludi diém @y, = {t; = th, h=1/N,i=10,1,..., N}
va ky hieu bdi @ (), Ux(t), Yi(t), Zk(t) cadc ham ludi xac dinh trén ludi wy, va xap
xi cac ham g (t), ur(t), yr(t), zx(t) trén ludi, tuong tng.

Dau tién xét phuong phap lap rdi rac thi nhat duge goi 1a Phuong phap 1:

1. Cho truée
dy(t;) = f(t;,0,0,0), i =0,..., V. (2.18)

2. Biét @i (t;), k=0,1,...; i =0,..., N, tinh gan dang cac tich phan (2.13) bdi
cong thic hinh thang

Uk(ti) = ihijo(ti,tj)cbk(tj), Yi(t:) = ZN: hpiGi(ti, 1) Pr(t;),

j=0 j=0
- (2.19)
Zk(tz) = thJG;(tz,tj)q)k(t]), 1= 0, ceey ]\/v7
§=0
vl
< <
1/2, j=0,N ) s, 0<s<t<,
Pi=31 219 N_1 , Gy(t,s)=<¢s—1/2, s=t,
I T H S s—1, 0<t<s<l.
(2.20)
3. Cap nhat
Prya(ts) = f(ti, Un(ts), Yi(ti), Zr(ti))- (2.21)

Dinh ly 2.2.6 (Sai s6). Déi vdi nghiém zap xi clia bai toan (2.17) nhan duge bdi
phuong phdp lap roi rac (2.18)-(2.21) trén ludi wy, ta cé cic danh gia sau

Uy = ull < Mopy + O(R?), ||V —'|| < Mipg + O(h?),
1Z), — u"|| < Mapi + O(R?),
trong dé My = %, M, = %, My = % va py, duge xac dinh bdi (2.15).

Tiép theo, xét phuong phap liap roi rac thi hai, goi 132 Phuong phap 2. Cac
buéc clia phuong phap nay ciing giong nhu ctia Phuong phap 1 véi sy khac biét
co ban trong bude 2 va sé nit ludi 1a s6 chin N = 2n. Cu thé la
2': Biét @y (t;), k=0,1,...; i =0,..., N, tinh gan dang cac tich phan theo cong
thitc Simpson hiéu chinh

Ui(ti) = F(Go(ti, )Pi(.)), Yi(ti) = F(Gi(ti, )Pr(.)), Zr(ti) = F(G5(ts, . )Pr(.)),



trong doé

h
S s Gty ) @i(t) + 2 (Giltis i) B(ti)

F(Gi(t, )2k() = § oGyt £:)Bu (1) + Gl(ti,tiﬂ)@k(ti“)) néu i 16 ,
Zj‘vzo hp;Gi(ti, t;)®Px(t;) néuichdn, [=0,1; i=0,1,.., N,

1/3, j=0,N
pi=14/3, =13, N—1

2/3, j=2,4,...,N —2,
F(G5(ti, .)Pr(.)) dugce tinh nhu F(G(t;,.)Pk(.)) 6 trén, trong d6 G; dugc thay
bdi G5 xac dinh bdi cong thiic (2.20).
Dinh 1y 2.2.9 (Sai s6). Gid thiét rang ham vé phdi f(t,x,y,2) c6 cic dao ham
riéng lien tuc dén cdp 4 trong mien Dy;. Khi dé doi vdi nghiém zdp xi cia bai
todn (2.17) nhdan dugc bdi Phuong phap 2 trén ludi déu vdi budc lidi h ta cé
cac danh gia

U = ull < Mopy + O(h%), [[Yy = u'|| < Mipy, + O(R?),
1Zi — u"|| < Mop + O(B),

Dé minh chiing cho hiéu qui clia cac phuong phap lip rdi rac & trén ching toi
da tién hanh nhiéu thuc nghiem tinh toan trén cic thi du ma nghiém chinh xac
dugc biét truée hoac khong biét trude. Sau day 1a mot thi du tieu biéu.

Thi du 2.2.1. (Pandey 2016) Xét bai toan

u" (1) = v'u(z) — u*(z) + g(x), 0 <2 < 1,
u(0) =0, w'(0) = =1, w'(1) = sin(1),
trong d6 g(z) = —3sin(x) — cos(x)(z — 1) — 2*(z — 1) sin(z) + (v — 1)?sin®(z).
Nghiém chinh xac ctia bai toan 1a u*(z) = (x — 1) sin(x). Qua trinh lap duge thue
hién cho dén khi || @1 — Pl < TOL, TOL la do chinh xac cho trude. Két qua
ve hoi tu clia cic phuong phap lap dugce cho trong Bang 2.1 dudi day. Trong bang

(2.22)

Béang 2.1: Su hai tu trong Thi du 1 déi véi TOL = 10~1°
N K Erroryge Order Errorggn, Order
8 7 9.9235e-04 9.7222e-04

16 7 2.4732e-04 2.0045 1.3187e-04 2.8822
32 7 6.1782e-05 2.0011 1.6896e-05 2.9643
64 7 1.5443e-05 2.0003 2.1301le-06 2.9877
128 7 3.8605e-06 2.0001 2.6774e-07 2.9923
256 7 9.6511e-07 2.0000 3.3544e-08 2.9965
512 7 2.4128e-07 2.0000 4.1977e-09 2.9984

nay N + 1 1a s6 nat lusi, K la s6 bude lap, Errorya,, Errorgm, 1a cac sai so
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Uk — u*|| cia Phuong phap 1 va Phuong phap 2, Order 1a cap hoi tu thuc
té duoc tinh theo cong thic

R — |
Order = log ,
2UN —

cac chi s6 tren N/2 va N cia Uk c6 nghia rang Ux duge tinh trén luéi véi cac
sO nut tuong tng.

Cha ¥ rang Pandey st dung phuong phap lap dé giai hé phuong trinh dai s6
phi tuyén sau khi rdi rac hoa bai toan bién bang phuong phap sai phan. Qua trinh
lip duge thuyc hién cho dén khi ||Uy, 1 — Uyl < 1071%. S6 1an lap khong duge bao
c4o. Do chinh xac clia nghiem gan ding cho mot s6 N dugce cho trong Bang 2.2.

Bang 2.2: Két qua ctia Pandey trong Thi du 1
N 8 16 32 64
Error 0.11921225e-01 0.33391170e-02  0.87742222¢-03  0.23732412¢-03

Ta thay rang cadc Phuong phap 1 va 2 chinh xac hon phuong phap ctia Pandey.

10



Chuong 3

Su ton tai duy nhat nghiém va phuong
phap 1ap giai phuong trinh vi phan phi
tuyén véi dieu kién bién tich phan

3.1 Su ton tai duy nhat nghiém va phuong phap
lip giai phuong trinh cap ba véi diéu kién
bién tich phan

Xét bai toan bién

u"'(t) = f(t,u(t),u (t),u" (1), 0<t<l, (3.1)

w(0) = w/(0) = 0, (1) = /0 g(s)u(s)ds, (3.2)

trong d6 f: [0,1] x R® — R™, ¢g:[0,1] — R*.

Cing nhu dbi véi cidc bai toan trong chuong truée, ching toi dua bai toan
(3.1)-(3.2) vé phuong trinh toan tif va nghién citu bai toan thong qua phuong
trinh toan t nay. Dé lam viéc nay xét khong gian B céc cap w = (p, a)!, trong
do ¢ € C[0,1],a € R, titc 1a dait B = C0, 1] x R, va trang bi chuan

[wlls = max([lpl], kla]), (3-3)

trong do |||l = maxg<i<1 |¢(t)|, k 1a mot 6, k > 1.
Dinh nghia toan tit A : B — B bdi cong thrc

tyu(t), o (t), u”(t
= (M) &4
trong d6 u(t) 1a nghiém cta bai toan
u"(t) = p(t), 0<t<l, (3.5)
w(0) =4/ (0) =0, u(l) = . (3.6)

C6 thé chitng minh ring viéc tim nghiém ctia bai todn bién (3.1)-(3.2) tuong
duong véi viec tim diém bat dong clia toan ti A.
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Ky hieu Gy(t, s) la ham Green cua bai toan (3.5)-(3.6) va G (¢, s), Ga(t, s) 1a cac
dao ham cap 1 va cap 2 theo t cia Gy(t, s), va

1
M; = max/ |Gi(t,s)|ds, i=0,1,2.
0

0<t<1

Ta c6 My = &, My = 55, Mo = 2. V6i M > 0 ky hieu

1
) , (3.7)
ly| < (M + E)Ma 2] < (M + E)M}

Tiép theo, ky hieu

1 1
C’():/O g(s)ds, 02:/0 s%g(s)ds. (3.8)

Dinh 1y 3.1.1 (Sy ton tai nghiem). Gid si rang ham f(t,x,y, z) lién tuc va gidi
not boi M trong Dy, tic la,

|f(t,z,y,2)] <M trong Dy (3.9)

va
q1 ‘= kCOMO + CQ S 1. (310)
Khi do bai todan (3.1)-(3.2) co nghiém.

Dinh 1y 3.1.3 (Su ton tai duy nhat nghiem). Gid st ton tai cic so6 M >
0, Ly, L1, Lo > 0 sao cho

(H1) |f(t,z,y,2)| < M, V(t,2,y,2) € Dy.
<

(H2) |f(t, 22,92, 22) — f(t, 21,91, 21)]
Zl|7 V(t,xi,yi,zz-) € DM, 1= 1,2

Lolza — 1| + Lilya — y1| + La|ze —

(H3) ¢ := max{q, 2} < 1, vdi g1 = kCyMy + C5 dugc xdac dinh bdi (3.10) va
1 2 2
7 :LO(MO+E)+L1<M1+E)+L2<M2+E)' (3.11)

Khi dé bai todn (3.1)-(3.2) c6 nghiem duy nhat u € C3[0,1].

Muc nay ciing thiét lap dicu kién ton tai, duy nhat ctia nghiem duong.
Phuong phap lap:

1. Cho trude wy = (@o, ap)? € B0, M], ching han,

po(t) = f(t,0,0,0), ag =0.
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2. Biét o, (t) and a,(t) (n =0,1,...), tinh
1 1
un(t) = / G(t, $)on(s)ds + ant?,  yn(t) = / G (t, 5)on(s)ds + 20,
0 0
zp(t) = /1 Go(t, s)pn(s)ds + 2a,.
0
3. Cap nhat
1
fua(®) = 00,00, 5(0). v = [ gls)un(s)ds

Dinh 1y 3.1.5. Dudi cdc gid thiét cia Dinh Iy 3.1.3 phuong phdp ldap trén hoi tu,
va c6 danh gid nghiém xap i u,(t) va cic dao ham cia né

1 : : 2
| — ul| < (MO + E) pnd, [Jul? — @] < (1\4Z + E) pnd, 1=1,2,

t’l”O'ng do Pn = 1(]__"(]’ d= le - wO||B7 wy = (9017051)11'

Nhieu thi du khi biét trudc nghiém chinh xac va khi khong c6 thong tin vé
nghiém ctia bai todn dugc dua ra dé minh hoa cho kha nang ap dung cua ly
thuyét va hiéu qua ctia phuong phap lap. 0 day chung t6i chi dua ra mot thi du
khi khong c6 thong tin gi vé nghiém.

Thi du 3.1.4. Xét bai toan

1 1
u” () = —(u’e" + : sin(u') + gcos(u”) +1), 0<t<1,

u(0) =4'(0) =0, u(l) = /0 stu(s)ds.

V6i M = 1.7,k = 4 kiém tra dudc cac diéu kién bao dam bai toan cé nghiem
duong duy nhat. Nghiem nay tim dugc bang phuong phéap lap, trong do6 cic tich
phan tinh bang cong thitc hinh thang va sau 6 lan lap dat dugc do lech gitta hai
xap xi lién tiép nhé hon 1074,

3.2 Su ton tai duy nhat nghiém va phuong phap
lap giai phuong trinh cap bén véi diéu kién
bién tich phan

Xét bai toan bién

u"(t) = f(t,u(t),u(¥), " (t),u" (1), 0<t<1, (3.12)

u'(0) =u"(0) =u/'(1) =0, u(0) = [ g(s)u(s)ds, (3.13)



trong d6 f: [0,1] x R* = R™, ¢g:[0,1] — R" I cac ham lién tuc.
Tuong tuy nhu trong muc trude, ching t6i xét khong gian B = C[0, 1] x R cua
cac cap w = (o, u)T, ¢ € C[0,1], 1 € R, va trang bi chuan

lwlls = max(llel], r|p]), r =1 (3.14)
va dinh nghia toan tit A bdi cong thic
/ " "
- (ML)
trong d6 u(t) 1a nghiém cia bai toan
u"(t) = (), 0<t<1, (3.16)
u'(0) = u"(0) =u/(1) =0, u(0) = p. (3.17)

Ky higu G(t, s) 1a ham Green cua bai toan nay va G;(t,s),i = 1,2, 3 1a cac dao
ham cap i theo ¢ ctia Gy(t, s), va

0<tL1

1
M; = max/ |Gi(t,s)|ds, 1=0,1,2,3.
0
Ta ciing dinh nghia

D = {(Lu,y,v,2) | 0< <1, Jul < (Mo + 1M,

3.18
ly| < MM, |v| < MyM, |2| < MzM} (3.18)

va ky hieu
1
Co = / g(s)ds > 0. (3.19)
0

Dinh 1y 3.2.3 (Suy ton tai duy nhat nghiem). Gid su rang ton tai cic s6 M >
0, Ly, Ly, Lo, L3 > 0 sao cho

L |f(t,u,y,v,2)| < M, Y(t,u,y,v,z) € Dy.

2. |f(t, ug, Yo, va, 29) — f(t,ur, y1,v1, 21)| < Lolug — ur| + Lilya — y1| + Lo|vy —
U1| + L3‘Z2 - Z1|7 v(t7ui7yi7vi7zi) € DMa 1= 172

3. q :=max{q,q} <1, vdi g = rCoyMy+ Cj va
@ = Lo(My + L) + Ly My + LyMs + L3 Ms.

Khi dé bai todn cé nghiem duy nhat u € C0,1].

Sy ton tai va duy nhat nghiém duong cling duge thiét lap.
Phuong phap lap 6 mic lién tuc:

1. Cho truée
wo(t) = £(t,0,0,0,0), po = 0. (3.20)
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2. Biét ¢ (t) and py, (k= 0,1,...) tinh
1
/%mmme”mw/GMwwm
0

) (3.21)
/ Go(t, s)pr(s)ds, 21 (1) :/0 Gs(t, s)pr(s)ds.

3. Cap nhat
er1(t) = f (& ur(t), ye(t), vi(t), z1(¢)), /um:/o g(s)ug(s)ds. (3.22)

Dinh 1y 3.2.5 (Hoi tu). Phuong phap lap (3.20)-(3.22) hoi tu va doi vdi nghiém
zap xi uy(t) cé cic danh gid

1
o =l < (Mo-+ 1) s i — ] < Mg,
|uy, — u"|| < Mopyd, |Juy — u™|| < Mspid.
. N . . . ) <., k
trong dé w la nghiém chinh zdc cia bai todn (3.12)-(3.13), pp = 7, d = |lwr —
wol|g va r la so trong (3.14).

Phuong phap lap ¢ midc rdi rac:

Ky hieu @y (t), Ug(t), Yi(t), Vi(t), Zi(t) 1a cac ham ludi xac dinh trén ludi déu iy, =
{t; =ih, h=1/N,i=0,1,..., N} xap xi cdc ham @y (t), ur(t), yp(t), v (t), 2x(t)
va ky hieu /iy, 14 xap xi clia ui. Xét phuong phap lap sau:

1. Cho truée
@0(251‘) =f<ti,0,0,0,0), i:O,...,N; ﬂoZO.

2. Biét ®i(t;), i =0,...,N and fiy (k= 0,1, ...) tinh xap xi cac tich phan (3.21)
theo cong thitc hinh thang

U Zh,OJGO tz,t )(I)k( )—I—,uk, Yk th]Gl tl,t )(I)k( )
J=0 j=0
N

Vilts) =Y hpiGalti t)@r(ty),  Ze(ts th]Gg, ti, t))®r(t;), i =0, ...
Jj=0 j=0

trong d6 po=pn =1/2;p;=1,7=1,...,.N —1va

—(1—s)*+1, 0<s<t<l,
Gi(t,s) =< —(1—38)2+1/2, s=t,
—(1—s)% 0<t<s<l1.
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Hinh 3.1: D6 thi nghiém xap xi trong Thi du 3.2.1

3. Cap nhat

Py (ti) = [t U(t), Yi(ti), Vi(ti), Zi(t)),  fwr = thjg(tj)Uk(tj)~

Dinh 1y 3.2.9 (Sai s6). Gid thiét rang cac dieu kién cia Dinh ly 3.2.3 dugc théa
man. Ngoai ra, gid thiét them rang f(t,u,y,v,2) c¢é cic dao ham lién tuc dén cap
hai va g(s) € C*0,1]. Khi do, doéi vdi nghiem zap xi ciia bai todn (3.12), (3.13)
nhan dugc bang phuong phap lap 107 rac trén lwdi déu vdi bude lidi h ta cé cdc
danh gid
1

U=l < (Mo 1) pid o+ OUR). Ve = < Mipd + 002, o

Vi = u"|| < Mopd + O(h?), || 2k — u"|| < Mappd + O(R?).

Nhiéu thi du khi biét truéc nghiém chinh xac va khi khong c6 thong tin vé
nghiém ctia bai toan duge dua ra dé minh hoa cho kha ning ap dung ctia 1y thuyét
va hiéu qua cta phuong phap lap. o) day chung toi chi dwa ra mot thi du.

Thi du 3.2.3. (Benaicha & Haddouchi, 2016) Xét bai toan

u"(t) = —y/(1+u) —sinu, 0<t<l,

£ (0) = " (0) = /(1) = 0, u(0) = /O su(s)ds.

Ap dung Iy thuyét ¢ ben tren ching toi két luan duge riing bai toan ¢6 nghiem
duong duy nhéat, trong khi Benaicha & Haddouchi chi két luan dudc rang bai toan
c6 nghiem duong. Bang phuong phap lap roi rac mo ta & trén ching toi tim dugc
nghiém gan dang duong c6 do thi nhu trong Hinh 3.1.
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Chuong 4

Su ton tai duy nhat nghiém va phuong
phap 1ap giai phuong trinh vi-tich phan
va phuong trinh vi phan ham phi tuyén

4.1 Sy ton tai duy nhat nghiém va phuong phap
lip gidi phuong trinh vi-tich phan phi tuyén

Trong muc nay ching t6i xét bai toan

S
S

S

N—
I

1
foule) (), [ bl tpult)a)
0 (4.1)
u(0) =0, u(1) =0, «"(0) =0, u"(1) =0,
trong d6 ham f(x,u,v, z) va k(z,t) 1a cdc ham lién tuc.

St dung phuong phap luan nhu 6 cac chuong truée chung dwa vao trong khong
gian C[0, 1] toan tit A bdi cong thitc

owmwzﬂamwmhmlkm@umm, (42)

trong d6 u(z) 1a nghiém ciia bai toan bién

"

u" =p(r), 0< <1,

u(0) = u"(0) = u(1) = u"(1) = 0. (4.3)

Ciing nhu trong céc chuong truée, viéc nghién ctu bai toan bien dua vé diém bat
dong ctia toan tit A. Ky hieu Gy(t, s) 1a ham Green ctia bai toan (4.3) va G1(t, s)
1a dao ham cap mot theo t ctia Gy(t, s). Dat

1 1
M; = max / |Gi(x,s)|ds,i = 0,1, My = max / |k(z,s)|ds (4.4)
0 0

0<z<1 0<z<1

va dinh nghia
Dy ={(z,u,v,2) |0 <z <1, |ul < MM, |[v| < MiM, [2] < MoMaM}.
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Dinh ly 4.1.1 (Sy ton tai duy nhat nghiem). Gid s rang ham k(x,t) lién tuc
trong hinh vuong [0,1] x [0, 1] va ton tai cic s6 M > 0, Lo, L1, Ly > 0 sao cho:

(i) Ham f(x,u,v, z) lién tuc trong mién Dy va | f(x,u, v, 2)| < M, V(z,u,v,2) €
M-

(ii) |/ (22, ug, v2, 22) — f(fﬁl, u1,v1,21)| < Lolug —uy| + Ly|vg — v1| 4+ La|za — 21,
v(xuuuvuzz) € Dy, 1=1,2.

(111) q= LoMy+ L1 My + LoMyMy < 1.

Khi dé bai todn (4.1) c6 nghiém duy nhat u € C*0, 1] théa man |u(x)| < MM,
[/ ()| < MM véi moi 0 < x < 1.

Dé nghién citu nghiem duong ctia bai toan ta dinh nghia mién

Dl ={(v,u,v,2) | 0<2 <1, 0<u< MM,

4.5
‘U‘ S MlM, |Z’ S MQMQM} ( )

va ky hiéu
Su={p € C[0,1],0 < p(z) < M}.

Dinh ly 4.1.2 (Nghiem duong). Gid st ham k(x,t) lién tuc trong mién [0, 1] X
[0, 1] wa ton tai cic s6 M >0, Ly, Ly, Ly > 0 sao cho:

(i) Ham f(z,u,v, 2) lién tuc trong mién D3, va 0 < f(z,u,v,2) < M, V(x,u,v,z) €
D}, and f(x,0,0,0) # 0.

(11) |f<332,U2,7}2, 2,’2) f(xl,ul, U1, Zl)l S Lo‘Ug - U1| + Ll‘vg — 7}1‘ + L2‘2’2 — 21|,
V(xi, uiyv;,2) € Dy, 0 =1,2.

(111) q= LoMy+ L1 My + LoMyMy < 1.
Khi dé bai todn (4.1) ¢6 nghiem duong duy nhat u € C*0,1] théa man 0 <
u(z) < MoM, |u'(z)] < MiM vdi moi 0 <z < 1.

Phuong phap lap

1. Cho truée

2. Biét ¢, () (m =0,1,...) tinh

/Goxtgpm /Gla:tgom )dt,

(47)
() = /O (s ) ()t

3. Cap nhat
Pm+1(x) = [ (@, U (2), Uy (2), 2m (). (4.8)
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Dinh 1y 4.1.3. Dudi cdc gida thiét cia Dinh lyj 4.1.1 phuong phdp lap (4.6)-(4.8)
hoi tu va co cac danh gia
[ty — ull < Mopid, ||uy, — || < Mipnd,

trong do w la nghiém chinh zdc cia bai todn (4.1), pp, = lq—:nq, d = |lp1 — ¥ol--

Phuong phap lap rdoi rac

Ky hieu @,,(z), Uy (z), Vin(z), Zn(x) 14 cac ham ludi xéc dinh trén ludi w), =
{z; = ih, h = 1/N,i = 0,1,..., N} cac ham @,,(x), up(x), v, (), 2m(z). Xét
phuong phéap lap

1. Cho truée
®o(z;) = f(2;,0,0,0), i =0,...,N. (4.9)

2. Biét @,,(z;), m=0,1,...; i =0,..., N, tinh xap xi cac tich phan (4.7) theo
cong thic hinh thang

Um(:cz) = Z h,OjG()(SE’Z', $j)q)m(£l?j), Vm(l'z) = Z hijl(l'i, I’j)q)m(l'j),

J=0 §=0
N
Zm(xl) = Z hpjk(xi,xj)Um(acj), 1= 0, ceey N,
Jj=0
(4.10)

trong d6 p; la cac trong s6 clia cong thic hinh thang.

3. Cap nhat

D1 (i) = @i, Un(xi), Vin (@), Zin (1)) (4.11)
Dinh 1y 4.1.7. Gid st cac dieu kién cia Dinh lyj 4.1.1 va ham f(t,u,v,z) va
k(x,t) c6 cic dao ham riéng lién tuc dén cap hai. Khi dé nghiém xdp xi clia bai
todn (4.1) nhan dugc bang phuong phap ldp roi rac trén ludi deu vdi budc lidi h

co6 cac danh gia
U — || < Mopimd + O(h?), |Vy — /|| < Mapyd + O(h?). (4.12)
Cudi muc ching to6i dua ra mot s6 thi du minh hoa kha nang tng dung 1y thuyét

ton tai nghiém va hiéu qua ctia phuong phap s6. Sau day 1a mot thi du minh hoa.
Thi du 4.1.2. Xét bai toan (Wang, 2020)

u(z) = sin(rz)[(2 — u2(a:))/0 tu(t)dt + 1],z € (0,1)
u(0) =0, u(1l) =0, «"(0) =0, v"'(1) = 0.

(4.13)

Ap dung 1y thuyét & tren chang toi ching t6 duge riing bai toan ¢ nghiem duy
nhat thoa man |u(x)| < 0.0143, |u/(z)| < 0.0458 va trén ludi véi h = 0.01 va
tieu chuan ding 1ap || P, — Pp_1]| < 1071 nghiem tim duge sau 7 1an lap.
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Can phdi néi rang bang phuong phdp don diéu Wang chi zay dung dudc cdc day
lap hoi tu tdi cdc nghiém cuc tri chit khong chiing minh duge su ton tai va duy
nhat nghiém.

4.2 Sy ton tai duy nhat nghiém va phuong phap
lap giai phuong trinh vi phan ham phi tuyén

Trong muc nay chiing t61 xét bai toan

" ft ), u(e®), tel0.d i
By[u] = by, Bo[u] = by, Bs[u| = bs,
trong d6 ¢(t) 1a ham lién tuc anh xa [0, a] vao chinh n6, Bi[u], Ba[u], Bs[u] 1a cac
toan ti dicu kien bien (2.2).
Trong khong gian Ca, b] xac dinh toan tit A bdi cong thiic
(Ap)(t) = [t u(t), u(p(t))), (4.15)
trong d6 u(t) 1a nghiém ctia bai toan
u"'(t)=((t), 0<t<a
Bilu] = by, Bo[u] = b, Bs[u| = bs.
Ky hieu G(t, s) 1a ham Green ciia bai toan (4.16) v6i diéu kién bién thuan nhat,

(4.16)

My = max/ |G(t, s)|ds. (4.17)

0<t<a
va ¢(t) 1a da thiic bac hai théa man cac diéu kién bién
Bilg] = by, Balg] = by, Bslg] = bs, (4.18)
Dy = {(t,u,w) |0 <t <a;lul < gl + MoM; |v] < lgl| + MOM}. (4.19)
Dinh 1y 4.2.2. Gid thiét rang:
(1) Ham o(t) la lien tuc tw [0, a] vao [0, a).
(ii) Ham f(t,u,v) lién tuc va gidi noi béi M trong mién Dy, tic la
|[f(t,u,v)| < M V(t,u,v) € Dy. (4.20)
(iii) Ham f(t,u,v) théa man diéu kién Lipschitz theo cdc bién u,v vdi cic hé so
L1, Ly > 0 trong Dy, tic la,
|f(t,ug, v9) — f(t,ur,v1)| < Li|ug — ui| + Lolvy — vy

V(t,u;,v;) € Dy (i =1,2) (421)
(i)
= (L1 + Ly) My < 1. (4.22)
Khi dé bai todn (4.14) c6 nghiem duy nhdt u(t) € C3[0,a], théa man
lu(t)] < |lgl| + MoM ¥t € [0, al. (4.23)
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Phuong phap lap
1. Cho truée 1y € B[0, M|, chang han,

wo(t) = f(t,0,0). (4.24)

2. Biét ¢ (t) (k=0,1,...) tinh
umwww+ﬂ%%QW@w

a (4.25)
ult) =9 ®) + | Glelt)s)un(s)ds

3. Cap nhat
Ve (t) = [t wn(t), vi(t)). (4.26)

Dinh ly 4.2.3 (Hoi tu). Dudi cic gid thiét cia Dinh ly 4.2.2 phuong phdp lap
trén hoi tu va co danh gia
Jup — ul| < Mopid,

trong do w la nghiém chinh zdc cia bai toan (4.14) va My cho bdi (4.17), pr =
¢"/1—q, d = [[tr — tol|.
Ky hieu @ (), Ug(t), Vi () 1a cadc ham ludi trén @y, va xap xi cac ham ¢y (¢), ug(t), v (t)
trén ludi.

Phuong phap lap roi rac:

1. Cho truée
Uo(t;) = f(t;,0,0), i =0,...,N. (4.27)

2. Biét Wi(t;), k=0,1,...; i =0,..., N, tinh

Ur(t:) = g(t:) + D hp;G(ti, 1) Ui(t;),

J=0

N (4.28)
Vilt:) = (&) + Y hpiG(&i 1) Wi(t;),i =0,..., N,
=0
trong do p; 1a cac trong s6 ctiia cong thic hinh thang va & = ¢(1;).
3. Cap nhat
Wi (t) = f(ti, Uk(ti), Vi(t:))- (4.29)

Dinh 1y 4.2.7. Dudi cdc gid thiét cia Dinh ly 4.2.2 doi vdi nghiém cia bai todn
(4.14) nhan dugc bdi phuong phap lap (4.27)-(4.29) ta cé danh gid

U = ulls, < Moprd + O(h?).
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Nhan xét. Déi v6i phuong phéap lap 10i rac (4.24) -(4.26) c6 hoi tu O(h?). Mot
cach tu nhién c6 thé nghi dén viéc sit dung cong thiic cau phuong Gauss dé tinh
cac tich phan (4.25)v6i do chinh xac cao hon nhung diéu dé khong thyc hien duge
vi cic nit clia cong thic cau phuong Gauss khong trung véi cac nut ludi, tai do
nghiém duge tim.

Chtng t6i da dua ra nhiéu thi du minh hoa cho kha nang ap dung ly thuyét
vé ton tai nghiém va hiéu qué clia phuong phap giai s6. Duéi day 14 mot thi du.
Thi du 4.2.1. Xét bai toan

u///(t) et .

uw(0) =1, o’

t
u2(§), 0<t<l,
(1) =e

u(t)
0)

e

(4.30)

_|_
L,

—
Qﬂﬁ|’—‘

v6i nghiém chinh xac u(t) = e’

D34 kiém tra riang céc diéu kién ctia Dinh 15 4.2.3 dude théa méan, do dé bai toan cé
nghiém duy nhat. Két qua tinh toan theo phuong phap lip dudc cho trong Bang
4.1. O day N 1a s6 nat ludi, K 1a s6 1an lap khi | Uy, — U], < 107, Error =

Bang 4.1: Sy hoi tu trong Thi du 4.2.1
N h? K Error

50  4.0000e-04 3  6.1899¢-05
100 1.0000e-04 3  1.5475e-05
150 4.4444e-05 3  6.877-06
200 2.5000e-05 3  3.8688e-06
300 1.1111e-05 3  1.7195e-06
400 6.2500e-06 3 9.6721e-07
500 4.0000e-06 3 6.1901e-07

Uk — ul

Wh*

22



KET LUAN CHUNG

Luan an nghién ctiu sy ton tai va duy nhat nghiém va phuong phap lap giii mot
sO bai toan bién cho phuong trinh vi phan phi tuyén cap cao bao gom ca phuong
trinh vi-tich phan va phuong trinh vi phan ham. Céac két qua chinh ctia luan an
bao gom:

1. Thiét lap dudc sy ton tai, duy nhat, tinh duong, va phuong phap lap giai
cic bai toan bién cho phuong trinh vi phan phi tuyén cap ba. Dé xuat céac
phuong phap lap roi rac v6i do chinh xac cap hai va cap ba giai phuong trinh
cap ba phi tuyén.

2. Chitng minh dugc sy ton tai, duy nhat va tinh duong ctia nghiém, xay dung
phuong phap lap gidi cic phuong trinh cap ba va cap bon véi diéu kien bién
tich phan.

3. Thiét lap dudc su ton tai, duy nhat nghiem va dé xuat phuong phap sb giai
phuong trinh vi-tich phan va phuong trinh vi phan ham phi tuyén cho phuong
trinh cap ba va cap bon.

Cac két qua 1y thuyét déu duge minh hoa béi nhiéu thi du chiing t6 kha ning ap

dung ciia ching va hiéu qua clia cac phuong phéap giai s6 dugc dé xuat.

HUGNG PHAT TRIEN

1. Phat trién cac nghién citu trén cho trudng hop céc phuong trinh véi vé phai
c6 ky di va cho mién khong gidi noi.

2. Xay dung cac phuong phap s6 véi do chinh xac cao hon.

3. Nghién citu cac bai toan vé6i dieu kién bién phi tuyén.
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