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LOI CAM DOAN

Toi cam doan riing céc két qua duge trinh bay trong ludn vin nay Ia cong trinh nghién
citu tong quan do riéng toi thye hién va hoan thanh dudi sy hudng din ctia GS. TSKH
Dinh Nho Hao. Céc khai niém va sb ligu trong luin viin duge tdng hgp tir cac tai ligu
khoa hoc dang tin cay va duge trich din ro rang ngudn gbe. Déng gép ciia toi la tong
hgp tai ligu va trinh bay thém két qua s6 minh hoa cho phuong phap téi dé xuit. Toi

chiu trach nhiém hoan toan véi 18i cam doan nay.

Ha Noi, thang 10 nam 2023

Hoc vién

7

Van Ba Cong



LJI CAM ON

Ludn viin thac si ndy duge hoan thanh tai Hoe vién Khoa hoe va Cong nghé - Vién
Han lam Khoa hoc va Cong nghé¢ Vigt Nam. Sau mot thai gian hoc tap va nghién
citu, dudi sy chi bao tan tinh cla thdy gido hudng din, dén nay ludn vin cia toi da
hoan thanh.

Ldi ddu tién, toi xin bay t6 long biét on sau sic dén thiy gido huéng din GS.TSKH
Dinh Nho Hao, ngudi da tan tinh huéng din, tao diéu kién va gitp do toi trong subt
qua trinh hoc tap va nghién citu. Ddng thdi téi cling xin bay té long biét on chan
thanh dén PGS.TS Pham Qiy Mudi ngudi da truyén dat nhimg kién thitc nén ting
dau tién, hd trg va dong vién téi vugt qua moi khé khan.

Toi ciing xin gifi 16i cAm on chan thanh nhét dén cac thdy ¢6 tai Vién Toan hoc, Hoc
vign Khoa hoc va Cong nghé da giip dd, tao diéu kién thuan lgi dé toi c6 duge moi
trudng hoc tap va nghién cttu trong sudt thdi gian qua. Cam on Quy D3i mdi sang tao
Vingroup (VinlIF) da tai trg hoc béng thac si trong hai nam dé tsi yén tam hoc tap va
nghién ciru tai Ha Noi (Ma sé: VINIF.2021.ThS.VTH.03; VINIF.2022. ThS.VTH.02).

Cudi cing toi xin chan thanh cdm on gia dinh, ban b2 va céc anh chi trong nhém
seminar da giip dd, dong vién, chia sé kién thic, tao diéu kién cho t5i hoan thanh
t6t luan vin thac si nay.

Toi xin chan thanh cim on!

Hoc vién

L=

Vin Ba Cong
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R’I’L

Tap hop cac so6 thuc;
Khong gian Euclid n chiéu;
Tap md trong R™;

Tap con cua 09;

Khong gian cac ham c6 dao ham lién tuc cap hai trén Q;

Khong gian dinh chuan (hozic Hilbert) X,Y;
Mién gia tri clia toan tit A;

Chuan ctia toan tit A;

Toan tit lién hgp cua toan ti A;

Toan ti tuyén tinh;

Toan t1t don vi;

Toan t1t chinh hoa;

Tham s6 chinh hoéa;

Mang neuron nhan tao (Artificial Neural Network);
Trong s6 (weights);

Do lech (bias);

Ham kich hoat (ham sigmoid);

Chuan cho truong hop ANN.
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MO DAU

Trong nhiing nam gan day, mang neuron nhan tao (Artificial Neural Network = ANN)
da tré thanh mot cong cu phd bién duge st dung dé giai cac bai toan cé s6 chiéu 16n
hodic phi tuyén. Tinh hiéu qua va tinh tong quat cia ANN da thic day viéc ap dung
k§ thuat nay vao cac bai toan cho phuong trinh vi phan, phuong trinh dao ham riéng
khac nhau. Trong s6 d6, bai toan Cauchy la mot 16p bai toan dic thu ctia phuong
trinh dao ham rieng. Ung dung va vai tro cfia bai toan Cauchy rat quan trong trong
nhiéu linh vie nhu khoa hoc, cong nghe, dia vat 1y, y hoc, vat 1y plasma, thuy dong
hoc,... Cu thé, trong viéc nghién citu trudng trong luc (trudng dién va tit trudng),
chiing ta can xac dinh thé vi clia truong bén ngoai mot vat thé dua trén gia tri thé
vi trong mot phan ctia mien dé. Trong viée xac dinh hoat dong nao dién hodc hoat
dong tim, nguoi ta st dung cac do dac dién thé va cuong do dong dién tai hop so
hodc nguc, sau d6 gidi quyét mot bai toan Cauchy cho phuong trinh elliptic tuong
ing ([11, [2], [3], [A)).

Trong nghién citu nay, cho Q c R¢ 1a mot mién c6 bién lién tuc 99, v6i d 1a s6 chieu

khong gian, va I ¢ 99Q. Ching to6i xét bai toan Cauchy cho phuong trinh elliptic
(

Lu(x) =0, x trong (2,

y ux)=f xtrénl, (0.1)

| " =g, xtrénl,

va bai toan Cauchy cho phuong trinh parabolic

(
5ugt<’t) + Lu(x,t) =0, (x,t) trong Q x T,
u(x,t) = f, (x,t) tréen I' x T, (0.2)
ouxt) _ o (x,1) tren T x T,
u(x,0) = h, x trong (.
\

Trong d6, n 1& vector phap tuyén don vi huéng ra ngoai, £ 1a mot toan tit elliptic



déu, va T = [0,7] 1a khodng thoi gian. Muc tiéu ctia bai toan nguge Cauchy 1a tim
mot nghiém « trong mién Q va trén phan con lai ctia bien 9Q/T" sao cho n6 thdéa man
phuong trinh trang thai ctia bai toan Cauchy, cting véi cac dieu kién ban dau va diéu

kién bién thich hop A, f, g.

Bai toan Cauchy cho phuong trinh elliptic 1a mot bai toan dac biét trong tap hgp cac
bai toan Cauchy, né la bai toan dat khong chinh theo nghia Hadamard. Mot bai toan
ducc goi 1a dat chinh néu théoa man cac tinh chat sau:

1. Ton tai mot nghiém clia bai toan (tinh ton tai).

2. Ton tai khong qua mot nghiém (tinh duy nhat).

3. Nghiém phu thuoc lién tuc vao dit kién ctia bai todn (tinh 6n dinh).

Néu it nhat mot trong ba diéu kién nay khong thod man, ching ta néi rang bai todn
dat khong chinh. D6i véi bai toan Cauchy ctia phuong trinh elliptic, khong phai véi
tat ca cac dit kien Cauchy bai toan déu c6 nghiém, nghiém chi ton tai khi va chi khi
c¢6 do tron va tinh twong thich gitta cac dit kién Cauchy. Hadamard da dwa ra cac
diéu kién vé tinh giai dudc ctia bai toan Cauchy cho phuong trinh Laplace vao nam
1902. Ong ciing da dua ra mot vi du ndi tiéng vé su phu thuoc khong lien tuc vao céc
dit kien Cauchy ctia bai toan Cauchy cho phuong trinh Laplace. Cu thé, Hadamard

da xem xét bai toan Cauchy cho phuong trinh Laplace 2 chiéu.

Upe T Uyy =0, a<z<b 0<y<y, (0.3)

u(r,0) = p(x), uy(z,0)=9(x), a<z<b 0<y<Y. (0.4)
Vao nam 1902, Hadamard [5] da chi ra rang, néu ¢ va ¢ la cac ham lién tuc, thi bai
toan sé c¢6 nghiém khi va chi khi ham s6

1

b
360 = 3= [ w(E)loglo — e

gidi tich trén khoadng a < = < b. Dieu nay cho thay rang, ¢ day, dicu kien Cauchy
khong nhat thiét phai 14 cac ham giai tich.

Sau d6, vao ndam 1917, Hadamard [6] da dua ra vi du: V6i ¢ = p,(x) = 0 va ¢ =
Un(z) = ne~V7sin(nz), bai toan (0.3)- (0.4) c6 nghiem la

un(z,y) = e V" sin(na) sinh(ny).

Chiing ta c6 thé thay rang |¢,|, [¢n| gidi noi, nhung |u,(z, y)| khong gii noi khi z > 0
va n — oco. Do d6, nghiém cua bai toan 1) 1) khong phu thuoc mot cach lién

tuc vao diéu kien Cauchy.



D6i véi bai toan Cauchy cho phuong trinh parabolic, tinh dit khong chinh dugc
Ginsberg [7] dua ra bang vi du xét phuong trinh nhiét u,, = us;, cho 0 < 2 < 1,0 <
t < T, véi cac dieu kien Cauchy: u(0,t) = exp(ikt) va u;(0,t) = 0. Ta co:

u(x,t) = cosh(zVik) exp(ikt).

Chung ta thay rang, néu k — oo, thi |u(z,t)| ~ exp(zy/k/2) — oo, nhung |u(0,t)| = 1
bi chan. Nghia la, du gié tri k& c6 thay déi dén dau, gia tri tai diem z = 0 van giit
nguyén 1a 1 va khong phu thuoc vao k. Diéu nay cho thay rang nghiém ctia bai toan

khong phu thuoc lién tuc vao diéu kien Cauchy tai = = 0.

Trong nghién ctu ctia minh, Hadamard da chi ra cic vi du chitng minh ring khong
phai véi dit kién Cauchy nao bai toan cling c6 nghiém va nghiém ctia bai toan Cauchy
cho phuong trinh Laplace (truong hgp dic biét nhat ctia phuong trinh elliptic) néi
chung khong phu thuoc lién tuc vao dit kien Cauchy. Do d6, Hadamard ciing cho réang
cac bai toan dat khong chinh khong ¢6 ¥ nghia vat 1y vi nghiém khong phu thuodc
lien tuc vao dicu kien Cauchy ctia bai toan. Tuy nhién, trong thuc té nhiéu bai toan
trong cac linh vitc nhu khoa hoc va cong nghé, nhu da duge dé cap ¢ trén, dan dén
bai toan Cauchy va bai toan dat khong chinh néi chung. Vi nhiing 1y do nay, ti dau
thap ky 50 ctia thé ky trude, nhiéu nghién cttu da tap trung vao bai toan dit khong
chinh. Cac nha toan hoc nhu A. N. Tikhonov, M. M. Lavrent’ev, F. John, C. Pucci,
V. K. Ivanov da tién phong trong linh vuc nay ([§], [9], [L0], [11], [I2], [13]). Vao nam
1963, Tikhonov [14] da dua ra phuong phap hiéu chinh néi tiéng, tit d6 1y thuyét vé
bai toan dat khong chinh da duge phéat trien manh mé va ap dung rong rai trong hau
hét cac bai toan thuc té. Diéu nay da lam cho bai toan dit khong chinh va bai toan
ngugc trd thanh cac linh vyce doc lap quan trong trong toan hoc va tinh toan. Bai

toan Cauchy cfing khong nam ngoai xu huéng nay.

Trong luan vin nay, ching toi tap trung vao gidi sd bai toan Cauchy va
mot cach 6n dinh dua trén ANN. Dau tién, ching toi giai thich sy khé khian khi giai
sO cac bai toan nay. Gia sit ching ta c6 mot phuong trinh Au = b can giai, trong dé
A 1a mot toan tit tuyén tinh ho#ic phi tuyén tit khong gian ham X sang khong gian
ham Y, va b 1a mot diéu kien da cho thuoc khong gian Y. Khi bai toan 1a bai toan
dat khong chinh, khong phai véi moi dit kién b bai toan déu c6 nghiém va tham chi
khi c6 nghiém, nghiém d6 khong phu thuoc lien tuc vao dit kién b hodc (ton tai theo
mot nghia nao d6). Tinh khong én dinh nay ctia bai toan khién viéc gidi s6 trd nén
kh6 khan. Mot sai s6 nhé trong diéu kién ctia bai toan c6 thé dan dén mot sai sb

16n trong nghiem. Do do, viéc gidi bai toan s6 tré nén khé khan vi khong thé loai



b6 hoan toan sai s6 trong dieu kién. Bén canh sai s6 thuong gip trong qua trinh do
dac, ching ta con phai d6i mit véi sai s6 khong thé bé qua do quéa trinh i rac héa
va sy lam tron ciia may tinh. Muc tiéu ctia 1y thuyét bai toan dat khong chinh 13
cung cap cac phuong phéap sb6 hieu qua dé giai quyét cac bai toan nay mot céch é6n
dinh. Dé dat duge muc tieu dé, trude tien can nghién ciu tinh on dinh cé diéu kién
clia bai toan, da duge nghién citu trong cac tai lieu ([12], [I3], [15], [16]). Nam 1943,
Tikhonov da dua ra nhan xét ban dau trong bai viét [8], sau nay duge goi la on dinh
theo nghia Tikhonov ([9], [15], [17]). Tiép sau d6, M. M. Lavrent’ev ([10], [11]) da dua
ra cac danh gid on dinh dang Holder cho bai toan Cauchy ciia phuong trinh Laplace.

Phuong phép s6 dé giai bai toan Cauchy cho phuong trinh elliptic va parabolic dang
nhan dugc st quan tam ngay cang 16n do nhu cau thyc tién. Viéc tim kiém cac thuat
toan on dinh va hiéu qua cho bai toan nay la mot thach thiic khé khin nhung rat
can thiét. Trong thoi gian gan day, phuong phap st dung mang neuron nhan tao giai
bai toan ngude, phuong trinh dao ham rieng da thu hut duge nhiéu sy quan tam ciia
nhiéu nha khoa hoc trén thé gigi va da c6 nhiéu cong trinh nghién ctu noi bat nhu:
18], [19], [20], [210, [22], [23], [24], [25], [26], [27], [28], [29], [30],... Mac du 1y thuyét
toan hoc cho phuong phép nay chua dude phat trién mot cach chi tiét, nhung su hieu
qud va tinh ting dung rong rai ctia né, dic biet 1a trong cac bai toan c6 so chicu 16n,
bai toan phi tuyén hodc c6 tinh ky di, da khuyén khich nhiéu nha nghién cttu quéc

té ap dung ky thuat nay.

Cong trinh dau tién [31] gidi thicu viéc sit dung mang neuron la ctia George E. Hinton
va dong nghiép vao nam 1986. Tac gia da gidi thieu mot kién tric mang neuron nhan
tao mdéi, duge goi la "mang neuron tich chap" (convolutional neuron network - CNN).
Bai bao nay tap trung vao viéc sit dung mang neuron tich chap dé giai quyét bai toan
phan loai &nh. Dic biét, ho 4p dung thuat toan lan truyén nguge (backpropagation)
dé tu dong hoc céac trong s6 ctia mang neuron duya trén dit lieu huan luyen. Mac du
nghién citu khong truec tiép sit dung mang neuron dé gidi phuong trinh dao ham rieng,
nhung lai danh dau sy xuat hién ban dau ciia cdc mo hinh mang neuron va thuat
toan backpropagation, déong gép quan trong cho su phét trién manh mé ctia deep
learning va tng dung rong rai ctia mang neuron trong cac linh viuc khac nhau. Nam
1998, [20] Lagaris, Likas v& Fotiadis da ting dung mang neuron nhan tao dé giai cac
phuong trinh vi phan thuong. Y tuéng nay duge mé rong cho phuong trinh vi phan
bac cao [21], [22] va phuong trinh dao ham riéng [23]. Céc két qua nghién citu da tao

tao ra mot co sd 1y thuyét cho viéc sit dung mang neuron giai cac bai toan phuong



trinh dao ham riéng va c6 anh hudng sau sic dén cac nghién cttu sau nay.

Nam 2018, [24] tac gia Sirignano va Spiliopoulos gidi thieu thuat toan DGM (Deep
Galerkin Method), mot thuat toan tien tién két hop gitta deep learning va phuong
phép Galerkin truyén théng dé tao ra céch tiép can méi gidi cac bai toan PDEs.
Phuong phap nay da c6 mot s6 tinh nang uu viét hon so véi cac phuong phap truyén
thong. Nam 2019, [I8] Maziar Raissi vd cong sy da trinh bay viéc st dung mang
neuron hoc sau, két hop véi kién thitc vat 1y, dé gidi cac bai toan thuan va ngugc cla
phuong trinh dao ham riéng phi tuyén. Phuong phap duge chiing minh 14 ¢6 hiéu qua
d6i véi nhiéu bai toan khac nhau, bao gom phuong trinh vi phan dao ham bac phan

s6 [25], bai toan thuan va nguge ngau nhién [26].

Nam 2022, [30] Yixin Li va Xianliang Hu da st dung mang neuron nhan tao dé xap
xi bai toan Cauchy cho phuong trinh dao ham riéng tuyén tinh. Tac gid khang dinh
phuong phap cho két qua én dinh nhung khi ching t6i chay thit nghiém trén may
tinh bang cac code do chinh tac gia viét thi két qua khong ding nhu mo ta. Cu the,

xét bai toan Cauchy sau

Qubt) L Au(x;t) =0, x,tin Q, T

u(x;t) = sin (1) cos(xg)e?, x,ton I, T
S

8155:) = [cos(:cl) cos(z2)e?!, — sin(x1) sin(xg)ezt] xn, x,tonl,T

u(x;0) = sin(x7) cos(x2), x in Q

trong do6, © 1a mot mién c6 bien lien tuc 09, T' 1a 1/2 bién duong tron va T = [0, g}
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Hinh 1: Bén trai la mién dit lieu €, bien I'(mau do6) duge tao ra bang cach lay mau ngau

nhién tit phan phoi déu véi kich thuée dit lieu dao tao N, = 10000 diém trén mién Q va

N, = 2500 diém trén bien I'. Bén phai 1a bicu dd hoi tu ctia thuat toan ADAM.



Theo bic¢u dd sut hoi tu, ching ta c6 thé thay ring khoang 1000 lan lip dau tién gia
tri cia ham mat mat giam nhanh nhung khong 6n dinh, sau do gia tri cia ham cé

xu huéng theo mot dusng thing.
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Hinh 2: Nghiém chinh x4c, nghiém s6 ANN va sai s6 v6i t = T trong trusng hgp nhiéu 1%.

Duira vao hinh minh hoa, ta thay sai s6 giita nghiém chinh x4c va nghiém s6 ANN la
16n. Diéu nay cho thay thuat toan dugc ap dung cho bai toan chua dua hiéu qua va
khong on dinh. Theo ching t6i, nguyén nhan khong c¢6 dude sut 6n dinh ctia 161 giai s6
14 do tac gid da khong chinh héa bai toan. V6i suy luan nhu vay ching toi da di dén
¥ tudng viét lai bai toan Cauchy duéi dang bai toan bién phan két hop véi chinh hoa
Tikhonov, sau d6 diing mang neuron nhan tao dé giai bai toan da chinh héa nay. T
nhitng 1y do trén nén t6i chon dé tai: "Giai bai toan Cauchy cho mot sé phuong
trinh dao ham riéng bing mang neural nhan tao", v6i mong muén st dung

mang neuron nhan tao két hgp véi chinh hoéa Tikhonov dé giai quyét bai toan nay.

No6i dung ctia luan van duge trinh bay trong 3 chuong. Ngoai ra, ludn van con c¢6

phan mé dau, két luan, tai licu tham khao va phu luc.

Chuong 1: Cao sé 1y thuyét. Trong chuong nay, ching toi sé trinh bay nhing kién
thiic co ban vé dinh nghia khong gian ham, bai toan Cauchy cho phuong trinh elliptic
va parabolic, bai toan dac chinh, 1 thuyét vé chinh héa Tikhonov, va trinh bay tong

quan Vé mang neuron.

Chuong 2: Giai bai toan Cauchy cho phuong trinh dao ham riéng bang

chinh héa Tikhonov v6i mang neuron nhan tao. Trong chuong nay, ching toi



trinh bay mot phuong phap gidi bai toan Cauchy biang cich két hop phuong phap
chinh héa Tikhonov véi mang neuron nhan tao dé gidi bai toan bai toan Cauchy dat

khong chinh cho phuong trinh elliptic va parabolic.

Chuong 3: Két qua mé phdéng. Trong chuong nay, ching t6i sé thit nghiem mang
neuron nhan tao (ANN) két hop v6i phuong phap chinh hoa Tikhonov thong qua
cac vi du cu thé trong khong gian hai chiéu (2D), ba chiéu (3D) cho hai trusng hop
tuyén tinh va phi tuyén. Nhitng vi du nay sé giap ching ta hiéu ré hon vé viec két
hop ANN v6i chinh héa Tikhonov ciing nhu tinh hiéu qué va tiém ning ctia phuong

trong viéc gidi quyét cic bai toan Cauchy cho phuong trinh dao ham riéng.



Chuong 1
CO SO LY THUYET

Trong chuong nay, ching to6i nhiac lai dinh nghia mot s khong gian ham co ban,
bai toan Cauchy cho phuong trinh elliptic va parabolic, bai toan dat chinh, 1y thuyét
chinh héa Tikhonov, va trinh bay téng quan vé mang neuron. Nhitng két qua nay 1a
can thiét va phuc vu cho viéc nghién citu ting dung ANN két hop phuong phap chinh
héa Tikhonov dé giai bai toan Cauchy trong chuong 2 va chuong 3. Hau hét cac két
qué déu khong chiing minh ma tham khéo & cac tai lieu [9], [16], [32], [33], [34], [35].

1.1. Dinh nghia cac khong gian ham
Noi dung phan nay duge trich dan dya trén tai lieu tham khéo [32] trang 702.
i) C(Q) ={u:Q — R|ulién tuc}.

(

(ii) C(Q) = {u € C(Q) | u lien tuc déu}.

(iii) C*(Q) = {u: Q — R | u 1a kha vi lien tuc k lan}.
(

iv) LP(Q) = {u: Q = R | u la do dugc Lebesgue, |lul|rsq) < oo}, trong do

1/p
full oy = ( / rm%) (1 <p<o0)
Q

(v) HY(Q) = {u € L?(Q):Vuce Lz(Q)}, trong d6 Vu la gradient ctia . Chuan 1wl 1)
dugc dinh nghia nhu sau:

1/2
lull i) = < / juf? dz + / rw?m)
Q Q

(vi) H2(Q) = {u € L*(Q) : D € L*(Q), |a| < 2}.
1.2. Bai toan Cauchy cho phuong trinh loai elliptic
Noi dung phan nay duge trich dan dya trén tai lieu tham khéo [36], [37].

Gia sit Q 14 mot mien (co thé khong gisi noi) trong khong gian R, n > 2, v6i bien du
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tron. Xét phuong trinh elliptic trong mién Q

n

_ Z % (mﬂ@%) + ZZ_; &ii (bi(z)u) + ch(x)ai (u) +d(x)u=f (1.1)

ij=1 i=1 !

v6i cac he sb ajj,b;,ci,d trong L,(Q) nao d6. Hon thé nita a;; thod man diéu kien

elliptic déu

n

Z aijfifj > aozgf v6iag >0, &= (51, R ,gn) c R".

ij=1 i=1

Gia st I'g 1a mot phan ciia bien 99. Trén I'g cho hai diéu kien Cauchy

u‘ro =@ (1-2)
ou
N Ny =1, (1.3)

S day, 24 (z) = D i @ijta, cos (Vi) = DT cjucos (v, x;), con (v, a;) la géc gitta phap
tuyén ngoai doéi véi 00 va truc z;.

Bai toan tim u thoa man - dugc goi la bai toan Cauchy cho phuong trinh
. Day 1a mot trong nhitng bai toan Cauchy don gidn nhat cho phuong trinh
elliptic. Ngoai bai toan nay, ta con c6 cac bai toan dang Cauchy khac, vi du nhw
ngoai diéu kién Cauchy , tai mot s6 phan ctia bién ta c6 thém mot dicu
kién bién. Su ton tai v tinh én dinh ctia bai toédn c6 thé tham khao & céc tai licu
sau [12], [37], [39]. Tinh dit khong chinh ctia bai todn Cauchy cho phuong trinh loai

elliptic c6 thé tham khao vi du ctia Hadamard [5], [6] 6 phan m& dau ctia luan van.
1.3. Bai toan Cauchy cho phuong trinh loai parabolic
Noi dung phan nay duge trich dan dya trén tai licu tham khao [36], [37].

Gia st Q 14 mot mien (co thé khong gisi noi) trong khong gian R, n > 2, v6i bien du
tron. Xét phuong trinh parabolic trong mién Q x (0, 7).

e Z 8895, (aij (@, hu; + ai(z, t)u) + Z bi(z, t)ug, +a(z,t)u = f(x,t) + 8]2(;, t), (1.4)

i,j=1 i=1

voi cac he $b ajj, a;,bi,a trong Ly(Q) ndo d6. Gid st Iy 1a mot phan ctia bien 99, ki

hiéu Sy =Ty x (0,T), bai toan cho diéu kien Cauchy sau

ulg, = ¢ (1.5)
ou
o), = (1.6)

u|t:0,$€Q =0, (1‘7)
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S day, gL(z) = D i i1 @iz cos (n, x;), con (n,x;) la goc gitta phap tuyen ngoai doi véi
002 x (0,T) va truc z;.

Bai toan tim u thod méan - dugc goi la bai toan Cauchy cho phuong trinh
. Day 14 mot trong nhitng bai todan Cauchy don gian nhat cho phuong trinh
parabolic. Ngoai bai toan nay, ta con c6 cac bai toan dang Cauchy khac, vi du nhu
ngoai dieéu kien , , tai mot so6 phan ctia bién ta c6 thém mot diéu kien
bién. Syt ton tai va tinh én dinh clia bai todn c6 thé tham khio & cac tai lieu sau [37],
[38], [40]. Tinh d&t khong chinh ctia bai toan Cauchy cho phuong trinh loai Parabolic
c6 thé tham khao vi du ctia Ginsberg [7] 6 phan m& dau cta luan van hodc tham
khéo trong luan an tién si khoa hoc [38] ciia GS. TSKH Dinh Nho Hao.

1.4. Bai toan dat khong chinh va 1y thuyét chinh héa

Noi dung kién thitc phan nay duge trich dan tir tai licu [33].

Dinh nghia 1.1. (Tinh d&it chinh va dat khong chinh theo nghia Hadamard [33]):
Gia st U,V la cac khong gian dinh chuan v mot anh xa A : U — V (tuyén tinh

hosic phi tuyén). Bai toan Au = b goi 1a dat chinh, néu thda cac tinh chat sau

1. Tinh ton tai (existence): V6i moi b € V ton tai v € U sao cho Au = b,

2. Tinh duy nhat (uniqueness): Véi moi b € V ¢6 khong qua mot u € U sao cho Au = b,
3. Tinh on dinh (stability): Nghiém « phu thuoc lién tuc vao b, nghia la v6i moi day
{up} C U va Au, — b thi u, — u(n — 00).

Néu bai toan khong thoa it nhat mot trong ba tinh chat trén thi bai toan dé duoc
goi la dat khong chinh (ill-posed).

Su chinh hoéa, nghia 1 ta xét sy xap xi gitta nghiém chinh xac (itng véi dit lieu chinh
xac) va nghiém chinh hoa (ting v6i dit lieu nhiéu). Mot sy chinh héa duge goi 1a t6t
néu sai s6 xap xi cang nhd.

Pinh 1y 1.1. Cho X.,Y la hai khong gian dinh chuan va U la tap md trong X. Néu
A:U —Y compact va X vo han chiéu thi A~' khong lién tuc; nghia la, phuong trinh
Af = g dat khong chinh.

Dinh nghia 1.2. Mot phuong phap chinh héa 1a mot ho cac toan ti tuyén tinh, bi

chan R, : Y — X, a > 0 sao cho

lim RyAx = z,Vx € X.
a—0
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Dinh nghia 1.3. Cho toan ti tuyén tinh, bi chin A: X — Y va y € Y. Khi d6
Ja(x) = Az —y|* + all2|®,z € X,

dugc goi 1a phiém ham Tikhonov.

Dinh 1y 1.2. Cho X,Y la hai khong gian Hilbert. A= X — Y la todn tii tuyén tinh
compact, bi chan va a > 0. Khi dé phiém ham Tikhonov J, c6 mot cuc tieu la 2 € X.

Cuc tieu x nay la nghiem duy nhat ctia phuong trinh
az® + AT Az = A*y.

T6c do hoi tu clia phuong phap chinh héa Tikhonov trong truong hop dit lieu bi nhiéu

dugc dua ra trong cac dinh 1i sau:

Dinh 1y 1.3. Néu z* = A*z € A*(Y) vdi

|z|]| < E thi khi chon a(d) = C—E‘S(c > 0), ta co:

1 1
H@_wugﬁC@+7§¢Ti

Dinh 1y 1.4. Néu 2* = A*Az vdi ||z|| < E, thi vdi cach chon:

ta co:

. 1 1.2
}ﬁg—x”§<a+a%>Ew&

Bac hoi tu cua chinh hoa Tikhonov:

Meénh dé 1.1. Cho A: X — Y la todn tii tuyén tinh, compact, don dnh sao cho R(A)

la vo han chiéu. Xét x € X, néu ton tai mot ham lién tuc:
a:[0,+00) = [0,400)

vd1 a(0) =0 sao cho:

: 5 2
fn ) =] 478 =0

vdi moi iy’ €Y, ||y’ — Az|| <6, thi x = 0.

1.5. Chon tham sb chinh héa

Trong phan nay, ching toi trinh bay hai phuong phap dé chon tham s6 chinh hoéa,
bao gom phuong phap hau nghiém (posterior regularization) va phuong phap L-curve

(xem [9], [16], [41]). C4 hai phuong phap nay thusng duge sit dung dé gidi quyét van
dé chon tham s6 chinh héa trong phuong trinh Au = b.
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1.5.1. Phuong phap hau nghiém

Phuong phap hau nghiém (posterior regularization [9], [16]) 14 mot phuong phap duge
stt dung hiéu qua trong viéc gidi quyét cac bai toan udc lugng tham s6 khi c6 sin
thong tin tién nghiém (prior information). Trong phuong phap nay, ta xem xét bai
toan u6c luong tham s6 dudi dang mot bai toan t6i wu, trong dé muc tiéu 1a tim maot
gi4 tri tham s6 phit hop dé giam thiéu sai s6 giita dit lieu quan sat va dit lieu du doan.
Cho A 14 mot toan tit tuyén tinh anh xa tit khong gian tham s6 u sang khong gian
quan sat b, u’ 1a nghiém chinh héa duge wée luong, b 1a dit lieu quan sat dudc, ta

xem xét bai todn uéc luong tham s6 dudi dang:
HAui - béH =70,

trong do, 6 do nhiéu; 7 1a mot hang s6, xac dinh mtc do sai s6 duge chap nhan giita
dit lieu quan sat va dit lieu du doan va thusng 7 > 1. Dé tim gia tri tham s6 chinh

héa a, ta c¢6 thé st dung thuat todn chia doi (bisection algorithm) nhu sau:

Thuat toan 1 : Gidi phuong trinh chinh héa hau nghiém bang phuong phap chia doi

1: procedure

2: Budc 1: Xac dinh khoang gia tri ban dau cho «, ta c6 thé chon khodng [amin, Qmax)-
Day 1a khoang chita cac gia tri clia o gan véi gia tri chinh xac.

3: Budc 2: Thuyc hién thuat toan tim kiém nhi phan dé xac dinh gia tri clia a.

4: Bué6c 2.1: Dat o = (umin + max) / 2 12 gid tri 6 gitta clia khodng ban dau.

5: Bué6c 2.2: Tinh ||Aud — b°|| bang cach st dung gid tri o hién tai va gia tri da biét
cua b.

6: Buéce 2.3: So sanh gia tri tinh toan duge véi gia tri muc tiéu 74.

7 if ||Au® —°|| < 70 then

8: Tang gia tri cia a. Dat oy, = a va quay lai Buée 2.1.

9: else if ||Au® — V|| > 70 then

10: Giam gia tri cua a. Dat an.. = a va quay lai Buéc 2.1.

11: else

12: | Aud — V|| = 74. Ta da tim thay gia tri o can tim. Két thic thuat toan.
13: end if

14: Budc 3: Lap lai Buéc 2 cho dén khi tim duge gia tri o can tim ho#ic dat duge do

chinh xac yéu cau.

15: end procedure
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Trong phuong phap nay, miic do nhiéu (noise level) trong dit li¢u 1a mot yéu t6 quan
trong. Phuong phap hau nghieém sit dung thong tin vé mitc do nhiéu dé xac dinh mot
gia tri thich hop cho a. Phuong phap nay thuong cho két qua tot hon khi mitc do

nhiéu duge xac dinh chinh xac va dang tin cay.
1.5.2. Phuong phap L-curve

Phuong phap L-curve [41] 13 mot phuong phap do thi duge st dung dé xac dinh gia
tri toi wu ctia tham s6 chinh héa a. Cach tiép can nay khong phu thudc vao mic
do nhiéu (noise level) trong dit lieu. Y tudng ctia L-curve 1a vé dudng cong trong R2

(log || Au—b||, log ||u|)), trong d6 ||Au —b|| 1a sai s6 dit licu va ||ul| 1& sai s6 nghiem. Diém

géc trén duong cong L-curve thuong tuong ting véi st can bang tot gitta sai s6 dit
lieu va sai s6 nghiém ctia mo hinh, gia tri o tuong tng véi diém nay duge chon la gia
tri t6i wu. Dé tim heé s6 chinh héa «, ta cé thé thuc hién cac bude sau dé xay dung

duong cong L-curve:

Thuat toan 2 : L-curve

1: procedure
2: Xay dung mot tap cac gia tri a.

3: Khdi tao mot tap dé luwu trit gia tri log || Au — b|| va log ||Jul|.

4: for mdi gia tri « trong tap da xac dinh do

5: Giai PT chinh héa Tikhonov dé tinh toan gia tri ||Au — b|| va |jul| tuong ting.
6: Theém gia tri log ||Au — b|| va log ||u|| vao tap da khéi tao.

7: end for

8: Vé duong cong L-curve trong R? (log || Au — b||,log ||u||) st dung cic diém tit tap da

xac dinh.
9: Xac dinh diém géc ctia dudng cong L-curve (diém c6 do cong 16n nhat).
10: Chon gié tri a tuong ting véi diém goc la gia tri chinh héa t6i wu.

11: end procedure

Thuat toan bat dau bang viéc xay dung mot tap gia tri a. Sau d6, véi moi gia tri

o trong tap da xac dinh, thuat toan gidi phuong trinh chinh héa Tikhonov dé tinh

toan cac gia tri ||Au —0b|| va ||u||. Céac gia tri logarithmic tuong ting dugc thém vao cac
tap tuong tng. Sau khi thu thap dugce cac gia tri logarithmic, thuat toan vé duong
cong L-curve trong R? (log||Au — b||,log ||ul|). Diém goc ctia dudng cong, c¢6 do cong
16n nhat, duge xac dinh va gia tri a tuong tng véi diém nay dugce chon la gia tri chinh

hoa t6i wu.
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1.6. Tong quan vé mang neuron nhan tao

Mang than kinh nhan tao (Artificial Neural Networks - ANN) 1a mot mo hinh lap
trinh dugc tao ra dya trén cau tric clia mang than kinh trong hé thong nio ctia con
ngudi. Nho sy két hgp v6i ki thuat hoc sau (Deep Learning - DL), ANN da phat
trien thanh mot cong cu manh mé trong viéc gidi quyét cac van dé phic tap nhu
nhan dang hinh anh, giong néi, x Iy ngon ngit ty nhién va ca cac van dé lien quan
dén linh vuc vat 1. Trong phan nay, ching toi sé trinh bay tong quan va chi tiét ve
ANN; dya trén nodi dung tai lieu tham khao [35].

1.6.1. Sigmoid Neurons

Ching ta sé xay dung mang neuron dira trén ham sigmoid, duge dinh nghia nhu sau:

B 1
1 4e T’

o(x) (1.8)

trén khoang —10 <z < 10.

1.04

Sigmoid(x)
L o o
= o w

o
]

=
o

=100 =75 =50 =25 0.0 2.5 5.0 7.5 10.0
X

Hinh 1.1: D6 thi ham Sigmoid.

Dé thuan lgi cho viéc tinh toan, ta can hiéu ham sigmoid dudi khai niém vector héa,
Gia st ¢6 mot vecto z € R™ va ham o : R™ — R™, ta dinh nghia ¢ la mdt phép toan
ap dung ham sigmoid cho tiing thanh phan ctia vecto z doc lap, tic 1a gia tri cia
o(z) tai thanh phan thit i 1a o(z;). Diéu nay dude biéu dién nhu sau:

1
1+e %"

(0(2)i = 0(22) =

Gia st rang cac s6 thuc tao ra béi cac neuron trén mét 16p duge tong hop thanh mot

vector a, ta c6 thé biéu dién vector dau ra tit 16p tiép theo bing cong thitc sau:

o(Wa +b) (1.9)
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trong d6, ma tran W chita cic trong s6 (weights) va vector b chita cac gia tri do lech
(bias). SO cot clia ma tran W tuong tng véi s6 neuron trén 16p trude, va s6 hang
clia W tuong ting v6i s6 neuron trén 16p hién tai. S6 thanh phan trong vector b ciing
tuong tng véi sé neuron trén 16p hién tai. Dé nhan manh vai tro ctia neuron thi i
trong cong thitc trén (1.9)), chiing ta c¢6 thé bidu dién thanh phan tht i ctia né theo

cong thirc sau:
o (Z Wija; + bi> .
J
O day, téng dudc tinh qua tat ci céc thanh phan trong vector a.

1.6.2. Mang neuron nhan tao

Trong phan nay, sé gi6i thieu mot tap ky hieu day du, cho phép xac dinh mot mang
neuron tong quat. Trude khi di vao chi tiét, ching ta xét mot vi du vé mang neuron
nhan tao bén 16p cu thé nhu hinh

e P \ye—-
O_>_<... e —
ot o

Layer 2 . Layer 4
Layer 1 ¥ (Output layer)
(Input layer) Layer 3

Hinh 1.2: Mang neuron nhan tao bén 16p.

Dt lieu biéu dién duéi dang = € R2. Do d6, céac trong s6 va do lech cho 16p thit 2 duge
biéu dién bing mot ma tran W e R?*2 vi mot vector b2 € R? tuong tng. Dau ra

16p thtt 2 dugce tinh bang cong thiic:
o (W[Q]x + b[Q]> e R?

L6p thit 3 ¢6 ba neuron, mdi neuron nhan dau vao tit khong gian R?. Do d6, cac
trong s6 va do lech cho 16p tht 3 duge biéu dién bing mot ma tran W e R3*2 va

mot vector b3 € R3 tuong tng. Dau ra tit 16p thtt 3 dude tinh bing cong thrc:
o (wma <W[2]x 4 bm) + bM) € R3

Lép thi 4, ciing 1a 16p dau ra, ¢6 hai neuron. Mdi neuron nhan dau vao tit khong

gian R3. Do d6, cac trong sd va do lech cho 16p nay dude bieu dién bang mot ma tran
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W e R2%3 va mot vector b4l € R? tuong tng. Dau ra 16p thit 4 1a tinh trén toan bo

mang neuron bang cong thic sau:
F(z) =0 (Wwa (ng (W[% + b[zl) + b[?’]) + b[4]> € R2. (1.10)

Gid st c6 N = 10 diém dit licu (hodc diém huan luyén) trong R™, méi diem huan

luyén {:c{i}};il ta c6 dau ra tuong tng {y (z{") }21 trong R™ . Ham chi phi c¢6 dang

Cost (W2, Wl Wi 42303 pi4) = 5 sy (#0) = 7 (=) (1.11)

10 pt 2
Truong hop tong quat, gid st mot mang neuron c6 L 16p, trong do 16p 1 va 1ép L 1a
dau vao va dau ra. Mai 16p thi [, véi | = 1,2,3,..., L, chita n; neuron. S6 chiéu ciia
dit lieu dau vao la nq, mang neuron titr khong gian R™ dén khong gian R™:. Ching ta
stt dung ma tran trong s6 Wl e Rmxm-1 dé biéu dién trong s6 tai 16p 1. Cu thé, wj[.l}g
14 trong s6 a4p dung tit neuron k tai 16p [ — 1 dén neuron j tai 16p I. Tuong ti, vector
bl € R™ 1a do lech ctia 16p [, nghia la neuron j tai 16p ! st dung do lech bg.l].

QO -
O =
/ (3] N Layer 5
O ll'l‘v-l'_-; (OQutput layer)
Layer 2
Layer 1 Layer 3
(Input layer) Layer 4

Hinh 1.3: Cau tric ctia ANN véi L 16p an.

Hinh , xét mang neuron gom L = 5 16p. Trong vi du nay, n; = 4,12 = 3,n3 = 4,n4 =

5, ns = 2. Vi vay, cac ma tran trong sb6 la W2 e R34 Wbl ¢ R¥3 Wl e R->4

Wbl € R2%5, v cac vector do lech 1a b2 e R3, B3 e R, b4 € R, 15 € R2. Cho mot
[I]

dau vao = € R™, chiing ta mo td hoat dong clia mang bang cich ky higu o' 1a dau ra

(hoac kich hoat) ctia neuron thi j tai 16p thi I. Khi d6, ta ¢6 cac phuong trinh sau:

all =z e R™, (1.12)
Al =& (W[l]a[l” + b“l) eR™ chol=23. ... L (1.13)
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R6 rang, phuong trinh va tao thanh mot thuat toan dé truyeén dit lieu
dau vao qua mang dé tao mot dau ra la alll € R, Thuat toan nay dude mo ta ¢ muc
5 clia tai lieu [35] nhu mot phuong phap dé huan luyén mang. Gia st ching ta c6 N
diém dit licu huan luyén {x(i)}i]\il trong khong gian R™, va mdi diém huan luyén di
kem v6i dau ra tuong ting {y (x(i))}i]il trong khong gian R"™:. Tong quat héa cong
thite (L.11]), ham chi phi bac hai ma ching ta can t5i thidu hoa c6 dang:

1 N 1
:—Z‘ @Y _ [L]( (z‘))‘
Cost N,_12Hy(x) o\’

2

)’ (1.14)

1.6.3. Phuong phap Gradient ngiu nhién

Dé t6i thiéu hoa ham chi phi (cost function):
L )
' —— E - {3} _ Gl (4 s
min Cost(p) = ~ 2 5 Hy (a: ) a (1: )H2 ,p € R%.

Trong do,
o= o) - ()

2
1 N
V Cost(p) = N Z V., (p).
i=1

Thuat toan Gradient Descent (GD) va Stochastic Gradient Descent (SGD) la hai
phuong phap quan trong duge sit dung trong qua trinh huin luyén mang neuron
nhan tao (ANN).

Thuat toan 3 : Giam do doc (Gradient Descent).
1: Chon p° € R® ban dau.

2: pFtl = pb — nV Cost(p").

3: Khi k tién dén vo cung, p* = limj_,o p*.

Thuat toan GD tinh toan gradient ctia him mat mat trén toan bo tap dit lieu dao
tao dé cap nhat cac trong sé clia mang neuron. Vi vay thuat toan GD c6 thé cap nhat

trong s6 cham hon, dic biet khi dit lieu dao tao 16n.

Thuat toan 4 : Gradient ngau nhién (Stochastic Gradient Descent).
1: Chon p° € R® ban dau.

2: Chon ngau nhién ¢ tiu tap {1,2,...,N}.
3 pPtt = — VO, (pF).

4: Khi k tién dén vo cling, p* = limy_,o p.
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Thuat toan SGD mdi lan cap nhat, né st dung chi mot mau dit lieu ngiu nhién tir
tap dit lieu dao tao dé tinh gradient va cap nhat trong s6. Do d6, SGD thudng cap
nhat trong s6 nhanh va hoi tu nhanh hon GD. Ngoai ra, viéc stt dung mau ngau nhién
c6 thé gitp tranh roi vao diém cuc tiéu dia phuong.

Lua chon gitta GD va SGD phu thudc vao bai toan cu thé va kich thuéce dit lieu dao
tao. SGD thuong dudc uwa chuong trong cac tinh huéng khi tap dit lieu 16n va khi
mudn dat dude tdéc dd hoc nhanh hon.

1.6.4. Lan truyén ngudc

Trong phan nay, gidi thicu thuat todn lan truyén nguge (back propagation) dé tinh

dao ham céic heé s6 trong mang neuron nhan tao.

Ching ta viét lai
=3 ()61 ().

dé don gidn ta viét lai nhu sau:
2

1
S| -
0= r=e"l,

Nhéc lai all = ¢ (Wlal=1 4 pl1) € R™ va dat 200 = wllal=11 4 plT € R
) = (Wlal=U e p1) =g (1), 1=1,2,. L.

Dinh nghia

T
T
sl — (3_([7”> _(5.”> eR™, [=1,2,...,L
o 1<j<m

1<j<m

L 1

J
neuron thw j tai 16p [.

1a dau vao c6 trong so6 cho neuron thit j tai 16p I, 6j[.l duge goi 1a sai s6 trong

Bay gio, ching ta ciing can dinh nghia phép nhan Hadamard. Cho « = (z1,22,...,2,),y =
(y1, 92, --,yn) € R, tich Hadamard

T
roy = (T1y1,T2Y2, - -, Tnyn) € R".

V6i ky hiéu nay, chiing ta c6 thé trinh bay cac két qua sau day, ma déu 1a hé qua cia

dao ham hgp (chain rule).

Bé dé 1.1. Ta c6:

S = o (Z[L]) o (aL — y) , (1.15)
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T
sl — o (A”) o <W[z+1]) s cho2<i<L—1, (1.16)
ol =o' cho2<1<1L, (1.17)
O—(f” = ol cho2<i<L. (1.18)
8wjk

Thuat toan 5 : Lan truyén ngugce (Backpropagation).

1: procedure

2:

3:

10:
11:
12:
13:
14:
15:
16:

17:

Cho s6 buéc lap tur 1 dén Ny,
Chon mot s6 nguyén k& mot cach ngdu nhien tit {1,2,3,..., N}. 2% Ia diém dit lieu
huan luyén hién tai.
alll = ik}
for | =2 dén L do

) — g1y i

= o (21)

DU = diag(o’'(211))

S = DI (gl — y(2ik}))
end for
for =L —1dén 2 do

5[l] — D[”(W[H_l])T(S[H_l]
end for
for | = L dén 2 do

wi — wil — n5[l]a[l—1]T

bl s il — gl

end for

18: end procedure

Trong thuat toan tren, Ny, 1a s6 lan lip, L 14 s6 16p an trong mang neuron, W va

bl 13 trong s6 va do lech ciia 16p thit [, o 1a ham kich hoat, o’ 14 dao ham ciia ham

kich hoat, y(z{¥}) 13 dau ra mong muén tuong ting véi diem dit lieu huan luyen z{#},

n 1a tdc do hoc (learning rate). Bién 6 14 sai s6 trong nueron tai 16p thit I, o/ dau

ra 16p thi I, 2l tdng trong s6 dau vao ctia 16p thi { va DI 13 ma tran duong chéo

chita dao ham cua ham kich hoat tai 16p tha (.
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1.6.5. Dinh ly xip xi phd quat

Dinh 1y 1.5. [27] Cho ¢ : R — R la mot ham so6 lién tuc, bi chan va khong dong
nhat bang hang so. Ky hiéu I, la hinh vuong don vi trong R™, tic tap [0,1]™. Kij hiéu
C (Iy) la khong gian cdc ham so lien tuc trong I,,. Khi dé, vdi moic > 0 va f € C (I,,),
ton tai s6 nguyén duong N, cdc s6 thuc vi,b; va cac vector w; € R™, i =1,2,..., N sao
cho
F(z) = Zvigp (wZTx + bi)
i=1
thoa man

|F(z) = f(z)] <e

vdi moi x € I,,. Hay ham s6 c¢6 dang F(z) tra. mat trong C (I,). Khang dinh vin ding

khi thay I,, bang tap compact bat ky.

Dinh 1y khéng dinh vé viéc mang neuron c6 thé xap xi moi ham sb lién tuc trén
tap compact. Tuy nhién, phién ban nam 1991 chi 4p dung cho mang neuron mot tang
an véi s6 neuron trong tang dé khong gidi han, chit khong 4p dung cho mang nhiéu
tang an. Néu chi stt dung mot tang an, so6 lugng neuron trong dé cé thé sé phai ting
len t6i hang triéu khién viéc huan luyen thuce té 1a bat kha thi. Cho t6i 2017, Zhou
Lu [42] va Hanin [43] da chiing minh céc phién ban cia dinh 1y danh cho mang c6
chiéu sau thay vi chiéu rong khong giéi han. Day da 1 co s6 ciia rat nhiéu huéng
tiép can sit dung mang neuron trong cac bai toan khac nhau va trong luan van la st

dung mang neuron dé xap xi nghiém ctia phuong trinh dao ham rieng.

Trén day la toan bo 1y thuyét tong quan vé cau tric ciia mot ANN. Bay giv, ching
toi xét cau tric chi tiét ciia mang neuron ap dung cho Chuong 2 va Chuong 3. Gia
st mang gom L 16p an, trong dé 16p dau vao va dau ra duge ky hieu 14 16p 0 va L+1.
M&éi 16p clia mang sit dung mot ham kich hoat phi tuyén o. Vé mat toan hoc mang

ANN duge xem 13 mot anh xa tit khong gian RY dén khong gian R, c6 cau tric nhu

Hinh [1.4]

Dua trén cau tric cia ANN, ta c6 thé hicu rang z 1a dau vao, o; 1a ham kich hoat,
w' 1a trong s6 va b 1a do lech cta 16p I v6i | = 0,1, ..., L. Cong thic biéu dién mang

neuron gitta cac 16p lién ké nhu sau:

2t — wlitlyl 4 pltl

v = o (zlﬂ)
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Input liw hidden layer Output

Hinh 1.4: Cau tric cia ANN véi L 16p an

O day, y"*! dai dien cho c& dau vao va dau ra clia 16p an thit [+ 1 va 16p thi 1. Ky
hieu w = {w!, w? ... wltll b= {b" b% . b} va dau vao duge ky hieu la x.

Dé don gian, ching t6i dinh nghia dau ra nhu sau:
yItl = NET(x;w,b),

diéu nay cho thay rang ANN nhan dau vao x € RY va duge tham s6 héa bdi w va b.
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Chuong 2

GIAI BAI TOAN CAUCHY CHO PHUONG TRINH
DAO HAM RIENG BANG CHINH HOA
TIKHONOV VOI MANG NEURON NHAN TAO

Trong phan nay, ching toi sé gidi thieu phuong phap st dung mang neuron nhan tao
két hop vé6i chinh héa Tikhonov dé xap xi bai toan Cauchy cho phuong trinh dao
ham rieng. Trong [30], cac tac gid da st dung mang neuron dé giai bai toan Cauchy,
tuy nhién, chua a4p dung phuong phap chinh héa Tikhonov cho bai toan. Do d6, két
qué thu duge khong on dinh trong nhiéu trudng hop bai toan phiec tap, c6 sb6 chiéu
16n ho#c bai toan c¢6 do phi tuyén cao. Van dé quan trong trong bai toan Cauchy la
lam thé nao dé xit Iy tinh dit khong chinh trong qua trinh xap xi, va day van la mot

thach thic 16n trong linh vize nghién citu nay.

Trong chuong nay, dau tién chting toi trinh bay mo hinh mang neuron nhan tao két

hop v6i phuong phap chinh héa Tikhonov cho bai toan Cauchy cho phuong trinh

elliptic trong muc va parabolic trong muc . Sau do, ching toi sé

trinh bay thuat toan dé huan luyén mang trong muc . Cudi cling, chung toi trinh
bay vé sit hoi tu ciia xap xi mang neuron trong muc .

Dé 4p dung chinh héa Tikhonov cho bai toan 1) chiing ta can chuyén bai toan vé
dang phuong trinh toan tit sau

Lu 0
Au =0, trong d6 Au= | . | .b=|f]- (2.1)
ol 9

Bai todn (0.2) ciing viét tuong tw. O day, A la toan td tuyén tinh va don anh di ti

khong gian R” vao khong gian R™ trén truong R. Hon nita, dit lieu vé phai b khong
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duge biét chinh xac ma chi c6 dit lieu xap xi b° ctia b v6i 6 > 0,0° € R thoa man:
|o—v°|| <. (2.2)

Ching ta luon gia st rang phuong trinh khong bi nhiéu 1) ton tai mot nghiem wu.
No6i cach khac, chung ta gia st ring b € R(A). Véi A 1a ham don anh thi u 1a nghiém
duy nhat.

Thong thuong, dé tim nghiem xap xi cho bai toan (2.1)), ngudi ta nghi dén viec tim
u®, nghiém ctia phuong trinh:
Aul =0,

va xem 0 & gia tri xap xi ctia nghiém chinh xac u. Ching ta biét rang dicu nay chi
dtng khi bai toan (2.1 1a dat chinh va #° € R(A). Cha ¥, phuong trinh trén c6 thé
khong giai duge vi ching ta khong thé dam bao dit lieu dude do b’ ndm trong mién
gia tri R(A). Hon nita, ngay ca khi phuong trinh giai dugce, vi bai toan |) la dat
khong chinh nén u? khong phai 1a nghiem xap xi ctia nghiém chinh xéc u.

Nhu da duge dé cap trude do, bai toan Cauchy 1a mot bai toan dit khong chinh. Vi vay,

trong phan nay, ching ta sé két hop mang neuron nhan tao (ANN) vé6i phuong phéap
chinh héa Tikhonov dé giai bai toan Cauchy cho phuong trinh elliptic va parabolic.

2.1. Ap dung chinh héa Tikhonov cho bai toan Cauchy trong phuong trinh
elliptic
Theo cach tiép can ctia Li va Hu [30] la tim nghiém @ cho bai toan (0.1) dudi dang

dau ra ctia mang neuron NET(x;w,b). Dinh nghia ham muc tiéu
2

_ _ _ ou
J(@) = |\Lall, ) +la— fliz,m + ‘ m Y, (2.3)
2(T)
Khi d6, phuong phap ANN cho bai toan 1) duoc viét nhu sau:
min J(u)
Wb (2.4)

sao cho w = NET(x;w,b),
4 day, NET : Q — R 1a mot anh xa clia mang neuron, w va b 1a cac tham s6 trong
mang.
Trong phan nay, ching ta nghién citu phuong phap chinh héa Tikhonov cho bai toan

(0.1). Do d6, ho toan tit chinh héa duge dinh nghia nhu sau:

Rab :=min J,(u),a >0
wb (2.5)
sao cho u = NET(x;w,b)
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trong do, J, (@) 1a phiém ham Tikhonov xac dinh bdi:

@_ 2

Ja@) = HCQH%Q(Q) + ||a - f”%g(l“) + on

+ a®(u) (2.6)
Ly(T)

& day, o 1a hé s6 chinh héa, ®(u) 1a ham chinh hoéa c6 thé 1a cac ham sau:

i 9 Nr2 . i 9 N, . 9 2 Nr2 o 2

|“ Lx(r2) — ;(“i) ’ |” Lo(Q) ~ ;W  on Ve — X_; <an> ’
2 2 2

|ﬂ|H1(Q) = |ﬂ Ly@) T |Vﬂ Ls(9)

N, 2 2 2

= @+ z (a) . (a) ot (axd |

1=
Dé giai bai toan (2.6), ching ta lay mau ngau nhien mot s6 diém x;, = [z1, z2, ..., z]
trong Q, v6i N,, Ng, N, N, 12 s6 diém thuoc Q, T' (diéu kien bién Dirichlet), T' (diéu
kien bien Neumann), Ny, (s6 diém chinh héa), tuong ting sao cho N,+Ng+N,+N;, = N.

Dé danh gia tinh 6n dinh clia xap xi, chiing ta them tht cong nhiéu théng ke vao dit

liéu nhan f, g nhu sau:

e N . L

trong dé ¢ 1a mic do nhidu thong ke. Dé thuan tién trong tinh toan giai s6, ham muc

tiéu 1) c6 thé duge biéu dién dusi dang roi rac nhu sau:

Ja(w) = Jo(w) + Ja(u) + Jn(u) + a®(u)

N, Ny N /oo 2 (2.7)
Zﬁuz +Z +Z< Z—gf) + ad(u)

=1

trong do, u; = NET (x;;w, b), f(S £ (x4), g(-S 9° (xi).

Ap dung thuat toan lan truyén ngucc dé tinh cac dao ham sau
0Jal@) _ 0Jo(@) | Jal@) , 0Ju(@) | 0P(w)

ow ow ow ow ow

N, Ny I 9 (2.8)
_ 0Lu; ou; Ou; 5\ 07y 0P (u)
_2<;£ ;( >8w+;<8n gi>8n8w>+a ow
Tuong tu,
0Jo(u)  0Jo(u) =~ 0Jg(u) , 0Jn(u) 0P (u)
b b | ob b < “Tob
(2.9)

N, _ Ny _ Nn _ 2
B _ 0Lu, _ ) Ouy ou; 5\ 07y 0P (u)
_2@;&“ b +;<“ fi)8b+;<8n gi) 8n8b)+a b

Cach tinh La, %, va @ cliing v6i qua trinh lan truyén nguge tuong tng sé dude trinh
bay chi tiét trong phan phu luc cia luan van. Ta c¢6 thé hiéu phuong phap ANN khi
ap dung chinh héa Tikhonov cho bai toan (0.1)) bing so d6 trong Hinh [2.1| duéi day
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ANN PDE
fu
» Ju, Lu, du)
r
du
No PDE Regularization
Loss <g
or Loss: J=J(u, Lu, ou)+ a®(u) <+
Yei Iter > maxit £

Hinh 2.1: So do ANN dé giai bai toan Cauchy trong trudng 4p dung chinh héa Tikhonov.

Béng cach thém ham chinh héa vao ham muc tiéu J(a), ching ta thu duge mot ham
muc tiéu méi J, () nhu trong cong thiic (2.7). Qua trinh t6i uu hién tai la tim gia
tri clia bién @ dé ham muc tiéu méi nay dat gia tri nhé nhat.

2.2. Ap dung chinh héa Tikhonov cho bai toan Cauchy trong phuong trinh
parabolic

Tuong tu, trong [30] tac gid da dinh nghia ham muc tiéu cho bai toan (0.2) nhu sau:

2

J(u) = | % + Lu
ou
_ 2 — 2
=l + || 5 — e + @ = hllz, @)
bai toan (0.2) ¢ thé duge viét lai la
min J(a)
wb (2.11)

u= NET(x,t;w,b)

trong d6, w va b 1 cac tham sé trong mang.
Trong phan nay, ching ta nghién citu phuong phap chinh héa Tikhonov cho bai toan
(0.2). Do do, ho toan tit chinh héa duge dinh nghia nhu sau:

Rab :=min J,(u),a >0
wb (2.12)

sao cho u = NET(x;w,b)
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trong do, J, (@) 1a phiém ham Tikhonov xac dinh bdi:

2

Jo(u) = du + Lu
at Q(QXT)
. ) (2.13)
_ u
+ [lu - f“2L2(l‘><T) lam + ||z — hHL )+ ad(u)
LQ(FXT)

¢ day, a 13 he s6 chinh hoéa, ®(u) la ham chinh héa cé thé 1a mot trong cac ham sau:
U |

2 2 a2
[l e | :

Ly (T2)’ Ly(Q)’ 1 dn
Dé giai bai toan 1) chiing ta 1y ngau nhién mot s6 diem x;, = [z1,29,...,2N]

Ly(I'2) | Hi(Q)'

trong khong gian Q x T, v6i N,, Ny, N, Ni, Nj, 1a s6 diém 1y mau thuoc Q x 7, ' x T
(diéu kién bien Dirichlet), I' x T (diéu kién bien Neumann), Ny (sé diém chinh héa),
tuong ting sao cho N, + N+ N,, + N; + N}, = N. Dé danh gié tinh 6n dinh ctia xap xi,

ching ta thém thi cong nhiéu thong ké vao dit lieu nhan f, g, h, sao cho
1= fllp <6 o —glp <o || —n|, <9

trong d6 ¢ 1a mic do nhidu thong ke. Dé thuan tién trong tinh toan giai s6, ham muc

tieu (2.13)) duge viét dudi dang roi rac nhu

Jo(u) = Jo(u) + Jg(u) + Jp(u) + Je(u) + ad®(u)

_Z@% ““)2 (214
+;(u, +%<8uz— Z) Z — 1) + ad(u),

=1

trong d6, 4 = NET (x4, t;;w,b), [0 = [0 (xi), g0 = ¢° (xi), b = h? (xs).
Ap dung thuat toan lan truyén ngudc dé tinh cac dao ham sau

0Jo(u)  0Jo(u) N 0Jg(u) N OJp () N 0Ji(u) N 0P (u)

ow ax;vv ow w e T
_9 [2 (85; . Euf) ( ;;f:iv . a;ji)
Z (5 ) i +z 1)
5o 32] o

Tuong tu,
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dJo(u)  0Jo(u) 0Jg(u) N OJp(u)  OJy(u) N 0P (u)

b b b b ab T ab
B i ou; o 62ﬂi n oLu;
&\ ) \aww T b
No o _ Ny _ (2.16)
ou; s\ 0% sy Ou;
> (an _9i> ndb +Z;(“Z_fi) ob

_ o0u; 8<I>(u)
+2 (=) ab] MR

Céch tinh 2% £u, 9% 4 va lan truyén nguge tuong tng dugdc trinh bay chi tiét ¢ phan
phu luc ctia luan van. Ta c6 thé hiéu phuong phap ANN khi 4p dung chinh héa
Tikhonov cho bai toan (0.2) bing so d6 trong Hinh [2.2| duéi day

ANN PDE
> fu
> Ju, u, Lu, du) |—

» du,u,

PDE Resularization
Loss <&

or Loss: J=J(u, u;, £fu, du)+ ad(u) <+

o

Iter > maxit

Hinh 2.2: So do ANN dé giai bai toan Cauchy trong truong 4p dung chinh héa Tikhonov.

Bang cach them ham chinh héa vao ham muc tiéu J(@), ching ta thu dugc mot ham
muc tiéu méi J,() nhu trong cong thiic (2.14). Qua trinh t6i wu hién tai la tim gia
tri clia bién @ dé ham muc tiéu méi nay dat gia tri nhé nhat.

2.3. Thuat toan huan luyén mang

Thuat todn ban dau cho cdc mang neuron la phuong phap gidm do déc (GD). N6

dudce thuc hién nhu sau:

witl = w" — At—&ga(a), bt =b" — At
W

0Ja(u)
b
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trong d6, n 1a s6 lan lap va At 1a bu6c thoi gian. Tuy nhién, trong nghién citu clia
ching toi, thuat toan Gradient Descent (GD) khong dat dugc két qué s6 to6t nhu
ching t6i mong dgi. Trong [30], cac tac gid da st dung thuat toan ADAM. Chung
ta déu biét rang thuat toan ADAM la mot thuat toan t6i wu ngdu nhién on dinh va
nhanh. Tuy nhién, duong nhu thuat toan ADAM khong hiéu qua cho cac bai toan
Cauchy phi tuyén 2D va 3D. Vi vay, dé cai thién qua trinh t6i wu héa mo hinh, ching
toi da phai két hop hai thuat toan t6i wu 14 ADAM va L-BFGS. Ching toi ky vong
rang bang cach sit dung ca hai thuat toan nay, sé tang cuong hiéu suat clia qua trinh
t61 uu hoa va dat duge két qua tot hon trong viec huan luyén va uée luong cac tham
s6 ctia mo hinh.

Céng thitc chinh cia ADAM cho viéc cap nhat trong s6 w dude bieu dién nhu sau:

(

(

n+1 — n+1 —

with = wr At Oeli) gttt 27e(0)
sntlte s, e
{ nt1 _ Bront(1-5) %a { it Brop (1= 25 (2.17)
w 1-87 b 1-87
a2 n () \ 2
gl _ Basut(1-82) (%5502) gl _ Basi+(1-52) (P
[ Sw 1-35 L 7b 1-p3

Trong ca hai cong thiic trén, w” va b” 1a cac trong sé va bias tai vong lap thi n; At
dai dién cho budc thoi gian; v, s, vf, si' 1a cdc ma tran tham s6 tai vong lap tha
n; 31 va By 1a cac hiang s6 trong khoang tit 0 dén 1, dai dién cho ti lé giam gradient
va ti le gidm gradient binh phuong, tuong ting; e 13 mot hiang sé nhé duge them vao

trong mau s6 dé tranh viéc chia cho 0.

Thuat toan 6 : Giai bai toan Cauchy bang thuat toAn ADAM

1: procedure

2 Dau vao: x* € Q hoac Q x T; Dit lieu f?, ¢°, h%; S6 16p an L; S6 noron N;
3: Khéi tao cau tric mang neuarl; Trong s6 w', bias b! va cac tham s6 khac;

4: while Iter < np do

5: Tinh két qua dau ra y“™! véi mang;

6: Tinh ham muc tiéu J, cho béi (2.7) va (2.14);
) g ; 0Ja(@) s 0Ja(u).

7: Tinh gradient theo =3~ va =5 =;

8: Cap nhat w' va b! biing thuat toan (2.17));

9: end while
10: Dau ra: Qua trinh ctia ham muc tieu Jy;
11: Dau ra: Nghém u ctia PDEs;

12: end procedure
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L-BFGS (Limited-memory Broyden—Fletcher-Goldfarb—Shanno) [44] 1a mot thuat
toan toi wu hoa pho bién duge st dung trong viec t6i wu héa tham s6 cho mang
neuron. Thuat toan nay thuoc loai cac thuat toan quasi-Newton, va ndi tiéng vi kha
ning hiéu qua va linh hoat trong viéc gidi quyét cac bai toan téi wu hoa khong rang
buoc. Véi cau tric luu trit han ché, L-BFGS rat phit hop véi viéc tdi wu héa mo hinh
mang neuron, dac biét 1a khi mo hinh c6 s6 luong tham s6 16n. Thay vi tinh toin ma
tran Hessian day di nhu cac phuong phap Newton truyén thong, L-BFGS chi can luu
trit mot so xap xi clia ma tran Hessian dé giam chi phi tinh todn. Cong thiic chinh

ctia thuat toan L-BFGS cho viéc cap nhat trong s6 w va bias b 1a nhu sau:

witl = wm — BH 1V J,(w"),
(2.18)

bl = b — BH 1V J,(bM).

Trong d6, w” va b" 1a trong sd va bias tai vong lip thit n; V.J,(w?) va V.J,(b") 1a
gradient ctia ham muc tiéu J, tai w” va b?; H,! 1a ma tran xac dinh duong nghich
ddo BFGS duge xap xi tu lich st ctia cac bude trude d6 va dude cap nhat theo quy

tdc BFGS trong quéa trinh lip lai ctia thuat toan va dugce biéu dién nhu sau:
H,' = (I - pnsny,{) H ! (I - pnynsg) + pusnpsL, (2.19)

vOi H;il la ma tran xac dinh duong nghich ddo BFGS cua vong lap trudc, I la ma
tran don vi, p, 1a hé s6 cap nhat dudc tinh toan duya trén cic vector s, va y,:

1

b
N

pn = (2.20)

s, = w1 — w” la vector chénh lech giita cac trong sé tai hai vong lip lién tiép,
yn = VJo(w'tl) — VJ,(w") 1a vector chénh léch gitta cac gradient tai hai vong lap
lien tiép. Cong thitc mo ta qua trinh cap nhat ma tran xac dinh duong nghich dao
BFGS H;! dya trén lich st clia cac vector s, v y,. Qua trinh nay gitp xap xi ma
tran Hessian ctia ham muc tiéu va ddm bao tinh chat xac dinh duong ciia ma tran

xac dinh duong nghich déo H;!.

Trong cong thitc trén, 4 1a mot hé sé6 hoc duge chon sao cho thuat toan hoi tu tot.
Cac gia tri khac nhau ctia 4 c¢6 thé dugc thit nghiem dé tim ra gia tri t6i wu cho bai
toan cu thé. Viec cap nhat trong s6 w va bias b dua trén cong thic trén gitp toi wu
héa ham muc tieu va diéu chinh cac tham s clia mang neuron dé dat duge két qua

t6t nhat khi giai bai toan Cauchy.
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Thuat toan 7 : Giai bai toan Cauchy bing thuat toan L-BFGS

1: procedure

2: Dau vao: x* € Q hodc Q x T; Dit lieu f2, ¢°, h;

3: Dau va0:56 16p an L; S6 noron N; He s6 hoc (learning rate) 3;

4: Khéi tao cau tric mang neuarl;

5: Khéi tao trong s6 (weights) w!, bias b! va cac tham s khac;

6: Khéi tao cac ma tran nghich ddo H, ! cia ma tran Hessian xap xi;

7 while Iter < np do

8: Tinh két qua dau ra y“*! véi mang;

9: Tinh ham muc tieu J, cho béi va ([2.14);

10: Tinh gradient VJ,(w") va V.J,(b");

11: Cap nhat ma tran xac dinh duong nghich dao H,:l;
12: Cap nhat trong s6 w! va bias b’ theo ;

13: end while
14: Dau ra: Qua trinh ctia ham muc tieu Jy;
15: Dau ra: Nghém 4 ctia PDEs;

16: end procedure

Thuat toan nay st dung phuong phap L-BFGS dé tim gié tri cuc tiéu clia ham muc
tieu va cap nhat trong s6 va do lech ctia mang neuron. Phuong phap L-BFGS 1a mot
thuat toan t6i wu khong rang budc dua trén gradient, né stt dung mot ma tran xac
dinh duong nghich ddo dé xap xi ma tran Hessian ctia ham muc tiéu. Qua trinh lap
lai nay dugc thiyc hién cho dén khi s6 1an lip vuot qua gidi han np. Cudi cuing, thuat
toan tra vé qua trinh ctia ham muc tiéu J, va nghiém « ciia bai toan nguge Cauchy
13 két qua cudi cling.

2.4. Phan tich hoi tu cho xap xi ANN

Trong phan nay, ching toi sé trinh bay vé sy tuong duong giita bai toan |) va bai
toan t6i wu (2.11). Dé chiing minh diéu nay, ching ta can dinh nghia khai niem tra

mat (dense) va m-tru mat (m-dense) trong mien Q x T.
2.4.1. Tru mat va m-trua mat cia ANN

Theo tai lieu [28], cac dinh nghia vé tru mat (denseness) va m-tra, mat (m-denseness)

duge dinh nghia nhu sau:

Dinh nghia 2.1. Mot mang Net(x,t; w,b) dudc goi 1a tra mdt néu théa man dicu
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kién sau:
|Net(x, t;w,b) — f(x, )i <e, Vf € C(Q), (2.21)

& day, || ||1 1a chudn L.

Dinh nghia 2.2. Mot mang Net(x, t; w,b) dugdc goi 1a m-trd mdt néu thdéa man dicu

kién sau:
max |[|[V*Net(x,t;w,b) — Vf(x,t)]|; <e (2.22)
la|<m

& day, || - ||1 1& chuan L.

Gia st mang c6 [ 16p an c6 thé duge xem nhu mot dnh xa Al (x,t), trong dé x va t

1a dau vao va diu ra clia mang. Anh xa nay duge biéu dién bing cong thic:
A= {31 R 050 = 3 (ot 41 .
i=1

trong do d 1a kich thuéc ctia dau vao va n 1a s6 lugng neuron trong 16p thit I. C6 thé
dinh nghia ngan gon la A'(x,t) = U2 Al (x, t).

2.4.2. Tinh tru mat cta A'(o)

Xét tap Q bi chan trong khong gian R? v6i bien 0. Trong [28], Kurt Hornik da chiing
minh tinh ¢r4 mat va tinh m-tra mat cia mang mot 16p an, va diéu nay sé duge maé
rong sang mang nhiéu 16p an trong dinh Iy . Dé thuan tién cho chting minh, ta xét

mot bo dé quan trong sau:

Bo6 dé 2.1. Dinh nghia ham mang neuron 1dp an thit Iy, (l=1,2,...,L+1) nhu sau:

Z (x;t) = wlo (zl_l(x; t)) +bl, ZeR™

vdi moi e > 0, ton tai Al = [a},d), ... ,aﬂT e R™™ sqo cho
HAZO' (zl(x; t)) - (X’t)HQXT = sup |aﬁa (zl(x; t)) - (Xi,ti)| < e. (2.23)
1] (x4,6:)EQXT

Ching minh. St dung phuong phap quy nap.
I. Kiém tra phuong trinh (2.23) ding khi I = 1.

Theo dinh ly 2 trong tai lieu [28], ro6 rang 1a v6i bat ky e > 0 va z; € Q, ton tai

al € R™ sao cho

HAla (zl(x; t)) - XHQ = ‘aga (zl(x; t)) - xz| < €,
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I1. Gi st phuong trinh (2.23) ding véi [ = k, ta chitng minh né ding v6i I = k + 1.

C6 dinh A**1 vi ham sigmoid ¢ théa man tinh lién tuc Lipschitz nén ta c6

sup ‘akH ( R (x; t)) - xz‘ = sup }akﬂ ( bl (zk(x;t)) +bk) — xZ’
7

— sup Zak—i—l ( k+1 (k;( ;t)>+b§>—xi

< sup Zak—i-l( ( k+1 ( B(x; t)) +b§?) _J?i)

)

ZakJrl ~

+ sup

< sup

Z ak+16| + sup | Zakﬂ — T
, VO Za’”‘l =1,

<e

hoan thanh chiing minh bé dé [2.1] |

V6i bo dé trén, Li va Hu [30] da md rong dinh 1y trong [45] thanh mang neuron nhiéu

16p an, xem trong dinh 1y sau:
Dinh 1y 2.1. Cho o la ham kich hoat sigmoid, mang A'(o) la tra mat trong C(QxT).
Chiing minh. Theo dinh 1y 1 trong tai liéu [45], ta c6:

| Ao (wix+0') — f(x)|| <€, VFfeC@QxT). (2.24)
Dé thay rang:

[ Aw(o) = FR)| = [[ALt10 (2" (x;1)) — f(x)|
< |40 (w'x+b') — f(x)||
+ HALHU (ZL+1(X; t)) — Ajo (wlx + bl) H

<2, YfeC@xT)
hoan thanh ching minh dinh ly . u

2.4.3. Tinh m - tri mat cta A'(0)

Dau tien, ta xem xét mot boé dé quan trong sau:
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Bo6 dé 2.2. Dinh nghia ham mang neuron Idp an thit ly, nhu sau:
z (x;t) = wlo (zlil(x; t)) +bl, zZeRm™

4 . 2 . . T l
vdi moi € > 0, ton tai ma tran Al = [all,aé, o ,ail] e R sqo cho:

max ~ sup ’VC“AZU (zl(x; t)) — V*Ale (w'(x,t) + bl)‘ <e. (2.25)
lal<m x teQxT

Chiing minh. St dung phuong phap quy nap dé chiing minh bo dé nay.
I. Kiém tra phuong trinh (2.25) ding khi I = 1. R6 rang ring véi bat ki € > 0 va
x; € €, ta co:

max sup |VaAl ( (x; )) ~VAls (wlx + bl)‘ =0 <, (2.26)

la[<m y e
va phuong trinh dugc kiém tra.
I1. Gia st phuong trinh dang v6i | = k, ta chiing minh n6 dung véi [ = k + 1.
C6 dinh A**1 vi ham sigmoid ¢ thoéa man tinh chat lién tuc Lipschitz va bi chin,
nén ta co:

max sup ‘V“AI“Jrl ( R (x; t)) — VoAl (w'x + bl)’

lal<m e
= max sup sup ‘Va A ( l(x;t)) — V%o (wlx + bl)‘

lal<m weqy i

= max sup sup
lal<m yeqy i

vo (Zak—l-l ( k+1 ( k(x ;t)) —i—bf) _ Zagja (w}x—i—b}))

J

< max sup sup V%
lel<m ey i

k+1 < ( (zk’(x; t)> + b§> -0 (wjl-x + b}))

S o) )
<Le V6i ZakH Za%jzl,
J

hoan thanh ching minh cia bé dé2.2] |

V6i bd dé trén, Li va Hu [30] d& mé rong dinh 1y 3 trong tai licu [45] cho mang neuron
da 16p an, tit d6 thu duge dinh Iy sau:

Dinh 1y 2.2. Cho ham kich hoat sigmoid o € C™(Q x T), ta c6 A(c) m-tru mat déu
tren C"™(Q x T).



34
Chiing minh. Theo Dinh 1y 3 trong tai lieu [45], ta c¢6

max ||VO‘A10 (wlx + bl) - Vaf(x)H <eVfel™Q). (2.27)

|al<m
R6 rang la

max ||VQAL+1U (ZL+1(X§ t)) - Vaf(X)H

laj<m

< max (IV¥Az o (27 (x:1)) = VAo (wix +01)) | (2.28)

+ ||V Ao (wix +b') = VO f(x)||)
<(L+DeVfeC™QxT).

hoan thanh chiing minh dinh 1y [2.2] |

2.4.4. Sy tuong duong gitta bai toan (/0.2 va (2.11

Diéu kién 1. Gia st ban dau bai toan c6 cac dieu kién sau day:

a) Ton tai mot nghiem duy nhat v? trong , va uP € H>(Qx T).

b) £ lien tuc Lipschitz trén Q x 7.

¢) Ham h thuoc 16p C?(Q x T) va c6 dao ham cap mot bi chan tren Q x 7.

d) Bien 90 € C2.

Véi nhitng dieu kién nay, sy tuong duong duge thiét 1ap trén cic dinh 1y sau:

Dinh 1y 2.3. Vdi moi e > 0, ton tai mot chudi mang neuron Y™ (x;t;w,b) sao cho

J (") < Ke, trong dé K = max(|Q x T],|T x T|, Q) va J (¥") la phuwong trinh .

Chitng minh. Bay gio, ching ta dinh nghia ¢ € A4(c) 14 mot mang neuron xap xi.
Gia st rang toan ti £ € C™ (Rd) va ham sigmoid o; € C™ (Rd X T) khong phai la
héng s6 va bi chan trong khoang [0, 1]. R rang rang Q x 7 1a mot tap con compact
trong R?. Theo dinh 1y 2.2] ta c6

lmaxl sup |[V%u(x;t) — V| < ZEL’ v6i moi u € C™ (Rd xT), (2.29)
as<m|xeQ
do do
sup |u—¢|+ sup Gu 9y
xelteT xelteT on  On
ou oY
+ sup |—+Lu—(—+LY)|+ sup |u—1Y
xe,teT | Ot ( ot ) er,t:Ol | (2'30)

< 42 sup |V@u(x;t) — VY| < e
a=0 XGQ
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Goi u”(x) la nghiém ctia bai toan (0.2)) va sit dung két luan tir phuong trinh (2.30)) va
bat dang thiic Holder, ta co

2

+ L — + LuP)
o= - eo- e,
! ‘ it I L O Rl L TN
<IOxT] sup |uP —¢*+]Q sup |uP —¢f
xelteT xeQ,t=0 (231)
2
ouP Oy
+|I'xT| sup |—=—— —
| ‘XGF,tGT on  On
o ?

+[QxT| sup
xeQteT

< Ke® < Ke, khi e — 0,

+ Ly - (t + LuP)

ot

hoan thanh chitng minh dinh 1y [2.3] |

Dinh 1y 2.4. Chudi mang neuron zap xi {4} hoi tu dén nghiém u* cia khi

n — o0.

Chaing minh. Vi ¢™ la mot nghiem ciia (2.11)), 16 rang ring J (¢") < J(¥) v6i moi
e Ag(o). Pat 0 < J (™) < J(v) < Ke. Khi € — 0, tuong duong véi

0 n_
<6t ) Y =g¢"  trong Q x T,

Yt —f=gy trenl xT,

trén ' x T

Y"(x;0) —h=g; trong €,

cho 9" 97,94+ 9p thdéa man

19" 2 + Hg?HiQ(FxT) * ||ggHiQ(FxT) + 197172 (10 — 0> khin = 00 (2.32)

Gia st dieu kien 1 thiét 1ap va ™ € L?(Q2 x T). Ro rang 1a {"} bi chan déu doi véi
n trong L™ (T, LQ(Q)), nghia 1a ton tai mot day con, dugce ky hieu {@D”}, hoéi tu t6i
theo nghia yéu trong L> (T, L*(Q) ).

Tiép theo theo diéu kién 1 va dinh 1y 7.3 trong [24], rd rang 1a ton tai hing s6 C < oo

/ (25) Ydxdt < C,
QxT ot

sao cho
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dan dén {4"} hoi tu hau khap noi vé u trong Q x 7. Sau d6, ¢6 the ching minh réng
™ la nghiém ctia bai toan (0.2) khi n — oo, hoan thanh ching minh ctia dinh 1y [2.4]
Cubi cuing, chiing ta da chitng minh bai toan 1' tuong duong véi bai toan {D (cing
nhu bai toan (0.1) va (2.4) déu théa man dicu kien 1. |
2.5. Nhan xét
Trong chuong nay, ching to6i da trinh bay cac két qua cu thé nhu sau:

1. Trinh bay mo hinh mang neuron nhan tao (ANN) ap dung chinh héa Tikhonov
cho ca bai toan Cauchy phu thudc thoi gian va khong phu thuoc thoi gian.

2. Ap dung hiéu qua thuat toan ADAM két hop véi thuat toan L-BFGS dé dao tao
mang neuron nhan tao (ANN) giai bai toan Cauchy dat khong chinh cho phuong

trinh elliptic va parabolic.
3. Trinh bay su hoi tu xap xi mang neuron.

Dé minh chiing cho tinh hiéu qua khi ap dung phuong phap chinh héa Tikhonov két
hop v6i ANN trong giai bai toan Cauchy cho phuong trinh dao ham riéng, ching to6i
trinh bay phan vi du mo phong 6 chuong 3.
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Chuong 3
KET QUA MO PHONG

Trong chuong nay, trinh bay cac vi du s6 mo phéng qua trinh huan luyén mang
neuron nhan tao (ANN) dé giai bai toan Cauchy, bao gdm ca trudng hop tuyén tinh
va phi tuyén. Dé t6i uu hoa céc tham s6 ciia mang, ching toi st dung két hop gitta
thuat toan ADAM va thuat toan L-BFGS. Ham kich hoat sigmoid duge chon cho moi
16p an trong ANN. Tham s6 chinh héa « dugc chon theo phuong phap L-curve va
phuong phap hau nghiem. Céac vi du dugce viét trén ngon ngit 1ap trinh Python.

Cac vi du trong luan vian nay st dung dit lieu s6 héa va ching toi da biét dude gia
tri chinh xac ctia nghiem, tit d6 c6 thé tinh dugc sai s6 Ly dé danh gia hieu suat cia
mang ANN. Goi u* 1a gia tri chinh xac clia nghiém va « la gia tri xap xi ctia nghiém,
N la s6 lugng diém dit lieu. Do chinh xac ctia @ dude tinh bing cong thiic sau:

I R e
Lo = |5 D (@) — w ()

=1

trong do, {xz}i\il la tap hop cac diém trén mién Q. Ching toi st dung mot tap hop

cac diem dude chon ngau nhién tit trong va trén Q dé tinh sai s6 Lo.
3.1. Vi du cho bai toan tuyén tinh 2D

Vi du 3.1. Xét bai toan Cauchy cho phuong trinh phu thuoc thoi gian:

 9ucn) Xt Au(x;t) = x,t trong Q, T

u(x;t) = sin (1) cos(xg)e?! x,t trén 'y, T

< Ou ( [cos(a:l) s(zg)e Qt,—sin(xl)sin(xg)ezt} xn  x,ttrén 'y, T
\ u(x;0) = sin(x) cos(xz) x trong ()

trong d6, Q 14 mot mién c6 bién lien tuc 99, I'y 14 3/4 bién duong tron va 7 = [O, %]
Cac diém dit lieu trén mién Q va bien I'y dude tao ra bing cach lay mau ngau nhién
tit phan phdi déu véi kich thudce kich thude dit lieu dao tao N, = 3000 diém trén mién
Q vi N, = 300 diém tren bién I';.
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le+01
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Hinh 3.1: Mién dit lieu Q,T; va lich st hoi tu qua mdi bude lip ctia thuat toan ADAM.

L-curve for Tikhonov regularization Posterior regularization
4x10-1 —— L-curve 351 —e— ||Au_alpha - bj|
* a === tau * delta
30 ® @
o 25
=3x107? I
a o
= 250
g i 22
2 i £
§ i 2154
E i 3
o 3
2x 107 Ly
0.5
B L e [
004 ® - - +
1074 10-2 10° 100 10¢ 108 1075 1074 103 10-2 10-!
Residual norm ||Au, = b2 Alpha

Hinh 3.2: D6 thi minh hoa phuong phap L-curve va phuong hau nghiem.

Exact Solution ANM Solution Error 0.015
0.4
0.4 04 0,010
0.2 o 0.2 4
0.005
0.0 0.0 0.0
0.000
—0.2 -0.2
-02 ~0.005
-04 -0.4
-0 ~0.010
04 -02 00 02 0a —04 -02 00 0z 04 04 -0z oD 02 0.4
Exact Solution ANN Solution Error
0.015
0.4 0.4
0.010
0.2 0.2
0.005
0.0 0.0 0,000
-0.2 -0.2 ~0.005'
-0.4 -0.4 —0.000
0.4 - 0.4 0.4
-04_ 0.0702 -0.4_ 0.0702 -0.4_, 0002
02 00 02 g4 040250 0200 02 g4 040255, 0200 02 g4 040200
2 ks 2

Hinh 3.3: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 v6i t = I trong trudng

hop nhiéu 0.1%. Tham s6 chinh héa a = 0.004071 chon theo phuong phap L-curve.
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Error - Noise 1% Error - Noise 5%
0.020
0.4 1 0.4 0.02
0.015
.2 0.2
0.2 0.010 e
0.0 4 0.005 0.0
-0.02
0.000
=0.2 4 -0.2 4
=0.005 o4
=0.4 4 =0.4
—-0.010
-04  -02 0.0 0.2 0.4 04 -02 0.0 0.2 0.4

Hinh 3.4: Sai s6 gitta nghiém chinh xéc va nghiém s6 véi t = £ trong cac truong hgp nhiéu

1%, 5%. Tham s6 chinh héa o = 0.004071 chon theo phuong phap L-curve.

Nhidu (%) | 0.1% 1% 5%

Sai 86 - L? | 5.215928e-03  8.335032e-03  2.789440e-02

Béng 3.1: Sai s6 L? trong cac truong hop nhiéu 0.1%, 1%, 5% v6i t = I. Tham s6 chinh hoa
a = 0.004071 chon theo phuong phap L-curve.

Exact Solution ANM Solution Error
0.4 0.020
0.4 0.4
0.015
0.2
0.2+ 0.24 0.010
0.005
0.0 0.0 0.0
0.000
-0.2 o T ~-0.005
-0.4 -0.4 jroAaLa
-0.4 -0.015
-04 -02 0.0 0.2 0.4 -0.4 -02 00 0.2 0.4 -04 -02 00 02 04
Exact Solution ANN Solution Error
0.4 04 0.020
. 0.015
3 0.2 0.010
0.0 0.0 0.005
0.000
-0.2 -0.2 —0.005
~0.010
=0.4 =0.4 -0.015
-0.4_ 0,204 0.4 _ 0.204 —0.4_ 0,204
" “-2XU-D 02 pa 040200 0 MXU-O 02 s 040200 9 Mx 00 02 g4 040200
2 3 2

Hinh 3.5: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 véi t = £ trong trudng

hop nhiéu 0.1%. Tham s6 chinh héa o = 0.002501 chon theo phuong phap hau nghiém.
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Error - Noise 1% Error - Noise 5%

0.02
0t 0.4 4 0.04
0.01
0.2 4 0.2 1 0.02
0.00
0.0 0.0 - 0.00
-0.01
-0.2 0.2 -0.02
-0.02
-0.4 —0.4 4 -0.04
. ) . . . -0.03
—04 -02 00 0.2 04 _04 -02 00 02 0.4 -0.06

Hinh 3.6: Sai s6 gitta nghiém chinh xéc va nghiém s6 véi t = £ trong cac truong hgp nhiéu

1%, 5%. Tham s6 chinh héa o chon theo phuong phép hau nghiem.

Nhiéu (%) | 0.1% 1% 5%

o 0.002501 0.006152 0.013729

Sai 86 - L? | 6.173957e-03  9.525805¢-03  3.563391e-02

Béng 3.2: Sai s6 L? trong cac truong hop nhiéu 0.1%, 1%, 5% v6i t = I. Tham s6 chinh héa
a chon theo phuong phap hau nghiém.

Vi du 3.2. Cho Q c R? 13 hinh chi nhat mé (0,1) x (0,0.5) va dinh nghia cic tap

con sau cua 0$:

I'y:= {(l’l,O);iEl € (Oa 1)}a [y = {(1"130'5);1:1 € (0’ 1)}’
I's .= {(0,332);(52 € (0,0.5)}, Iy := {(0.57x2);x2 € (0,0.5)}.

Xét bai toan Cauchy sau

(Au(x) =0 x trong Q2

< u(x) = x% + 511 x trén I'y
agg{) = V(2% — 23 + 521 + 229 — 3x172 + € sinxg) xn x trén Iy
u(x) = x% — x% + 521 + 2x9 — 3179 + ¥ Sinxg x trén I's UTy

\

Trong vi du nay cac diém dit liéu trén mién Q va bien I'1,I's U T4 dude tao ra bing
cach 1ay mau ngau nhién tir phan phéi déu vdéi kich thude kich thude dit lieu dao tao
N, = 3500 diém trén mién Q va N, = 350 diém trén bien I'y, '3 U 4.
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le+01
0.5 1 === Non-regularization
Wl
1e+00 o IUFL([II
0.4 4
— lawfanE,r,
1e-01 — vl
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] E 1e-02
0.2 &
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Hinh 3.7: Mién dit lieu Q,T1, T3 U Ty va lich st hoi tu ctia thuat toan ADAM.

Exact Solution ANN Solution

o = N W B U o
=T T L =1

200 0001 0.2 B - ' - 0.4 0.2 0.0
Py 0.3 pa 0.5 1.0 0.8 0.6 :

0091 T - - 0
102 0.4
% 03 pag 0.5 1.0 0.8 0.6 x

X1
L-curve for Tikhonov regularization

2.5x107" —— L-curve
Error L
] 2.48 x 107!
0.004
] 0.002 Ez.mxw-’
o
0.000 =
& 244x107!
=0.002
—0.004 2azx10) N og=0008654
0002 = — - 0405 - -5 -3 -1 nt : as a7
< 0.4 0.3 Y 10 10 10 10 10 10° 10 10
2 06 os 1.0 0.0 01 0.2

Residual norm |JAu, = bl

1 X2

Hinh 3.8: Hinh minh hoa nghiém chinh xac, nghiem s6 ANN va sai s6 trong truong hgp

nhiéu 0.1%. Tham s6 chinh héa o = 0.008654 chon theo phuong phap L-curve.

Nhiéu (%) | 0.1% 1% 5%

Sai s6 - L? | 1.117616e-03  2.015243e-03  2.823571e-02

Bang 3.3: Sai s L? trong cac truong hop nhiéu 0.1%, 1%, 5%. Tham s6 chinh héa a =
0.008654 chon theo phuong phap L-curve.
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Exact Solution ANN Solution

U "1 - - - p— - -

U.MD

01 p2 45 0 04 02
¥ 04 g5 Lo 98 x

Posterior regularization
v

—8— ||Au_alpha - b|| :
==~ tau* delta
1501 @ a

Error 1.75

1.25 1

1.00

Residual norm |J4u, — bllz

a=0.004384

w0 1073 1072 10t
Alpha

Hinh 3.9: Hinh minh hoa nghiém chinh xac, nghiem s6 ANN va sai s6 trong truong hgp

nhiéu 0.1%. Tham s6 chinh héa o« = 0.004384 chon theo phuong phap hau nghiém.

Error - Noise 1% Error - Noise 5%

0.5 7 0.004 057
5 -0.01

0.4 4 e 0.4
0.002 -0.02

0.34 0.34
0.001 -0.03

0.2 = O.UDU 0.2 =
-0.04

-0.001

0.1 0.1
-0.002 -0.05
ek i = . ; ; : “0.003 DO = . ; : : -0.06

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Hinh 3.10: Nghiém s6 va sai s6 trong trusng hop nhiéu 1%, 5%. Tham s6 chinh héa a chon
theo phuong phap hau nghiém.

Nhidu (%) | 0.1% 1% 5%

o 0.0043841 0.007323 0.0132282

Sai 86 - L? | 4.413840e-04 1.005104e-03 3.471376e-02

Bang 3.4: Sai s6 L? trong cac truong hop nhiéu 0.1%, 1%, 5%. Tham s6 chinh héa « chon
theo phuong phap hau nghiém.
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ADAM Khoéng chinh |ﬁ La(T2) |TL La(@) g—z La(T2) |7 ()
L 3 3 3 3 3
N 7 7 7 7 7
Nhiéu (%) 0.1% 0.1% 0.1% 0.1% 0.1%
a 0 0.008654 0.008654 0.008654  0.008654
Budc lap 3000 3000 3000 3000 3000
Thoi gian/Budc lap | 0.00613s 0.00641s  0.00740s  0.00620s  0.00831s
Ham mat mat (Loss) | 2.48e-03 5.06e-05 3.68e-05 3.22e-05  1.81e-05

Bang 3.5: Két qua s6 cho bai toan bang thuat toan ADAM.

Vi du 3.3. Xét bai toan Cauchy cho phuong trinh khong phu thudc thoi gian:

(
Au(x) =0 x trong €,

§ u(x) = z1e” " sin(xg) — xoe™ ™ cos(w2) x trén Ty,
\ 815(:) = V(z1e " sin(zy) — x2e" " cos(x2)) *n  x trén I'y,

trong d6 Q 1a mién va I'y 14 1/2 bién ctia dudng tron nhu Hinh 1.

le+00

0.5 4

=== Non-regularization
(]
1e-014 — i
— |aufan|? i,
1024 |\
]

el UL

le-04 4

— Wl

Cost Function

1e-05

le-06
0.04

0.0 01 0.2 0.3 0.4 05 a 500 1000 1500 2000 2500 3000
Hy lteration

Hinh 3.11: Mién dit lieu Q,T'; va lich st hoi tu qua mdi bude lap ctia thuat toan ADAM.

Trong vi du nay cac diem dit lieu trén mién Q va bien I'y dude tao ra bing cach lay
mau ngau nhién tit phan phoi déu véi kich thuée kich thuée dit lieu dao tao N, = 3000

diém trén mién Q va N = 300 diém trén bien I'y.
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L-curve for Tikhonov regularization

Posterior regularization

- -
4.9% 107" 1 —— L-curve —e— ||Au_alpha - b|| :
: * o 2.5 === tau* delta :
4.85 %107 i . i
I
: s |
i 4.8x% 107! ! = 207 :
= ] I :
= 47 10-1 i £l i
A = ]
g s : =154 |
]
- ; : g '
5 47 =10 : = :
E! i 3107 l
R 4.65 %107 | 7 !
I & I
i i
4.6 %1077 : 0.5 !
I
] |
r Logebdodias, 0 | el P e o
455 X L0 = e R 00] @ . . =" a=0.003512
1
. . - T : . . ;
1071 10! 10° 10° 10-* 103 1072 1071
Residual norm |JAu, — bl|2 Alpha
< N . . P < P ~ .
Hinh 3.12: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiém.
Exact Solution 0.00 ANN Solution
0.5 0.5 0.0050
—0.05 -0.05
0.0025
0.4 0.4
—0:10 -0.10 0.0000
0.3 0.3
-0.15 Sk ~0.0025
~0.0050
e -020 02 ~0.20
~0.0075
0.1 =0.25 p1 &
025 -0.0100
0.0 =20 G -0.30 -0.0125
00 01 02 03 04 05 00 01 02 03 04 05 0o 01 02 03 04 05
Exact Solution ANN Solution Error
0.00
0.0050
e =003 0.0025
-0.10 —0.10 0.0000
-0.15 —0.15 0.0025
(0.0050
-0.20 T
! 0 0.0075
-0.25 -0.25 0.0100
-0.30 “1-030 00125
0.0 1 0.4 0.5 00 g3 == ] 0.4 0.5 0.0 g3 " 0.4 05
0.2 0.3 0.2 0.3 0.2 0.3
x 930405 g 020250 x 030445 gp 0102 %0 x 930405 gpo0102

Hinh 3.13: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hgp

nhidu 0.1%. Tham s6 chinh héa o = 0.004085 chon theo phuong phap L-curve.

Nhiéu (%) | 0.1%

1%

5%

Sai 6 - L?

4.750695e-03  8.671825e-03  2.823641e-02

Bang 3.6: Sai s6 L? trong cac trudng hop nhiéu 0.1%,1%,5%. Tham s6 chinh héa a =

0.004085 chon theo phuong phap L-curve.
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Exact Solution 0.00 ANN Solution 0.00
0.5 05
-0.05 -0.05 0.005
0.4 0.4
-0.10 -0.10
0.000
0.3 0.3
-0.15 -0.15
-020 02 _pz0 02 -0.005
025 g1 —025 014
~0.010
-0.30 -
0.0 0.0 030 g0
00 01 02 B3 04 05 00 01 02 03 04 05 00 01 02 03 04 05

Exact Solution

0001 45 T
9203 g4 o5

ANN Solution Error

0.4 0.5

0001 45 0.3
s 03 04 g5 go 0192 %3

Hinh 3.14: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hgp

nhiéu 0.1%. Tham s6 chinh héa o = 0.003512 chon theo phuong phap hau nghiém.

Error - Noise 1%

oo 01 02 03 04 05

Hinh 3.15: Sai s6 gitta nghiém chinh xéc

Error - Noise 5%

0.005 0.00
=0.01
0.000
=0.02
—0.005 -0.03
—0.04
—0.010
—0.05
—0.015 —0.06

00 01 02 03 04 05

va nghiém s6 trong cac truong hop nhiéu 1%, 5%.

Tham s6 chinh héa « chon theo phuong phap hau nghiem.

Nhidu (%) | 0.1%

1% 5%

o 0.0035121

0.0057246 0.0212954

Sai s6 - L2

5.163842e-03  6.849026e-03  2.853535e-02

Bang 3.7: Sai s6 L? trong cac truong hop nhidu 0.1%, 1%, 5%. Tham s6 chinh héa « chon

theo phuong phap hau nghiém.
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Design area and boundary conditions
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ANN Solution

N

0.4 4

0.34

0.2

0.1

0.04

0.0

0.1 0.2 0.3 04 0.5

Design area and boundary conditions

0.0 01 0.2 0.3 0.4 0.5

ANN Solution

r

o5

0.4 4

034

0.2

0.1
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0.0

0.1 0.2 0.3 04 0.5

Design area and boundary conditions

0.0 ol .2 0.3 0.4 0.5

ANN Solution

0.5

0.4 4

034

0.2

0.1

0.0+

0.0 0.1 0.2 0.3 0.4 0.5

0.00

-0.05

=0.10

-0.15

-0.20

—0.25

—0.20

0.00

-0.05

=0.10

=0.15

=0.20

—0.25

—0.30

=0.045

—0.050

=035

—0.060

=0.065

0.4 4

0.34

0.2 1

0.1

0.0

0.5

0.4+

.34

0.2 1

0.1

0.0+

0.5

0.4+

.34

0.2 1

0.1

0.0+

0.002

0.000

=0.002

—0.004

—0.006

—0.008

—0.010

=0.01

-0.02

-0.03

=0.04

-0.05

—0.06

=0.05

-0.10

=015

=0.20

-0.25

Hinh 3.16: So sanh cac két qua khi ta thay doi dit lieu Cauchy trén bién I'y 1an huge 3/4,
1/2, 1/4 cho bai toan. Tham s6 chinh héa a = 0.004085 chon theo phuong phap L-curve.

Truong hop

I'; 1a 3/4 bien

I'; 1a 1/2 bien

I'; 1a 1/4 bien

Sai s6 - L?

2.518368¢e-03

2.684806e-02

1.225842e-01

Béang 3.8: Sai s6 L? trong céac truong hgp thay doéi cac dieu kien Cauchy véi nhiéu 1%. Tham

s6 chinh héa o = 0.004085 chon theo phuong phap L-curve.

Bang s6 lieu trén thé hien két qua sai s6 L? trong cac truong hgp thay doéi cac diéu

kien Cauchy véi miic nhidu (noise) biang 1%. O truong hop I'y 1a 3/4 bien, sai s6 L2
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1a 5.518368¢-03. Trong khi do, sai s6 tdng lén rat nhicu lan & truong hop I'y 1a 1/4
bién vdéi gia tri 1a 1.225842e-01. Diéu nay cho thiy do nhay cdm ctia phuong phéap khi
thay doi cac diéu kien Cauchy va khi gidm xudng 1/4 trén bién thi bai toan khong
thé giai dugc.

Bay gio, ta diéu chinh diéu kién Dirichlet(I'y) 14 3/4 bién, diéu kien Neumann(Ts) 1a

1/4 ctia bién va T'y c Ty, Cu thé bai toan dugce viét lai nhu sau

Au(x) =0 x trong (2,
 u(x) = z1e” " sin(xg) — x2e™ " cos(x2) x trén 'y,
\ agﬁ() = V(xie " sin(zg) — x9e "' cos(x2)) *n  x trén Iy,

Design area and boundary conditions ANMN Solution Error
0.5 0.5 4 0.00 054
0.00
M
0.4 0.4 4 -0.05 044
-0.01
03 031 =918 gad
-0.02
015
02 0.2 024
-0.03
-0.20
0.1 0.1 01
—0.04
-0.25
0.0 0.0 0.0

T T T T T T T T T T T T T T
0.0 0.1 02 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

Hinh 3.17: K&t qua khi ta thay doi dit lieu Cauchy cho bai toan.

Truong hop Nhiéu  Sai s6 - L?

Diéu kien bien Dirichlet (I'y) 1a 3/4, 1% 1.865966¢-02

Diéu kién bién Neumann (T'y) 1a 1/4 va Ty C Ty

Bang 3.9: Sai s6 L? trong cac truong hop thay doi dieu kien Cauchy. Tham s6 chinh héa
a = 0.004085 chon theo phuong phéap L-curve.

3.2. Vi du cho bai toan tuyén tinh 3D
Vi du 3.4. Cho © ¢ R? 1a hinh khéi 3D gdm tat ca cac diem (z1,z2,23) trong d6
0<xz1<1,0< 29 <1, 0<z3<1 vadinh nghia cac tap con cia 99Q:
M ={z[0<21<1,0< 23 < 1,23 =0}, To={2|0<21 <1,0< 25 < 1,23 =1},
I3:={z]z1=0,0<22<1,0< 23 <1}, I'y:={zjz1=1,0<22<1,0< 23 <1},

Iy :={z[0<x; <1,20=0,0<23 <1}, T:={z/0<z; <1,25=0,0<23<1}



Xét bai toan Cauchy sau
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p
Au(x) =0
) u(x) =0
Ou(x)
on
\ u(x) = sinh(v/2x1) sin 29 sin 3

= V(sinh(v/2x1) sin zg sinz3) * n

x trong ()
x trén I'y
x trén I'y

xtrén 'sUl'y UT's Ul

Trong vi du nay cac diem dit lieu trén mién Q va bién I't, '3 UT4 UTs U g dudc tao

ra bang cach liy mau ngiu nhién tit phan phoi déu véi kich thude kich thude dit lieu
dao tao N, = 3500 diém trén mién Q va N, = 1000 diém trén bien I't, '3 UT4UT5 U L.

Chay béang thuat toan L-BFGS.

Data in the domain Q

Data on boundary ' and FIsul4uls Ul

Hinh 3.18: Mién dit lieu Q(mau xanh), I';(mau doé) va I's UT, U5 U Tg(mau xanh 14).

L-curve for Tikhonov regularization

Posterior regularization
:

-
: —e— |- curve 3.5 —&— ||Au_alpha - b|| I
| e === tau * delta '
=1
3.9x%10 ! 30 ® @ !
I I
! - |
] = J
= 38x10? | s 25 :
:u ] " ]
= : 3 :
= : = 204 -
S ]
2 37x107 : E i
s I E 151 |
5 i 5 i
3 ] = I
36x107 ! g 1.0 :
i = i
: |
| 05 |
]
35x107 @=0002362_ i
| 9 !  @=0.001715
. - T T T . T T T
10 10-? 10! 10! 10° 10 1073 1072 107!
Residual norm ||Au, — bl|z Alpha

Hinh 3.19: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiem.
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Exact Solution ANN Solution Error
L2 0.02
1.0
0.01
0.8
0.00
0.6
0.4 -0.01
0.2 —0.02
: - - : 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 o6 0.8 1.0
Exact Solution ANN Solution Errar

0.02
0.01
0.00

-0.02

Hinh 3.20: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong trudng hgp
nhidu 0.1%. Tham s6 chinh héa o = 0.002362 chon theo phuong phap L-curve.

Exact Solution ANN Solution Error
14
12 0.02
1.0
0.00
0.8
—0.02
0.6
0.4 —0.04
0.2
=0.06
: : - : 0.0
0.0 0.2 04 06 08 10 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Exact Solution ANN Solution Error

Hinh 3.21: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hop

nhiéu 0.1%. Tham s6 chinh héa o = 0.001715 chon theo phuong phap hau nghiem.
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Error - Noise 1% Error - Noise 5%
1.0 1

1.0 1 0.075

0.050

0.8 4 0.8 4
0.02

0.025

0.6 1 0.6 1 0.000

0.00

=0.025

0.4 1 0.4 1

—0.02
—0.050
0.2 1 0.2 1

—0.04 =0.075

0.0 1 0.0 1

-0.100

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Hinh 3.22: Sai s6 gifta nghiém chinh xac va nghiém s6 ctia phuong phap ANN trong truong

hop nhiéu 1%, 5%. Tham s6 chinh héa « chon theo phuong phap hau nghiem.

Nhiéu (%) | 0.1% 1% 5%

e 0.001715 0.006371 0.023163

Sai 86 - L? | 9.345354e-03  2.199138e-02  3.014483e-02

Bang 3.10: Sai s6 L? trong cac truong hgp nhidu 0.1%, 1%, 5%. Tham s6 chinh héa a chon
theo phuong phap hau nghiém.

Nhiéu (%) | 0.1% 1% 5%

Sai s6 - L? | 8.186427e-03 2.414273e-03  3.725438¢-02

Bang 3.11: Sai s6 L? trong cac truong hgp nhiéu 0.1%, 1%, 5%. Tham s6 chinh héa o =
0.002362 chon theo phuong phap L-curve.

Vi du 3.5. Cho Q ¢ R? la hinh khéi 3D gdm tat ca cac diém (1, z9,23) trong do
0<x1<05,0< 29 <1,0<z3<1 vadinh nghia cac tap con cia 9Q:

Fl = {x|0§x1 §0.5,0§l‘2 < 1,:1?3:0}, Fg = {x|0§m1 §0.5,0§x2 < 1,(1,‘3: 1},
F3 = {:E|:E1 :0,0SQZQ < 1,0§$3 < 1}, F4 = {(L’|LE1 :0.5,0§:E2 < 1,0§(173 < 1},

I :={z]0 <x1 <0529 =0,0<23 <1}, T:={x]0<21 <0.5,20=1,0<z3 <1}

Xét bai toan Cauchy sau
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o1

u(x) = 2% + 23 — 223 — 3z w073 + cosh(v/2x1) cos x5 cos x3

(
Au(x) =0 x trong €}
u(x) = 22 + 23 + cosh(v/271) cos x3 x trén 'y
al{;(:) = V(22 + 2% — 222 — 317925 + cosh(v/2z1) coszgcoswz) *n  x trén I'y

xtren I's UMy UT's UTg

Trong vi du nay cac diem dit lieu trén mién Q va bién I't, '3 UT4 UTs U g dude tao

ra bang cach lay mau ngiu nhién tit phan phoi déu véi kich thude kich thude dit lieu
dao tao N, = 3500 diém trén mién Q va N, = 1000 diém trén bien I't, '3 UT4UT5 U L.
Chay bang thuat toan L-BFGS.

Solution norm ||ug]|z

1.0

0.8 4

0.6

0.4

0.2 4

0.0

L-curve for Tikhonov regularization

Posterior regularization
-

! —— L-curve —e— ||Au_alpha - b|| i
! ® --- tau * delta i
9.5x% 107 ! 201 ® «a |
i i
1 i 1
] = 1
] 1 )
9.45 x 107 1 = 1.5 - !
1 o 1
: € |
| : '
A 1
9.4 % 10-1 ! ; . !
1 3 1
] g 1
| & :
! 0.5+ !
9,35 x 107 i i
1

| a=0.007858 e

""" R e 0.0 ® ° - - | a=0.004693
T - T T T T - T
103 10- 10" 107 10° 107 107 10~ 10-* 10-3 10-? 10-
Residual norm |JAu, - bz Alpha
Hinh 3.23: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiém.
Exact Solution ANN Solution Error

00 01 02 03 04 05

0.0

01 02

03

04

05

00 01 02 03 04 05

Hinh 3.24: Hinh minh hoa 2D nghiém chinh x4c, nghiém s6 ANN va sai s6 trong truong hgp

nhiéu 0.1%. Tham s6 chinh héa o = 0.007858 chon theo phuong phap L-curve.

-0.02

=0.04
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Exact Solution

ANN Solution

Error

-0.8 K =0.8
-1.0 F =10
12 _ -1.2
-1.4 -1.4
-1.6

-18

Hinh 3.25: Hinh minh hoa 3D nghiém chinh x4c, nghieém s6 ANN va sai s6 trong trudng hgp
nhiéu 0.1%. Tham s6 chinh héa o = 0.007858 chon theo phuong phap L-curve.

Exact Solution

ANN Solution

Error

0.04

0.02

0.00

=0.02

-0.04
~0.06
00 01 02 03 04 05 00 01 02 03 04 05 Y Y 2 3 ; .
Exact Solution ANN Solution Error

—08
-1.0
=15
-14

-1.6
-18

Hinh 3.26: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong trudng hgp
nhiéu 0.1%. Tham s6 chinh héa o« = 0.004693 chon theo phuong phap hau nghiém.



Error - Noise 1%

23

Error - Noise 5%

1.0 4

0.8 4

0.5

0.4 1

0.2 5

0.0 -

1.0 1

0.02

0.8 1

0.5 1

—0.02

0.4 1

=0.06
0.2 4

—0.08

0.0 -

00 01 02 03 04

Hinh 3.27: Sai s6 gitta nghiém chinh xac v nghiém s6 ctia phuong phap ANN trong truong

hop nhiéu 1%, 5%. Tham s6 chinh héa « chon theo phuong phap hau nghiem.

05 00 01 02 03 04 05

Nhiéu (%) | 0.1% 1% 5%
a 0.004693 0.009182 0.047321
Sai s6 - L? | 1.703517e-02  3.408868¢-02 4.205427e-02

Bang 3.12: Sai s6 L? trong cac truong hop nhidu 0.1%, 1%, 5%. Tham s6 chinh héa a chon

theo phuong phap hau nghiém.

Nhiéu (%)

0.1% 1% 5%

Sai s6 - L?

1.832647e-02  3.725541e-02  4.634183e-02

Bang 3.13: Sai s6 L? trong cic truong hgp nhidu 0.1%,1%,5%. Tham s6 chinh héa o =

0.007858 chon theo phuong phap L-curve.

3.3. Vi du cho bai toan phi tuyén 2D

Cho © c R” 1a mot tap md bi chin va I’ ¢ 9Q 1a mot da tap ndo d6. Cho ham sb

q: R — R+, ky hiéu P la mot toan tit elliptic bac hai ¢6 dang

0.050

0.025

0.000

-0.025

-0.050

-0.075

=0.100
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Pu) = =V - (q(u)Vu)

duge dinh nghia trén Q. Xét bai toan Cauchy phi tuyén elliptic nhu sau (khong phu
thudc vao thoi gian):
Pu = h, trong
u=f, tai I’
q(u)uy, =g, tai I’
trong do, cac ham s6 f,¢ : I' — R da cho dugc goi 1a dit lieu Cauchy, phia bén phai clia
phuong trinh 1a mot ham s6 h : Q — R duge cho béi h(x,y) = —2u(z1, 12)|Va(zy, 22)|?.

Vi du 3.6. Cho Q c R? 13 hinh tron mé c6 tam (0.25,0.25), R = 0.25, 99 1a bién va
Iy 1a tap con clia 99 (1/2 clia bién). Lay q(t) = 1 +t? va @ : Q — R 1a ham diéu hoa
u(z,y) = e sin(zq).

Xét bai toan Cauchy sau

—V - (¢(u)Vu) = h, trong 2

u=f, trén I'

ulxy) _ o ren Ty
on
f(x) =e™sin(xy), g(z) = [€"cos(x1),e™sin(zy)] *n

duoc cho tai 'y va vé phai h: Q — R dugce cho béi

h(z,y) = —2u(x, x2)|Vﬂ(x1,x2)|2 = —(e™ sin(xl))\/(el’? cos(z1))? + (e*2 sin(z1))?

le+01

=== Non-regularization
Wl i,y
1le+00 4
€ — Ul
— |aulanlir,)
le-01 4 — |ulfy@)
c
k=
T .1 Yyoumm———
S 1le-02- "-LlL ________
o S - T T P
4 Rl S S
& =
=]
le-03 A
le-04 4
1le-05 4
0.0 0.1 0.2 0.3 0.4 0.5 Q 500 1000 1500 2000 2500 3000
x Iteration

Hinh 3.28: Mién dit lieu 2, va lich st hoi tu ctia thuat toan ADAM.
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Trong vi du nay cac diém di lieu trén mién Q va bién I'; dude tao ra bang cach lay
mau ngau nhién tit phan phoi déu véi kich thuée kich thuée dit lieu dao tao N, = 3500

diém trén mién Q va N, = 350 diém trén bien I'y.

L-curve for Tikhonov regularization Posterior regularization
22x107 —e— L - curve —o— ||Au_alpha - bj| |
* o === [au * delta
2.0 * a
2.15 % 1071 .
™ 5
3 ':u 15
£ 21x10 =
E
g E
8 2 10
E ®
§ 2.05 x 10! é
a°
-3
0.5
=1
2% 10 e=0004a36 | Ll
s e 004 ® .
10 10 101 100 10° 10% 106 105

Residual norm ||Au, - b||:

Hinh 3.29: D6 thi minh hoa phuong phap L-curve va phuong phip hau nghiém.

Exact Solution ANN Solution Error
0.5
0.015
0.44 0.010
0.005
0.3
0.000
0.2 4
=0.005
014
=0.010
0.04 =0.015
T T v r T T ! r T T T T T T v T T T T
0.0 0.1 0.2 03 0.4 0.5 0.0 01 0.2 0.3 0.4 0.5 0.0 01 02 0.3 0.4 0.5

Exact Solution ANN Solution Error

Hinh 3.30: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong trudng hgp

nhidu 0.1%. Tham s6 chinh héa o = 0.004436 chon theo phuong phap L-curve.

Nhiéu (%) | 0.1% 1% 5%

Sai 86 - L? | 8.173542e-03  1.854531e-02 2.823537e-02

Bang 3.14: Sai s6 L? trong cic truong hgp nhidu 0.1%,1%,5%. Tham s6 chinh héa o =

0.004436 chon theo phuong phap L-curve.
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Exact Solution ANN Solution
0.59 0.5
0.6 0.000
0.4 0.4 -0.005
0.5
=0.010
0.3 0.4 0.3
=0.015
il 03 42 -0.020
0.2 =0.025
0.1 0.1
—0.030
0.1
0.04 0.0 —-0.035
T T T T T T 0.0 T T T T T T T ™ T T T ™
0.0 01 0.2 03 0.4 05 0.0 0.1 02 0.3 0.4 05 0o 0.1 0.2 0.3 04 0.5
Exact Solution ANN Solution Error

03 :
X 04 g5 54T w

Hinh 3.31: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hgp

nhiéu 0.1%. Tham s6 chinh héa o = 0.002581 chon theo phuong phap hau nghiém.

Error - Noise 1% Error - Noise 5%

0.06
0.02

0.04
0.01

0.02
0.00

0.00
=0.01

~0.02
~0.02

~0.04
-0.03

~0.06

00 01 02 03 0.4 05 00 01 02 03 0.4 0s

Hinh 3.32: Sai s6 gitta nghiém chinh xac va nghiém s6 ANN trong truong hop nhiéu 1%, 5%.
Tham s6 chinh héa o chon theo phuong phap hau nghiem.

Nhiéu (%) | 0.1% 1% 5%

o 0.002581 0.00814 0.023148

Sai 86 - L? | 6.586173e-03 1.428083e-02 2.566206e-02

Bang 3.15: Sai s6 L? trong cac truong hgp nhidu 0.1%, 1%, 5%. Tham s6 chinh héa a chon
theo phuong phap hau nghiém.
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Design area and boundary conditions ANN Solution
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Hinh 3.33: So sanh cac két qua khi ta thay doi dit licu Cauchy trén bién I'y 1an huge 3/4,
1/2, 1/4 cho bai toan. Tham s6 chinh héa a = 0.004436 chon theo phuong phap L-curve.

Truong hop

I'; 1a 3/4 bien

Iy 1a 1/2 bien

Iy 1a 1/4 bien

Sai s6 - L?

2.860621e-03

2.814800e-02

2.334579e-01

Bang 3.16: Sai s6 L? trong cac truong hop thay doi cac diéu kien Cauchy véi nhidu 1%.

Tham s6 chinh héa o = 0.004436 chon theo phuong phap L-curve.

Vi du 3.7. Cho Q ¢ R? Ia hinh vuong mé (0,0.5) x (0,0.5) va dinh nghia cac tap con

sau cua 0Q:

Iy :={(x,0);z € (0,0.5)},

Iy :={(x,0.5);z € (0,0.5)},
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[3:={(0,y9);y € (0,0.5)}, Ty4:={(0.5,9);y € (0,0.5)}.
Lay q(t) =1 +t*> va u: Q — R 13 ham diéu hoa
u(z,y) =% —y? — 2z + zy.
Xét bai toan Cauchy sau

-V - (¢(w)Vu) = h, trong 2
u = f, trén I'y

q(u)u, = g, trén I'y

u=1u, trén 's Uy

trong do du lieu Cauchy
f(z) =2% =2z, g(z)= [1 + (1:2 - Qx)z] (—x)
duoc cho tai 'y va vé phai h: Q — R dugce cho béi

h(xay) = —2ﬁ<$,y)|Vﬂ($,y>|2
= —2(2” —y? — 2z + ay)\/ (20 — 2 — y)? + (-2 + 2)?2

Trong vi du nay cac diém dit lieu trén mién Q va bién I';,I's UT dude tao ra bing
cach lay mau ngau nhién tir phan phdéi déu véi kich thude kich thude dit lieu dao tao
N, = 3000 diém trén mién Q va N, = 300 diem trén bién I'y, T3 UTy.

le+01
0.54 === MNon-regularization
|”|12,cr2|
1le+00 4§
3 |U|f_-f.n|
0.4 1
— |ufanif
le-01 4 — lulfye
J c
031 R i=1
g
) 5 le-02 4
]
0.2 4 3
le-03
0.1
le-04 4
0.0 4 le-05 4
0.0 0.1 0.2 0.3 0.4 0.5 0 500 1000 1500 2000 2500 3000
X1 Iteration

Hinh 3.34: Mien dit lieu Q, Ty, s U Ty va lich st hoi tu ctia thuat toan ADAM.
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L-curve for Tikhonov regularization
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Posterior regularization
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Hinh 3.35: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiém.

Exact Solution

ANN Solution

0.0
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Exact Solution

0.0
-0.1
=-0.2
-0.3
-0.4
-0.5
-0.6
-0.7

0.2 0.3 0.4

ANN Solution

0.5

0.0 Error

0.0 01 0.2 0.3 0.4 05

Error

0.010
0.008
0.006
0.004
0.002
0.000

0.010

0.008

0.006

0.004

0.002

0.000

Hinh 3.36: Hinh minh hoa nghiém chinh xac, nghiem s6 ANN va sai s6 trong truong hop

nhiéu 0.1%. Tham s6 chinh héa o = 0.008664 chon theo phuong phap L-curve.

Nhiédu (%) | 0.1%

1%

5%

Sai s6 - L2

5.702368e-03  7.164284e-03  3.225173e-02

Bang 3.17: Sai s6 L? trong cac truong hgp nhidu 0.1%,1%,5%. Tham s6 chinh héa o =

0.008664 chon theo phuong phap L-curve.



60

Exact Solution 00 ANN Salution Error
& 054 s 0.012
-0.1 -0.1
0.010
4 X
- 02 94
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; : ; -0.002
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Exact Solution ANN Solution Error

Hinh 3.37: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hgp

nhiéu 0.1%. Tham s chinh héa o = 0.007136 chon theo phuong phap hau nghiém.

Efror - Noise 1% Error - Noise 5%

0.0175
051 0.5
0.0150 0.02
0.4 4 0.4 4
0.0125
0.00
034 00100 g3
0.0075 Ralas
0.2 0.2
0.0050 ~0.04
0.14 0.0025 0.1 4
-0.06
0.0000
0.0 0.0 1
T T T T T T T T T T - =0.08
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

Hinh 3.38: Sai s6 gifta nghiém chinh x4c vA nghiém s6 ANN trong truong hop nhiéu 1%, 5%.
Tham s6 chinh héa « chon theo phuong phap hau nghiem.

Nhiéu (%)

0.1%

1%

5%

o 0.007136

0.009521

0.049123

Sai 86 - L? | 7.162943e-03  8.205305e-03  3.797375e-02

Bang 3.18: Sai s6 L? trong cac truong hop nhiéu 0.1%, 1%, 5%. Tham s6 chinh héa a chon
theo phuong phap hau nghiém.
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Vi du 3.8. Cho Q ¢ R? 1a hinh vuéng mé (0,0.25) x (0,0.25) va dinh nghia cac tap

con sau cua 9%
Ty = {(2,0);2 € (0,0.25)}, T :={(2,0.25);z € (0,0.25)},
['3:={(0,y);y € (0,0.25)}, Ty:={(0.25,9);y € (0,0.25)}.
Lay q(t) =1 +t* va u: Q — R 13 ham diéu hoa
a(z,y) = 2% — y* — 3zy + * cosy

Xét bai toan Cauchy sau

(—V (¢(u)Vu) = h, trong 2
u=f, trén I'y

< q(u)uy, = g, trén I'y
u=1u, trén I's Uy

trong do du lieu Cauchy
fa)=a? 4, gla) = [1+ (2 + )] (o)
dudc cho tai 'y va vé phai h: Q — R dudce cho béi

h(&?, y) = —2’@(1’, y)|Vﬂ($, y)‘Z

= —2(2? — y? — 3zy + % cos y) \/(2$ — 3y +e?cosy)? + (—2y — 3z — e* siny)?

Trong vi du nay cac diém dit liéu trén mién Q va bien I'1,I's UT dude tao ra bing
céch lay mau ngau nhién tit phan phéi déu véi kich thude kich thude dit lieu dao tao

N, = 3000 diém trén mién Q va N, = 300 diém trén bien 'y, '3 U 4.

le+00 le+01

=== MNon-regularization === Non-regularization

(e " Wl 11,1
i J
rs - 7
1e-01 4 — |l e — |ulf
— |quan|f — |Bufan|f,r,

]e-ul 1 |u|£|“|

-~LLA\W

1e-03 4

1e-02 A

Cost Function
Cost Function

1e-03

le-04
1e-04 4

1e-05

T T T T T T T T T T T T y
0 200 400 600 800 1000 0 500 1000 1500 2000 2500 3000
Iteration Iteration

Hinh 3.39: Lich st hoi tu qua moi bude lap, bén trai 1a thuat toan L-BFGS, bén phéi 1a
ADAM.
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L-curve for Tikhonov regularization Posterior regularization
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Hinh 3.40: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiém.

Exact Solution ANN Solution Error

Hinh 3.41: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hop
nhiéu 0.1% bang thuat toan L-BFGS. Tham s chinh héa o = 0.052274 chon theo phuong

phép L-curve.

Exact Solution ANN Solution Error

130
125
1.20
115
1.10
105
1.00
0.95

0.25 025

Hinh 3.42: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong trudng hgp
nhidu 0.1% bang thuat toan L-BFGS. Tham s6 chinh héa a = 0.012092 chon theo phuong
phap hau nghiém.
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Exact Solution ANN Solution L2s
0.254 0.25 - 0.251 0.08
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1.20 o
0.20 4 1235 30 0.20
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Exact Solution ANN Solution Error

0.25 025

Hinh 3.43: Nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hgp nhiéu 0.1% béang
thuat toan ADAM. Tham s6 chinh héa o = 0.004436 chon theo phuong phap L-curve.

Exact Solution ANN Solution
0.25 4 0.25 125 025
1.30 0,06
1.20
0.20 4 135 g3p 0.20
115 0.04
120
0.15 0.15 110 015
115
0.02
1.05
0.10 0 10 0.10
108 1.00 0.00
0.05 100 0059 oes 008
-0.02
0.95 0.90
0.00 0.00 0.00
000 005 010 015 020 025 000 005 010 015 020 025 000 005 010 015 020 0.25
Exact Solution ANN Solution Error

0.25 025

Hinh 3.44: Nghiém chinh xac, nghiém s6 ANN va sai s6 trong truong hop nhiéu 0.1% bing
thuat toAn ADAM. Tham s6 chinh héa o = 0.012092 chon theo phuong phap hau nghiem.
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Error - Noise 1% Error - Noise 5%
0.25 0.25 0.06
0.010
0.04
0.20 - 0.005 0.20 -
0.02
0.000
0.15 - 0.15 - 0.00
—0.005
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Hinh 3.45: Sai s6 gitta nghiém chinh xac v& nghiém s6 trong truong hgp nhidu 1%, 5% -

thuat toan L-BFGS. Tham s6 chinh héa o chon theo phuong phap hau nghiém.

Error - Noise 1% Error - Noise 5%
0.25 1 0.25 %10
0.06 —-—
0.20 1 0.20
0.06
0.04
0.15- 0.15 - .04
092 0.02
0.10 0.10 -
0.00
0.00
0.05 0.05 1 =0:02
-0.02
—0.04
0.00 0.00 -
000 005 010 015 020 025 D00 005 010 015 020  0.25

Hinh 3.46: Sai s6 gitta nghiém chinh xac vA nghiém s6 trong truong hgp nhiéu 1%, 5% -

thuat toan Adam. Tham s6 chinh héa « chon theo phuong phap hau nghiém.

Nhiéu (%) 0.1% 1% 5%

o} 0.012092 0.059738 0.081362

Sai 86 L? - Thuat toan L-BFGS | 2.345575e-03  8.085642¢-03  2.452185¢-02

Sai 86 L? - Thuat toan ADAM | 1.353665e-02 2.672507e-02 4.154810e-02

Bang 3.19: Sai s6 L? trong cac truong hop nhiéu 0.1%, 1%, 5%. Tham s6 chinh héa a chon
theo phuong phap hau nghiém.
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Nhidu (%) 0.1% 1% 5%

Sai 86 L? - Thuat toan L-BFGS | 1.723624e-03 5.153463e-03  2.237712¢-02

Sai 86 L? - Thuat toan ADAM 2.016246e-02  3.615211e-02 4.162531e-02

Bang 3.20: Sai s6 L? trong cac truong hgp nhidu 0.1%, 1%,5%. Tham s6 chinh héa o =
0.052274 chon theo phuong phap L-curve.

2 2 2 2
L-BFGS Khong chinh a0 o], 0 120 il
L-N 3-7 3-7 3-7 3-7 3-7
Nhiéu (%) 0.1% 0.1% 0.1% 0.1% 0.1%
o) 0 0.012092 0.012092 0.012092  0.012092
Buéc lap 1000 1000 1000 1000 1000
Thai gian/Bude lap | 0.0731s 0.0846s  0.0725s  0.0871s 0.0931s
Ham mat mat (Loss) | 2.99e-04 1.26e-04 1.36e-04 1.07e-04  2.81e-05
2 2 2 2
ADAM Khong chinh a0 {a], o0 120 |7l
L-N 3-7 3-7 3-7 3-7 3-7
Nhiéu (%) 0.1% 0.1% 0.1% 0.1% 0.1%
o 0 0.012092 0.012092 0.012092  0.012092
Buéce lap 3000 3000 3000 3000 3000
Thei gian/Buée lap | 0.00647s 0.00731s  0.00815s 0.00708s  0.00831s
Ham mat mat (Loss) | 3.31e-04 8.39e-05  3.41e-05 1.12e-05  3.69¢-06

Bang 3.21: Két qua s6 cho bai toan bang thuat toan L-BFGS va thuat toan ADAM

T bang so lieu trén, ta c6 thé thay ring thuat toan ADAM hoat dong nhanh hon
so vdi thuat toan L-BFGS, tuy nhién két qua cia ADAM kha chénh léch so véi két
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qua L-BFGS. S6 lieu trong bang nay cho ching ta thiy rang khi st dung thuat toan
ADAM, s6 lan lap can thiét dé dat duge két qua tét 1a 3000, trong khi dé khi st
dung thuat toan L-BFGS thi chi can 1000 lan lip dé dat dugc két qua tuong tu. Tuy
nhién, thoi gian tinh toan méi lan lap lai ctia thuat toan L-BFGS 16n hon dang ké so
vGi thuat toan ADAM.

Tu két qué so sanh phia trén cling véi cac két qua [44] nghién citu clia cac tac gia
di truée, ta thay ring L-BFGS c6 thé tim ra giai phap chap nhan duge nhanh hon
ADAM va stt dung it vong lap hon. Diéu nay 1a ro rang bdi vi thuat toan toi vu hoa
ADAM chi dya vao dao ham bac nhat trong khi d6 L-BFGS sit dung dao ham bac hai
ctia ham ton that. Tuy nhién, theo nhu kinh nghiem khi chay s6, trong nhiéu truong
hop khi st dung L-BFGS sé bi méc ket 6 nghiém cuc bo. Do dé, khi chay s ta nén
két hop ca hai thuat toan ADAM va L-BFGS dé c6 thé cho ra mot két qua tot nhat
c6 thé.

3.4. Vi du cho bai toan phi tuyén 3D

Cho @ ¢ R3 13 hinh khéi 3D, dude dinh nghia © == {(z,5,2) € (0,a) x (0,b) x (0,¢)}.
Xét bai toan Cauchy cho phuong trinh phi tuyén trong mién

uxx(xaywz) + Uyy<xay7z> + UZZ(.Z‘,y,Z) + L’[u(m,y,z)] - S(I‘,y,Z) +N[U(Jf,y, Z)]? (31)

va dinh nghia cac tap con cia 99Q:
I'i={z[0<z; <a,0< 29 <bz3=0}, I'p:={x|0<2z <a,0<zy<b,x3=c},
Iy:={z|z1 =0,0 <29 <b,0<2x3<c}, I'y:={z|r1=0a,0<m22<b,0<23<c},
I5:={z|0 <21 <a,z0=0,0<23<c}, Tg:={z|0<z <a,z0=">0,0<uz3<c}.
trong do6, £ 1a mot toan tit tuyén tinh bac nhat, A 14 mot toan ti phi tuyén bac nhat.

D1t lieu Cauchy duge cho nhu sau

(

u(xy, e,0) = f x trén I'y

. % =V(u)*n xtrén I (3.2)
u(zy,x2,3) = 1U x trén I'sUT, UT's U g

\

Bai toan tim u théa man — dugc 1a bai toan Cauchy cho phuong trinh phi
tuyén . Dit lieu u(zx, y, ¢) khong duge xac dinh cu thé. Tuy nhién, ching ta da xac
dinh dit lieu trén I';, '3 UT4 UTs U T dé khoi phuc dit liéu trén bién con lai ctia bai
toan, tit d6 hoan tat dit lieu trén toan bién. Day 1a mot dang bai toan Cauchy cho
hinh hop.



67

Vi du 3.9. Cho Q ¢ R? la hinh khéi 3D gom tat ca cac diem (zy,29,23) trong dé

0<x1<05,0<29<1,0<2z3<1vadinh nghia cac tap con ciia 99Q:

Fl = {ZL"Ole §0.5,0§$2 S 1,:L‘3=0}, FQ = {:U’OSZL‘l §0.5,0§x2 S 1,1’3: 1},
F3 = {x]xl =0,0§3}2 S 1,0§£C3 S 1}, P4 = {x|x1 :0.5,O§x2 S 1,0§J}3 S 1},

F5 = {.’L‘|0 < 1 < 0.5,332 = 0,0 < T3 < 1}, Pﬁ = {CL’|0 < e < 0.5,%2 = 1,0 < I3 < 1}.
Xét bai toan Cauchy sau
Upyzy T Uzgzy + Ugsas + Llu(x1, 22, 23)] = S(x1, 22, 23) + N[u(21,22,23)], X trong Q, (3.3)

dit lieu Cauchy duge cho nhu sau

)
u(z1, 29,0) = 2ye® + 1Y x trén I't
S —8“(x3§2’x3) = V(zye® + 2y? + 222+ 22%) *+n  x trén Iy (3.4)
u(z1, T2, v3) = vye” + 1y? + 222 + 222 x trén '3 UT4 U5 UTg
\
Nghiém chinh xac clia bai toan 1a w(xy, x2,23) = zye® + 2y + 222 + 222, L = —2u,

N = e +u? v S(x1,12,73) dé dang suy ra khi ta thé nghiém chinh xac vao phuong

trinh .

Data in the domain Q Data on boundary M and Nisulgulsuleg

Hinh 3.47: Mién di lieu Q(mau xanh), I';(mau dé) va I's UTy U5 U g(mau xanh 14).

Trong vi du nay cac diem dit lieu trén mién Q va bién I't, '3 UT4 UTs U g dude tao
ra bang cach ldy mau ngau nhién tit phan phdi déu véi kich thuée kich thude dit lieu
dao tao N, = 3500 diém trén mién Q va Nj, = 1000 diém trén bién I'y,T3UT, UT5 UTs.
Chay béang thuat toan L-BFGS.
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L-curve for Tikhonov regularization Posterior regularization
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Hinh 3.48: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiém.

Exact Solution ANN Solution Error

Hinh 3.49: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong trudng hgp

nhidu 0.1%. Tham s6 chinh héa o = 0.006085 chon theo phuong phap L-curve.

Exact Solution ANN Solution Error

2.00 0.01
175

1.50 o.00
125

by 0.01
0.75 -0.02
0.50
0.25 -0.03

Hinh 3.50: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN v& sai s6 trong truong hgp

nhiéu 0.1%. Tham s6 chinh héa o = 0.004912 chon theo phuong phap hau nghiém.
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Nhidu (%) | 0.1% 1% 5%

Sai s6 - L? | 1.253721e-02 2.254321e-02 4.745323e-02

Bang 3.22: Sai s6 L? trong cic truong hgp nhidu 0.1%,1%,5%. Tham s6 chinh héa o =
0.004436 chon theo phuong phap L-curve.

Error - Noise 1% Error - Noise 5%
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-0.04 0.00
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—0.06
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Hinh 3.51: Sai s6 giita nghiém chinh x4ac v& nghiém s6 ctia phuong phap ANN trong truong

hop nhiéu 1%, 5%. Tham s6 chinh héa o chon theo phuong phap hau nghiem.

Nhidu (%) | 0.1% 1% 5%

! 0.004912 0.007938 0.018333

Sai 86 - L? | 9.598386e-03  1.626991e-02 4.174019e-02

Bang 3.23: Sai s6 L? trong cac truong hgp nhiéu 0.1%, 1%, 5%. Tham s6 chinh héa a chon
theo phuong phap hau nghiém.

Vi du 3.10. Cho Q ¢ R? la hinh khéi 3D gom tat ca cac diem (z1, 29, x3) trong d6

0<x21<1,0<29<1,0<2z3<1 vadinh nghia cac tap con cia 99Q:
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M ={z[0<21<1,0<22< 1,23 =0}, To:={2|0<21 <1,0< 2y <1,23=1},
I3:={z]z1=0,0<22<1,0< 23 <1}, T'y:={zjz1=1,0<22<1,0< 23 <1},
I i={z]0<21 <1,20=0,0< 23 <1}, Tg:={z[0<z; <129 =1,0<m3<1}.
Xét bai toan Cauchy sau
Upyzy T Uzoms + Ugsas + Llu(xr, x2,23)] = S(x1, 22, 23) + N[u(x1, 22, 23)], % trong Q,  (3.5)

dit lieu Cauchy duge cho nhu sau

(
u(z1, 29,0) = 223 x trén I'
\ w = V(z%yPe*) *n  x trén I'y (3.6)
u(z1, 19, v3) = 2233€? x trén I'sUT, U5 U g
\

Véi nghiem chinh xéc ctia bai toan 1a u(z1, v2,23) = 22y%e*, £ =2u, N = u2 +u? +
ut — 2uug, va S(x1,z2,73) dé dang suy ra khi ta thé nghiém chinh xac vao phuong

trinh .

L-curve for Tikhonov regularization Posterior regularization
1 —— L-curve 0.7{ —e— ||Au_alpha - bj| 1
i } ® o — « del I
5.6005 x 10~ ! o !
i 06 ® ¢ i
i i
5.6% 107! i 2 i
- ! =05 !
= 1
5 | L i
= 5.5005 x 1071 1 3 '
E i = 044 1
g y i E i
5 5599x10 i 203 !
3 i 2 |
& 5.5085 x 107! i %02 i
[ & I
i ]
] 1

5.598 x 1077 1 0l e e e e s s e e - e e
g =0,048240 !
sse7sx 10t B ———_— 0.0 i
1 |

10-% 10 10° 10t 10° 10° 1074 1072 1072 107!

Residual norm ||Au, — bl |z Alpha

Hinh 3.52: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiém.

Exact Solution ANN Solution Error

Hinh 3.53: Hinh minh hoa nghiém chinh xac, nghiem s6 ANN va sai s6 trong truong hop

nhiéu 0.1%. Tham s6 chinh héa o = 0.048240 chon theo phuong phap L-curve.



71

Nhidu (%) | 0.1% 1% 5%

Sai 86 - L? | 2.2634271e-02  3.1524983e-02  4.373218e-02

Bang 3.24: Sai s6 L? trong cic truong hgp nhiéu 0.1%,1%,5%. Tham s6 chinh héa o =
0.048240 chon theo phuong phap L-curve.

Error - Noise 1% Error - Noise 5%
1.0 4 1.0 4
0.06 0.075
08 004  08- 2.050
0.02 0.025
0.6 0.6
0.00 0.000
0.4 - -0.02 0.4 -
-0.025
-0.04
0.2 1 0.2 1 ~0.050
-0.06
-0.075
0.0 1 —0.08 g+
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Hinh 3.54: Sai s6 gitta nghiém chinh xac va nghiém s6 ANN trong truong hop nhiéu 1%, 5%.
Tham s6 chinh héa « chon theo phuong phap hau nghiem.

Nhidu (%) | 0.1% 1% 5%

o 0.012317 0.062317 0.089273

Sai 86 - L? | 1.352378e-02 2.509405e-02 3.091071e-02

Bang 3.25: Tham s6 chinh héa a va sai s6 L? trong cac truong hop nhidu 0.1%, 1%, 5%.
Tham s6 chinh héa « chon theo phuong phap hau nghiém.

Vi du 3.11. Cho Q ¢ R? la hinh khéi 3D gom tat ci cac diem (z1, 29, x3) trong do6

0<x <0.5,0< 29 <0.5,0<x3 <1 vadinh nghia cac tap con cua 9:

Fl = {CClO S I S 0.5,0 S I S 0.5,%3 = 0}, Fg = {.’E|0 S I S 0.5,0 S ) S 0.5,563 = 1},
Fg = {:v|a:1 = 0,0 S X9 S 0.5,0 S X3 S 1}, F4 = {(L‘|LE1 = 0.5,0 S X9 S 0.5,0 S I3 S 1},

I :={z[0 <21 <05,20=0,0<23 <1}, Tg:={x|0<21<0.5,20=0.50<x3<1}.
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Xét bai toan Cauchy sau

(wal T Ugozy + Uggzs + ﬁ[u($17$2,1‘3)] = 5(331, wz,ws) +/\/[U(x1,a}2, wg)], X trong (2
u(zy, xe,0) = m x trén I'q
—au(zgf’m?’) = (—zl+m2l+z3+1) * 1 x trén I'y
\u(l‘l,:l?g,l'g) = Wlﬂcﬁl xtréen T3 UT, U5 UTg
V6i nghiem chinh xéc cia bai toan 1a u(z1,z2,23) = ;=7 £ = 0, N = v va

S(xl, 9, xg) = 0.

Trong vi du nay cac diem dit lieu trén mién Q va bién I't, '3 UT4 UTs U g dudc tao
ra bang cach lay mau ngiu nhién tit phan phoi déu véi kich thude kich thude dit lieu
dao tao N, = 3500 diém trén mién Q va N, = 1000 diém trén bien I't, '3 UT4UT5 U L.

le+00
=== Non-regularization
2
Ul ey
2
\ |U|L2¢m
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1le-03 4

T T T T T T T
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Hinh 3.55: Bién I'y(mau d6), I's UTy UT's U Tg(mau xanh 14). Lich st hoi tu clia thuat toan

L-BFGS qua moi budc lap.

L-curve for Tikhonov regularization Posterior regularization
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§ 22x107" 1 8157 i
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! 05 :
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Hinh 3.56: D6 thi minh hoa phuong phap L-curve va phuong phap hau nghiem.
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Exact Solution ANN Solution Error

Hinh 3.57: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong trudng hgp

nhiéu 0.1%. Tham s6 chinh héa « = 0.005235 chon theo phuong phap L-curve.

Nhiéu (%) | 0.1% 1% 5%

Sai 86 - L? | 3.687912e-03  7.465824e-02 2.272312e-02

Bang 3.26: Sai s6 L? trong cac truong hgp nhidu 0.1%,1%,5%. Tham s6 chinh héa o =
0.005235 chon theo phuong phap L-curve.

Exact Solution ANN Solution Error

0.48 0.005
fl 0.004
0.44
0.003
0.42
0,002
0.40
0.001
0.38
0.000
0.36
-0.001
0.34
T T T T T T T T T -0.002
0.0 0.1 02 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 05 0.0 01 02 03 0.4 05
Exact Solution ANN Saolution Error
0.50
0.48 0.48
0.46 0.46
0.44 0.44
0.42 0.42
0.40 0.40
0.38 0.38

0.36
0.34

0.36
0.34

Hinh 3.58: Hinh minh hoa nghiém chinh xac, nghiém s6 ANN va sai s6 trong trudng hgp

nhidu 0.1%. Tham s6 chinh héa o = 0.003115 chon theo phuong phap hau nghiém.
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Error - Noise 1% Error - Noise 5%
0.5 0.006 0.5
~0.006
0.005
0.4 04 ~0.008
0.004
~0.010
03 0.003 03
~0.012
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0.001 G0
P ~0.016
01 01
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0.0 —0.002 0.0 —0.020
0.0 01 0.2 03 04 05 0.0 01 0.2 03 04 05

Hinh 3.59: Sai s6 gifta nghiém chinh x4c vA nghiém s6 ANN trong truong hop nhiéu 1%, 5%.
Tham s6 chinh héa « chon theo phuong phap hau nghiem.

Nhiéu (%) | 0.1% 1% 5%

! 0.003115 0.008123 0.028563

Sai 86 - L? | 1.433903e-03  2.479424e-03  1.016865¢-02

Bang 3.27: Sai s6 L? trong cac truong hgp nhidu 0.1%, 1%, 5%. Tham s6 chinh héa o =
0.003115 chon theo phuong phap hau nghiém.

2 2 2 2
L-BFGS Khong chinh a0 o], 0 120 |3l
L 5 5 5 5 5
N 10 10 10 10 10
Nhiéu (%) 0.1% 0.1% 0.1% 0.1% 0.1%
o 0 0.005235 0.005235 0.005235  0.005235
Buée lap 1500 1500 1500 1500 1500
Thai gian/Bude lap | 0.0606s 0.0713s  0.0893s  0.0725s 0.0891s
Ham méat mat (Loss) | 1.94e-02 6.38¢-04  5.79¢-04  3.64e-04  3.38e-04

Bang 3.28: Két qua s6 cho bai bing toan thuat toan L-BFGS.
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3.5. Nhan xét
Trong chuong nay, ching toi da trinh bay cac két qua cu thé nhu sau:

1. Trinh bay cac vi du dé minh hoa cu thé phuong phap cho bai toan Cauchy tuyén
tinh, cho trudng hop hai chiéu (2D) va ba chiéu (3D).

2. Trinh bay cac vi du dé minh hoa cu thé phuong phap cho bai toan Cauchy phi
tuyén, cho truong hgp hai chiéu (2D) va ba chiéu (3D).

3. Trinh bay vi du so sanh hai thuat toan ADAM va L-BFGS (xem vi du .

Cac vi du s6 thé hien su hieu qua ctia viec két hop phuong phap chinh héa Tikhonov
v6i mang neuron nhan tao (ANN) trong viéc gidi bai toan Cauchy. Két qué cho thay
tinh 6n dinh ctia phuong phap khi déi mat véi nhidu ¢ mic 0.1%, 1%, 5%, va sai sb
van duy tri 6 khoang tit 1072 dén 10~3 cho tat ca cac truong hop.

Trong toan bo cac vi du so, ching to6i chon tham s6 chinh héa o theo phuong phap
L-curve va phuong phap hau nghiém. Phuong phap L-curve 1a mot phuong phap do
thi ducc st dung dé xac dinh gia tri t6i wu ctia tham sé chinh héa a, cach tiép can
nay khong phu thudc vao mitc do nhiéu (noise level) trong di lieu. Trong thuc té,
ching ta thuong khong biét trude duge mitc do nhidu (noise level), do d6 phuong

phap L-curve thuong dugce wa chuong va ap dung rong rai trong cac bai toan thuec té.

Ngugc lai, trong phuong phép hau nghiém (posterior regularization), mic do nhiéu
(noise level) trong dit lieu trd thanh mot yéu t6 quan trong dé xac dinh tham s6 chinh
hoéa «. Phuong phap nay thuong cho két qua tot hon khi mite do nhiéu duge xac dinh

chinh xéac va dang tin cay.

Tém lai, ca hai phuong phép L-curve va phuong phap hau nghiem déu cé thé duge st
dung dé chon tham s6 chinh héa trong cac bai toan chinh héa. Viec lua chon phuong
phap tity thuoc vio boéi canh va muc tiéu ctia ting bai toan cu thé. Tuy nhien, dé
dat dugc két qua tinh toan tot, ching ta nén két hop ca hai phuong phap nay. Bing
cach st dung cd phuong phap L-curve va phuong phép hau nghiém, ching ta c6 thé
tang kha nang danh gia va lua chon mot gia tri  phtt hgp cho ting bai toan chinh

hoa.

Dé minh chiing cho tinh hiéu qua khi ap dung phuong phap chinh héa Tikhonov két
hop v6i ANN trong gidi quyét bai toan Cauchy, ching toi c6 vai nhan xét cho vi du

-1} B.3} B.6 nhut sau
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(a) (b) (c)
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Trong nghién cttu ctia Li va Hu [30], khong stt dung chinh hoa, ho da ap dung diéu
kién bién ddi xing nhu duge biéu dién trong hinh (a) cho vi du 1(xem [30]). Viéc
nay giip cho bai toan tré nén dé dang hon trong quéa trinh tinh toan. Tuy nhién, néu
khong st dung chinh héa va chon diéu kién bien nhu hinh (b) va (c), phuong phéap
cia Li v& Hu [30] khong thé dat két qua t6t. Trong nghién citu ctia chiing toi, nhd
ap dung phuong phap chinh héa Tikhonov két hgp véi mang ANN, chiing t6i c6 kha
nang giai quyét bai toan mot cach dé dang va dat duge két qua tot vé6i thoi gian tinh

toan hiéu qua va nhanh chéng (xem vi du , , .
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KET LUAN VA KIEN NGHI

Luan vin da tap trung nghién cqu vé dé tai: "Giai bai toan Cauchy cho mot s
phuong trinh dao ham riéng bing mang neural nhan tao" da trinh bay dudc

cac két qua sau:

1. Gi6i thieu tong quan vé cau tric clia mang neuron nhan tao (ANN) va tng dung

ANN dé giai cac bai toan lien quan dén phuong trinh dao ham rieng.

2. Trinh bay mot phuong phap méi giai bai toan Cauchy dat khong chinh cho phuong
trinh elliptic va parabolic thong qua viéc két hgp phuong phap chinh héa Tikhonov
v6i mang neuron nhan tao. Dé dat dugc hieu suat tt, ching toi st dung thuat toan
ADAM két hgp véi L-BFGS, mot cong cu manh mé, dé huan luyén mang neuron.
Tham s6 chinh héa a duge chon theo phuong phap L-curve va phuong phap hau
nghiém. Cudi cuing, trinh bay vé tinh hoi tu ctia phuong phap nay.

3. Trinh bay vi du hai chiéu (2D), ba chiéu (3D) cho ca hai truong hop tuyén tinh
va phi tuyén. Két qua s6 thu dugce tit nhitng vi du cho thay phuong phap mdi trong
luan vin 1a hiéu qua. Diéu nay tao co s6 cho nghién citu va ing dung mang neuron
nhan tao két hop véi chinh héa trong viéc gidi cac bai toan nguge cho phuong trinh

dao ham riéng.

Cac két qua trong luan van la méi va dang tiép tuc hoan thieén dé viét thanh mot bai

bao khoa hoc.
Hudéng nghién ciu tiép theo ciia luan van sé bao gom cac khia canh sau:

1. Ching toi sé tiép tuc nghién cttu va hoan thién 1y thuyét két hop phuong phap
chinh héa Tikhonov va ANN dé nang cao kha ning giai bai toan Cauchy va céc bai
toan phuong trinh dao ham riéng khac.

2. Nghién cttu va cai thien 1y thuyét lien quan dén tinh 6n dinh va hoi tu ctia phuong

phép giai bai toan Cauchy bang ANN, dé tang do tin cay clia mo hinh hoc may.

3. Nghién ctu cac phuong phap chinh hoa khac két hop véi ANN dé gidi bai toan
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Cauchy. Diéu nay c6 thé tim ra phuong phap tiép can mdi hieu qua hon.

Huéng nghién citu md rong vé viéc ap dung mang neuron nhan tao dé giai

phuong trinh dao ham riéng:

1. Phat trién 1y thuyét chinh héa ap dung cho ANN vi chinh héa gitp tang do tin cay
clia mo hinh hoc méy. N6 ¢6 thé gitp kiém soat hién tuong qua khép (overfitting)
bang cach giam do phiic tap ctia mo hinh, ddm bdo rang né hoat dong toét treén dit
liéu mai.

2. Nghién citu tinh on dinh, tinh hoi tu v do tin cay ctia phuong phéap gidi phuong
trinh dao ham riéng bang ANN trong cic bai toan thuc té.

3. C6 thé tap trung nghién citu ting dung ANN vao giai nhiéu loai phuong trinh dao
ham rieng khac nhau nhu: Phuong trinh dao ham riéng phi tuyén, phuong trinh dang
Hamilton-Jacobi, hoac cac phuong trinh trong linh vuc vat 1y hoc.

4. Nghién ctu cach tich hop ANN vao cac phuong phap truyen théong hoac két hop
véi xac suat, théng ke dé tao ra cac két qua chinh xac v hieu qua hon. Diéu nay c6
thé 4p dung trong céc bai todn vdi diéu kien bien phitc tap hoic can do chinh xac
cao.

5. Nghién citu t6i wu héa cau triic ANN dé gidm thicu s6 lugng tham s6 va tang kha
nang tu hoc clia mang. Dieu nay gitp cai thién hiéu suat va gidm thoi gian dao tao.
6. Nghién citu ap dung ANN dé gidi cac bai toan cu thé trong cac linh vic nhu hinh
anh y hoc, du doan thoi tiét, mo phéng khong gian va thoi gian, hodic téi uu héa quy

trinh san xuét.
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PHU LUC

Trong phan phu luc nay, ching t6i trinh bay mot s6 tinh toan vé dao ham va lan

truyén nguge dya trén quy tdc dao ham hgp (chain rule).
3.6.Lan truyén ngudc véi ANN

Lan truyén ngude 1a qué trinh tinh dao ham trong mang neuron nhan tao (ANN).
8yL+1 a L+1

Dé tinh lan truyén ngude véi dao ham <W> W)v chiing ta c6 thé tinh dao ham

ctia z' va y'. Theo quy tic dao ham hgp, ta co:

ayL+1 ayLJrl 8Zl ayL+1 1

owl oz i owl ozl SRR (3.7)
ayL—H ayL—H azl ayL—H ’
obl o ool od

Chtng ta dinh nghia &' := & 1 =1,2,..., L + 1. Tt phuong trinh (3.7), ta cé:

azl 9
L+1 _ L+1
0 =041 (Z ) g

o = (Wl+1)T*5l+1 or! (zl) , 1=1,2,...,L;

& day, ki hieu ® biéu thi phép nhan cac phan tit tuong tng ctia hai vecto.
3.7.Lan truyén ngudc dao ham cap 1 véi ANN

2 2 Y X N d 1 X L. < 82 L+1 82 L+1
Gia strang dau vao x € OxT C R*xR*, lan truyén ngugc véi dao ham (m, ¥ i

nhu sau:
T
oPyrrt 9st oty 0y 3.8
ox; 0wl 0x; *(T) ox; 38
aZyL—i—l 8(5l
R A 3.9
8xi8bl 6xi’ ( )

1
trong do % duge tinh nhu sau:

L+1 L+1
85l 35l+1 o l
8_XZ~ = (WZH)T * o, ©O) a; (zl) + (WZH)T N ARNO) af’ (zl) ® 8;'
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Cong thic g—gi va g—i trong cac phuong trinh trén cé thé biéu dién cho ting 16p nhu

Sau:

oz! 1
=W
&Ei
ozt g 02
axi =W *8:1:,-®0l (z)
oy o7 1 (1
a_gji = a—xz ® o) (Z ) .

Khi Q ¢ R%,d > 3, dé thuan tién trong tinh toan ma tran, vects f = [f1, fa, ..., fml,

ma tran Jacobi cua f duge dinh nghia la:

on on  oh on
Or1 Oxo 77 Oxyg Ot
9fr Of 9fr Of
Ory Oxg " Ozxyg Ot
G(f) - )
Ofm  Ofm Ofm  Ofm
Ory Oxg 7 Ozxyg Ot
va d6i v6i mot vecto u = [ug, ug, . .., u,], cAc ma tran duong chéo duge dinh nghia nhu
sau: ) )
U1 0 0
0 U9 0
diag(u) =
0 0 ... uy,

V6i dinh nghia trén, ta c6 cac cong thic trong dang ma tran nhu sau:
G (5L+1) = diag (UZH (zL+1)) *x G (zL‘H) ,
G (8') =diag (o] () * (W) G (5

+ding (of () » (wi*)) 581 0 @ (o). (3.10)

96" .
o~ C (6") 14,
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trong do:
G (zl) =wh Iy,
G (zl) = wx diag (01_1 (zlil)) * G (zlil) , 1=2,3,...,L+1,

G(yl) :diag(al’(zl))*G(zl), 1=1,2,...,L+1,

I; 1 ma tran don vi d x d.

3.8.Lan truyén ngugc dao ham cap 2 véi ANN

+ 2 ? X N d 1 N N . N 83 L+1 83 L+1
Gia st dau vao x € O x 7 C R*xR" va lan truyen ngugce véi dao ham ( TwioTa: oo

duge tinh nhu sau:

T T
83yL+1 B aQal . ( lfl)T . 28(5l . ) (yl—l) . 51 . o2 (yl—l)
Owlo?z;  Ox? Y Ox; ox; ox? (3.11)
83yL+1 B 82(5l ’

oblo2z; — 0a?’

trong do a;j; dudc tinh bang cong thic:

92541 L 9zL+1 2
T~ e (%)

(3

625l 825l+1 a(sH—l ) l
9z = (wl+1)T * ( 922 ® al’ (zl) + 2 Bz, ® af’ (zl) ®© 8;)
T o7 927!
+ (WH—l) U RO) (0'2// (zl) ® (a—xz) + 02/ (zl) ® 8_333) )

208 o 9%t . N ~ . 292 .x
%xyg va 88;2 trong cac phuong trinh trén c6 thé bieu dien cho

Cong thic phan tich cia
tung 16p nhu sau:

0%z}
2 pr—
8351'

82214—1 11 anl } azl 2 }
axlz = w' !« W@af(z)—l— Bz, @aé’(z) ,

82l an al 2
o2y () ot

Khi Q@ ¢ R? d > 3, dé thuan tién khi tinh todn ¢ dang ma tran, vecto u, G?(u) duge

dinh nghia la:
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Puy 9wy 9%uy
8x% 8x% ) 8xc2l
Dus  %uy 2us
2 2 2
GQ(u) _ dxy  Oxs ) 8wd
0%u,  0%uy, 0%y,
] 833% ax% T ax?i |

Ma tran ciia dao ham cap 2 dude viét nhu sau:

G? (5L+1) =diag (U(Lg}rl) * (VZL+1 ® VZL—H)

(3.12)
+ diag (U'L'H (ZLH)) x G2 (ZLH) ,
G2 (8') = diag (o} (7)) * (W) % G2 (511)
+ diag (02’ (zl>) * (wl+1)T * (2V5l+1) o Vz!
3.13
+ diag (O'Z(S) (zl)) * (wl+1)T « 0l o (Vzl ® Vzl) ( )
+ diag (af’ (zl>) * (WZH)T 0 o g (zl) JA=1,2,... L
9%’ 2 (1) [;
-z =G (6" []. (3.14)

Ta thiét lap phuong trinh cho G2 (2') va G2 (2!):
G? (z1> = wl % Ods1,
G? (zl) —w! x (diag (Ule (zl_l)) * (Vzl_1 ® Vzl_l)
+ diag (02_1 (zlil)) * G2 (Zlil)) ,
G (y') = diag (o] (2')) * (VZ' © VZ') + diag (0] (2')) = G* (z"))
trong d6 Oy la ma tran khong cé c¢d d x d.

Dau tién, ching to6i dua ra cong thic lan truyen ngugc cho bai toan (0.2)), va bai toan

(0.1) cling tuong tu.

Lan truyén ngudgc cho diéu kién bién Dirichlet va diéu kien ban dau cé thé dé dang
thu dugce trong phuong trinh {) Diéu kién bién Neumann va phuong trinh trang
théai duge xét véi bai toan ([0.2)).
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3.9. Lan truyén ngudc cho diéu kién bién Neumann

Trong bai toan phu thudc thoi gian, chung ta co:

G (yL—|—1) — ayL+l ayL+1 8yL+1 ayL+1 ) (3 15)
ox1 0x2 T 0xq ot

Diéu kién bién Neumann duge viét nhu sau:

8yL+1

“on vyl s« DT(x) =G (yL+1) [1:d + DT (x), (3.16)

trong d6 D(x) = (B1, B2, - . ., fq) biéu thi huéng tai cac diém x. Tuong ty, lan truyen

ngudc cia dieu kién bien Neumann dugce viét nhu sau:

82yL+1 E)VyL“ ayL—H
ndwl =~ oul DT(x) =V e DT (x), (3.17)
aQyLJrl 8VyL+1 ayL+1
il — ol DT(x)=V T DT (x). (3.18)

Dat sum(A) la vecto c6 phan tit tuong ting la tong clia cac cot ciia A, duge viét nhu

L+1
Vang « DT (x) = sum (diag(D(x)) * G (¢') [1 : d]) = (yl_l)T (3.19)
oyt p i l
V= * D (x) = sum (diag(D(x)) * G (&") [L: d]) . (3.20)

Vi vay, ching ta c¢6 thé tinh toan lan truyén ngudc cho diéu kién bien Neumann véi
céc phuong trinh (3.16) dén (3.20).

3.10. Lan truyén ngudc cho phuong trinh trang thai

RO rang (ay;:l trong bai toan (0.2) c6 thé duge tinh tryc tiép bang phuong trinh

tham chiéu (3.8) va (3.9). Diéu quan trong hon dé tinh toan la lan truyén nguge cho

toan tit £. C6 rat nhicu sur lya chon cho £ va trong bai nay, chting toi chi trinh bay

toan t1t gradient V va toan tit Laplace A. Nhiéu toan tit bac cao ciing tinh tuong ti.

Ching ta biét réng Vyl+! = G (yX*1) [1: d], do d6 lan truyén ngugc ¢ thé duge tinh
tryc tiép theo phuong trinh () Sau do6, hay xem xét toan tit Laplace. Ching ta
biét rang

d 2y L+

L+1
Aytt=) (3.21)
i=1 g
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Theo phuong trinh (3.12)), dat Au = sum <G2(u)[1 ; d]) Dinh nghia Gy(u) := G%(u)][1 :

d], ta c6 lan truyén ngugce nhu sau

d
3AyL+1 83yL+1

oW~ 2 oaZw
d
_ % (. (w-1)\"
N ; am? (6 * (y ) )
d d T
B 026! T o5 (y'1)
- (i:l (%‘?) i (y ) * 2; oz, Or (3.22)

o o (01 ()

OAyL+1 d 93y L+l
aybl =2 8x}2’8bl - su (Gd <5l>> ' (3.23)
i=1 i

V6i tat ca cac phuong trinh tit (3.21]) dén (3.23)), ta c6 thé tinh toan lan truyeén ngudc
cho phuong trinh trang thai ctia nhiéu toan ti L.



