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LOI CAM DOAN

Toi xin cam doan dé tai nghién citu trong luan vin nay 1d cong
trinh nghién citu ctia t6i dua trén nhimg tai lieu, s6 lieu do chinh toi tie
tim hiéu v nghién c¢ttu. Chinh vi vay, cic két qua nghien citu dam bio
trung thuc va khach quan nhat. Dong thoi, két qua niy chua ting xuat
hién trong bat ¢t mot nghién cttu nao. Cac s6 lidu, két qui néu trong

luan vin 13 trung thize néu sai toi hoan chiu trach nhiem trude phét luat.

Ha Now, thang 10 nam 2023

Hoc vién



LOI CAM ON

Dau tién, t6i xin dude bay t6 long biét on sau sic nhat ctia ban
than minh t6i TS. CAn Van Hao, nguoi thay da truc tiép huéng din toi
trong qué trinh tim dé tai vd hoan thanh luan van. Luan vin nay duge
hoan thanh duéi su chi bdo tan tinh clia thay trong sudt mot thoi gian
dai. Xuyeén sudt, thay da luon quan tam, giap dd va dong vién toi.

Tiép theo, toi xin duge tran trong cdm on sy gitp dd va tao dicu
kien thuan lgi vé moi truong hoc tap ctia ban Lanh dao, phong Dao
tao, cdc phong chiic ning ciia Vién Todn hoc va Hoce vién Khoa hoc va
Cong nghe, Vien Han lam Khoa hoc va Cong nghé Viét Nam. T6i ciing
xin tran trong cdm on Ban gidm hiéu va Bo mon Chuyén Toan Trudng
Trung hoc phd thong Chuyén Khoa hoc Ty nhién, Truong DH KHTN,
DHQGHN. Cac thay ¢o ¢ Vien va dong nghiép ¢ Truong da Iudn hd trg
toi trong hoc tap, cong tac. Bén canh do, trong qué trinh hoc tap, nghién
cttu va thue hien Lugan van, toi con nhan duge nhiéu sy quan tam, gop v,
hd tro quy bau cla cic thay c¢o, anh chi va ban be trong va ngoai Vién
Toan hoc. Téi xin tran trong cam on.

Toi mudn gii 10i cAm on t6i Quy Doi méi sdng tao Vingroup -
don vi ho tro tai chinh giap t61 hoan thanh hai ndm hoc thac si. Hoc
bong duge Quy VINIF trao dudi ma sdé VINIF.2020.ThS.VTH.10 vi
VINIF.2021.ThS.VTH.06 1a nguon dong vién tinh than va vat chat to
16n danh cho tou.

Cudi cuing, toi xin cdm on gia dinh, ngusi than va ban be da luon
sat canh, dong vien va khich 1@ toi trong sudt qué trinh hoc tap va nghién
cliu.

Hoc vién

Tran My Diic
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X=<Y

DANH MUC CAC Ki HIEU

Tap céc sb6 tu nhién
Tap cac so thuc

Tap céc s6 thuc duong
Can dudi ding ctia F
on

Luc lugng cua tap E

Dinh v ké véi dinh v

Duong vo cuc

Tap cac s6 nguyén duong khong vuot qua n

Bac (s6 dinh ké) ctia dinh v

Tich Descartes cua tap A va tap B

D6 thi ngau nhién n dinh, va hai dinh bat ky dudc noi
v6i nhau mot cach doc lap véi xac suat p

D6 thi day du n dinh (tat ca cac dinh déu duge ndi véi
nhau)

An = (14 0(1)) B,

A,/ B, — o0 khin — o

Phan phdi mi tham s6 A (ki vong bang 1/))

Phan phdi nhi thiec.

Phan phéi déu trén doan [a, b].

Ham chi tiéu

Doc lap, ciing phan phdi

With high probability - Vé6i xac suat cao

Hau chic chin

Ve :P(X >z) <P(Y > x).



Gidi thisu

Xét do thi vo hudng, lien thong G = (V, E') va mot ham trong [ : £ —
R, . Ki hieu dg(u,v) 1a do dai duong di ngan nhat gitta u va v trong G,
tic la:

dg(u,v) = inf { Z l(e), v : duong di tit u — v},

ecy

trong do inf dugdc lay trén tat ca cac duong di v c6 theé tit u dén v. Néu
l(e) =1 v6i moi e € E thi dg(u,v) don gian 1a khoadng cach do thi gitta
U va v.

Mot do thi con G’ = (V', E') ducc goi 1a mot do thi bao (graph
spanner) cua G (hay don gidn bao) v6i ham hiéu chinh f tréen P C V xV

néu
de(u,v) < f(dg(u,v)), V(u,v) € P.

Chu ¥ rang dg(u,v) < dg/(u,v) v6i moi do thi con G', va moi dinh u, v.
Do d6, bai toan chi ¢6 § nghia khi f(x) > x v6i moi x > 0. Nhu vay cac
bao dugce xac dinh cu thé qua ham hiéu chinh fvatapcon PCV xV
quy dinh céac ciap dinh ma can dudc "bdo toan" do dai. Mot s6 nhiing

Iga chon ham hiéu chinh f dién hinh (xem thém tai [1]) 1a:
e Ham nhan tinh: f(z) =tx v6i t > 1. Khi d6 G’ duge goi 1a t—bao.

e Ham cong tinh: f(z) = x + g v6i f > 0. Khi d6 G’ duge goi la
+3—bao.
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e Ham tuyén tinh: f(x) = az + § véi a, f > 0. Khi d6 G’ dugc goi 1a
(c, B)—bao.

Véi t—bao, néu nhu khong néi thém gi, taluon xét V=V va P = V' xV.
Nhu vay, mot cau héi tir nhién ma ta c6 thé quan tam 1a: Cho G = (V, E),
va ¢ dinh ¢ > 1, tim E' C F sao cho G' = (V, E’) la mot t—bao cua G,
tic:

der(u,v) < t-dg(u,v), Yu,ve€GqG. (0.0.1)

Dé thuan tieén, doi khi ta ciing coi chinh E’ 13 t—bao. Nhan xét ring G’
phai lién thong; va néu ¢ cang gan 1 thi £’ cang gan véi E.

Nhu vay, véi viec cho truée G 1a mot do thi vo hudng, c6 trong,
va lien thong, ta c6 thé hieu mot bao ciia G 1a mot do thi con G’ ma né
bdo toan do dai clia cac duong di ngan nhat trong G v6i miic do hiéu
chinh hay sai s6 da dugc dinh sdn. Khai niém bao (cu the 13 t-bao) dugc
gidi thieu boi Peleg va Schaffer [2] tit nam 1989. Clng trong bai bao do,
hai tac gid da chi ra ring v6i cac do thi khong trong, viéc chiing minh
mot t—bao clia G phai chita t6i thifu m canh 13 mot bai toan NP-day
dl.

Cho tdi nay, khai niém nay cing véi cac md rong clia né c6 nhiéu
tng dung 1y thuyét trong linh vuc t6 hop, khoa hoc may tinh ciing nhu
ting dung thuc hanh trong cac van dé thiét ké mang khac nhau, xem
thém [1]. Trong luan van nay, ching t6i tim hicéu bai toan vé kich thudc
t —bao (cd |E'|) ctia cdc do thi ngdu nhién 16n qua hai két qua duge dua

ra gan day ctia Alan Frieze va Wesley Pegden [3] 4].



Chuong 1

Kién thitc chuan bi

Trong chuong nay, toi xin trinh bay mot s6 kién thic co sé va két qua
ducce st dung trong qua trinh chitng minh cac két qua chinh ctia luan

van.

1.1 Mot sb kién thiic co sé trong Ly thuyét do thi

Chiing ta c6 thé hiéu rang do thi 1a mot tap cac déi tuong ma gitta hai
doi tuong c6 thé c¢é hoic khong c6 moi lien hé ndo d6. Trong luan van
ta chi ban t6i do thi don, vo huéng do dé néu khong néi gi thém thi ta

sé hiéu mot do thi 1a don, vo huéng.

Pinh nghia 1.1. Cho n la mot sé6 nguyén duong, mot do thi don, vo
hwdng gom n dinh la mot gap tap hop G := (V, E), trong dé V la mot
tap hop gom n phan ti va E la mot ho cdc tap con hai phan tii cia V
ma moi tap con chi zuat hién ding mot lan.

Méi phan ti x € V dugc goi la mot dinh. Moi phan ti {z,y} € E dugc
goi la mot canh noi x vdi y, khi dé ta ki hieu x ~ y va néi hai dinh nay
ké nhau. Do dé, tap V, E con tuong ting dugc goi la tap dinh va tap canh
cia do thi G.

Nhan xét 1.1. Ta cé mot s6 lwu 4§ quan trong:
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o Nguoi ta thuong mo ta moi dinh x € V bdi mot diém trong mat
phang va moi canh {x,y} € E bdi mot duong noi truc tiép gitta hai

diem x va y.

e Do thi don, vo hudng cé n dinh ma hai dinh bat ky déu ké nhau
duoc goi la do thi day di va duoc ki hiéu la K,. RO rang so canh
cia K, la (g)

Dinh nghia 1.2. 56 dinh ké vdi mot dinh x € V duogc goi la bac cia
va ki hiéu la deg(x).

Nhan xét 1.2. Moi quan hé gitia s6 canh cia do thi vdi bac ciua cdc
dinh dugc thé hiéen qua cong thic:

Z deg(z) = 2|F].

zeV

Dinh nghia 1.3. Trong do thi G, mét duong di (a path) la mot
chudi luan phién gita dinh va canh, bat dau va két thic bdi hai dinh,
sao cho khong cé dinh nao zudt hién nhieu hon mot lan. Ta thuong ki
hiéu va biéu dién duong di la P = v1 — vg — +-- — v, hodc don gidn
P = (v1,v9,...,v,) hay P : vy — v,, va néi duong di nay di ti vy tdi v,,.
9] trén, luu § rang {v;,viy1} € E Vi, va trong truong hop v, ~ vy thi ta
thu dugec mot chu trinh (vy,ve, ..., vy, v1). NOi cdch khdce, chu trinh la
hop ciia mot duong di va canh noi dinh dau va dinh cudi cia duong di
do.

Dinh nghia 1.4. Mot do thi dudgc goi la lién thong néu vdi bat ky hai
dinh x,y nao ciing ton tai mot duong di tu x tdi y.

Nhan xét 1.3. Mot do thi bat ky luon co thé duoc phan hoach thanh cac
thanh phan lien thong, tic la vdi hai phan ti x,y thuoc mot thanh phan
lien thong thy c¢6 duong di noi x vdi y, con néu ching thuoc hai thanh

phan lién thong khdc nhau thi khong cé duong di noi gida ching.
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Dinh nghia 1.5. X¢ét mot do thi vo hudng, lien thong G = (V, E). Trén
moi canh cia do thi ta trang bi thém mot ddc trung la trong sb hay do
dai cia canh, dugc thé hién qua mot ham trong | : E — R,. Khi do ta
néi moi canh e € E ¢6 trong so hay do dai la l(e). Khi dé zét mot duong
di P=1v — vy = -+ — vy, ta ¢6 do dai cia duong di nay chinh bang
tong do dai cac canh trong duong di, va ki hiéu la 1(P). Cu theé:
(P) =) le).

eeP
Truong hop l(e) =1 Ve € E thi do dai cia duong di hay chu trinh chinh
bang s6 canh ciua duong di hay chu trinh dé.
Dinh nghia 1.6. Ki hiéu dg(u,v) lo doé dai dudmg di ngan nhat
giita hat dinh u va v trong G. Khi do:

dg(u,v) = inf { Zl(e), P:u— fv},
e€P

trong do inf duoc lay trén tat cd cic duong di P co thé c¢6 ti u dén v,
Néu l(e) = 1 vdi moi e € E thi dg(u,v) dugc goi la khodng cich do thi

giia u va v.

1.2 Mot sé bat dang thiic xac suat

1.2.1 Bt dang thitc Markov

Dinh 1y 1.1. Cho X la bién ngau nhién khong am. Khi dé:
E(X)
—

Vu>0:P(X >u) <

1.2.2 Bt dang thitc Chebyshev

Dinh 1y 1.2. Cho X la bién ngau nhién bat ky. Khi dé:
< Var(X)_

Vu > 0:P(|X — E(X)| > u) -
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1.2.3 B4t dang thic Chernoff cho phan phdi nhi thic

Dinh ly 1.3. [Chuong 2, [3]] Xét bién ngau nhién X ~ Bin(n,p). Khi

do vdi moi 0 < e <1wvaa>0, ta co:

1.3 Mot sé khai niém va két qua dudc st dung
1.3.1 Khai niém véi xac suat cao

Dinh nghia 1.7. Ta néi mot su kién (hay bién cé) vdy ra voi xdc sudt
cao (viét tat la w.h.p) néu xdc sudt zdy ra sy kién dé phu thudc vao mot

chi so n, va tien tdi 1 neu n tien tdi duong vo cung.

1.3.2 Thuat toan Dijkstra tim dudng di ngan nhat

Thuat toan Dijkstra, mang tén ctia nha khoa hoc may tinh ngusi Ha Lan
Edsger Dijkstra, 1a mot trong nhitng thuat toan co dién dé giai quyét
bai todn tim duong di ngan nhat tit mot diém cho trude t6i tat ca cac

. 2 N . ~ X . ~ S
diem con lai trong mot do thi ¢6 trong so.

Thuat toan 1.1. (3] Cho do thi tat dinh G = (V,E) vo hudng, lién
thong, c6 trong khong am. Y tudng cia thudt todn Dijkstra tim duong di

ngdn nhat trong G zudt phat tw dinh goc s nhu sau:

B1. Tw dinh goc s, gan khodng cdch tdi chinh né la 0, gan khodng cdch
nhé nhat ban dau tdi cic dinh khdc la co. Ta duoe danh sdch khodng

cach tdi cac dinh.
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B2. Chon dinh a c6 khodng cich nhé nhat trong danh sdch nay va ghi
nhan day chinh la khodng cdch nhé nhat tic dinh nguon s tdi a trong

G. Cdc lan sau ta khong xét tdi dinh nay nia.

B3. Lan lugt xét cdac dinh b ké vdi a. Néu khodng cdch ti dinh goc tdi
dinh b nho hon khodng cdach hién tai dang duoc ghi nhan thi cdp
nhdt gid tri va dinh ké a vao khodng cdch hién tai cia b.

B4. Sau khi zét tat ca dinh ké b cia dinh a. Lic nay ta dude danh sdch
khodng cdach tdi cic diém da duoc cap nhat. Quay lai B2 vdi danh
sach nay. Thuat todn két thic khi chon duoc khodng cich nhé nhat
(tiic do dai duong di ngan nhdt) tw dinh nguon s tdi tat cd cdac dinh.

Dé hiéu hon vé thuat toan Dijkstra néu trén, ta cting xem vi du

sau day.

Vi du 1.1. Xét do thi vo hudng G:

Hinh 1.1: D6 thi G.

Ta sé st dung thudat todn Dijkstra sé tim khodng cdch tic dinh goc

0 tdi tat ca cac dinh con lai trong do thi G nhu sau.
e Dau tién, ta khdi tao khodng cach ti dinh goc 0 tdi cdac dinh khdc
la oo, khodng cdch tdi chinh né bang 0. Ta dugc danh sach khodng

cach tu dinh goc tdi cac dinh:

Dinh 0 1 2 3 4 5 6 7 8
K/c tdi dinh goc | 0 | (00,—) | (00,=) | (00,=) | (00,=) | (00,=) | (00,=) | (00,=) | (00,—)
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e Chon dinh 0 c6 khodng cich nhé nhat trong danh sach trén (in dam),
ghi nhan dg(0,0) =0,

o Xét cac dinh ké vdi dinh 0 la dinh 1,2,3. Véi dinh 1, khodng cdch
t dinh goc toi dinh 1 la 2.5 < 0o nén ta ghi nhan gid tri mdi la
(2.5,1) (nghia la khodng cdch tdi dinh goc la 2.5, dinh lien ke trudc
né la dinh 0). Lam tuong tu cho dinh 2 va dinh 3. Ta thu duge danh

sdach mdi khodng cach ti dinh goc tdi cac dinh:

Dinh 0 1 2 3 4 5 6 7 8
K/c téi dinh goc | 0 | (oo, —) (00, =) (00, =) | (00,=) | (00,=) | (00,=) | (c0,=) | (c0,—)
— (2'570) (2'05 0) (2'1’0) (Oovf) (0077) (Oovf) (0077) (0077)

o Lic nay ta chon dinh 2 c6 khodng cach nhé nhat trong danh sdch
trén (in dam), ght nhan dg(0,2) = 2.0.

Tiép tuc zét dinh ké vdi 2 la dinh 4 va 5. Xét dinh 4, khodng cach tu
dinh goc tdi dinh 4 sé bang khodng cdch tw dinh goc tdi dinh 2 cong
khodng cdch tw 2 tdi 4, ghi nhan khodng cdach tai dinh 4 la (2.6, 2).
Lam tuong tu cho dinh 5. Ta thu duoc danh sach mdi khoang cach
tw dinh goc tdi cac dinh:

Dink, 0] 1 2 3 1 5 6 7 8

K/c tdi dinh goc | 0 | (00,—) | (00,=) | (00,=) | (00,=) | (00,=) | (00,=) | (00,=) | (00, —)

- (2'57 0) (2'0’ 0) (2'17 0) (007 _) (007 _) (OO, _) (007 _) (007 _)
— | (255,0) - (2.1, 0) | (26,2) | (35,2) | (c0,—) | (00,—) | (o0, —)

o Tiép theo ta chon dinh 3 c6 khodng cdach nhé nhat trong danh sdch
trén (in dam), ght nhan dg(0,3) = 2.1.
Tiép tuc zét dinh ké voi 3 la dinh 5. Vi dinh 5, khodng cdch
ti dinh goc tdi dinh 5 ma di qua dinh 3 lien ké ngay trudc la
2.142.5=4.6 > 3.5 nén gid tri tai dinh 5 khong doi.

Dinh 0 1 2 3 4 5 6 7 8
K/c tdi dinh gbc | 0 (o0, =) (o0, —) (00, =) (00, =) | (00,=) | (00,=) | (c0,—) | (00,—)
— | (25,00 | (2.0,0) | (21,0) | (00,—) | (00,=) | (00,=) | (00,=) | (00, —)
— (2.5,0) — (2.1, 0) | (2.6,2) | (3.5,2) | (oc0,—) | (0c0,—=) | (c0,—)
— | (2.5, 0) — — (2.6,2) | (3.5,2) | (00,—) | (00,—) | (00,—)

e Dinh 1 la dinh tiép theo dugc chon (in dam), ghi nhan dg(0,1) =
2.5.



Tiép tuc zét dinh ké vdi 1 la dinh 4. Vi dinh 4, khodng cdch
tw dinh goc téi dinh 4 ma di qua dinh 1 lien ké ngay trudc la
2.5+ 1.0 =3.5> 2.6 nén gid tri tai dinh 4 khong doi.

Dinh 0 1 2 3 4 5 6 7 8
K/c téi dinh géc | 0 (00, =) (00, =) (00, =) (00, =) (00, =) | (00,=) | (00,=) | (00,—)
- (2'570) (2'0! 0) (2'170) (OO>7) (0077) (Oovf) (Oo’f) (0077)
- (2.5,0) - (2.1, 0) (2.6,2) (3.5,2) | (00,—) | (00,—) | (00,—)
— | (2.5, 0) — — (2.6,2) (3.5,2) | (00,—) | (00,=) | (00,—)
— — — — (2.6, 2) | (3.5,2) | (0c0,—) | (00,—) | (00,—)

Xong dinh 1, ta chon dinh 4 va ghi nhan dg(0,4) = 2.6.

Xét dinh ke voi 4 la dinh 6: khodng cdch ti dinh goc tdi dinh 6 ma
di qua dinh 4 lien ké ngay trude la 2.6 + 2.3 = 4.9 < oo nén cap
nhat gid tri tai dinh 6 la (4.9,4).

Dinh 0 1 2 3 4 5 6 7 8
K/c tdi dinh gbc | 0 (00, —) (o0, —) (00, =) (00, —) (00, —) (00, =) | (c0,=) | (00,—)
— (2.5,0) (2.0, 0) (2.1,0) (00, =) (00, =) (00, =) | (00,—) | (00,—)
— (2.5,0) — (2.1, 0) (2.6,2) (3.5,2) (00, =) | (00,=) | (00,—)
— | (2.5, 0) — — (2.6,2) (3.5,2) (00, =) | (00,=) | (00,—)
- - — — (2.6, 2) (3.5,2) (00, =) | (c0,—) | (00,—)
— — — - - (8.5, 2) | (4.9,4) (00, —) (00, =)

Tiép tuc ta chon dinh 5 va ghi nhan dg(0,5) = 3.5.

Xét dinh ké vdi 5, c6 4 dinh 16 2,3,6 va 7. Tuy nhién dinh 2 va dinh
3 ta da ghi nhan két qud va khong zét tdi nita, do vay ta chi quan
tdi viéc co cap nhat gia tri cho dinh 6 va dinh 7 hay khong. Voi dinh
6, 123.54+1.9=54>4.9 nén cau tra loi la khong. Con vdi dinh 7,

v 3.5+ 2.0=05.5 < 0o nén cau tra loi la co.

Dinh 0 1 2 3 4 5 6 7 8
K/c tdi dinh goc | 0 (00, =) (00, —) (00, =) (00, =) (00, =) (00, =) | (c0,=) | (00,—)
- (2'570) (2'0! 0) (2'170) (Oovf) (Oovf) (Oozf) (0077) (Oovf)
- (2.5,0) - (2.1, 0) (2.6,2) (3.5,2) (00, =) | (00,—) | (00,—)
— | (2.5, 0) - — (2.6,2) (3.5,2) (00, =) | (00,—) | (00,—)
— — — — (2.6, 2) (3.5,2) (00, =) | (c0,=) | (00,—)
— — — — — (8.5, 2) | (4.9,4) | (c0,—) | (00,—)
B B B - - — (4974) (5'575) (007 _)

Chon dinh 6 tiép theo, va ghi nhan dg(0,6) = 4.9.
Xét dinh ké vdi 6, ta thay ta sé khong cap nhat gid tri cho dinh 7
nhung cap nhat gid tri cho dinh 8 la (6.6,6).



Dinh 0 1 2 3 4 5 6 7 8

K/c téi dinh géc (00, =) (o0, =) (00, =) (00, =) (00, —) (00, =) (o0, =) (00, =)
- (2'57 0) (2'0’ 0) (2'17 0) (oo’ _) (007 _) (007 _) (007 _) (Oo’ _)
- (2.5,0) - (2.1, 0) | (2.6,2) (3.5,2) (00, —) (00, —) (00, —)
— | (2.5, 0) — — (2.6,2) (3.5,2) (00, —) (00, —) (00, —)
— — — — (2.6, 2) | (3.5,2) (00, —) (00, —) (00, —)
- — — - - (3.5, 2) | (4.9,4) (00, —) (00, —)
-l - - - - — | 49w | 655 | (o)
- - - - - - - (5.5, 5) | (6.6,6)

e Chon dinh 7, va ghi nhan da(0,7) = 5.5.
Xét dinh ké vdi 7, ta thay ta sé gitt nguyén gid tri cho dinh 8.
Dinh 0 1 2 3 4 5 6 7 8

K/c tdi dinh goc (00, =) (00, —) (00, =) (00, =) (00, =) (00, =) (00, —) (00, =)
— | (2.5,0) (2.0, 0) | (2.1,0) (o0, —) (o0, —) (00, —) (00, —) (00, —)
— | (2.5,0) — (2.1, 0) | (2.6,2) (3.5,2) (00, —) (00, —) (00, —)
— | (2.5, 0) — — (2.6,2) (3.5,2) (00, —) (00, —) (00, —)
- - - — (2.6, 2) | (3.5,2) (00, —) (00, —) (00, —)
- - — — — (3.5, 2) | (4.9,4) (00, —) (00, —)
- - - - - - (4-9,4) | (55,5) | (o0,-)
— — — - - - — (5.5, 5) (6.6,6)
— — — — — — — — (6.6, 6)

o Thudt todn két thic khi da chon duoc khodng cdch nhé nhat (tic do

dai duong di ngan nhat) t dinh goc tdi tat cd cdc dinh.

Hinh 1.2: Duong di ngan nhat tir dinh 0 t6i tat ca cac dinh trong G.

Nhan xét 1.4. Bang cdch cdap nhat ca gid tri va dinh ké vao danh sdch

tai B3, ta khong chi biét duoc do dai duong di ngan nhat t dinh goc tdi

cac dinh, ma con biét chinh zdc duong di dé di qua nhiing dinh nao.
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1.3.3 Mot két qua ctia phan phdi déu

Dinh 1y 1.4. [Bo dé 9, [6]] Cho v > 0;Uy,Us, ..., Uy ii.d ~ U[0,1].

Khi do vdi moi u > 0, ta co:

P(U} +U) +---+ U] <u) < U :
r(%+1)
o]
trong do I'(.) la ham Gamma.

k

Hé qua 1.1. Cho v = 1, tasuyraP(U1+U2+---+Uk§u)S%.

1.3.4 So sanh gita phan phbi mii va phan phdi déu
Nhan xét 1.5. Xét X ~ Exp(1),Y ~U[0,1], khi d6 Y < X i
Ve>0:P(X >z)=e">1—a=PY >uz).
Hon nta Yx > 0 :
PXi+Xo+- -+ X, <z2) <PM1+ Yo+ -+ Y, < 1),

voi X1, Xo, ..., Xy, t.i.d ~ Exp(l) va Y1,Ys,...,Y, t.i.d ~U|0,1].
Theo Hé qua ta suy ra:

k

PXi+Xo+--+X,<2)< (1.3.1)

T
H.
1.3.5 Xa&p xi Stirling

Dinh 1y 1.5. Cho n la mét s6 nguyén duong. Khi do:

n n
n! ~vV2mn (—) .
e

Heé qua 1.2. nl > (2)" Vn € Z,.



Chuong 2
Bao ctia dé thi cé trong ngau nhién

Khai niem do thi ngdu nhién - cu thé la Gm - lan dau dugc gi6i thieu
bdi P. Erdos va A. Rényi vio nam 1959, sau d6 pho bién va phét trien
nhiéu mo hinh khac nhau, xem thém tai [7]. Mot trong s6 d6 1a do thi
c6 trong ngau nhién. Do thi c¢6 trong ngau nhién 1a do thi c6 tap dinh,
tap canh c6 dinh, nhung do dai cac canh 13 cac bién ngau nhién. Thong
thuong ching doc 1ap va cling phan phdi, chii yéu 1a phan phéi mii ho#c
phan phdi déu.

Nam 1999, S. Janson da ching minh mot két qua vé duong di ngan
nhét trong do thi day di K, co trong ngdu nhien Exzp(1) (xem [§]). Cu
thé ong chitng minh dudc véi xac suit cao thi:

logn 2logn 3logn

di,(1,2) » —>—; maxdg,(1,5) = — == maxdg,(i,j) » — =

Tai chuong nay, ta néu cac két qua ve t — bao trén 16p rong hon cac do

thi G(d) (xem Dinh nghia [2.1), theo mot khia canh nao dé dugc hiéu

nhu mé rong cac két qua ctia Jason.

'@, » 14 dd thi ngdu nhién n dinh, va hai dinh bat ky duge ndi v6i nhau mot cach doc lap véi xac
suat p.
2K,, 1a do thi don, vo huéng c6 n dinh, hai dinh bat ki déu dugc ndi v6i nhau.

12
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2.1 Két qua chinh
1
Viogn
Dinh nghia 2.1. G(d) la I6p cdc do thi vo hudng, lién thong G = ([n], E)
vdi [n] ={1,2,...,n}, théa man hai tinh chat chinh quy dudi day:

Cho trude sé6 nguyén duong n di 16n, dat 0 =

(i) G la dn- chinh quy:

Nghia la ton tai d = d(n) sao cho 1 > d > 0log(logn), va
dn

Viogn

(ii) vdi moi cdp hai tap con roi nhau S, T C [n] vdi |S|,|T| > 6n ta co

|E(S,T)|\/Iogn
— 00,
1S||T'|log(log n)

| deg(i) — dn| <

Vi e [n]; (2.1.1)

(2.1.2)

d day E(S,T)={e={u,v} € E|ue S,veT}.

Nhan xét 2.1. Do thy day di K,, € G(1) va néu np > logn thi vdi Tdc
sudt cao Gy, € G(p).

Dinh ly 2.1. (3] Xét do thi G = ([n], E) € G(d) hodc G la dn-chinh quy
vdi d > 1/2. Gid thiét ring cdc canh {i,j} € E ¢6 do dai l;; la cac bién

ngau nhién doc lap cung phan phoi Exp(1). Khi dé vdi zdc suat cao thi

1

kich thudc toi thiéu cia 1 — bao la zép i 5

nlogn, tic la:

1
min{|E'| : G' = (V, E') la 1 — bao} = (5 + 0(1)> nlogn.

2.2 Chtng minh Dinh ly 2.1

Trong sudt phan ching minh nay, ta goi (E;);>1 1a day cac bién ngau
nhién doc lap, cuing phan phoi Exp(1). Goi (Uj);>1 1a day cac bién ngau
nhién doc lap, cing phan phéi U|0, 1].

Trude hét, ta nhac lai dinh nghia ciia t — bao da néu & phan gi6i thieu:



14

Cho do thi lien thong, vo huéng G = (V, E), va ¢6 dinh ¢t > 1. Do thi
con G' = (V, E') C G dugc goi 1a mot t—bao cia G, néu:

de(u,v) < tdg(u,v), Yu,v e G.
Dé thuan tien, doi khi ta ciing coi chinh E' C E la t — bao. V6it = 1, 1o
rang de(u,v) = dg(u,v), Vu,v € G.
2.2.1 Can duéi kich thudc tbi thiéu cta 1-bao

Dé tim duge can dudi kich thude t6i thiéu ctia 1 — bao cia G, ta thuc

hién hai buéec:

1. Chi ra rang bat ky 1 — bao nao ciing phai chita cac tap X, (xem

dinh nghia tai B6 dé[2.4)) v6i "hau hét" v € [n]. Mot cach ngén gon,

X, 1a tap cac canh ké véi v c6 trong khong qua 16n so véi cac canh
khac cting ke véi v.
2. Uéc luong kich thude téi thieu ctia 1 — bao qua viéc danh gia kich
thude cua cac tap X,.
Truée tién, ta di ching minh két luan 6 buée dau tién qua cac bo dé
sau.

B6 dé 2.1. Dat o = 1 —20. C6 dinh cic dinh v, wy,ws, ..., w; € [n] vdi
[ = O(logn). Khi do:

1
P (3 1<i<1:de(v,w) <2 ;5") = o(1). (2.2.3)

Chiing manh. Ta chi quan tam téi truong hop a > 0.

Co6 dinh 7 € {1,2,...,1} bat ky, vi deg(u) < (1 + 0)dn Yu € [n] (theo
2.1.1))) nén ¢6 61 da ((1 4 0)dn)" ' dudng di k canh tit dinh v t6i dinh
w;. Cung v6i Nhan xét , ta thu duge:

1
P (d(;(v,wi) < a ogn)

dn



IA

IN

IN

IA

Do vay:

15

i
L

1 )

P (dg(v, w;) < aoen . duong di t6i vu c6 k canh)
k=1
< alogn
ZIP’<E1+E2+---+E/<; e ) (1 + 0)dn)"!
k=1 "
n—1

1

Sop (U1+U2+---+Uk <2 Og”> (1 + )dn)*!
k=1
n—1

(alogn)* k-1

————((1+0)d
> S (0

<.

<l F{dn)t ((1 4 6)dn)"
k=1

< 13 (14 6)*(alogn)

= dn & K

St dung He qua (1.2 vé xap xi Stirling, ta thu dugc:

P <3 1 <i<l:dg(v,w;) < alogn)

dn
n—1

[ e(1+6)( alogn) k'
d_z< ) -5
k=1

T6i day, ta tach tong S thanh hai phan:

1%”(6(1+0)]£a10gn)>k+ 5 <e<1+9>]£&10gn>

\kzl k=10logn

'

7

"~ -~

S1 Sy
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Xét 1 < k < 10logn, dit a = e(1 + 0)alogn, ta co:

(e(l + e)lialogn)y _ (%)k — f(k).

Ta co f'(z) = (%)x (loga — 1 —logx) nén ta dé dang suy ra duge f dat
cuc dai tai = a/e = (14 0)alogn. Khi do6

<e(1 + G)éalogn)>k = f(k) < f((1 +0)alogn)

_ 6(1+9)a10gn _ n(l—i—@)a

suy ra S; < 10logn - n+0e.
Véi k£ > 10logn, st dung tinh don diéu giam cta ham f trén khoang

(a/e,o0), ta co:

( e(1 +0)( a1ogn>

e(140)( 1—29)logn)

IA

e(1 4 60)(1 —20)logn\ %"
10logn

5

e )
B

€

IA

1010gn
) .

suy ra Sy < (n — 10logn) -n~ 10 < n-

Nhu vay:

l
< —_
) S =——(51+5)

- I _9\ _ 10llogn [
p
:\/@@n_61/9:>n29+9 2+Vlogn
Chi y rang ¢ [ = O(logn) )
dylogn d
( log(logn) ~ flog(logn) — 00
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ta thu dugce két luan:

dn. — dn292+9 dn10

< 10 llog3/2nlog(logn) [

e? _dvlogn_ eVlogn + dn10
log(logn)
= o(1).

| 1071 [
P(ngigl:dg(v,wi)gaogn>< Ol log n

Bo dé 2.2. Vi mdi v € [n], ta dinh nghia

]
Av:{w%v:wwv; lyw < (zign}.

n

Khi dé vdi xzdc sudt cao thi |A,] < 4logn Vo.
Ching minh. Xét v € [n] ¢6 dinh bat ky. Ta co:

e Theo | Ay < deg(v) < (14 60)dn.

e VG6i w ~ v thi

logn logn
(we A) ( ’ dn ) < ! dn >

logn logn
<P(U; < = :
- ( "= dn ) dn

Suy ra |A,| < Bin <(1 + 6)dn, log”) Stt dung them Bat dang thitc Cher-
noff [1.3], ta thu dugc:

1
P(|A,| > 4logn) < <Bm((1 + 0)dn, ——) > 410gn>

P
4logn 1 logn 1
(7)) = (m> =it

7

IA

khi n du I6n
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Do doé:
P(Jv:|A,| > 4logn) =P (|Ay| > 4logn)
vE[n]
<) P(|A,] > 4logn)
ve[n]
<ZTL———— ::—;E—.
oLl 01

T day ta c6 thé thu duge két luan ctia Bo deé. ]

V6i méi v € [n], ta ki hiéu §, = min{l,, : w ~ v} la khodng céch
tit v dén dinh ké gan nhat.

B6 dé 2.3. Dat

—  dn
Khi d6 vdi zdc suat cao thi |B| < nexp(—+/logn).

B = vEn:(5U>\/m .
e |

Chitng minh. Xét v € [n], theo (2.1.1)) thi deg(v) > (1 — 6)dn. Ta c6:
V1 V1
P(veB):P(@,z ;g"> :P<lwz ;g” Vw~v>

n n
Viogn V1
ik (zw > Og”) [Te <E1 > Og”)
wn~v w~v n
Viogn deg(v) Viogn
= |exp { —— =exp | ——— - deg(v)
n n

ooy (V1)

Suy ra E(|B|) < nexp (—(1 — 6)y/logn) .
Ap dung Bat ding thitc Markov [1.1] ta thu duge:

(181> nexp(—v/ogn)) < — L2

< exp(y/logn — (1 —6)y/logn).

—0 khi n—o0

Vay ta c6 diéu phai ching minh. O



19

Bo dé 2.4. Vi mdi v € [n], ta dinh nghia

1
XU:{e:{v,x}EE:l(e)S(Sv—l—a;gn}.

n

Goi Gs = ([n],S) la 1 — bao bat ky ciia G. Khi dé vdi zdc suat cao th
X, C S Yv ngoai trw o(n) dinh.

Chiing minh. Ta sé& ching minh w.h.p X, C S v6i hau hét v ¢ B.

Ta co:
PX, ZS|vgB)=P(|v¢ D),

trong do &€ = {3 e = {v, 2} € X, }.
Lai c6 Gg 1a 1 — bao cia G, nén néu ta xét duong di toi uu tir = téi v

trong Gg thi:

P(EJvgB)<PE,Iw~v:dgg(r,v) =doyp(z,w) +lw, | v E B)
=P, Jw~v:de(z,v) =doyp(z,w) + 1w | vE D)

=D1 + D2,
trong do:

pr=PE Jw~v,we A, do(z,v) =dey (W) + 1w | v ¢ B),
pp=PE,Tw~v,wg A, dg(z,v) =deg qy (7, w) + Ly | v ¢ B).

Ta sé di uéc lugng pq, po.

e Tinh ps.
Khi v ¢ B thi 6, < Y32, két hop véi viee o = 120 = 1 — -2
ta co

alogn  +/logn + alogn
<
dn dn
logn — +/logn logn
— < ,
dn dn

0y +
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lai c6 {v,z} € X, suy ra

l.]f v S 5’[} + a log n?
’ dn
ma w ¢ A, nén
logn
l’U w > I
’ dn

do do
alogn  logn
< < lyw-
dn dn ’

Ta suy ra sit kién trong py khong thé xay ra vi:

dg(l‘,’U) < lx,v < 51} +

lv,w > d(;(.CL’, U) - dGs\{U}<x7 w) + lv,w > lv,w-
Vay p2 = 0.

e Tinh p;.
Stt dung céc dinh nghia cia d,, 4, trong B6 dé 2.2 va céc tinh toan
khi tinh po, ta co:

=P Jw~v,we A, do(r,v) =dey (@, w) + lyw | v E B)
=P, 3 we A, dog (T, w) + 1y = da(z,v) | v ¢ B)

1
<P <8,3 w e A, : dGS\{v}(CC,UJ) +lv7w <9, + a;gn ‘ v ¢ B)
n

alogn

§P<5,3w€Av:dGS\{U}(x,w)§ \vgﬁB)

dn

alogn
S;P(@,weAv:dGS\{v}(x,w)g an |U§EB>
= DP11 T+ P12
trong do:

alogn
b1 = ZP (gyw € AU? ‘A’U‘ S 410gn : dGS\{U}<x7w) S df | v ¢ B) )

1
P12 = ZP (gyw € Ava ‘Av‘ > 4logn : dGS\{U}(’r7w) S a;gn | v ¢ B) :

n
w~v
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Dén day, dé y rang degv < (1 + 6)dn, dong thoi sit dung két qua
tai B6 dé [2.1] ta thu dugc:

1
E,we Ay, A <4logn :dgy gy (7, w) < oz;gn | v ¢ B)

alogn

| w € Ay, |A] < 410gn>

xP(w e A,, |Ay| <4logn |v ¢ B)
1
< P& dgy oy (z,w) < aven |w € Ay, |A] < 4logn>
x P(w e A,)

10 logn 1 logn
<(1+8)dn-|— :
< (L+0)dn [d (exp(Q + \/logn) 10n10> dn ]

1 10 log?’/2 log /
<1+ ) - — 0.
Viegn’ dy/logn \ exp(2 + v/log n) 10n 10

Mit khéc, ap dung céc két qua ctia B6 dé 2.2 va B dé 2.3 ta ciing

co:

P2 <> P(JA,] > 4logn | v ¢ B)

w~v

Z |A | > 4logn)

w~v )

(\Av\ > 4logn)
P(v ¢ B) 1

(1 —exp (—(1 - 0)y/logn))

Nhu vay, p1 = pi1+pi2—0 khi n — oc.

< deg(v) -

< (1+6)dn — 0.

Toéom lai

P(X,Z S|v¢B)<p +ps— 0khin— oo,
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suy ra:

Plv¢ B, X, ¢ S)<P(X,ZS|v¢ B)— 0khin— oo.

E(|C]) = o(n)

X, CSYven\(BUC)
dong thoi ta da biét E(|B|) < n.exp (—(1 — 0)y/Ilogn) = o(n).
Vay ta két luan dugc véi xac suat cao thi X, C S Vv ngoai trit o(n)
dinh. ]

Khi d6 dat C = {v ¢ B, X, € S} thi

Téi day, ta da chitng minh xong khang dinh & bude dau tién. Tiép
theo, ta di udc lugng >, <\ (pucy [ Xol- Ta c6:

] = Z 1 e = Z 1 Ly <oloBn L
dn dn

w~v w~v

batY,=>,..,1 {1, <aloxn = |X,| > Y, h.c.c nén
— dn

Yoxl= > Y, hee. (2.2.4)

ve[n]\(BUC) ve[n]\(BUC)
Ta di u6e luong 3, sucy | Xol qua >, e sucy Yo bang hai bude.

Buéc 1: Ta co
alogn
(zl{lwvaﬁn ) - 3r (o< 2he)

— deg(v) - <1 — exp (%)) ;

ma deg(v) > (1 —6)dn Vo va 1 — et > ¢(1 —t/2) Vt nén ta suy ra
—alogn
Y, d 1— e
2] = S (1w (Z5))

ven]
alogn alogn
(1 — : 1— : 2.2.
>n-(1—46)dn - ( S ) (2.2.5)
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Tu dinh nghia clia Y, ta thdy néu i » j thi Y; doc lap véi Y, neén:

d Y= ) Cov(V,,Ya) ZZCOVYU,Y
vE[n]

v,WE[n] | w~v

Mat khac néu w ~ v thi

COV(K},YU} COV (Z 1{l <a10gn} Zl{lyugal?gn )

T~ y~w
= ZZCOV ( {l$v<alogn} 1{lyu<alogn}>
T Yeow ~~ ~

#0khiz=wvay=v

= 0 trong moi TH con lai
= Cov (L, ooy Ly cote))
= Var (1 2o
2
_ 2
_E<1 lwvéa‘j,%”}) ( < {lwv<‘“§§"})>
2
- E( {lwvsalj’f"}) B (E< {lwvgab’f"}»
— exp _alogn 1= exp _alogn
dn dn

<1. alogn _ alogn.
- dn dn

DY =)D Cov(V,,Yy)
vE[n]

vE[n] w~v
alogn
< d
D deg(v) ——
vE[n]
1
<n-(1+0)dn aOsn _ n(l+60)alogn.  (2.2.6)
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Ap dung Bat ding thitc Chebyshev [1.2| v6i u > 0:

ZY E ZY < —ul <P ZYU—E ZY > u

v€E[n] ve[n] veEn)

Var (2,e Vo)

u2

<

St dung (2.2.5)), (2.2.6), va tir dinh nghia ctia cac tham s6 0, a, d ta c6

1 1

P Z%Sn(l—@)alogn(l—a;§n> —u (1+€)rozlogrﬁ et
veE(n] ~ -~ - ~ nlogn

~ nlogn

Chon y/nlogn < u < nlogn ta thu dugc
> Y, > [L—o(1)]nlogn| — 1 khin — oc. (2.2.7)

Budc 2: Ta co ZUE(BUC) Y, = Zve[n} (le{ve(BuC)})a va

E (Y liemuey) < \/]E (VE (13, gy ) (2.2.8)

Ta ciing c6
o E(Y?) = Var(Y,) + (E(Y,))?, trong doé:

(i). Var(Y,) < E(Y,) vi Y, la tong cac bién ngau nhién chi thi doc

~

lap.
(ii). E(Y,) = deg(v) (1 ~exp (M» chiing minh tai budc 1.
(iii). deg(v) < (1 + 0)dn va [1 — exp (M)] < o‘l;f”.
Ta suy ra:
E(Y;7) <E(Y,). (1+E(Y,))
< [(1+468)alogn][1+ (14 6)alogn]
< (2alogn)®. (2.2.9)
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o E < {vé(BUC’)}) =E (1{ye(pucyy) = P(v € (BUCQ)), trong d6:
(i). BNC = 0.
(ii). P(v € B) < exp |—(1 — 0)y/logn]: ching minh tai B6 dé [2.3|
(iii). P(v € C) = o(1) : chiing minh tai Bo dé 2.4,

Ta suy ra:

E (1%UE(BUO)}) < exp [—(1 - 9)\/@} +o(1)

= o(1). (2.2.10)

Thé ([2.2.9)) va (2.2.10) vao (2.2.8) ta thu dugc:

E (Y 1gesucy) = o(logn).

Suy ra:

El > Y |=E|> (Mlpemuoy)

ve(BUC) veE(n]

— Z E (Y 1e(sucy) = o(nlogn).

vE[n]

Khi d6, theo Bat déng thic Markov (1.1}, ta c6:

P >  Y,<o(nlogn)| — 1khin— oc. (2.2.11)
ve(BUC)

Vay ta két thic hai buéc dé uéc luong Z \(BUC) Y,. Dén day ap dung
2.2.7) va (2.2.11)) vao so sanh ([2.2.4)) ta thu dugc:

Z | X, > Z Y, > (1—-o(1))nlogn w.h.p.

ven]\(BUC) \(BUC)

Mit khac, r6 rang Vv # w : | X, N X,,| < 1 nén ta c6 thé két luan: véi
Ggs = ([n],S) 1a 1 — bao bat ky ctiia G thi

1
S| > U X,| > Z )\XU| > (5 +0(1)> nlogn w.h.p .

ven]\(BUC) ve[n]\(BUC

N | —
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Vay v6i xac suat cao thi kich thuéc téi thiéu ctia 1 — bao ctia G la
(3 +o(1)) nlogn.
2.2.2 Can trén kich thuéc tdi thiéu ctia 1-bao

Dé tim dugc can trén kich thude t6i thidu ctia 1 — bao, trude tién ta xay

dung 1 — bao ctia G qua bo dé sau:
BG dé 2.5. Dt [y = Llesn -,

E' = EyUE]

Ey={e€ E:l(e) <ly},
Ey={e={u,v} € E:ly<l(e) =dg(u,v)}.
Khi do G' = ([n], E') la 1 — bao cia G.
Chaing minh. V6i u,v € [n] bat ky, xét duong di ngdn nhat tit v — v

trong G la u = wy — wy — wy — -+ = wp =v, k> 1,wj ~wji.
Khi do:

o~

1
dg(u,v) = [
J

Wy, Wj41°

Il
o

Dit e; = {wj, wjs1} € E, ta c6 cac truong hop:
e Néu l'lUj,UJj+1 < [y thi e; € Ey C E.

o Néu ly, w,;,, > lo thi do e; nam trong dudng di ngan nhat tit u — v
nén e; phai la duong di ngdn nhat tit w; — w;i1, suy ra e; € K.
Tém lai, e; € E' Vj nén v = wy — wy — wy — --- — wy, = v cling la

mot duong di tit u — v trong G’ C G. Do do:

o~

-1
dG(u7 U) - le,wj+1 > dG’(ua U) > dG(u7 U),

<.
I
an)
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hay
de(u,v) = dg(u,v) Yu,v € [n].
Ta két luan G' 1a 1 — bao cua G. ]

Bay gid ta sé udc lugng kich thude cua G') tic ¢ cua |E'| hay
| Eol + [Eql-

Bé dé 2.6. Vdi zdic sudt cao thi:

1
|Ey| =~ Enlogn.

Ching minh. Ta co:

Ple € Ey) =P(l(e) < ly) =P <E1 < (1+ \gi) 10gn>
_ (1++0)logn
—loew ( dn > ;

suy ra

14+v/0)1
|Ey| ~ Bin ||E|,1 — exp (—( J”df) Og”)
n

\ 7
~N"~

B t i

Ap dung Bat ding thitc Chernoff|1.3]ta thu duoc:

P((1—e)|Et < |Eo| < (1+¢)|E[t) =1

Mt khac, vi Vo : (1 — 0)dn < deg(v) < (1 4 6)dn, nén:

_ 2 2
(1 —0)dn <1B| < (14 0)dn |
2 2
va cling vi & — ::r;2/2 <1—e7* =1t <z nén khong kho dé rat ra duge:
|
|E|.t ~ nlogn
2

Két hop nhitng diéu bén trén, ta c6 diéu phai ching minh. O
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Tiép theo, ta tim cach wéc lugng |E})|. Chu ¥ rang:
Ej={e={u,v} € E:ly<l(e) =dg(u,v)}.

Dé lam dugce diéu nay, ta sé tim chan trén /5 cho max; ; dg(i, j), roi tit
do6 uée luong P(e € Ej | max; j da(i,7) < L).

Cu thé, dat

l_510gn
YT oan

Bo6 dé 2.7. Vdi zdc sudt cao thi:
max de(i,j) < h.
ij

Chatng minh. Ta xay duyng thuat todn tim duong di ngdn nhat trong
G. Trong [8], Jason da phan tich hiéu suat hoat dong ctia Thuat toan
Dijkstra [5] tren do thi day du K, v6i do dai canh la bién ngdu nhién
phan phdi mil. Vé co ban, thuat toan clia ching ta sé diéu chinh mot vai
chi tiét nhé trong lap luan ctia 6ng dé ph hgp véi do thi G théa méan
hai diéu kien [2.1.1] va [2.1.2]

Cu thé, ta phan tich thuat toan Dijkstra dé tim dudng di ngdn nhat tit

va

dinh nguon 1 t6i cidc dinh khac, ma & d6 do dai cidc canh 1a cac bién
ngau nhién doc 1ap, cing phan phéi mi Exp(1). Nhic lai rdng sau budc

i, ta c6 tap cac dinh la cay T; va tap cac gia tri d,, v € [n] théa man:
o VéiueT;:d,=dg(l,u).
e VéiveT,=[n\T:d, =min{dy, + l,,u~v,u€ T}

e Dat §; = max{d,,u € T;} thi theo cach thuat toan van hanh, ta c¢6
rang buoc d, > §; Vv € T;. Khi do:

du + lu,v Z 5@ ~ lu,v Z 52 - du V{U,U} € E<T’17T’z>

Mat khac, do phan phéi mii ¢6 tinh chat khong nhé (memory less)
nén ton tai E,, ~ Fxp(1) (doc lap véi tat cd cac E(u',v') khéc)
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thoa man

lu,v - 51 - du + Eu,v ~ du + lu,v = 5@ + Eu,v \VI{U, U} S E(T‘u i)

Ta suy ra thuat toin nay tuong duong phan phdi, tic bdo toan phan
phoi do dai duong di ngan nhat tit dinh nguon 1 t6i cac dinh khac, véi
qua trinh rdoi rac sau.

Qua trinh 1:
e Dat vy = 1,11 = 17dv1 = 0,51 = max{du,u € Tl}

e Sau khi c¢6 T}, d;, v6i mdi canh {u,v} € E(T;,T;) ta dit tuong tng
do dai 1a E,,, cdc do dai doc lap, cing phan phdi Exp(1l). Xét
{a,0} = argming, repr, 1){0i+ By}, khidétadat v =0, Tiyy =
T,U {vin )}, o, = 6; + Eas.

Vi+1

Dé y ring, min{E}, Es, ..., E.} ~ Exp(r), ta suy ra qua trinh 1 tuong
duong quéa trinh 2.
Qua trinh 2:

® Dét V1 = 1,T1 = 17dvl = 0.

e Sau khi ¢6 v;, T}, chon ngau nhién theo phan phdi déu canh {u, 0} €
E(ﬂ, i) Ta dévlt Vj+1 = f), E+1 = EU{UH—I}; d = dvi—l—E%, voil B
13 mot bién ngdu nhién c¢6 phan phdi mi tham s6 v; = |E(T;, T;)|.

Vi+1

Stt dung qua trinh 2, ta suy ra:

E(d(;a,m)):sm;:nfl@(i), Var(dg(1,m)) Z]E( )

i=1 i

Mat khéc, stt dung gia thiét Vi € [n] : (1 — 0)dn < deg(i) < (1 + 0)dn:

(1 —0)dni — <;> <I|E(T;, T;)| < (1 +60)dni h.cc,
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Ma 6 = 1/+/logn nén Vi :
(1 —=0)i(dn —1i) <~ < (1+80)idn h.cc.
Do d6 véi xac suat cao thi:

V1<i<On:vy =idn(l+ () véi |G| = O(0),
Vn—0n<i<n:vy=(n-—1i)dn(l+ () véi |G| = O(0).

Ta suy ra:
on
1 logn Vviogn
Son = (14+0(6)) Y — = == +o< - > whp.
i=1

Quay tré lai véi viec chiing minh bd dé, ta lam tuong tit nhu trong [S].
Dit ki = Onva Y, = EV' 1 <i<n= Z =dg(l,k) = S5V, Khi

d6 véit <1 — W vam =k — 1 thi xac suét cao:

E(etanl) ) (H 6tdnYZ) _ ZE (H etdnYi Yo = ZC) ]P)(’Ym _ ZL’)

i=1 =1

(Biét ,, thi Yy, doc lap v6i Y1,Ys,..., Y1)

=E H etdnYi Z E ("™ | 7, = 2) P(y = )
;:_11 v )

=E 211 eldnYi zﬂ; s tdn]P’(’ym =)

g (] e <1 - w) -
i=1 m

Do d6 v6i moi § > 0 ta co

Pz > plogn <F (etdnzﬁtmogn)
= " S

< (10 9<1>>t)1

1=1
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T (Z ((1 Folllt g (M))

<exp((1+o0(1) — B)tlogn).

Chon 8 =2+ o(1) thi
(2+0(1))logn

dn '
Dat 7T k, 1a tap tuong tng véi T}, khi ching ta st dung qua trinh 2 véi
diém xuat phét 1a dinh s6 2. Truéce tién ta xét d < 1/2 va G € G(d). Khi
d6 st dung diéu kien [2.1.2] ta suy ra hodc Ty, N T, = 0, hodc

P <3§e € B(Ty,,Ty,) : l(e) < 3) < exp (- _WQ”Q) = o(n™?).

n n

w.h.pVj € [n]:dg(j, k) <

Diéu nay chiing t6 rang véi xac suat 1 — o(n?)ta khong thé tim dugc

(440(1))logn

mot dudng di co tong do dai > o

dinh. Do do:

]_ .o~ ~ - - 2 S
+ - gitta mot cap diém co

(44o0(1))logn 1
+ -
dn n

w.h.p maxdg(i,j) <
2¥)

Xét truong hgp con lai d > 1/2 = d = 1/2 + ¢, > 0. Theo Diéu kién
2.1.1) thi Vi : deg(i) > (1 — 0)dn = moi cap dinh déu cé téi thicu

(26 — 20)n dinh ké chung. Ta ghép cip cac dinh thuoc T}, va T}, , suy ra

xac suat de khong ton tai mot dusng di do dai 2 giita mot cap dinh, chi

logn
nlog(logn)’

N2 —0n((2e—20)n)
(6_(nlol§ﬁogn)) ) — 0(n_2).

Lap luan tuong ti nhu trén bang viéc sit dung chan hgp trén tat ca cac

st dung cac canh do dai khong vuot qua bang

cap dinh, ta thu dugce dieu phai chiing minh. O

Bo dé 2.8. C6 dinh e = {u,v} € E, ta co:

1
P(e € Ef | maxdg(i,7) <h)=o ( Ogn)
%] n
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Chimg minh. Dé § rang e € Ej tiic 1a e = {u,v} € F théa man I(e) > [y
va [(e) chinh bang do dai duong di ngan nhat gitta u va v. Khi do:

da(u,w) +lyy > l(e) = lyy = dg(u,v) Yw ~ v.
bat &€ = l(e), z = max,, dg(u, w) ta suy ra
lpw > U(e) —dg(u,w) > € —a Yw ~ .
Do doé:

P(e € Eo,maxdg(z 7) < 1)

/loll _E/ (ﬂ {lwy > &~ x}) drd¢

w~v

s/lohfo P(ﬂ{lw,v>€fv}> dde.

Mat khac, vi deg(v) > (1 — 6)dn nén c6 nhiéu hon dn/2 dinh ké véi v

nén biéu thic trén bi chin bdi:

ll o0
I:= / / min{1, e” "0/ 2 dade .
b Jo

Xét Iy = Iy — aog(%<lo<f,taco

Lol
L —/ min{1, e ")/ g de
l(]

l1 lg
/ / —dn(& /dedg
lo

< pdnlz2/2 _ ) < —dnly/2 —dnll/Z)
d2n2
< d24 _ (edn(lglo)/Q B ednlo/2> .
n
— Wﬂ 1 _

,d > 0log(logn), va 0 = Tor en

I < 4 (e—(log(logn))2/2 . e—(1+9)10gn/2)



33

4 —(log(logn))?/2 4 —(1460)logn/2
:W(e (log(log n))?/ _1)+W(1_6 (1+6) log /)7
trong do
4
Ii1 < 55— ((log(log n))*/2 + (log(log n))"/8)
_logn 4 (log(logn))* (log(logn))* + 4
 n \dlogn 2 4n

va

4  (146)logn _4logn logn
“ T d2n? 2 ="enz '\ Ty

Ta suy ra: Iy = o (bﬂ)

n

Bay gio, ta xét:

ll o0
I, = / min{1, e~ "2/ g de.
3

:l() Jizlg

Theo chitng minh tai Bo dé 7 trong [3], ta c6 Iy = o <1°Tgl”>.
Vay:

1
P(e € By, maxdg(i,j) <h) =<I=I+1=o0 ( Og”) _
1,7 n

Ma theo B& dé 2.7 thi:

P(maxdg(i,j) <h)=1-o0(1)

2Y)

. Két hop hai u6c lugng trén ta thu duge diéu phai ching minh. O

St dung B6 dé 2.7, va Bb dé 2.8 dé dang ta thu dugc két qua

vOi xac suat cao thi |Ej| = o(nlogn). Ma ta da ching minh duge

w.h.p |Ey| ~ %nlogn (theo Bo dé 2.6) nén ta suy ra:

1
|E'| = |Eo U Ey| = |Ey| + | Ey| ~ §nlogn w.h.p.
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Do d6, G’ = (V, E') 1a 1 — bao clia G véi xéac suat cao c6 kich thuée xap

?

1 —bao ctia G khong vuct qua (% + 0(1)) nlogn. Dinh ly

minh xong.

2.1

xi (34 o(1)) nlogn. Nhu vay, véi xac suat cao thi kich thude t6i thiéu

dugce ching



Chuong 3

Bao ctia dé thi ngau nhién cé trong
hinh hoc

Nhu ching ta da thay, tai chuong 2, mo hinh do thi ngau nhién ta nghién
cttu ¢6 tap dinh va tap canh 1a tat dinh, con ham trong 13 ngau nhién.
Trong chuong nay, ta sé nghién cttu kich thuéc ctia bao trén mot mo
hinh d6 thi ngAu nhién khéc, hiéu don gian 1a do thi vé6i tap dinh va tap

canh 14 ngau nhién, con ham trong la khoang cach Euclid.

3.1 Do thi ngiu nhién cé trong hinh hoc

Trude khi t6i v6i mo hinh do thi ngdu nhién c6 trong hinh hoc - déi
tuong nghién ctu chinh ciia ching ta trong chuong nay, ta ciing diém

qua mot s6 khai niém liéen quan.

3.1.1 D6 thi hinh hoc ngiu nhién

D6 thi hinh hoc ngau nhién 1a mot khai niem mé rong tir khai niem do
thi hinh hoc - mot linh vuc 16n va dude quan tam tuong toi nhiéu trong
cic nghién ctu vé mang no6i chung. Tai day, ta néu lai dinh nghia vé do

thi hinh hoc ngau nhién trong [9].
Dinh nghia 3.1. [9] Xét d la mot s6 nguyén duong, va ||.|| la mot chudan

35
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trong R?. Khi dé, vdi tham s6 r > 0 va tap V C RY cho trude, ta dinh
nghia mot do thi hinh hoc vé hwéng G = G(V,r) nhu sau:

o tip dinh o V:
e hai dinh X,Y dugc noi vdi nhau néu va chi néu || X = Y| <r.

Ta thuong zét d € {1,2} va chuan la khodng cach Euclid. Dong thoi, do
thi hinh hoc dugc trang bi ham trong chinh la chudan cia cdc canh, tic
la néu X ~Y thi trong Ixy = || X =Y.

G(V,r) la mét doé thi hinh hoc ngdu nhién néu tap dinh V
duoc chon ngdu nhién (thuong theo phan phoi déu) trong RY.

3.1.2 D6 thi ngiu nhién cé trong hinh hoc

Quay tré lai v6i chi dé chinh trong chuong, ta sé dinh nghia X,— mot

do thi ngau nhién c6 trong hinh hoc.

Dinh nghia 3.2. Cho trudc 0 < p <1, zét X = {X1,Xo,..., X,,} la
tap n diém duoc chon ngau nhién theo phan phoi déu trong hinh vuong
don vi [0,1]?. Khi d6 X, = (X,p) la mot do thi vo hudng cé ham trong
[, voi

e tap dinh la X;

o hai dinh dugc noi véi nhau mot cach doc lap theo xdc suat p;

e néu hai dinh X; va X; dugc noi vdi nhau thi dinh nghia [(X;, X;) =
| X; — X;| : khodng cach Euclid cia X; va X; trong R?.

Tur dinh nghia trén, ta c6 thé thay X, la mot sy két hop tha vi
gitta dinh va ham trong ctia do thi hinh hoc ngau nhién, véi xac suat ndi
canh cta G, ,, dugc nhing trong hinh vuéng don vi.

Thuc té, khai niem nay da dugc dé cap trong [10], nhung chi xét

truong hop dic biet p = 1. Ngoai ra, trong mot phién thao luan vé cac
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van dé mé tai Canadian Conference on Computational Geometry 2009
[11], J. O’'Rourke da dat ra cau hoi: Vdi gid tri nao cia p thi w.h.p X,
sé la t — bao cia Xy. Khoang 4 nam sau, Mehrabian va Wormald [12]
chi ra rang khong c6 Iya chon nao cho p théa man ménh dé trén. Gan
day, Frieze va Pegden [13] chiing minh mot két qua phu dinh, va dong
thoi xem xét su gia tang ciia do dai duong di ngin nhat khi chuyén tit
X sang X,

Tt cach xay dung X, dé thay vdi xdc suat cao thi 1 — bao ctia X,
chia ~ (g‘) p canh, tic 1& chita tat ci cac canh. Ly do 1a néu X ~ Y thi
canh néi gita X va Y chinh 14 duong di ngadn nhat. Trong khuon kho

chuong nay, ta quan tam t6i ¢d ctia (1 + ¢) — bao cla X,

3.2 K&ét qua chinh

Dinh 1y 3.1. [J] Gid st np't? — co. Xét do thi X,. Vdie,0 > 0 la
nhiing hang so tuy ¢ co dinh, khi dé ton tai mot cach zay dung tap canh
E. théa man dong thoi:

(i.) w.h.p E. la (1 + 5¢) — bao cia X,.

(ii.) E(|Ec]) < O-o(p~"n).

Vi diéu kien np'™? — oo thi xac suat cao do thi X, lien thong.
Diéu nay ddm bdo viéc chiing ta lam 1a c6 ¥ nghia, vi khi d6 thi ton tai

bao ctua AX),.

3.3 Chtng minh Dinh ly 3.1

Dinh 1y sé dugc ching minh bang cach chi ra thuat toan xay dung
E. clia do thi &), va tit d6 ta udc luong kich thude ctua |E.|.
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3.3.1 Mot sb ki higu
Trong toan bo chitng minh, ta xét 0 < ¢ < 1 va stt dung mot s6 ki hieu
sau:
e V6i P la mot duong di v; — vy — -+ — v, nao do, ta ki hiéu [(P)
la do dai cua P, tuc:

(P) = |vig1 —vil.
1=2

e V6i A, B € X, ta ki hieu P4 p 1a dudng di ngdn nhat tit A t6i B
trong A&, ki hieu dap = [ (Pap), va ki hieu E(P4 p) la tap canh
chita trong duong di Py p.

o Vi A € X, ta xét 7 < 2% nén, ki hicu 1a K,(i, A) v6i 0 < i < 7.
Chung theo thu tu la nén dinh A, véi hai tia tao v6i truc hoanh hai
goc lan lugt 1a ie va (i + 1)e.

Hinh 3.1: Mo ta K,(i, A).

Khi d6, ta dinh nghia Y (i, A) 1a diém c6 khodng cach Euclid t6i A
la bé nhat, dong thoi ké véi A, nam trong nén K,(i, A).

Truong hop nén khong chita diém nao ké véi A, ta ki hieu Y (i, A) =L
va ddt da, = oo. Them vao d6, néu B € X N K, (i, A) thi ta dinh

nghia i p = t.
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B My . L R — My logn
Te = np+o va € W’

trong d6 My 1a hang s6 du 16n, phu thudc vao 6 va e.

3.3.2 Trudng hop p=1

Trude tién, co 1é ta nén quan tam téi truong hgp p = 1, hay A;. Trong
truong hop nay ta da biét mot thuat toan don gian dé tim (1 +¢) —
bao ctia X;. Cu thé trong [14], Yao xay dung duong di ﬁA)B = (A =
Zy, L1, Zoy ...y Ly = B) v6i Zipy = Y(izip, Z;), va ching minh dugc
f’AB c6 do dai khong qué (cose — sine) 1A — B].

Khi d6 ro rang do thi con chita tat cd cac canh (A,Y (i, A)),0 <
i < 1,VA € X s& chinh 1a 14 t — bao ctia X} vé6i t = (cose —sine)™! <
1+ ¢+ O(e?). Do thi con nay duge mang tén ong - Yao Graph. Thém
nita, dé thay s6 canh clia Yao Graph khong qua n- %X = O(n/e). Do vay,
ta chi can chon E. chinh bing Yao Graph thi Dinh 1y dugc ching
minh xong trong truong hop p = 1.

3.3.3 Truong hop p< 1

Nhu vay, ta chi con quan tam truong hop p < 1, khi d6 nhin chung ﬁA, B
duge dinh nghia phia trén khong ton tai trong X,

Phan 1: Mot sb6 két qua chuan bi

Xét A, B € X, ta c6 hai bd dé mo ta tinh chat ctia X, khi khodng cach
Euclid |A — B| > R..

Bo6 dé 3.1. Néu |A — B| > R. thi vdi xzdc sudt 1 — o(n™'0) th

trong doY =Y (iap,A).
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Chiing minh. Dat r = |A — B| = r > R.. Ta goi bién c6 trong bo dé 1a
& va uée lugng P(€). RS rang:

PE)=PEY € XNK,(iap, A),|[A=Y]| <erY ~ A).
Chon ngau nhién mot diem Y € [0, 1]2, ta co:

P(EY) :=P(Y € X N K, (iap, A),|A— Y| <er,Y ~ A)

3R2
= %.W(ET)Z.]D > %
B 3R2
Suy ra P(&") <1 — < Ep, nén
B 3R2p\ "2 3R2p\ "2
Pw)g<1—5 ”) mwpw)z1—<1—52”) .
Dén day, st dung gia thiét R, = Mg;}f%” va bat ding thitc e ™ > 1 —u,
ta thu dugc:
3R2 n—2
P(E) > 1 - (1— c 2”)
o1 (1_ e3My . logn "l
- 2pn
SMy -1
S 1 exp (_(n _ Q)M)
2p°n
> 1 —p M7 — 1 o(n710),
Vay ta c6 dieu phai chiing minh. O

B6 dé 3.2. Néu |A — B| > R. thi vdi zdc suat cao
dap < (1+4+4e)|A— B|.

Chiing minh. Dat r =|A — B| = r > R..

Trén doan thang AB lay hai diém O;, O, chia AB thanh 3 phan bing
nhau. Dit By, (1 = 1,2), 1a hinh cau tam O;, ban kinh er.

Goi
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r/3 O, r/3

O: :
e 2 r/3 o B

Hinh 3.2: M6 t& hinh cau B, Bs.

o A; la tap cac diem thuoc X N B; ma ké véi A;

e Ay la tap cac diém thuoc X N By ma ké véi B;

e Bién ¢6 & = {dap < (1+4¢)|A — B|};

e Bién c6 & = {\A1| > Wl(;lp},

e Bién c6 & = {\A2| > Wl(?p}a

e & 1a bién ¢6 ton tai mot canh clia X, noi gitta By va By, tiic ching

néi hai dinh w, v ndo d6, véi u € By va v € By.

Stt dung bat dang thiic tam giac, ta dé dang chiing minh dugc néu &, &,

va €3 xay ra dong thoi thi £ sé xay ra. Vay:
P(E) > P&, N E N E) = P(E | £ N E)PE NE). (3.3.1)
Dén day, ta sé di u6c luong cac thita s 6 vé phai.

e Udc lugng P(&; N &):
Lay ngdu nhién mot diém Y € [0,1]?, ta c6 véi Vi = 1,2 thi

P(Y € B;) = w(er)?p.

Ta suy ra |A;| ~ Bin(n,m(er)?p), xong ta ap dung Bat dang thiic
Chernoff [1.3k

P (|4;| > (1 — a)nw(er)’p) > 1 — exp(—a’nm(er)’p/2).
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Chon (1 — 04)5 hay a=1-— 1062, va ale? > 500, ta thu dugc

2
p(&):@(mnz“lg‘p) | =10,

Mat khac, vi cac diém dugce lay doc lap theo phan phoi déu trong
hinh vuéng don vi nén &; va & doc lap. Do do

—nmr2p 2 .
(51082) <1—€ 1000 > >1— 2e 1000,

L < 3 .0 « £ M gl pe pe
Cubdi cling, st dung gia thiét r > R, = \/Z’Tfegn, ta c6 udc luong

P(El N 52) Z 1— ZTLﬁ.

(3.3.2)
e Udbc lu’cjng IP)(53 | &N 52)2
ViP(& | |Ay],|As]) = 1 — (1 — p)l4Fl42l nen
P& | &ENE)>1—(1 —p)Tr o0
>1—(1—p) "
7r2M0278 log2n (333)
2 1 J— (1 J— p) 100p29
—p7r21\402810g2n —ﬂzMgslogn
>1—e 0¥ =1_—p w01
Sau cung, ta thé (3.3.2) va (3.3.3) vao (3.3.1) va di dén két luan:
. 77r2]\/1027€ logn
P(E) > (1 - 2n1000p"> | —p o | 1
Ta thu dugce dieu phai chitng minh. ]

Phan 2: Chitng minh (i): Thuat toan xay dung E
Xét A, B € X, ki hieu r = |A — B|. Ta dat

e by = U|A—B|§r€ E (Pap).

o By = {{AY(i,A)} € B(X), Ac X,i=01,.. . 7—1}
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[ ] E3 = U{A,B}EBE E(PA’B)7 tl"OIlg dé
B.={{A,B}:dap> (1 +e)r,r >r.}.

o [y = U{A,B}GCE E (P4 p), trong do6
C.={{A,B} :dap < (1+¢e)r,|A=Y|>errer, R]}.
O day, Y =Y (iap, A).

Dat

E.=|]JE:

Meénh dé 3.1. Vdi zdc suat cao E. la (1 + 5¢) — bao cia X,

Dé chiing minh duge Ménh dé , trude tién ta xay dung Thuat

toan @

Thuat toan 3.1. Cho trudc A, B € X, ta sé zay dung mot duong di tu
A dén B, ki hieu Pyp = (A= Zy, Z1, Zs, ..., Z = B) trong X, nhu sau:
Tai budc thit j, (j > 0), sau khi zac dinh duoc Z;, ki hieuwY; =Y (iz, B, Z;),
ta thuc hién lan luot 4 khau:

1. Néu |Z; — B| < re, ta st dung Pz B dé hoan thién pAJg.
Két thic thuat toan.

2. Néu|Z; —Y; > ¢e|Z; — B|, ta si dung Pz B dé hoan thién PA,B.
Két thic thuat todn.

3. Néu dy, B > (14 5¢)|Y; — B|, ta st dung Pz, p dé hoan thién ]ADA,B.
Két thiic thuat todn.

4. Zj_|_1 = Y.;
Tiép tuc vong lap vdi bude thit j + 1.

Ap dung Thuat toan 3.1, ta thu duge mot két qui quan trong vé

su gia tang clia duong di ngan nhat nhu sau.
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Bb dé 3.3. Vii A, B € X, ta ki hiéu dap la do dai ciia Py p. Khi do:
dap < (1+5¢)dsp, VA, Be X.

Chitng minh. Gia st ducng di pA,B = (A= 2y, 21, 2,...,7Z = B) dugc
tao ra bdi Thuat toan [3.1sau dung [ bude (I < k—1). Diéu nay c6 nghia

la:

PZl .B trong X,

A=Zy =2y = Zy— - = 7 Z. = B. (3.3.4)
Z; =Y, Y0<j<l
Ta nhac lai rang Y = Y (iz, , Z;). Nhu vay:
-1
dA,B = Z ‘Zj-i-l — Z]‘ + le,B- (335)

J=0

Truosng hop [ = 0 thi hién nhién CLLB =dap < (1+5e)dap.

Ta xét [ > 0. Theo gia thiét vé sd budc clia thuat toan mo ta tai (3.3.4)),

ta suy ra cac dieu kién ctia khau 1, khau 2, va khau 3 ctia Thuat toan

d6ng thoi khong xay ra tit budc 0 t6i bude thit I — 1. Do d6:

p
|Z] — Bl > e
VO<j<I-1: |-V <e|Z - B (3.3.6)
AY, B) < (1 + 59|, — B].
\

bat d; = |Z; — B| v6i 0 < j <. Ta sé chiing minh

‘Zj—l-l — ZJ‘ < (1 + 58)(d] — dj-H) V0< ] <. (337)

That vay, theo mo ta (3.3.4) va tinh chat (3.3.6)), ta co:

Zin = Z)| =Y, - Z)| <€lZ; - Bl < |Z; - B, VO < j <l

—_—

Do do6 ta thu dugce hinh vé dudi day, v6i Y;H; L Z;Bvaa=Y,;Z;B <e.
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Ta co

(1+5e)(dj — dj1) = (1 +5¢)(|Z; — Bl = |Zj41 — BJ)

= (1+5¢)(1Z; — Bl = [Y; — BJ)

> (145¢)[|2; — Bl = (IY; — H;| + |[H; — BJ)]
= (1+5¢)(|Z; — Hj| = |Y; — Hj|)

= (1+5¢)(cosa —sina)|Z; — Y|

> ( )

1+ 5e (cose—sms)|Z Y|
>1 khledunho
>|Z; = Y| = 1Zj1 — Zjl.

Nhu vay ta da ching minh xong bat dang thic (3.3.7). Theém nita, 16

rang Z; = Y;_1, st dung tinh chat (3.3.6) véi j = — 1 ta co:

le,B = de—uB < (1 + 56)‘}/2f1 — B| = (1 -+ 5€)|Zl — B‘ = (1 - 56)6[[.

Ap dung (3.3.7) va nhan xét trén vao (13.3.5)) ta thu dugc:
-1

dAB—Z|Zj+1_Z|+le
7=0

-1
(1+5¢)(d; — djs1) +dy = do = |A — B| < dap.
j=0

Vay ta c6 diéu phai ching minh. O
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Theo Bo d¢[3.3 16 rang Uy 4 pyex E(Pyp) 1a (1+5¢) —bao ciia X,

Bo6 dé 3.4. Véi zdc sudt cao thi

U E(PA,B) C EE.
{A,B}eX

Chiing minh. Ta sé ching minh (Ji4 e E(}A’A,B) C U?Zl E;. That vay,
hién nhién tat ci cac canh sinh ra béi khau 1 déu thuoc Ej.
Xét cac canh sinh ra vdi khau 2, khi d6 dieu kién & khau 1 khong xay

ra, tic la:

‘Zj - B’ > T,
Z; —Yj| > e|Z; — B| = w.h.p | Z; — B| < R. (B6 dé3.1).

Khi do:
e Néu dy, p > (1+4¢€)|Z; — BJ thi céc canh dé thuoc Es.
e Néu dy, p < (1+4¢€)|Z; — B| thi w.h.p cac canh d6 thuoc Ej.

Xét cac canh sinh ra & khau 3, khi d6 diéu kién 6 khau 1 va khau 2 dong

thoi khong xay ra, tic la:

.
’Zj_B| > Te;

7\

Z; = Y;| < ¢€|Z; — BY;

\de,B > (1+5¢)|Y; — B].

Khi dé:
e Néu dy, p > (14 ¢)|Z; — BJ thi cac canh dé thuoc Es.
e Néudy p < (1+4¢)|Z; — B thi

(1+5e)|Y; = Bl < dy,p < |Y; — Zj| +dz, B
<elZ; - B|+(1+¢)|Z; — B
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< (1+2e) (1Y = Z| + IY; = B]),

suy ra |[Y; — Z;| > £25|Y; — B|. Ma |Z; — Yj| < ¢|Z; — B| nen

17— Bl > ——|v; - B|.

1+ 2¢
Lic nay, ta c6 danh gia
|Z; = Y;| > |Z; — B| — |Y; — B| (bdt tam giéc)
142
> (1— g 5) Z; — B

- (1_1+25) |ZJ-—YJ-\
- 3 €

tuong duong 5¢ > 2 - mau thuan véi gid thiét 0 < ¢ < 1. Vay
truong hop nay khong xay ra.

Xét cac canh sinh ra & khau 4, hién nhién ching thuoc Es.

Két hop tat ca cac khang dinh trén, ta c6 diéu phai ching minh. O

Vay véi xac suat cao E. cing la (1 4 5¢) — bao clia &, ta ching

minh xong Meénh dé [3.1]

Phan 3: Chitng minh (ii): Uéc lugng |E.|

Ta sé& uéc luong |E.| qua viéc uée lugng cac |E;|, i = 1,4

1. USc lugng |Es|

Nhic lai B» = {{A,Y(i, A} € B(X,),Ac X,i=0,1,...,7—1}.
Do doé:

2
|By| < 7n < gn = O(n/e). (3.3.8)
2. Uéc lugng |E;3
Nhéc lai rang v6i A, B € X,r = |A — B| thi

Es= |J E(Pap), voiB.={{A,B}:dap>(1L+e)rr>r.}.
{A,B}eB.
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Nhan xét rang néu {A, B} € B. thi A « B nén dudng di ngén nhat
tt A — Bla Pypco t6i thiéu 2 canh.

V6i K,k € Z,,A, B € X ta dinh nghia Lx 45 1a tap hop tat ca
cac duong di P tu A — B trong &), c¢6 ding k + 1 canh théa man
dong thai cac diéu kién sau:

(i). P la mot duong di rut gon (induced pat,

(ii). {(P) € [(1 + Ke)r, (1 + (K + 1)e)r],

(iii). I(P*) > I(P)V duong di P*: A — B khong sit dung dinh ciia P.
Khi do, r6 rang véi V{A, B} e B.thi dK, k€ Z, : PA,B € EK,I{,A,B-
Ta suy ra:

Bsl < Y |EPap)< Y Y (k+1)|Lgrasl (3.3.9)
{A,B}eB. A,BeX KkeZ,
|A—B|>r,
Do d6, dé uée luong duge |Fs|, ta di ude lugng | L a.5)-
Dau tién, ta thay k < n — 2, va khi k c¢6 dinh thi vi cac diem déu
thuoc [0, 1] nén khoang céch 16n nhat giita hai diém 14 v/2, do dé:

(1+K5)r§l(P)§(k+1)\/§:K§W.

Thém nita, xét k > k, véi k, = %{f(np) = o(n) thi:

E(|Lxran|) < <Z)IP’(P : dudng rat gon)
< nFpfHI(1 = p)HtHD/2

< p- (npe PEDRE < p - (npePhhE

Sp-< . )kzp-O(n4)-

(np)?

Induced path 1a mot duong di khong c6 duong tat. Tic né 1d mot day co thit tir cac dinh sao cho

hai dinh ké nhau trong day thi néi v6i nhau, hai dinh khong ké nhau thi khong néi v6i nhau.
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Tiép theo, ta xét k < k, = o(n).
Codinh A, Be X, |A—B|=r>r., va K,k € Z,. Xét mot dudng
di P=(A=PyP,Py... P Pr1=B), A& ={P € Lrran).
Khi do:
P(&):=P(P € Lkian)
= P(P : duong rat gon, [(P) € [(1+ Ke)r, (14 (K + 1)e)r],
(P*)>1(P)VP*: A— B,P*C X\ P)
< P(P : duong rat gon, I(P) < (1+ (K + 1)e)r,
[(P*) > (1+ Ke)r VPY).

& = {P : dudng rut gon},
E={l(P) < (1+ (K +1)e)r},
va & = {I(P*) > (1+ Ke)r YP*: A— B, P* C X\ P).
Ta thay ching doc lap véi nhau nén:
P(E) <P(ENENE) =P(&) - P(&) - P(E) (3.3.10)

e Tinh P(g1)

Ta co:
P(&) = P(P : dudng rit gon) = pF1(1 — p)Hh+b/2,

e Tinh P(&):
Dét a = (1 + (K + 1)5)7“, Zz = ‘Pz — Pi—l‘- Ta co:

P(&) =P (I(P) < (1+ (K +1)e)r)

=P
S]P)(Zl—i-ZQ—{—"'—i—ZkSCL).

T6i day, ta sé chitng minh bang phuong phap quy nap riang:

l l
Vlglgk:P(ZZiga) gP(Z\/ﬁigaﬁ> (%),
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trong do6, Uy, Us, ... 1a cac cac bién ngau nhién doc lap, cling
phan phdéi U[0, 1].
- Vé6i [l =1:
Ki hiéu B(I, R) la hinh tron tam [, ban kinh R. Ta c6:
P(Zl Sa):IP’(\Pl—P(ﬂ SCL)

< P (P, € B(Py,a)N|0,1)?
_P(frel[%,}li]z (P (Po, @) N[0, 1)

< min{ma® 1} =P <\/a < aﬁ) :

Suy ra ménh dé (*) dang véi [ = 1.

— Gia st ménh deé (*) dang t6i [ > 1, ta ching minh né cling
dtng v6i | + 1.
That vay: Dat S; =21+ 2o+ --- 4+ Z;, ta co

P(Zi1 < v | 8) < min{mv’Lpy, 1} hcc.

Giai thich: bat ding thic trén khong phu thuoc vao cac vi
tri ctia cac diem Py, P, ..., P, (gidng cach chiing minh &
truong hop [ = 1) nén n6 ding v6i moi kha nang cua ;. Do
do:
P(Si+ Zi1 < a) =E[P(Z11 <a— 5| 5)]
< E [min{n(a — 5))*1 {457, 1}] -

Mat khac, ta cting co:

P(Sl—f—

E (P (vl < vala - 5)))

E [min{m(a — $1)*1{s=5., 1} -

Két hop cling véi gia thiét quy nap thi ta sé thu dugc:

+1
P (Z ZZ S CL) = P(Sl + Zl—l—l S CL)

1=1
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<E [min{ﬂ(a - 51)21{a>51}7 1}]
VUi a)

]P(Sg—i—

_p Zﬁism)

Vay ménh deé (*) cing dang véi [ + 1.

Theo nguyeén 1y quy nap, ta da ching minh duge tinh ding dan
ctia ménh dé (*). St dung Dinh 1y |1.4{ v6i v = 1/2 v u = a/7,
va He qua xAp xi Stirling [L.2] ta két luan:

IP(&)SIP(ijZiga) gP(Xk:\/ﬁgaﬁ>

(ay/T)% - 28 ko2t
- (2k)! - 2kk2k

Tinh ]P)(gg) :
V6i v 14 mot hang s6 nguyén duong bat ky, ta co:
P(&) = P(I(P*) > (1 + Ke)r VP*)
P (I(P*) > (14 Ke)r VP* ¢6 v+ 1 canh),

IA

v6i P*:path A — B, Px C X'\ P.

Ta chia doan AB thanh v doan Ly, Lo, ..., L, bang nhau, do
|[A-B| _

=
thoi R; ¢6 mot duong chéo la L;, duong chéo con lai c6 do dai
h = rF(f’g) = v QK‘;*K%Q. Goi dién tich ctia hinh thoi nhu vay
la o, tic o = % Dit R; = R; N [0, 1] v& a; 1a dién tich clia Ri,

dai bang % V6i méi i = 1,2,...,7, ta vé mot hinh
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R 1 Rz RS RA{

tasuyraVi:ozZoziZ%oz.
Xét mot duong di Q : A — S1 — Sy = -+ = S, — B, v6i
SiEEiVizl,...,%tacé:

KQ)<2mV(%-§>2+(%-h>2<(1+A%y.

Khi d6, néu ki hiéu Z 1a s6 dudng di @ nhu vay trong X, \ P,
thi:

P(&) < P(Z = 0).

Mit khac, dat v = |X \ P|=n—k =n — o(n), ta co:

E(Z) = vl —1)... (v -1+ 1>pv+11j1ai > (2Y ()

Dong thoi, v6i hai duong di Q, Q', dat p(Q, Q') va o(Q, Q') lan
luot 13 s6 diem chung (khong tinh A, B) va s6 canh chung clia
hai duong di. Ki hieu Q ~ Q' néu o(Q,Q’) > 0. Khi d6 do
viv—1)...(v=(2y—=p)+1) < ?vaa; < a Vi nén:

A = Z IP’(Q, Q’) < Z 21=p (27 - p) &27—pp27+2—a

Q~Q’ 1<o<y+1 P
o0<pL20

S 227—1(,7 + 2)2(710[)27_1]?27—’—1.
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Ap dung cong thic uéc luong 1.7 trong [15], ta thu dugce:

P(€) < P(Z = 0) < exp (—E;(AZ)>

nap

=P (‘W)
SeXp( nr?F (K, e)p >

207+ (y 4 2)242

Vay ta da uéc lugng xong P(&;) v6i i = 1,2, 3. Lap cac thita s6 nay
vao (13.3.10]), ta dugc:

P(P e Lkrap)=PE) <P(&)-P(&) - P(&)

< k+1(1 _ )k(k—i—l)/Z _ a*Frte?t oxp [ — nr’F (K, e)p
=P p ok .2k P\ 7201y £ 2)292

C()CLQP(p . 1>(k+1)/2
. (Girte-

k
) - exp (—anp?“QF(K, 8)) ,

trong d6 a = (1 + (K + 1)e)r, F(K,e) = V2Ke + K22, va Cy, Cy
13 cac hang s6 duong. Ta suy ra véi k < k,:

— 2
BCisanh = (" °)PP € Lrran

<p- (Cla2np(p — o

k
13 ) - exp (—anpT2F(K, 5)) :

V(%) < g <

Lic nay, véi gid thiét /2 > |A — B| =r > r., dé thuan tién ta sé

thay thé r béi &, va chia cic khoang J, = [L p“} . Ta suy ra
P

VP’ /ip
rey/mMp < p < /2np.
Sit dung dénh gid (3.3.9) va gid thiét r. = /225, ta co:

E(B)<E| > > (k+DILxrasl

ABeX K.keZ,y
|A—B|>r.



o4

< > (5) X e+ VE(Lrranh PO )

p=r- /TP K keZy
V2np
m(2p+1)
<n?. e E+1DE(|£
<n’- ) ” > (k+DE(Lxpan))
P=Tcr/ND K.keZ

< 67mn - Z Z —E (|ILx ka8

p= TE\/rTKkGZ+

= 6mn(H, + Hy),
trong do:

L k
Hy=> ?pE(wK,k,A,BU v Hy =) ppE(wK’“AB')

k>k, k<k,

Nhéc lai tng: k, = 20800 — 50) vy g < EHDV2 o (4D V2p
- re

p - pE
e Tinh Hl.
Ta co:
(k+1)\/Znp
PE k
S Z Z VB (Lkkan)
p=rey/np K=1 k=k
n—1 \/2np _
an( pl (n—2)%p-0(n %) =0(1).
e Tinh HQ.
Véi a = (1 + (K + 1)e)p//np, F(K,e) = V2Ke + K22 >
Ke:=h, k, :%‘f(w) Véurgzw/é\;w,taco
=S "R (1L an))
p I p
k<ky,

IA

CraZnp(p — 1D)EHD/2\ "
Z ( 17 np(p = ) > exp (—C’gp2F(K,5))
p, K
k<kn
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C3h?\ "
< Z 0 ( > exp (—Cohp®) (v6i Cs = const)

(Vik(1—p)ftD2 <1vVkeZ, VO<p<l)

(k+1)v/2np
2np P

" (C3h2\F
< p( ,jg ) exp (—Cshp”)
p=re\/np  h=¢ 1

o

=~
Il

< 2np(ky, + 1) kﬁ; (C‘m,f 10>k exp (—Cshin/np’ )
= 0O(1) (véi Cy,Cs = const).
Vay ta két luan:
E(|E;|) < 6mn(H; + Hy) = O(n). (3.3.11)

3. Uéc lugng |E4|
Nhac lai By = U4 pyec. £ (Pap), trong d6
C.={{A,B} :dap<(1+e)r,|JA=Y| >er,relr,R.]}.
6 dé’y Y = Y(,Z:A,Ba A)7T€ - Tj\glafea RE - \/ Mzgllfgn-

Dau tién, ta tach E; thanh hai phan:

Ei=| |J E@p)|u| U E(Pas)

{A,B}eC. {A,B}eC.
A~B A=B

154:1 Ezrﬁ
Véi Eyq, dé § ring khi A ~ Bthidap = |[A- Bl =r < (1 +
e)r. Con didu kieu |A — Y| > er tuong duong véi viee A Y €
K(iap, A)N (A, 87“), Y ~ A nén xéac suat clia n6 bi chan trén baoi
(1— £ m(er)? 'p)n_2 =(1- 537"2;0)”_2. Do do6:

E(|Eya]) < / (Z) (27r)p (1 — s3r2p)n_2 dr

r=re

R,

2Hinh cau tam A, ban kinh er.
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n) [ 3 2
< 27rp(2) / exp(—e’p(n — 2)r*)rdr

:1"E

_ —ep(n—2) Rz
_ mn(n—1) / oty
2e3(n — 2)

= O(n).

—e3p(n—2)r2

V6i Ey9, ta sé udc lugng E (|Eys|) tuong tu nhu cach uée lugng
E (| E3]) da néu 6 phan trén. Cu the: Vi k € Z,, A, B € X ta dinh
nghia Hy 4 p 1a tap hop tat cd cac duong di P tit A — B trong X,

c6 dung k + 1 canh théa man dong thoi cac dieu kién sau:

(i). P la mot duong di rat gon.

(ii). U(P) < (1+¢&)r.
(iii). X € X\ P: X € K(iap, A), X ~ A, |A - X| < er.

Khi d6 r6 rang v6i VA, B € C., A » B thi ton tai k € Z, : Pap €
Hy.ap. V6i dieu kien (i) va (¢4) thi cach xit 1y giong het v6i Lk a5
& phan Es, con véi (i) ta dé y rang xac suat dé né xay ra sé bi
chan tren boi (1 — £ - w(er)? -p)n_Q_k = (1- 53r2p)n_2_k. Do d6
néu dat a = (1 + ¢)r thi:

E(k+1)

E (|Hr,4,8]) < <n ; 2) : (p’“+1(1 _p)z)

g2k ok o2k ——
. <—2kk2k ) . (1 — 537”2]9) )

Lai ¢ (".%) < 7]1—]: nén véi C = M 14 hing s6 duong:
k
p [ Cnp(l—p)FE+1)/22 n—2—k
E (|[Hrap|) < ik ( =5 : (1—53r2p)
k
<P (Cnp(l - pg(lﬁ—l)/%ﬂ) . o€ r*p(n—2—k)
~ k! ek

<V\1 r S \/§ = 6€3T2p(k‘+2) S €6€3k‘ S 6k‘>
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oy (k+1)/2,.2N\ F -
Sg.(Cnp(l p) 7“) o=

Luc nay ta ¢6 danh gia:

E(|Eyal) < /R ( ) (27) ( 3 mﬂ)

k=0

<7mZ/€n/ (|Hk,aB|) 2rdr.

Te

Dat S = &’ripn = 624# thi:

R. &,
/ E (\Hk,A,B!) 2rdr < C’k/ r2k6—53r2pnzrdr

=r. r=re

—S
< G,

Bay gio, ta dat [ = f;o skeds thi ré rang I, = kS* e ™ + kI;_1,

do vay:

l

Iy=e" k! %<265.k!.5k.
=0

k k
De y rang Ck p . (Cnp(l—kg)(k+1)/2) _ % . ((1+E)27T€3n2];€(21—p)(k+1)/2) W
Uk € 2 ¥0 < po< L k(L - p)2 < 1 % suy

n—2

C
an/ ’HkAB|)27’dT< anWk)kHIk

k
o ((1 T o)med(l —p><k+1>ﬂs> i

[\)

n—

IA

2e3k?2 c
o (1 +e)me3s\”
2e3k2

_9 ~\ k
3 (,%) - o),

i
|
N

IN
e
’[
DO
Q]

3



o8

=~ My - (1+¢€)?med

v6i C = 57 = const.
Do doé:
n—2 R.
E(|Ey2|) Sﬂnan/ E (|Hi.a.g|) 2rdr = O(n).
k=1 r=re

Vay ta thu dugc két luan:

E(‘E4|) < ]E(|E4’1|) + E<|E4’2|) = O(n) (3312)

4. UGc lugng |E|
Ta co E1 = U|AfB|§r5 E (PA,B) = El,l U ELQ U El’g vOl:

Ein= |J E(Pap),

|A—B|<r.
A~B

Ei,= |J  E(Pap).
|A—B|<r.

A~B
da,p>(1+¢)|A-B|

Eis= |J E(Pap).
|A—B|<r.

A=B
da,p<(1+¢)|A-B]
Dit |[A — B| = r. Ta sé di udc lugng timg thanh phan.
e Tinh ‘El,l‘-

RO rang khi A ~ B thi canh AB chinh 1 duong di ngan nhat
tt A — B, tic E (P4 p) = {canh AB}. Do do:

E171 = {{A,B} € Xpi |A—B| S?};}.

Ta suy ra:

n My -n
B < (5 )mrtp < 20

2p

= O(np™?).

e Tinh ‘ELQ‘.
Hoan toan tuwong tu nhu cach tinh |Fs|, chi thay r > r. béi
r < r.. Vivay ta ciing thu dugc E(|E}2|) = O(n).
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e Tinh ‘E173‘.

Hoan toan tuong tu nhu cach tinh |Ey |, chi thay r. <r < R,

béi r < r., va khong c¢6 diéu kien (iii). Cu thé véi C} = & -

((1+E)2“62”P(1—p>(k+1)/2)k <p- ((1+6)27re3np(1—p)(k+1)/2)k thi

2k? 2k3
n—2 re
E(|E13]) < an kn/ Crr*2rdr
k=1 r=0

n—2 2h+2
T M,
<7mn g knC), k:g—k 1 <cé re = n—ffa>
k=1 p

Sﬂ'Mggni( 1‘|—5 M06>
k=
= O(np™).

Lay tong cac thanh phan néu trén, ta thu dudc:

E([Er]) < E(|Eva]) + E([Erel) + E(|E1s))
= O(np™?). (3.3.13)

Vay, sau tat ca cac budc tinh toan, st dung cac két qua (3.3.13)), (3.3.8)),
3.3.11)), (3.3.12)), ta két luan:

E(|E.|) = (UE) <Z]E |Ei|) = O.o(np™?),

va két thic viec ching minh dinh Iy [3.1]




Két luan

Cac két qua nghién cttu chinh ciia luan van bao gom:

e Tim hiéu vé bai toan kich thudc ctia t — bao trén do thi c6 trong
ngau nhien. Cu thé 1a xap xi kich thuéc ciia 1 — bao ctia mot 16p céc

do thi ngau nhién c6 trong 1& cac bién ngau nhién phan phoéi mi.

e Tim hiéu vé bai toan kich thuéc clia t — bao trén do thi ngdu nhién
¢6 trong hinh hoc. Cu thé 1a dua ra thuat toan xay dung E. - w.h.p
1a (14 5e) — bao clia &, va udc lugng kich thude ciia né. O day X,
13 mot mo6 hinh dd thi ngdu nhién véi trong 1a do dai Fuclid, hiéu

don gi4n 1a nhing G,,, vao [0, 1]%.
Moét s6 cau hoi maé:

e Liéu c6 thé lam gidm nhe céc diéu kién vé chinh quy cta 16p céc
do6 thi ngau nhién trong Chuong 2?7 Khi d6 kich ¢d ciia bao ciia do
thi sé nhu thé ndo? Cac cau héi tuong tir véi phan phoéi khac phan

phoéi mii?

e Licu c6 theé tra 15i cac cau hoi tuong tu ciia Chuong 3 trong khong
gian nhiéu chiéu, cu thé la véi X' : tuong tu A, nhung tap dinh

duge chon ngau nhién trong [0, 1]"7?

e Liéu c6 ton tai moi lién he gita p, ¢ sao cho w.h.p &}, 1a t — bao clia
X,?
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