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INTRODUCTION

Motivation

The light of proliferation of machine learning and data science have provided a revo-
lution to analyse and understand the physical phenomena in nature underline complex
data and extract patterns in vast multimodal data. However, although there is a rapid
development in statisical tools to understand the data that derives from probability
and statistics, distilling physical relationships of dynamic processes from big data is
still standing in fundamental progresses. Moreover, the abundance of data together
with the elusiveness of physical laws and governing equations are truly problematic for
climate science, finance, epidemiology, and neuroscience. This leads to an limitation
on the ability of data science models to deduce the dynamics and makes this data over
the scenario of sample and construction. Therefore, discovering governing equations

from data is a central task of scientists and engineers in various fields.

In recent years, environmental pollution has received the great attention of author-
ities, residents and scientists. The population explosion together with global warming
significantly accelerate serious depression in living environment such as the decline of
water quality especially in lakes and rivers. The human overactive in agricultural,
industrial and daily activities results to contaminate the river water partially and com-
pletely. This leads to the study of water quality, mathematical modelling of water

quality is the one among such a research.

Since the 19th century, people used aerobic biology to treat the waste water from
daily activities. In 1930s, American scientists and engineers [1] have mainly employed
it as a crucial technique to investigate and eliminate ordinary water contamination.
To estimate water quality, the Biochemical Oxygen Demand (BOD) and Dissolved
Oxygen (DO) index are usually used. BOD plays a significant role to measure the
degradation of biological organics and the consumed oxygen in the degradable process of
microbes. Furthermore, DO indicator is also a important parameter in chemical aspect
to consolidate the healthy of water organisms and underwater creatures. In normal
condition or unpolluted water, DO rates above the discharge will be near saturation
[2, Lecture 19]. The higher DO indicator is, the higher biolocial diversity and the
lower number of dead fish. As a result, the authorities and environmental scientists

recommend the DO concentration in water is not smaller than 5.0 mg/L most of the



time and 4.0 mg/L at all times, see [3, p.221].

CHy0 + 0y 22, ¢0, + H,0.
BOD DO

The first paper that considers the dissolved oxygen was published by Streeter and
Phelps in 1925 when they conducted their research in Ohio River, see [1]. In this
paper, Streeter and Phelps demonstrated the decrease of DO indicator which relates to
the downstream distance because the dissolved organic BOD degenerates in this area.
They also developed a mathematical model to present the phenomenon which was
widely known as the Streeter-Phelps equation. In this model, biodegradable organic
matter is taken into consideration by the BOD parameter, which is defined as the
quantity of oxygen consumed from a unit volume of water by microorganisms during a
specified period of time. The other process is the re-aeration oxygen across the water
surface due to the turbulent motion of water and to molecular diffusion. It reduces
the “oxygen deficit” of water, which is defined as the difference between the saturation
oxygen content and the actual dissolved oxygen level. This model consists a set of

dynamic equations governing the evolution of the BOD and DO. The BOD-DO model

without diffusion process is given by

% + v(x,t)% = —ki(x,t)b+ s1(z,t) in (0, X) x (0,77, (1)
%i + v(x,t)% = ki(x,t)b — ko(z,t)d + s2(x,t) in (0,X) x (0,77, (2)
together with initial and boundary conditions
b(x,0) = bo(z) d(x,0) = do(x) on (0,X), (3)
b(0,t) = by(t), d(0,t) = dy(t) on (0,7, (4)

where X > 0 is the length of river, 7' > 0 is the observational time, b(z,t) represents
the BOD concentration and d(z,t) is the DO deficit in the water at time ¢ and position
x, respectively. Meanwhile, v is the velocity in the river, k; is the de-oxygenation rate
(BOD decay rate) and ks is the re-aeration coefficient (the re-aeration rate), sj is the
source of the BOD concentration and sy = kjdg, where d is the saturation value of d.
However, when we use the model (1)—(4) to approximate other models, the meaning
of the parameters is no longer available. To apply this model, it requires to estimate

v, k1, ko, s1 and s9. There are two basic problems of water quality modelling

1. The first one is the direct problem. This means that given the parameters v,
ki, ko, s1, s2 as well as intial and boundary conditions, we solve numerically
the model (1)—(4). There are various numerical algorithms to solve the direct
problem such as the upwind scheme, forward time centered space scheme, Lax-
Friedrichs’ scheme, Leapfrog scheme, Lax-Wendroff scheme,...[4], two-step Lax-

Friedrichs’scheme [5].



2. The second one is the inverse problem. It means that given b and d in the whole
domain or in some part of the domain, we have to recover the parameters v, ky, ko,
s1 and s in the model (1)—(4). These types of coefficents/source identification
problems have recently been renamed as “learning models” or “learning partial
differential equations/systems”, see [6, 7, 8, 9, 10, 11, 12, 13, 14, 15].

In this thesis, we investigate the inverse problem of identifying the parameters of the
BOD-DO model (1)—(4). By assuming that we known the data which approximates the
solution (b, d) of the model in [0, X] x [0, 7], we want to recover the constant parameters
of the BOD-DO model. To this task, the model is rewritten in a general form in which
the unknown coefficients to satisfy linear systems. Unfortunately, in this circumstance,
these systems are typically over-determined ones. To deal with this situation, we apply
['-weighted regularization to achieve the target parameters. Furthermore, to solve the
optimization problems arising from I'-weighted regularization we apply some efficient

algorithms such as Nesterov’s accelerated algorithm [16, 17].

Thesis’s structure

Apart from the introduction and conclusion chapter, the thesis is organized as

follow:

e Chapter 1 presents some basic definitions on inverse problems and ill-posed prob-
lems. Then, we recall some fundamental results in function spaces and optimiza-
tion which are necessary to prove some results in the thesis. The soft shrinkage
operators are also reconsidered in Euclidean space. Some properties about soft

shrinkage operators are proven in the detail.

e Chapter 2 introduces a background of learning the partial differential equations
from data. In this chapter, we represent an example of nonlinear dynamical system
in constructing the underlying system from data by using sparse representation

and some challenges in learning models via data and sparse optimization.

e Chapter 3 is the mainly theoretical results in the thesis. We firstly establish the ex-
act solution of BOD-DO model in constant parameters case. Then, the BOD-DO
model (1)—(4) is readjusted into a general form in which the unknown coefficients
to satisfy linear systems and ['-weighted regularization is added in the optimiza-
tion problem for learning unknown parameters. In this chapter, the well-posedness
and convergence of learning BOD-DO model by I'-weighted regularization is also

proven under some assumptions.

e Chapter 4 is devoted for the simulation and numerical algorithms. In this chapter,



we apply the two-step Lax-Friedrichs method to solve the BOD-DO model in which
the solution is used as the data for the inverse problem. After adding noise into
the data, we analyse the convergence of Nesterov’s accelerated method to find the

unknown parameters.

Chapter 5 presents some numerical experiments in learning BOD-DO model by '-
weighted regularization and {'-regularization. The numerical examples confirm the
accuracy of our algorithm to solve the forward problem and restore the parameters
of a given BOD-DO model.



Chapter 1

PRELIMINARIES

1.1 Ill-posed problems

In his lecture [18] published in the year 1923, Hadamard assumed that a mathe-

matical model for a physical problem has to be well-posed in the sense that

1. There exists a solution of the problem (existence).
2. There is at most one solution of the problem (uniqueness).
3. The solution depends on continuously on the data (stability).

Definition 1.1. (Well-posedness, see [19]) Let X andY be normed spaces, K : X —'Y
a (linear or nonlinear) mapping. The equation Kx = y is called well-posed if the

following holds

1. Ezxistence: For everyy € Y there is (at least one) x € X such that Kz = y.
2. Uniqueness: For every y € Y there is at most one x € X with Kx = vy.

3. Stability: The solution x depends continuously on y, that is, for every sequence

(™) C X with Kz — Kx (n — 00), it follows that " — x (n — o).

Definition 1.2. (Ill-posedness, see [19]) Equations for which (at least) one of these

properties does not hold are called ill-posed.

1.2 Some results in function spaces

Definition 1.3. (See [20])

1. The Euclidean norm (la-norm) of vector x = (x1,x2,...,x,) € R™ defined by

n

ol = (3=2)"

i=1

2. The sum-norm (ly-norm) of vector x = (x1,x2,...,x,) € R" defined by

n
Izl =) lail.
=1



3. The norm of m x n matriz A = (a;5) (ai; € R, 1 <i<m, 1< j <n) defined by
4= (3 a)
i=1 j=1
Theorem 1.4. (Weierstrass theorem, see [21, p.37]) Let f : M — R be a functional

on the compact nonempty subset M of a normed space. Then, f has a minimum and

a mazimum on M.

Definition 1.5. (See [22, Definition 32.11]) Let f : X — R = R U {#o0} be a
functional in real Banach space X. The functional f* in dual space X* of X is called

a subgradient of f at point x if and only if
f(@) # Foo,

fy) = fl2) + ([ y —2)x, Vo € X,
The set of all subgradients of f at x is called the subdifferential Of(z) at x.

Theorem 1.6. (See [22, Proposition 32.13]) Let f : X — R be a convex functional

on the real Banach space X and f is Gateaux-differentiable at x € X with derivative

f'(x). Then, 0f (x) = {f'(z)}.

Theorem 1.7. (Minimum principle, see [22, Proposition 32.14]) Let f : X — (—o0, +o0]
be a functional on the real Banach space X with f # 4+o0o. Then x is a solution of the

manimum problem

min f(z),
iof and only if

0 € df(2).

Theorem 1.8. (See [23, Theorem 4] and [22, Proposition 32.17]) Let f : X —
(—o0,+00] be conver and lower semicontinuous on the real Banach space X and

f # 400. Then, the subgradient Of : X — 2% is mazimal monotone.

Theorem 1.9. (Regularization, see [22, Corollary 32.30]) Let X be a real reflexive
Banach space with dual space X*, C' be a nonempty closed convex subset of X and
let J: X — X* be a duality map of space X. Assume that X and X* are strictly
convex and the mapping A : C — 25 is mazimal monotone. Then, for each a > 0,

the inverse operator

(A+a) b X* 5 X

15 single-valued, demicontinuous and maximal monotone.

In the following, we recal some fundamental notations and inequalities which is

used in the next chapter. The more details could be found in [24].



Definition 1.10. (See [24, Definition, p.301]) Let X be a real Banach space with
norm ||-|| and let 1 < p < oco. Then, the LP(0,T; X) consists of all strongly measurable
function v : [0,T] = X, i.e.,

LP(0,T; X) :==A{u:[0,T] = X : u strongly measurable, ||ul| 1, r,x) < o0},

T 1/p
el o) = ( / Hu(t)ll”dt> |
0

[l oo 0,7, x) = esssup [[u(t)]| < oo.
0<t<T

Remark 1.11. In this thesis, we briefly denote LP(0,T;R™) by LP(0,T).

where

for1 <p< oo and

Theorem 1.12. (Holder’s inequality, see [24, p.706]) Let U € R™ be an open subset
of R". Assume that 1 < p,q < oo and —+ - =1. Then ifu e LP(U), v € LY(U), we
q

p
have

/U juvldz < [[ull oon 1ol oo -

1.3 Soft shrinkage operators

To deal with sparsity constraints, soft shrinkage operators are usually used in prat-
ical experiments. At first, they were introduced and investigated by [25] for linear
inverse problems. After that, these operators are manipulated for gradient methods in
nonlinear inverse problems, see [26, 27, 28, 16]. In this thesis, we only consider the soft

shrinkage operators in real spaces for the application in Chapter 4.

Definition 1.13. (Shrinkage function, see [26, 25]) Let S, , : R — R be a function

defined by
sgn(e) [|z| —w] , p=1,

Swplz) = ) (1.1)
G (SL’), I<p<2

wp
where
Gup(r) =z +wpsgn(z)|zP~1  and [|x! - er = max(|z| — w,0).

Then, S, p is called “shrinkage function”.
Definition 1.14. (Soft shrinkage operators, see [25, 29]) Let w = {w;}.| with w; > 0
for all i. The soft shrinkage operators S, : RN — RN are defined by

Swplx) = (Swl’p(xl), Swsp(T2), .., Swmp(xN)), (1.2)
where © = (x1,x9,...,x5) € RY and Swr,p 15 a shrinkage function which is defined by
(1.1).



Next, we have some properties of the soft shrinkage operators which are briefly

indicated in [25, Lemma 2.2].

Lemma 1.15. (Nonexpansion, see [25]) The soft shrinkage operators S, which are

defined by (1.2) are non-expansive, i.e.

ISw,p(2) = Sup@)l < llz —yll, Va,y € RY.
Proof. We will prove this result by dividing into two cases:

1. The case p > 1: Consider the functional G, : R — R (7,p > 0) is given by
Grpt)=t+7p sgn(t)|t|PL.
For all tg > 0, we have

Grp(t) — Grp(to) (t —to) + p(tP~ 1 —th™")

lim = lim
t—to t—to t—to t— 1o
— lim (1 =2 Ll 4 P2
Jim (14 mp( 8 o+ 17T)

=1+7p(p— 1)t8_2.
This means that G, is differentiable in (0, +00).

Moreover, G, is an odd function. Then, it is also differentiable in (—o0,0).

At the point 0, this follows that

Grp(t) — Grp(0 p—1
t—0+ t—20 t—0+ t

Grp(t) — Grp(0 t —rp(—t)P~1
t—0- t—20 t—0- t

Hence, G is a smooth function in R with its derivative defined by

1+ 7p(p — DtP~2, if t >0,
Gt =11, if t =0,
1+7p(p—1)(=t)P~2, ift<0.
From the derivative of G, it follows that for each 7,p > 0,
G,p(t) > 1, vteR.

Return to the lemma 1.15. Let u =S, ,(z) and v = Sy, ,(y).
By (1.2), for all i € {1,2,..., N} we have

By (1.1), they are equivalent to
i = Gup(ui) and  y; = Gy, p(vi).

By the mean value theorem, for all u;,v; € R, there exist 7; between u; and v;

such that

/

Gwi,p<ui) - Gwz-,p(vi) = Gwi,p(m)(uz‘ — ;).



According to above evaluation, Glui,p is uniformly bounded from below by 1, we

get
|G, p(ti) — G, p(vi)| = |G;Jp(m)Huz —vi| > |u; —v], Vi € {1,2,...,N}.
This means that for all ¢ € {1,2,..., N}, we have the following inequality
S p(2i) = S p(i)| = ui — vil < [Guyp(ui) = Gupp(vi)l = |zi — il

As a result,

N
1Swp(x) = Sep@I* = [Sunp(@i) = S p(wi)]
=1

Then, for p > 1 we have
[Swp(®) = Swp)l < llz —yll, V,ye RY.

— il = e —yl*.

HMz

. The case p =1: For 7 > 0 by (1.1), we have
t—r1, ift>r,
Sra(t) = sgn(t) [|x| - WLF =140, it —7<t<T,
t+7, ift<-—r

Without loss of generality, we may assume that ¢t; < to for all ¢1,15 € R. We will
prove that

|S71(t1) — Sralte)| < [t — tal.
If t1 <ty < —7or7 <t <to, we have
[Sra(t1) — Sra(t)] = [t — tal.
Ift; < —7 <ty <7, it yields
t1—to<ti+7 and 1 +T7 <ty —t.
Then,
|S71(t1) — Sra(te)| = |t + 7| < |t1 — tal.
Ift; < —7 <7 <ty, we have
t1+7<0 and —(t2—7)<0.
It follows that
t1 —ta+ 27 < 0.
Then,
|S71(t1) — Sra(te)| = [t1 —to + 27| =ta — t1 — 27 <ty —to = [t1 — ta.
If —7 <t1 <to <7, we have

0= |ST71(t1) — 5771<t2)| < |t1 — t2|.
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If —7 <t; <7 <ty it gives
|S71(t1) = Sra(te)|=|— (o —7)| =ta —7 <ta —t1 = |t1 — t2].
Thus, we always have the following inequality
1Sra(t1) = Sra(te)| < [t —taf, Vi, 02 € R.
By (1.2), it follows that
ISw,1(2) = Sw i@ < llw —yll, Va,y € RY.

]

The next lemma is crucial to prove the convergence of the Algorithm 4.2 in Chapter
4.

Lemma 1.16. Let {2"}, {y"} and {z"} be sequences in RN and {a,} be a positive

sequence such that
2" = Sa,wpy" — an2").
Assume that

lim 2" = lim y" =2%, lim 2" =2 and lim a, =a" > 0.

Then,

2" = Sgrwp(r” —a”2").
Proof. We seperate the proof into two cases.

1. For p > 1, by the assumption, we have

lim 2! = lim y' =27, lm 2=z, Vie{l,2,...,N}.

n—:o0 n—00 n—0o0
Following (1.1) and (1.2), it yields

2+ apwipsgn(@™) |z P =y — a2, Vi€ {1,2,...,N}.
Letting n — oo, we get

oi 4 afwipsgn(a))|zi P = 2f —a*2f, Vie{1,2,...,N}.
Hence,

2" = Sprwp(z” —a’2").

2. For p = 1, the assumption leads

n

xy =sgn(y;’ — apz’) max(|y;’ — anzi’| — anwi, 0), Vi € {1,2,...,N}.  (1.3)
Define

Iy ={i:|af —az| — a*w; > 0},
Fo={i:|z] —a"z| — a*w; <0},

I3 ={i:|z] —a"z]| — a*w; = 0}.
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Recall that

nh_)rglo(yf —ap2l') =xf — o’z nh—>Héo [yl — apzl| — anw; = |z — a2 — aw;.
If « € I'y,for n large enough we have

sgn(y — apzl) =sgn(x) —a*z’)  and |y — anz)'| — apw; > 0.

It deduces from (1.3) that

x; =sgn(x; —a’z)) max(|z; — 2| — a*w;, 0) = Sprw, 1 (2] —aj2)), Vi € Ty,
If i € I'g, we have |y — a,2]'| — apw; < 0 when n is large enough. From (1.3), it
yields x]' = 0 when n is large enough. This gives 27 = 0 and implies

z; = Sorw 1 (@] —a*z)), Vi € Ty,

EPVE 3

If i € '3, sgn(y' — anzl’) = sgn(z; —a*zf) = 1 when n is large enough. Moreover,

lim (|y]' — anz]'| — apw;) = |z; — a2 | — a*w; = 0.

n—oo
It yields
z; = lim z = lim [sgn(y;' — apz]’) max(|y;' — anz)'| — anwi, 0)] = 0.
Hence,

* * * %k -
x; = Sarw,1(x] —a’z), Vi € I's.
In summary, we have

x; = Sorw,1(x] —a’z), Vie 't Uy UTs,

7

which is equivalent to

" = Sqrwa(r” —a*2").

Remark 1.17. In the rest of this thesis, we succinctly denote Sy, 1 by S, .
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Chapter 2

LEARNING MODELS FROM DATA

In this chapter, we discuss the general background of determining the governing
equations from the data which is dramatically developed and researched in recent

years based on the proliferation of machine learning and data science.

2.1 Learning models from experimental data

The history of modeling dynamical systems from observational data experienced
a prolonged and fruitful history and resulted in powerful techniques for system iden-
tification, with a rich history going back at least as far as the time of Kepler and
Newton and the discovery of the laws of planetary motion [6]. A number of meth-
ods have beyonded the original purposes for understanding the complexity of flexible
structures, such as the Hubble space telescope or the international space station. The
resulting models have been widely applied in nearly every branch of engineering and
applied mathematics, most notably for model-based feedback control. Nevertheless, to
identify the model system, we need more assumptions on the form of the model and
most of them often result in linear dynamics with their restricted effectiveness to small

amplitude transient perturbations around a fixed point of the dynamics.

Learning partial differential equations/systems is a newly developed research direc-
tion in mathematics and applications since it can provide fundamental models in the
physical and life sciences. Partial differential equations/systems also model complex
behaviors in the social sciences, for example conservation laws for traffic flow, systems
of equations for population dynamics, epidemic models and financial markets. The
original discoveries of these equations/systems typically required a grasp of mathemat-
ics, an understanding of theory, and supportive evidence from experimental data. Any
model is performed based on the data and the functions of the process under consid-
eration if they are known. Data are abundant in many branches of science. Therefore,
extracting governing equations from data is a central challenge in many diverse areas
of science and engineering. The new approach to learn the underline behaviour of
physical laws from experimental data is resulted from [30, 31]. According to [32, 33|,

system identification can be separated into two different categories:
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1. Methods that are accurately reflected observed dynamics using black box functions

(neural networks).

2. Methods that recover closed forms and expression of the dynamics by ordinary

differential equations (ODEs) and partial differential equations (PDEs).

The first one is aimed at algorithmic models which need not reflecting the true mech-
anisms but are accurate in prediction. The second type of methods may assume a
specific model for the data with known mechanisms. The advantages of the second

approach include:

1. PDE-based models rely on well-established physical principles.

2. The number of parameters to be estimated in PDE-based models is usually much
smaller than in neural network-based models. This reduces the need for a huge

amount of sampling data.

For these reasons, researchers are currently considering the second approach in learning
some models in which they study some theoretical aspects of learning PDE-based
models using sparse optimization techniques. Learning PDE-based models has recently
been attracted the attention of researchers (see [6, 7, 8, 9, 10, 11, 12, 13, 14]), this is
an approach to modelling real life processes based on physical rules (PDEs) and data
collected during the cause. To our knowledge, the first papers in this direction were
published in about 2015 and mostly devoted to processes in fluid dynamics. There no

research has been done in Vietnam.

2.2 Learning models via sparse optimization

A typical method in data-driven modeling based on PDE-models is the use of the
observation of the state along the time and its derivative with respect to time to form a
regression problem. For many systems of interest, the PDEs consist of only a few deriva-
tives, making it sparse in the space of possible functions. The resulting sparse model
identification inherently balances model complexity with accuracy, avoiding overfitting
the model to data. Recently, some authors have proposed to use sparse optimization
method to identify the parameters of the underlying PDEs in [6, 7, 11, 12, 14, 15].

Let considering an example, see [7], about the nonlinear dynamical system

d )
(1) = X(t) = £(x(1)). (2.1)

The vector x(t) = [z1(t) xa(t) --- an(t)]" € R™ represents the state of the system

at time ¢, and the nonlinear function f(x(t)) represents the dynamic constraints that

define the equations of motion of the system. To determine the function f from data,
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we collect a time-history of the state x(¢) and either measure the derivative x(t) or
approximate it numerically from x. The data is sampled at several times t1,%9, ...,y

and arranged into two large matrices:

(X7 (t) ] (et w2t - a(ty)
X — XT‘(t2> _ T ?tg) 9 ?tg) s XIp '(tQ) ,
_XT(tm)_ |71 (tm) x2(tm) --- xn(tm)_
(3T ()] [a(t) da(t) o da(t) ]
% — XT'(tQ) _ T th) 9 ?tQ) cee Xp .(tg)
< (tm) | &1 () G2 (tm) - @ (b))

Next, an augmented library ©(X) is constructed from possible nonlinear functions
of the columns of X. For example, ©(X) may consist of constant, polynomial and
trigonometric terms, i.e.,
] | | |
OX)=|1 X X XP» ... sin(X) cos(X) sin(2X) cos(2X)
] | | |
Here, higher polynomials are denoted as X2, X% etc. For example, X** denotes the

quadratic nonlinearities in the state variable x, given by:

(22 (t) i (t)az(h) - @3(t) wa(t)as(h) - 22 (h) ]
<P _ 22 () w1 () wa(ta) - a3(ka) wa(ta)as(ta) --- 2 (L)
_:U% (tm) @1 (tm) 22 (t) -+~ x% (tm) 22 (tm) 23 (tm) -+ 93% (tm)_

Each column of ®(X) represents a possible function for the right hand side of (2.1). We

may construct a sparse regression problem to determine the sparse vectors of coefficients

E=& & - &l
X = O(x)E.

Each column &, of E represents a sparse vector of coefficients determining which terms

areactive in the right hand side for one of the row equations x; = fi(x) in (2.1), i.e.,
g = fi(x) = O(x" )&y, (2.2)
A model will provide an accurate model fit in (2.2) with as few terms as possible in =.

To overcome the over-determined system, we use the ['-regularized sparse regression:
: TN ¢! !
[ = ©0cER]| + A&kl

Here, ||-]| is the Euclidean norm and ||-||; is the /;-norm.

&, = argming:
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2.3 The challenges of learning models from data and sparse
optimization

As noted above, the PDEs describing the processes consist of only a few derivatives,
making it sparse in the space of possible functions. However, if data are collected from
a numerical discretization or from experimental measurements on a spatial grid, the
state dimension may be extremely large. Hence, the sparse regression problems are
computationally challenging. One of the ways to overcome this difficulty is to approx-
imate the large problems by low-rank approximation using dimensionality reduction
techniques, such as the proper orthogonal decomposition (see [34, 35, 36]). Further,
the following questions are the main challenges in the sparse regression framework for

identifying the PDE-based models:

1. How much and which kinds of data do we need for the model identification problem

to uniquely solvable?
2. How do we efficiently solve the discretized model?

3. How do we solve the nonlinear optimization problem resulting from the regression

problem?

4. How do we choose regularization parameters in the regression problem to obtain

accurate models or to overcome the overfitting problem?

Therefore, research in these problems is desired.
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Chapter 3

LEARNING CONSTANT PARAMETERS IN THE BOD-DO
MODEL WITH [!-WEIGHTED REGULARIZATION

In this chapter, we establish the exact solution for BOD-DO system (1)—(4) for the
case of constant parameters. We then apply I!-weighted regularization technique for

learning BOD-DO systems.

3.1 The solution of the BOD-DO model with constant param-
eters

In this paragraph, we establish the exact solution of the BOD-DO system with
constant parameters. The BOD-DO model with initial and boundary conditions is

given by (1)—(4) with the constant parameters v, k1, ko2, 1, s2 has the form
ob Ob

o v = —kib+ s in (0, X) x (0, 7], (3.1)
%+v% = k1b — kod + s2 in (0,X) x (0,7, (3.2)
b(z,0) = bp(z), d(x,0) = do(z) on (0, X), (3.3)
b(0,t) = by(t), d(0,t) = di(t) on (0,77. (3.4)

Theorem 3.1. Letv, ky, ks, s1, s3 be real constants andv > 0. Assume that by, dg, by, dy
are continuous functions, by(0) = b1(0) and do(0) = dy1(0). Then, system (3.1)—(3.4)

has a unique solution that is given by

(i) For x — vt € [0, X],

b(x,t) = Z—i + g kat { _ % + bo(x — vt)}

(81 + S9
k1

B S1 + S92
k1

+ ekt ldo(:p —ut) + (= s1+ kibo(x — vt))t] :
Zf kl = kQ?

s1+sg ekt

ko ko — k1
S1 + S92 1
T

( — 81+ kibo(z — Ut)) + ket ldo(x — ut)

( —s1 + ]{Jlb()(x — Ut)):| , if k1 # ko.
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(i) Fort — f e [0,7],

b, t - b z
(]3, ) ]C_1+€ v _k?_1+ 1 —;
’S1+82+ —wldl< _g) S1+82
]{31 v
(—81—1-/{?1[)1(75—{)){], if k1 = ko,
v v
d(l‘,t):< 4 —kiz
51 T 82 e v X —koz x
— kb |t —— v |dy|t——
s +k2—k:1< s1+ 11( U)>+6 [1( U)

S1 + S92 1 x .
— — kb1 |t — — k1 # ka.
\ i +k1—k:2( 1+ 11( U))],Zfl# 2

Proof. - First, we consider the initial-boundary problem

b b .

aqu%:—klersl in (0,X) x (0,7,

b(z,0) = by() for z € [0, X], (3.5)
b(0,1) = by (t) for ¢ € [0,7).

Let z(s) = b(x +vs,t+s) (s € R). Then from the first equation of (3.5) it follows that
ob(x + vs,t+ s) ob(x + vs,t+ s)

2T s) v 9w+ vs) = —kib(x 4+ vs,t + ) + s1,

and so

0z(s)
0s
Multiplying above equation by €*1* we have that

kls
8(6 Z(‘S)) o eklsaz(8> + /{ZleleZ(S) _ eklssl.

+ k1z(s) = s1.

0s B 0s
It yields
1
eklsz(s) = /eklsslds +c = k—eklssl + ¢,
1
then
z(s) = /f_1 + ce Fs,
or
b($+vs,t+s)—k——l—ce ks seR. (3.6)
1
From the second condition of (3.5) and (3.6), letting s = —t we get
bg(x—vt):b(x—vt,O)—k——i-ce r—ot €0, X].
1

Then
_phat| _ 51 _
c=e + bo(z — vt)|.
k1

From (3.6) letting s = 0, we conclude that

b(z,1) = — + ¢ Mt [ —

/ﬁ

%jtbo(x—vt)}, xr — vt € [0, X].
1
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From the third condition of (3.5) and (3.6), letting s = % we get
v

bl(t—f) :b<0,t—f) =y - T e,
v v kq v

—kiz S1 T
[y ¥ R )
S RG]

From (3.6) letting s = 0, we conclude that

b(x,t)—8—1+e_ilzl—i+b1<t—%)], t—%e [0, 7).

Then

Kk k1
Hence,
S—l—l—e_klt —ﬂ+bo(ac—vt) , if . — ot €0, X],
k1 k1

S1 —kiz S1 X . X
Aoy (=2, it — 2= elo,10.
k:1+€ l k1+ 1< v>]’1 UE[O, ]

Now, we consider the initial-boundary problem in DO model

ad  od :

a+v£:k1b—k2d+32 in (0,X) x (0,7),

d(z,0) = do(z) for z € [0, X], (3.7)
d(0,t) = di(t) for t € [0, 7.

Let u(s) = d(z+wvs,t+s) (s € R). Then it follows from the first equation of (3.7) that
dd(z +wvs,t+s)  Od(x +wvs,t+s)

= kb t — kod t
3T 5) v ot 0s) 1b(z +vs,t + ) — kad(x + vs, t + s) + s2,
and so 5
u(s) + kou(s) = k12(s) + sa.
0s
Multiplying the above equation by €*2* we have that
kgs
e uls)) 85(8)) = ekQS—agiS> + koePu(s) = €Mk 2(s) 4 ™%y
It yields
RSy (s) = /[ek”klz(s) + ek285o)ds +my = /ekQSklz(s)dS + %ekw + ma.
2
Then
u(s) = ek / ek 2(s)ds + Z—Q + mgek2s, (3.8)
2

For this equation we consider two cases:

+ Case 1: For x — vt € [0, X], according to (3.6) and taking into account that

c=e kit l _a + bo(x — Ut)} ;
k1

we have

k12(s) = s1 + e R+ [ — 81+ kibo(z — Ut)}.
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Substituting the last to (3.8), we get

u(s) = e k2 / ek’ [51 + e*kl(Hs)( — 81+ kibo(z — vt))] ds + Z—Q + mge k2s
2

= ¢ k28 [81 / ks ds + e_klt( — 51+ kpbo(z — vt)) /e(b_kl)sds}

—_  + e*/ﬂt( — 81+ k‘lbo(x — vt))s —+ m3] —+ S2 —+ 7TL26*]<7237

- < k;gs (kz—]ﬁ)s
—kos 51€ —kit( k b — ot €
e l—l@ +e ( s1+ kibo(z — v )) —

+ m;;|

£22 4 mge R if ey # k.
L ko

( Slkﬁ + e‘kl(t“)( — 81+ k1bo(z — vt))s +me k5 if ky = ko,
1

\ ko ko — k1

( — 81+ kibo(z — vt)) +mle R if ky £ ko.

or

S1 + S2
k1

S1 + S9 e
ko ko — k1

+ e—k’1(t—|—s)( — 51 + k1bo(z — vt))s + me—kzls7 if k1 = ko,

d(z+vs,t+s) = ha(t+s)

( — 81+ k1bo(z — mf)) +mle R if ky £ ko.
(3.9)

e From (3.9) letting s = —t we get
(51 + s9
kq

+ ( — 51+ kpbo(z — vt)) (—t) + mehit,

ik = ko,
do(x—vt) = d(z—vt,0) = <

s1+s 1
12+

kot
I k2_k1(—s1+k1bo($—vt)) + m/e2t

k if by 2 ko.

It follows that

m = e Mt ldo(x —ut) — ke + ( — 81+ k1bo(z — vt))t] :
1
and
kot 81 + 82 1
m = e k2 ldo(x —ut) — T + — ( — $1+ kibo(z — vt))}.
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e Letting s =0 in (3.9), we get

(
S1+ 89 + ekt do(x — vt) Sl + S9 + ( — S1 + klbo(gg _ Ut))t ’

k1 1

lf kl = k‘z,
d(z,t) = et
| Lo ‘ —kat 51+ S92
s + — ( — 51+ k1bo(z — vt)) +e ldo(x —ut) — .
1 .

\ +k1_k2(—81+k1b0(x—vt))1, if k1 # ko.

+Case 2: Fort — ~ ¢ [0, T] according to (3.6) and
v

we have

= by (¢
c=e¢e v — k_l + 1 - -
k _ —ki1(2+s) E
12(s) = s1 +e v — 81+ kb |t — ”

Substituting the last to (3.8), we get

u(s) = e_k25/ek28 {91 + e RG+s) ( — 51+ kiby (t - %)
= e hes lSI /ek2sds +e ki ( — 51+ kb (t — %))

or

Slkﬂ +ehi(3+9) ( = s1+ kb (t
d(«r+vsa t+8) - 1

82 kgS
+ — + nee
ko
r [ g1 ekes . €T S
e~ k2s 1© Le kT — s1+kbi[t—— s+n3| + 22 + n26_k257
ko v ko
if k1 = ko,
B ]CQS (]Cg—kil)s
ks S1€ —k Z T €
e +e "l —s1+kb|t—=) | ———+n

+8—2 + noe™ 28, if ky 7é ko.
0 ko

.
Slkﬁ + e R (G+s) ( — 51+ k1by (t
1

\

)s +ne ks if ky = ko,

z
v
—]4:1(%4—5)
S$1 + S9 +6 s+ Kby [t — T _I_n/e—kgs’ if k1 # ko.
ko ko — K1 v

)s—i—ne 5ot k= ko,

e
v
—k‘l(%—FS)
S$1 + S9 +€ s+ Kby [t — T _I_nle—kgs7 if k1 # ko.
ko ko — k1 v

7N
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e Letting s = “Tin (3.10), we get
v

)
k- (—51+k1b1<t—£>)—x+neklf,
kq v v
if ky = ko,
d (t—%) _ d(O,t—%) =9, . '
i S2+ (—S1+k1b1<t—%>)

ko ko — k1

, koo
+n'e v, if ki # ko.

\

It follows that

nzeiﬂld1<t—z>—Sl+82—|—<—81+k1b1<t—£>>£17
v k1 v )
’ —koz x S1+ 89 1 T
=e v |di|t—=)— — kibi|t — — :
R O R e = A G Gh)]

e From (3.10) letting s = 0, we get

(

S —kqx
1+32+6% d t—f _31+32
kl v kl

and

<

d(z,t) =< —ky@

xXr . o
v
51+ S2 e v T —koz T
— kibi| t — — o |di[t— -
i (o () e ()

S1 + S9 1 T .
- - kbt —— f ki # ka.
\ o +k1—k2( $1+ 11( 1}))1,1 17 k2

3.2 Learning the BOD-DO model by /!-weighted regulariza-
tion

We suppose that the general model for a BOD-DO water quality model has the

form
B o1+ 0zb+ agd + as s + a5 22
ot a1 T Qa2 a3 Qa4 o a5 or’
od 0b od
— = b d — —.
o = D1t Bebt Bsd + Bam + P
This system can be rewritten by the product of (b, d, b, d;)-dependent terms with fixed
coefficients
by=[1 b d by d;]a, (3.11)
di=1[1 b d by dg]p, (3.12)

wherea =[a; a2 a3 as os)l andB=[81 Bo B3 Bs B

These equations hold at all points (x,t) in the domain (0,X) x (0,7). Each of



22

(b,d, by, dy)-dependent terms in system (3.11)—(3.12) represents a potential feature
that decribes the intrinsic dynamics of data. The feature vectors fi(t), fa(t), f3(t),
fa(t), f5(t) are defined by

| | | | |
fu@) = |1| . fo(O) = [b(t) |, f3(t) = |d(t) |, fa(t) = |ba(t) |+ [5(1) = |du(t)]
| | | | |
where each time-stepping feature vector is the vectorization of the term in system
(3.11)—(3.12). Each component of the feature vector f;(t) is the evaluation of the

corresponding term from system (3.11)—(3.12) at a pre-determined point in space, i.e.

1 b(IL‘l, t) d(ZL‘l, t)
| | |
f@) =111, fa(O) = |blzj,t) |, [f3(t) = |d(zj,1) |,
| | |
1] ezmil | d(zn, 1) |
[ by (71,1) ] [ d,(21,1) ]

| |

fa(t) = | be(zj,0) |, [5(8) = | de(z),1)
| |

| b (70, 1) | | du (T, 1)

The collection of feature vectors defines the feature matrix F'(t) = [f;(t)],

F(t) = [At)  fa(t)  f3(t)  fa(t)  f5(0)].

Set

Then for ¢ > 0, the following system of equations holds

Vi) = F©) [alg]. (313
Here, V;(t) and F(t) are known while the coefficient vectors «, 5 are unknown.
In partical scenario, the exact data of solution (b,d) is unknown. The system (3.13)
may not produce a unique solution («, 3) beacause we only measure the noisy data
(9, d%). Then, Vi (t), Va(t) and F(t) are only approximated by V?(t), V3 (t) and F°(t).
As a result, the problem (3.13) is ill-posed. To carry out this situation, we use the
I'-weighted regularization and solve the following minimization problem
: ! s 5 2 ! 5 s 2
min, { /0 [VE(t) = F*()al] dt+/0 [V2 (1) = F*(1)8]] dt+71¢1(@)+72¢2(5)}-
(3.14)
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where the norm ||-|| here is the Euclidean norm space in R™ and 71,72 > 0 are regu-

larization parameters and
5 5
Pi(a) =Y wilal, Da(B) = wilBl, (3.15)
j=1 j=1

with w]l,w]z > wp > 0 being weighted numbers.

Note that if wjl., wjz. =1 for all j then it is called {!-regularization, otherwise it is called
I'-weighted regularization. The choice of weighted numbers is very important. They
affect the quality of recovered parameters and depend on a priori information on the
solution of the model. We remark that with only one data set we could successfully
recover the parameters in the BOD-DO model if the weights are set suitably. We will
illustrate and analysis the effect of choosing the weights in Chapter 5.

3.3 The well-posedness and convergence of learning the BOD-
DO model by [!-weighted regularization

In the following, we will investigate the well-posedness problem (3.14) and the con-

vergence of its solution to system (3.13). To this end, we need the following assumption:

Assumption 3.2. Suppose that Vi,Va and F in problem (3.13) belong to L*(0,T). Let
st, VQ‘S and FO in LQ(O,T) be, respectively, the noisy data of Vi, Vs and F satisfying

T 9 T ) T )
/ V2 (t) — 1) dt<6,/ Vs (t) — Va()]| dt<5,/ |Fo(t) — F(t)||" dt < o,
0 ’ ' (3.16)

where § > 0 is a known noise level.

To overcome the ill-posedness, stable numerical techniques are required, among
them Tikhonov and sparse regularization are the most well-known. There are a number

of works to deal with problem (3.14) such as [37, 38, 39].
Theorem 3.3. Let Jf :R5 = R be defined by

T 2
J(a) = /0 V2 (t) — FO(t)a||” dt. (3.17)

Then the functional Jf is continuous and convex. Moreover, the derivative of Jf 18

continuous.

Proof. (i) First, we prove that the functional Jf is continuous. Indeed, suppose that

the sequence {a"},eny C R® converges to a in R®. Using Holder’s inequality, we
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have

T T
|Jf(an)—Jf(a)y:/0 va(t)—F5<t>an||2dt—/0 Vi) — Fo(e)a)” dt
T
_ / Fo(#)(a" - a) - (F5 (t)a" + FO(t)a — 2179 (t))dt
0

. (/OT||F5(75)(04n_04)||2dt)1/2.
( / " IF e + F(da - il ar) . (s
0

By the definition of matrix norm, it implies that
T T
/ [Fot) (" —a)||” dt < / [F3 )| o™ — o dt
0 0

T
guan—aH?/ |F30)||* dt — 0 as n = oo, (3.19)
0

By using the Cauchy-Schwartz inequality, the second term of the right-side in

inequality (3.18) is estimated as follows

/T\\F5(t)a”+F5(t)a—2v5(t)||2dt
0

T T
<9</0T||F5(t)a”||2dt+/0 Hpé(t>au2dt+4/o Hvé(t>||2dt>

n||2 g 5 2 2 g 5 2 g b 2
<9o( Ja ”/0 1750 dt+|]a\|/0 1750 dt+4/0 Vo) ar

< M. (3.20)
From (3.18)—(3.20), it follows that
|73 (™) — JO ()] = 0 as n — oo.

Thus the functional Jf is continuous.
(i) We can see that J(-) is differentiable and its derivative is defined by
(J)) () =2 / : <F5(t)a — vf(t)) - FO(t)dt.
Then for all ¥ € R?, it yields :

T
(J)Y ()0 = 2 /0 (F‘S(t)oz — vf(t)) - FO(t)ddt

T T
YN 5 . b _ Sipy . 0 _
_2( /0 FO(t) - FO(t)dt /0 Vo) F(t)q?dt)

This implies that the second derivative of Jf(-) is given by

T
(Y (@)(0,m) = 2 /0 FO ()9 - F(t)n.



Therefore,
T

(IN"(@)(9,9) =2 [ FOt)9- FO(t)ddt > 0, VI € R®.
0

This means that the function J{(-) is convex on R.

(iii) Suppose that there exists a sequence {a"},cny C R? converges to a € R?. Then

T
[(J7) (@) = (1) (a)|| =2 /0 FO(t)(a" — ) - FO(t)dt

T
g2||a”—a||/ \\F5(t)yyzdt—>0as n — oo.
0

Hence, (J{)' is continuous on R®.

]

Remark 3.4. From Theorem 3.3, we also have the continuity and convexity of the

functional Jg :R> = R be defined by

r 2
56 = [ Ivio - Fws i

Futhermore, (J3)" is continuous on R®.

In the following, we consider some properties of the function ®; in (3.15). The first
property is obvious and the second one is a special case as p = 1 in [40, Remark 3].

For convenience, we recall it with the detailed proof.

Theorem 3.5. The functions ®; : RS — R (i = 1,2) defined by (3.15) have the

following properties

(1) ®; is non-negative, conver and continuous (i =1,2).

(2) There exists a positive constant C' such that
O;(9) > C |19, V0 €R® and i = 1,2,
where ||| is the Euclidean norm in R>. This implies that ®; is coercive, i.e.,

O, (V) — o0 as ||V — oo.

Proof. 1t is trivial that ®;(i = 1,2) are non-negative by their definition. Furthermore,
since |z| is convex and continuous, so is ®;.

Since

it is coercive. [l

Theorem 3.6. (Existence) Problem (3.14) has at least one solution.
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Proof. Since the function Jf , Jg ,®1 and @y are convex and continuous on R®, they
are lower semi-continuous in R. Tt implies the objective funtion of Problem (3.14)
is convex and lower semi-continuous on R, Futhermore, the objective function is
also coercive by Theorem 3.5. As a results, Problem (3.14) has at least one solution

[41]. O

In Theorem 2.1, we have proven that problem (3.14) has at least one solution, but
the solution may not unique as the functions Jf and Jg are convex but may not strongly

convex

Theorem 3.7. (Stability) For a fized reqularization vy1,v2 > 0. If the sequence {V*},{V5"}
and {F"} converge to V, V3 and F° in L*(0,T), respectively and

(", ") € arg min{Ji' () + J3'(8) + M ®P1(a) + 12P2(6)},

a,feR?
then there exist a subsequence {(a™*, ™)} of {(a™, ")} and a minimizer (o, ., 53, ,)
of (3.14) such that

|| (ank7 /Bnk) - <Oé§Y17’YZ’ 5’?1772) || - O

0

%72,5%772) is unique, then the sequence {(am, Bn)}

In addition, if the minimizer («

converges to (ozglm, ﬁglm).

Proof. By the definition of o™ and £"

Ji(@") + I3 (B") + 1 P1(a”) + 72 P2(8")

ZAﬂWﬁﬂ—W@MWﬁ+ZfWWﬂ—W@WWﬁ+%%m%+w%WW

sATMT@—JWadewﬁéTM?@—wm@mﬁﬁ+7@mm+wﬁw@

§C</0THV1”(75)—Vf;(t)sztnL||V1‘5||;(07T)+|]a\|2/OTHF5(t)||2dt
+||a||2/OTHF”(t)—F5(t)||2dt+/0Tva”(t)—v25(t)||2dt+vauigm)

T T
+WWA WWMfﬁ+WWA!VWO—W@Wﬁ)+WQWHWﬂ%®
(3.21)
Since the sequence {V{"}, {Vy'} and {F"} converge to V{,Vy and F? in L?(0,T), the
sequences {®(a™)} and {®(5")} are bounded. According to Theorem 3.5, the sequence
{a"} and {B"} are also bounded in R?. Hence, there exits subsequences {a"*} of {a"}
and {™} of {8"} such that {a™} and {#™} converge to a® . and ﬁg

1,72 1,727
In addition, since J?(-), J3(-), ®1(-) and ®5(-) are continuous on R, we have

JY( ) = lim inf J(a™), J3(B, ) = lim inf J3 (™) (3.22)

respectively.

1
a’Yl V2
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and

®1(al, ) = lim inf @1 (a™), Do(B, ;) = lim inf ®5(5"). (3.23)

Furthermore,

T = JPH(a™) + [ / (o) - (o - v
T
_ /0 @ (F(e) + P(0)) - (Vi) - V(o) ) e
T
; /O o (V) + V() - (F™ () = FO(o) ) e

T
- /0 o™ (o) = P (1)) - (F5<t>+F"k<t>)dt]. (3.24)

Since V"™ — V{ and F™ — F° in L?(0,T), the term in brackets on the right-hand

side of (3.24) goes to zero when k tends to co. Therefore, we get
limkinf Ji* (™) = limkinf J (o) limksup Ji* (™) = limksup J? (o). (3.25)
Similarly, we have
lim inf J3*(5") = lim inf JS(B™), limksup JyE(BT) = limksup J(B™).  (3.26)
From (3.22), (3.23), (3.25) and (3.26), we obtain
(08, ) + T35, ) + MP1(0d, 1) 72 @2(8, )
=lim inf T (o) + lim inf J3(B™) + yilim inf 1 (a™) + qolim inf @5 (5™)

zlimkinf Ji* (™) + limkinf Joy* (") + vﬂimkinf O (™) + wlimkinf o (™)
<lim inf (Jfk (™) 4 J3*(B™) + 1 P1(a"™) + 72<I>2(5nk)>

<lim sup (J{““(oz”’“) + J3H(B™) + 1 P1 (™) + 72¢2(5nk))
k
<lim sup J}" (a"*) + lim sup J,* (8"*) + y1lim sup @1 (a"*) + yolim sup ®2(5"*)
k k k k
—lim sup J{ (") + lim sup J3(8™) 4 y1lim sup ®1 (") + yolim sup $o(5™)
k k

k k
=J{(a) + J3(B) + 11®1(a) + 12P2(B), Va,B € R’ (3.27)

is a minimizer of (3.14).

: 1) 4
This means that (o, ., 35, 5,)

In addition we have

Hoz"’c _aglﬂ/Q” —0 and HB"’“ _thwH — 0, as k — oo.
Thus,
H(oz”’“,ﬁ”k) — (aﬁsn,wvﬁghvz)H — 0, as k — 00.

is unique, the convergence of the original

. e . 6 5
In the cases the minimizer (a5, .,/ ,,)

sequence {(a"™, ™)} to (« follows by a subsequence argument. O

1 1
V1,727 /B’yl Y2 )
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Lemma 3.8. The set

(V) = {(a,8) € RO x R : F(t) [a]8] = [vi()Va(t)] = V()
. B%) of the problem

is non-empty, closed and convezr. Then, there ezists a solution («

(aﬁf)nei?[(v){q’l(@) + ®2(8)},

which is called a ©1, Po-minimizing solution of problem (3.13).

Proof. 1t is trivial that II(V') is nonempty and convex by the definition of set II(V') and
the assumption of problem. Suppose that the sequence {(a", ™)} C II(V') converges
to (a, B) in R? x R®. We prove that (a, 8) € II(V). Note that F' € L*(0,T), we have

0< /OT HV(t) _F() [am} HZdt _ /OT HF(t) [an —alpn — 5} szt

<ot al i -o) [ iF@iFa o
Then, ’
V() = Ft) [als].
Hence, TI(V) is closed in R® x R?.
According to Theorem 3.5, ®1(-) and ®3(-) are continuous and weakly coercive

over nonempty, closed convex set II(V') then it yields that ®1(-) + ®2(-) has a global
minimum point over II(V'), see [42, Theorem 2.32], [43, Proposition 1.2]. O

In the following theorem, the notation v(d) ~ § means that there exists a constant

¢ > 0 such that lims_,g7v(d)/0 = c.

Theorem 3.9. (Convergence) Suppose that the operator equation
F (1) [al3] = [viopao)]
has a solution in R® x R and v1,v2 : RT — Rt satisfy
N(0) ~ & and 2(8) ~ .
Let 8y = 0, [V (1) = Vi)l 201y < s [VE(8) = Va()[[72(0.y < O and [ F™(£) = F()[|72(0.1) <
On. Moreover, let 1., = 71(6n), Y2,n = 712(0p) and

(a", ") € ar%ﬂgn{ﬁ(&) + J3(B) + 1 ®i(a) + 72, P2(8)}-
a,BeR5

Then, there exist a ®1, Po-minimizing solution (o™, ) of F(t) [046] = [Vl (t)|V2(t)]
and a subsequence of {(a”, ™)} which converges to (at, 1) on R x RO,
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Proof. We note that

min {Jf'(a) +71,,®1(0) } + min {J3(8) + 12n®2(8) }

S gt o U@+ B B) + madi(a) + 72a®2(B) )

Following Theorem 3.6, each problem in the left-hand side has its minimal solution.
Thus, from the definition of (a*, 8™) it deduces that

" € argmin {J7'(a) + 71, P1(e)} and [" € argmin {J3(8) +72,,P2(5)}. (3.28)
a€R® BER®

Let (&, 5) € R® x R® be a solution of F(t) [a!ﬁ} = [Vl(t)]v?(t)}
By the definition of (o™, ™) and above statement, it implies that
JT (@) + npn®i(a”) < J7(@) + 71,0 P1(d), (3.29)

and

J3(8") + 20, P2(B") < J3(B) + 120 P2(). (3.30)

Here,
T
(@) = /0 Vi) — Fr(al di
T T
< ( /0 Vi) = Vi) dt + /0 IVA(t) = Pl d

+ /OT |F(t)a — F™(t)al)? dt)

< C16y,.

Similarly, we have J3(8) < Ca6y,.
From above estimate, (3.29) and (3.30), it follows that
J{L(Oén) + ’)/1’,1(1)1(04”) < Cio, + ”Yl,nq)l(d), (3.31)

and

JY(B™) + Wz’nq)g(ﬁn) < O9%0, + 72771(1)2(6). (3.32)
In particular, when 6,, — 0, 1,5, ~ 0, and 72, ~ d,, we deduce that
J@") =0 , lim®i(a") =limsup ®;(a”) < Pi(a), (3.33)
n n

and

") 0, Tim®y(B") = limsup a(5") < Ba(f). (3.34)

It implies that {®1(a™)} and {P9(S")} are bounded. Thus, {y1P1 (™) + 12 P2(8™)} is
bounded. Futhermore, v1®1(+) + y2P2(+) is coercive, {(a™, ™)} is bounded, too. This
leads to the existence of a subsequence {(a"*, )} of {(a™, 8™)} such that (o™, 5™*)

converges to (at, 87).
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From (3.33), we deduce that

T
Ji(a™) :/0 IVi(t) = F()a™ | dt
T T
§03</0 Hvl(t)_vlnk(t)\fm/o V() — Fme (o d

T
+ / | F(t)a™ — F"k(t)a"k]\th>
0

< Cs (52 + J* (o) + Céé%) =0 (k— o).

It is similar to see from (3.34) that Jo(a™) — 0 as k — oc.

Since Ji(-) and Ja(-) are continuous, we have
Ji(a™) = 1m Ji(@™)=0 and J(B") = lilgn Jo(5"F) = 0.

It implies that F(¢)(« ) = Vi(t) and F(t)(8") = Va(t) or (a™,8T) is a solution
of F(t) [aw] {V (t)|Va(t) ] Since ®1(+), ®o(-) are convex and continuous on R®
(Theorem 3.5), (3.33), (3.34) we get

Pi(a”) =lm @y (a™) < @1(@) and  Pa(5) =lim p(5™) < Pa(5).
Hence,

N0 (at) +72®2(BT) < NP1(a) +12P2(8), V(& B) € (V).

It implies that (a™, 31) is a @1, Po-minimizing solution.

Moreover, we have that {a"*} and {8™} converge to at, 8. Then, we obtain
(™, 8™) = (o, 8T)|| = 0.
In the case the minimizer (o™, 57) is unique, the original sequence {(a", 3™)} converges

to (a™, 8T) as a subsequence argument. O
THIS CHAPTER WAS WRITTEN BASED ON THE PAPER

[15] Hao D.N., Hiep D.X., Muoi P.Q., 2023, Learning river water quality models by
I'-weighted regularization. Published in IMA Journal of Applied Mathematics.
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Chapter 4

SIMULATION AND NUMERICAL ALGORITHMS

To generate data, we have to solve system (3.1)—(3.4). In doing so we shall use
the two-step Lax-Friedrichs method. After having generated data, we shall apply the
method in Chapter 3 to verify the theory.

4.1 Two-step Lax—Friedrichs method

There are many available algorithms for solving the direct problem (3.1)—(3.4), such
as the upwind scheme, forward time centered space scheme, Lax-Friedrichs algorithm,
Leapfrog scheme, Lax-Wendroff scheme,... [4] or two-step Lax-Friedrichs scheme [5].
Among them, the two-step Lax-Friedrichs algorithm is a simple one and has the con-
vergence rate of the second order. Thus, we use the two-step Lax-Friedrichs algorithm
mentioned in [5]. Let us consider the BOD-DO system (3.1)—(3.4):

ab  ob .
E—H}%:—klb—f—sl in (0, X) x (0,77,
ad  od :
E%—v%:klb—kgd—l—@ in (0,X) x (0,77,
b(x,0) = bo(z), d(z,0) = do(x) on (0, X),
b(0,t) = b1(t), d(0,t) = di(t) on (0,7].
Setting
b(z,t —Fk10(x,t) — vby(w,t it
u(z,t) = (z,) and  F(z,t,u,uy) = 1b(z,8) = vbo(w, ) + 51(z,¢)
d(z,t) kib(x,t) — kad(z,t) — vdy(z,t) + sa(x,t)

the BOD-DO system could be rewritten by
ug(x,t) = F(x, t,u,uy), (4.1)
u(0,t) = [b(0,1),d(0,1)],
u(z,0) = [b(z,0),d(z,0)].
The data are simulated from a grid mesh with n+1 timesteps tg, t1,t2,...,t, and m—+1
grid points xq, z1, 2, ..., Ty, and constants increments At, Ax, respectively. Here, we
setto=0,t, =T, 20=0, 2, = X
Fori e {1,2,...,m—1} and j € {1,2,...,n}, by using a second-order Taylor expansion
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around (z; + Az, ;) and (x;,t;) by a half in space, we get

Az Az Az 1 Ax Ax?
u(xi—i—Aac,tj):u J}Z'—i-T,tj + Uy xi—i-T,t]‘ 7+§um xi—i-T,L‘j T

+ O(Az?),
Az Az Az 1 Ax Ax?
’LL(:L‘Z', t]’) =1U <$i+7, tj) —Ug (xi—i-T, tj) 7+§um (.1'@'4—7, t ) T+O(AQJ )
Az
Subtracting the two expressions with note that z; £ Ax = x;41 and z; £ - = Tixl
we get
(@i, ty) — u(zi, t) = ug(p, 1. 85) Az + O(Az),
Thus
g (41, 15) = it Jix Ui ti) | oiagd) (4.2)

Similarly, using a first-order Taylor expansion around (x;,t;) we have
Ax Ax Ax
u(xi—l—Ax,tj):u(xi—l—T,tj) +Uz($i+7>t) 5 +0(Ax?),

A A A
u(xi, tj) = u :L’Z'—l——x,tj T+ — * ot —x—irO(Ax)
2 2 2
Adding side by side two expressions, we get
(@i, ty) +ulzity) = 2u(ag 1. t5) + O(Ax?).
Thus
1
( H_l,t ) 2[u($i+1,t]’) —I—U(ZL‘Z',tj)] —f-O(AZEQ) (43)
From (4.1), (4.2) and (4.3), we have

( +1’ty+ ) ($i+lvt1)
Al = P gty ) ue(T 0 1)
9
Thus
u(wpt, ) u(Tiv1,t5) +ulzi, ty)
Z+2 9

w(it1, ty) +ulzi ty) w(ier, ty) —ulxg, ty) | At
+F(xi+;,tj, : 72 Ak JAx SIS ) = (4.4)

Analogously, we have

w(@i, tjpr) — w(wi,tj, 1)
At == ity uls by ) we(ei b))

2
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Thus

At
u(l‘i,t]qu) = u(aci,thr%) + F(xi,tﬁ;,u(:ci,tﬂ;),ux(xi,thr;)) >

( z+17t_7+ )+u(xi—l7tj+l)

Fl et ( 2+ ) ]+ )+U(ZL‘ 7tj+%) ( z+17tj+ ) U(l'l;%,t‘]q»%) g
SREAS L 2 ’ Az 2
(4.5)

Hence, we arrive at the two-step Lax-Friedrich method.

Algorithm 4.1 Two-step Lax-Friedrich method
Input: Endpoint X, maximum time 7', m + 1 spatial points, n + 1 temporal points,

T . S
initial condition u? [bo dg] , boundary condition uj) = [b{) d{)]

T
1. Set Ax—— At = —.

n
2.f01‘j—012 —1do
3: forz—012 m — 1 do

; —|— w
. o’ L
4 Uiy & 5
J J
. us —us
) i 141 7
5: (um)H% o
ity , 5 At
6 ui+%<_“+;+2Fz+,
7. end for
g0 fori=1,2,. —1do
+1 +3
41 J+ P+ u] 1
9 w2 2 2
v 2
10: (um)Z 2 2 .
Ax
+ At iyl
11: ‘Z—’_l Z 2 + 7sz 2
12:  end for
J _9,] J
130 Um = 2Uy, | — Uy, o
14: bg = (u?)l, di = (uf)g
15: end for

Output: b/ = b(w;, 1), d = d(z;,t;), ¥(i,j) € {0,1,2,...,m} x {0,1,2,...,n}.

Remark 4.1. According to [5], Algorithm 4.1 converges if
At

"Ax

<1

—_ Y

with the truncation error O(At?, Ax?).
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4.2 Data generation

After obtaining approximate BOD-DO solution b, d by the two-step Lax-Friedrich
method (Algorithm 4.1), we create the new feature matrix bfeature and d geaure from b

and d by eliminating some nodes in spatial and temporal domain.

For instance, we will get data at x1, 214k, 142k, - - ., T144,% Of the spatial set {z;}I",

which correspond to t1,t1 4k, t149k, - - -, L1411,k Of the temporal set {tj}?:o with £ > 0
and [y = [%} o= [%} ([x] denotes the integer part of real number ). From the new

feature data matrix beature and dfeature, we will add €% observation noise into these

matrices such that
Ry Ro

/feature = bfeature + mg% ) /feature = d feature T HRZH 5%7 (4'6)

where Rj, Ro are random matrices which have same size with beature and dfoature,

respectively. Note that (4.6) is necessary for the convergence of problem (3.14) by the

condition in Assumption 3.2.

/

feature and

Next, the feature matrices b,, d., by and d; are directly computed by b
d/

feature

the feature matrix F(t) and the vector Vi (t), Va(t) in (3.13).

based on the finite difference method and the linear extrapolation to construct

4.3 Nesterov’s accelerated method

Consider the uniform partition of [0, 7] with the mesh point
t; = 1ih,
T . . . .
where h = i is the small enough stepsize, Problem (3.14) is approximated by
T M 2 2

: é J é d

o, {M Z_:, ( [VE(t:) = Fo@al|"+ Ve () — P88 ) +71<I>1(Oz)+72<1>2(ﬁ)}-
(4.7)
The solution (a*, 8*) of Problem (4.7) is equivalent to
T M 2
* e ing — Vo(t;) — FO(t; i)
a agggﬂg%;n{M 2_; V2 (t:) = Fo(ti)a]|” +mi(a) 5.

and

M

T

B e a;gerﬂgsin{ﬂ Z [V (1) — Fa(tiWHQ + 72@2(5)}-
i=1

In the remain of this section, we only concern about solving Problem (4.7).

This means that our task is to solve minimization problems which have the form

min O(u) := G(u) + ¥Y(u), (4.8)

u€R5
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with
T M 2 >
_ O(4. 0 (4. _ _ _
G(u)—M;HVZ (t:) = F°(ti)ul|”  and w<u>—v¢l<u>—vk§‘;wk|uk| (1=1,2).

In particular, G is convex, differentiable (Theorem 3.3) and V¥ is convex and continuous
(Theorem 3.5) on R®. Therefore, the problem (4.8) has at least one solution.

The problem (4.8) is investigated in numerous previous articles based on the gradient
method in signal and image processing, see [44, 26, 27, 16]. One of the motivated ideas
in this research is originated from [17] in which Problem (4.8) was replaced by the

quadratic approximate functional of ©(v) at a given point u
s
m%R{ré Os(v,u) == G(u) + <G/(u), v — u> + §||v —u)® + U(v). (4.9)
ve

Compared to problem (4.8), the functional O (-,u") is strictly convex and it has a
unique solution that makes us to find its minimizers easily. In addition, the minimizers

u"t! = argmin®j, (v, u™) converges to a minimizer of Problem (4.8).

veERS
Lemma 4.2. Given a fived u € R and s,y > 0, the functional O4(v,u) has a unique

minimizer. Moreover, the unique solution of Problem (4.9) is Saw (u— —G’(u)) , where
s s
Saw is defined by (1.2) and w = {wp}o_, withwg >0 for all k € {1,2,...,5}.

Proof. The proof of this lemma is similar to that of Lemma 2.1 in [16].

The funtional O; in (4.9) can be rewritten by
1 1 1 1
04(v, ) = G(w) — o |G @)1 + 55 (o =l + 22 (), v — ) + G w)P)
1
-
# v
B Lo 2 1 201
= Glu) — oG W)+ 55 +U().
For each fixed u € R® and s > 0, Problem (4.9) is equivalent to

5161% (% v— (u - éG'(u)) H2 + E\IJ(U)) (4.10)

From Theorem 3.5, it follows that for each s > 0 and w € R® the functional

v—u+ 1G'(u)
s

1 9 1
vi= = |lv— +-U(v
o=l + ()
is strictly convex, bounded below and continuous on R®. Hence, it has a unique
solution. Therefore, Problem (4.9) has a unique minimizer.
Since G is convex and differentiable then according to Theorem 1.6 and Theorem 1.7,

the necessary and sufficient condition for the solution @ of Problem (4.9) is
0 € 004(u,u) = G'(u) + s(u — u) + OV (u).
It implies that
" %G’(u) e+ %8@(&) = (1+ %axp) (@).

From Theorem 1.8, 0¥ is maximal monotone. Then, it follows from Theorem 1.9 that
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1 -1
the inverse operator <[ + —8\11) is single-valued. Hence, we have
S

= (1 + éaxp) - <u - éG’(u)). (4.11)
Consider the functional ¢ : R — R is defined by
P(z) = |z|, xeR.
It is well-known (see [45, Example 16.15]) that
{1}, if x > 0,
op(x) = ¢ [-1,1], ifz=0,
{—-1}, ifz<0.

For all a > 0, it follows

{x+ s ta}, if x >0,

1
([ + gaal/]) () =< [-s7la,s71a], ifz=0,
{z —sta}, if x < 0.

In addition, from (1.1) as p = 1, we have
r—sta, ifr—sta>0,
Sa(z) =<0, if —sla<z<sla,

r+sla, ifr+sta<0.

It yields
T, if t — s la>0
(I + %aa@b) (Sf_ (as)) s la,s7la), if —s~la<a<sla,
x, if v +s ' <0.

It implies that

(I + %aaw) <St§ (x)) =z or <I + éa@@/}) _1(x) = Sa(z).
Thus, (4.11) has the form

Lemma 4.3. Given a positive arbitrary number [ and w = {wk}zzl. Then, u* is a
minimizer of © defined in (4.8) if and only if u* = Sg,(u* — BG'(u")).

Proof. By Theorem 1.7 and Theorem 1.6, u* is a solution of (4.8) if and only if
0€00(u*) =G (u*) + oV (u").

Then,
—G'(u*) € OV (u").
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Multiplying with 8 > 0 and adding u* into both sides, we get
u* — BG (u*) € u* + BOV(u*) = (I + OV)(u™).

1 -1
Following Theorem 1.9 and the proof of Lemma 4.2, the inverse operator (I + —(9\11)
S

is single-valued and

w' = (1+00) " (" = BG/(u")) = Spu(u” — G (u")).

Denote the minimizer of (4.10) in the proof of Lemma 4.2 by

Hg(u) = argminOg (v, u) = argmin(% v — (u - %G’(u)) H2 + élll(v)) (4.12)

veERS veRS

Lemma 4.4. Let uw € R® and s > 0 be such that
O(Hs(u)) < O5(Hs(u),u), (4.13)
Then, for all v € R® we have

O(v) — O(Hs(u)) = % 1 H () = ul® + s(H(w) — u,u = v).

Proof. By the definition of Hg(u) in (4.12), there exists 1)’ € OW(H(u)) such that
G'(u) + s(Hy(u) —u) +¥' =0,
It follows that
V' = —G'(u) — s(Hs(u) — u). (4.14)

Futhermore, since G is convex, by the definition of subgradient we get

G(v) > G(u) + (G’ (u),v — u),

V() > W(H(uw)) + (¢, 0 — Hy(u)).
Summing two above inequalities and replacing (4.14) into this, it yields

G(v) +¥(v) > G(u) + V(Hs(u)) + (G'(u), Hs(u) — u) + s{u — Hs(u),v — Hg(u))
Thus,
O(v) — Os(H(u), u) > —% | H () = ul® + s(Ho(w) — u, Hy(w) = v).

Hence
O(v) = Ou(Hy(u),w) > 5 | Ho(w) = ull’ + s(Hy(u) —w,u—v).  (4.15)
From (4.13), we get
O(v) — O(Hs(u)) > O(v) — O4(Hs(u), u). (4.16)
From (4.15) and (4.16), we arrive at the assertion of the lemma. O

Lemma 4.5. Let {u"} be a sequence given by the gradient-type iteration

1
n+1l n\ __ Y n __ /i, N
u"t = Hg (u") = Sg (u _snG (u )), (4.17)
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where {sn} be a positive sequence that satisfies sy, € [s,35] (s> s> 0) and
O™ <O, (u" um).

Then, the sequence {©(u™)} decreases monotonically and lim ||u”+1 - u”” =0. In
n—oo

addition, the sequence {u"} is bounded.

Proof. The proof of this lemma is adopted from [44, Lemma 2.3].

By the assumption and the definition of ©™**1, it follows that
O™ <O, (u" T u") < 6, (u",u") = O(u").

This implies that {©(u")} is a motonomically decreasing sequence.

Applying Lemma 4.4 with v = u = v* and s = s, for each k € {0,1,...,n}, we get
@(uk) . @(uk—H) > %k ||uk+1 _ ukHz

It follows that

2 2
_(@(uk) _ @(uk+1)) > _(@(uk) _ @(uk+1)) > ||uk+1 _ ukH2
s Sk
Summing these above inequalities over k = 0,1, --- ,n, we obtain
2

2O’ — 0@ ) > Z Huk+1 _ “kHZ’ V.
k=0

S

o0
One infers that the series Z HukH — uk”2 converges. Thus, lim ||u"Jrl — u”” =
o n—oo

0. Since the functional © is coercive by Theorem 3.5 and the sequence {O(u")} is

monotonically decreasing, it leads to the boundedness of the sequence {u"}. O

Theorem 4.6. Let {u"} be a sequence that given in Lemma 4.5. Then, there ezists a

subsequence {u™} of {u"} such that {u™} converges to a stationary point u* of ©.

Proof. By Lemma 4.5, the sequence {u"} is bounded, then there exists a subsequence
{u™} of {u"} such that {u™} converges to u* in R®. Moreover, it follows from Lemma

4.5 that

ne+1 — X

lim u u”.

k—o0

From (4.17), we have
Tl =S e (u”’“ - LG”(u”’“))
s

sny, -
According to Theorem 3.3, G’ is continuous. Choosing a positive sequence {s,} such
that there exists a subsequence {s,, } of {s,} converges to s* € [s,3], we get
lim o™ =v* | lim G'(u™)=G"(v*) , lim s, =s*
k—o00 k—o00 k—o00

It follows from Lemma 1.16 that
1
u* =S (u* — —*G'(u*)>.
s s

By Lemma 4.3, u* is a stationary point of ©. O
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Theorem 4.7. Let {u"} and {sn} be sequences defined in Lemma 4.5 and u* is a

manimizer of ©. Then, we get

_ 12
O(u") — B(u*) < Sl =l sy
< V>

Proof. The proof of this theorem is adopted from [44, Lemma 3.1] and [28, Theorem

3.12]. By the definition of uFt1 and Lemma 4.4, for all k > 0,

;(@(u*) — Ok t) > [|ubt - ukH2 2% =k k)
k

2 2
= o ==t =]

In fact, we have O(u*) — ©(u**1) < 0 (by Lemma 4.5) and s < s, < 3. Then, it yields

2 2
~(6(u") — O(u*1) = =(O(u") — O(u*1) = |ut ! —u|” [t - u|".
k
Summing these above inequatilies over £ = 0,1,...,n — 1, we obtain
-1
2 S k1 2 2
= ) — > |lu™ = ut|)” = ||u® —ut]]”. 4.1
2 (et >0t 2 o | (1.15)

k+1

By Lemma 4.4 and the definition of "™, we also have

;(@(uk) — 0@t > [[uf T — k||, vk > 0.
k

Similarly, the fact that {©(u¥)} is a decreasing sequence (by Lemma 4.5) and s* € [s, 3]

yields
2 2 2
g(@(uk) — O(uFth)) > 5(@(uk) — O ) > ||t — W], vE > 0.
Then,
2
“(kO(uF) = kOWHY) = k [t — o], vk > 0.
Summing these above inequalities over k = 0,1,--- ;n — 1 we obtain
n—1 n—1
2
z Z (k@(uk) _ k@(ukﬂ)) > Z I Huk—H _ ukH2
. k=0 k=0
Note that
n—1 n—1
3 (kO(F) — kO(uFH)) = (k@(uk) — (k41O + @(uk+1))
k=0 k=0
n—1
= —nO(u") + Z O(uF ).
k=0
It follows that
n—1 n—1
2
Z ( _ n@(un> + Z @(ulﬁ—l)) > Z k Huk—H . ukHQ
= k=0 k=0
Then,
9 n—1 s n—1 5
§<—n@(u”)+29(uk+l)) > EZkHukH —ukH . (4.19)
k=0 k=0
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Summing (4.18) and (4.19), we get

9 n—1
e G ) e e e (e D W Ul e T
k=0
Therefore,
o~
O@u") —O@w) < —— W wvp>1.

- 2n
O

Next, we present Nesterov’s accelerated algorithm that was firstly introduced in
[17]. This algorithm used gradient-type methods achieves the great convergent rate

O — in convex cases.
n

Algorithm 4.2 Nesterov’s accelerated method
Input: Initial value u® € R%, Ag =0, v* = u%, 1 € (1,00), s0 € [s, 3]
I

1
and @o(u) = 5 Hu—u
1: forn=20,1,2,... do

2:  repeat

1+ V14 2A,s,

3: Ap+1 <
Sn
n Apu™ 4+ apqv”
4: Yy .
Ap + An+1
1
5: utl — Sow (y” — —G’(y”)).
Sn Sn

6: if ”G’(U"Jrl) _ G/(yn)Hz > Sn<G/(un+1) _ G/(yn),un+1 _ yn> then

7 Sp < Sp7

8: end if

o until |G/ (u") — G/ (y")||” < sul@(w ) — G (y"), um T — ) or sy ¢ [5,3).
100 Apt1 < An + ant1.

11 " < argmin g, 1 (u) with
u€eRS

nr1(u) = @n(u) + ans1 (") + (G (@), u— ") + 70 ().

&' @) - e
<G/(un+l) _ G/(yn)7 untl — yn>'

122 Spq1 < Plgg
13: end for

Output: v = limu".

Remark 4.8. In Algorithm 4.2, we use the Barzilai-Borwein rule to choose the step
size sy, that is indicated in [46], i.e., sy, satisfies

Sp, = max <§ min (s ||G’(u”+1) _ G’(y”)H2 >>
! O\ @) = G yn) un T =y ) )
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Remark 4.9. The stepsize sy, in Algorithm 4.2 is to belong to [s, S| in the cases the
Lipschitz constant Lg of the derivative of the functional G is unknown. However, if

L¢ is known, s and s would be satisfied s <nLg <3, n >0, see [28].

Lemma 4.10. The solution v™ of the functional @, in Step 11 of Algorithm 4.2 is
defined by
n
V" =Sy 4,0 (uo — Z akG’(uk)>, (n>0).
k=1

Proof. From Algorithm 4.2, we have
1 0]|2 - k 1,k k -
on(u) = 5 ||u—u H +;ak<G(u )+ (G (u”),u —u )) +’y;ak<b(u).

Similar to Lemma 4.2, the functional ¢, is convex because it is the sum of convex
functionals and by Theorem 1.7 (][22, Proposition 31.14]), the necessary and sufficient

condition for v" be a minimizer of ¢,, is
n n
0 € Dpp(v") = (v — u¥) + Z apG'(uF) + ~ Z ar0P(v").
k=1 k=1

This follows that

n

n
u = @G W) €0+ @ d®(") = (I +7A,09)(0").
k=1 k=1
Similarly, vA,0® is maximal monotone by Theorem 1.8 and by Theorem 1.9 the op-

erator (I + vA,0®) is invertible. Furthermore, its inverse is single-valued. Thus, we
deduce that

n
V" = (I 4+ yA,00) ! (uo - Z akG/(uk)).
k=1
Following the proof in Lemma 4.2, we also have

n n
(I +~A,00)"* <u0 - Z akG’(uk)> =S, a0 <u0 — akG/(uk)> :
k=1 k=1
Hence, the proof is completed. O]

Lemma 4.11. The functional @, (n > 0) defined in Step 11 of Algorithm 4.2 is a

1-strongly convex functional.

Proof. By [47, Theorem 5.24], we need only to prove that

1
onlv) 2 pnlu) + (€0 =)+ 3 [0 = ull®, Vv € R, € € Dgn(u),
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This is equivalent to

_||U_u0|| +Zak( + (G (u )U—uk>)+’yAn(I>(v)
> 5 fu=u| +zak( (G, =) + 1 A,00)

1
(v—u —i—ZakG )+ YA, v —u) + §Hv—uH2,WhereV€8<I>(u).

By simple calculatlon, 1t is reduced to

% ||v — uOH2 + A, ®(v) > % ||u - uOH2 + 7A@ (u) + (v —u® v — )

1
+ A (v, v —u) + 5 v —ul|?*, where v € OB (u).
The above inequality is true by the definition of 0®(u) and the fact that

0112 B 1 0112 0 1 2

§||v—u || —aHu—u H + (v —u ,v—u)+§||v—u|| :
O

Next, we will prove that the Algorithm 4.2 satisfies the following relations:
RY A9 < ¢r = m%RpS on(u), (4.20)
ue
1

R2 on(u) §An@(u)+§Hu—uo||2,Vu€R5. (4.21)

Lemma 4.12. The sequence {u"}, {An} and {pn} generated by Algorithm 4.2 satisfy
the relations (4.20) and (4.21).

Proof. We will prove this Lemma by induction. First, the relations (4.20) and (4.21)
are true by the initial setting of Algorithm 4.2. Assume that the relations (4.20) and
(4.21) are valid for some n > 0.

1. By the hypothesis of the induction and the definition of ¢,, in Step 11 of Algorithm
4.2, it follows
ont1(u) < An@(u)-i-% ||u - uOH2+an+1 (G(u”“)—l—(G’(u"“), u—u"“)—l—’y@(u)).
Since G is convex and differentiable, we have
G(u) > Gu™™) + (G (u" ), u — w1, Yu € R.
It yields
P (1) < 420(u) + 5 [|u — 0 [[* + ans1 (Glaw) +78()

= (Ap + ap+1)0(u) + % Hu — uOH2

= Ap+10(u) + % Hu — u0H2 :
Thus, the relation (4.21) is true for n + 1.
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2. According to Lemma 4.10, ¢, is a 1—strongly convex function and v" is a unique
minimizer of ¢,. Then by the property of strongly convex functions, see [47,

Theorem 5.25], and the inducted hypothesis, we have
1 1
en(w) 2 @) + 5 llu = 0" 2 AnO(u") + o u— 0", Vu e RS (4.22)
By the definition of ¢y ; in (4.20) and (4.22), we have

Oni1 = IIGI]IRQO {gpn(u) + apt1 (G(unH) + (G/(unﬂ)’ U — un+1> + fy(ID(u))}

1
> min {An@(u") = 0" + g (Gt
u€R> 2

+ (G (u"), u — w4 7¢(u)) }
For all u € R?, there exists "1 € 9®(u"*1) such that
O(u) > B(u™h) + (L y— .
Define the notation ©'(+) by
O (u) = G'(u) + v, v € 0P (u).
By the convexity of the functional ©, we have
O@") > O™ + (O (W), u" — u LY.
Using these estimate, we get

1
Png1 2 MiN {An@(U”“) O W) " =) 5 ="
ue
+ an+1 (G(un+1) (G WY, — Y A () 4 (L — un+1>>}

1
_ min {(An 4 )0 4 = [lu— 0|2+ Ap(© (), —

u€R5 2
+ A1 <@/(un—|—1)7 U — un+1>}.
Due to the Step 4 in Algorithm 4.2, this follows that

1
P = min { A0 + 3 flu = 0" 4 (O (), u - )
ue
+ <@/<un+1)’An+1yn . an+1vn - Anun+1>}

1
= min {An+1®(u"+1) 2l = 0™ + ane (O (WY, u— ™)
u€R® 2

+ An+1<@/(un+1>’ yn _ un—|—1>}‘
(4.23)
The minimizer of the right hand side (4.23) attains at

=" — a, 10" ("),
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Then,
2
¢Z+1 > An+1@(un+1> + % H@/(unJrl)”Q . a121+1 H@/<un+1)H2
+ An+1<@/(un+1>7 yn . un+1>

= An+1@(un+1) - % H@/(UWFI)H2 + An+1<@/(un+1)a y" - Un+1>~
(4.24)
Since u"*! is the minimizer of O (-,y"), we have
0€ 00, (u" y™") = G'(y") + sp(u™™ — y™) + 0T (u ).
It implies that there exists £"! € 0®(u"t!) satisfies
G'(y") + sa(w"t —y") + 4" = 0.
Then,
O (W) = G (") + € = s (4" — ) + G W — G ().

This implies that

<@/(un+1>,yn_un+1> — s, ||yn _ unJrl||2+<G/(un+1)_G/(yn)’yn_un+1>. (4.25)
Moreover, we have

Hyn B un+1||2 _ s%( HSn(y" — Y 4 G — G/(yn)||2
n

= 26, (G (™) = Gl — 0 — 6@ - )|
= SLQ( H@’(u”“)”2 — 28, <G’(u”+1) - G'(y"),y" — u”+1>

N ||G/(un+1) _ G/<yn) H2 ) )
Substituting it into (4.25), we get

<@/(un+1)’yn _ un+1> _ i H@/<un+1)H2 _ <G/(un+1) — Gy, " — un+1>
- —llew ) - e
Due to Step 9 in Algorithm 4.2
i HG/(un-l-l) _ G’(y”)H2 < <G/(yn) — G (U, g — un+1> .
It implies that
(O (uh 1),y — 1) > i H@/mnﬂ)H? (4.26)

From (4.24) and (4.26), we get

2
P = Apn Ot + (22— D28 et

Following Step 3 in Algorithm 4.2, a,41 is the positive solution of the quadratic

equation
9 2 2A,
apiq — —app1 — —— = 0.
" Sn Sn
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This leads to )

2 Sn S '
We deduce that
Prg1 = Anpa©(u" ).
Therefore, the relation (4.20) is also valid for n + 1.
U

Lemma 4.13. The positive sequence { Ay} generated by Algorithm 4.2 satisfies
2
Ap> o=, Vn>0.
25
In addition, if G has a Lipschitz continuous derivative with Lipschitz constant Lg, we

have

Vn > 0,

where n > 0 such that nLg > sy,

Proof. Following (4.27) in the proof of Lemma 4.11, we have

S S S 2 2
Anr = St = S (Anp = An)* = (AW - A}/Z) <A1/2 n A}/Q)

9 9 n-+1 n+1
2
< Bdn (A0 - Al)
Thus
1
A AP > — wn>o.

V25
Summing these inequalities, we get
1/2 12 . n+1
An+1—AO ZE, VnZO

It yields
1
AV2 S D s,

n+1 = \/ﬁ’ =

Thus, for all n > 0, we have
2

n
A, > —.
"= 25

The rest of Lemma is directly resulted from the above inequality. O]

The next theorem is a result of the one in [17, Theorem 6].

Theorem 4.14. Assume that the sequence {u™} generated by Algorithm 4.2 converges
to the solution u* of problem (4.8). Then the following inequality is satisfied

_ 2
5[ — |

O(u™) — O(u*) < -

,  Vn > 0.

n
If G has a Lipschitz continuous derivative with Lipschitz constant Lg, we also have

0 _ % 2
Ou") — O(u*) < ”LG||“n2 Gl . Wn>o0.
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Proof. By Lemma 4.12, we have the relations (4.20) and (4.21):
AnO(u") < @, = min on(u),
u€R3
1
on(u) < Ap©O(u) + 3 ||u - uOH2, Vu € R.

In the second relation, choosing © = u* and combining with the first relation, we get

A, 0u") < A,0(u*) + % Hu* - uo‘ 2, Vn > 0.
Thus,
=]
n
Following Lemma 4.12, we obtain
5 [Juf |
(") -0 < ——5——, Vn2>0.

n
The remained inequality is a result from above estimate and the second inequality of

Lemma 4.12. OJ

THIS CHAPTER WAS WRITTEN BASED ON THE PAPER

[15] Hao D.N., Hiep D.X., Muoi P.Q., 2023, Learning river water quality models by
I'-weighted regularization. Published in IMA Journal of Applied Mathematics.
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Chapter 5

NUMERICAL EXAMPLES

In this chapter, we will present some numerical examples illustrating the theoretical
results of Chapter 3 and Chapter 4. All examples were written in Python 3.10.1

software.

Example 5.1. Consider the BOD-DO model

.
abg, b, 381)5;; D _ o), in (0,1) x (0,2),
d(x,t d(x,t
< 0 g’ ) —1—38 éi’ ) = 2b(x,t) — d(x,t), in (0,1) x (0,2),
b(z,0) =d(x,0) =0, on (0,1),
| 0(0,t) = d(0,t) = sin(271), on (0,2).
In this example, parameter vectors al, ST are ol = [0,—2,0,—3,0] and pT =

[0,2,—1,0,—3], respectively. Moreover, the parameters are v = 3,k; = 2, ky = 1,
s1 = s = 0, the initial conditions are by = dy = 0 and the boundary conditions are

by = dy = sin(27t).

According to Theorem 3.1, the exact solution to this problem is

ot 0 Cif o — 3t e [0, 1],
z,t) =
’ —2x xXr X
T3 gin |27(t — = if t — = 2

e s Sm[ 7T< 3)} , i 3 € [0, 2],

and,
0 ifz—3te01],
d(x,t) =

267" sin [27r(t - g)} +2e7 [sin (27r(t - g))] Jift-5 0,2,
Figure 5.2 (Top) represents the solution to this example.

Then, we use the two-step Lax-Friedrichs method (Algorithm 4.1) to solve this
problem. First, we divide the spatial domain [0,1] into 801 uniformly distributed

1
points {x; }3% with Az = 300 and equally distribute temporal domain [0, 2] into 4801

points {t; 4§000 with At = 15007
4.1 in Chapter 4, the two-step Lax-Friedrichs method (Algorithm 4.1) converges. The
approximate solution for the BOD-DO model in Example 5.1 is illustrated in Figure
5.2 (Bottom).

At
see Figure 5.1. In this case, ‘"UA—’ = 1. By Remark
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Discrete Grid

Time (t)

spatial (x) ' = Interior points
X Initial points
@ Boundary points

Figure 5.1: Grid mesh of Example 5.1.
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023 = -0.25
-0.50 ~0.50 -0.5
-0.75
—%is -1.00 _

Figure 5.2: Example 5.1: Exact solution (top) and approximate solution (bottom) of
the BOD-DO model.
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It can be seen from Figure 5.3 that the approximate solution well approximate the
exact solution. Indeed, the errors between exact and approximate solutions are not

greater than 0.06% and 0.02%, respectively.

Error
bexact = b

0.0005

0.0004

0.0003

(,-01x) 4-""%

0.0002

0.0001

0.0000

Gevace —d 0.00010

0.00008

0.00006

0.00004

0.00002

0.00000

Figure 5.3: Example 5.1: The misfit and error between the exact and numerical solu-

tions.

Next, we collect data of the solution bfeature (2, t) and deature (T, t) from approximate
solution b, d with k& = 2 (see Section 4.2) and add 1% noise in the data. Following
Section 4.2, the derivatives of b, d,, b; and d; are also directly calculated by the finite
difference method and the linear extrapolation to construct the feature matrix F' as

well as the feature matrix V.

First, we use ['-weighted regularization for these problems with v; = 7o = 107!, As
a priori information, we know the form of BOD-DO model, i.e., only parameters s1, sa,
k1, ko, v are possibly nonzero while the other must be zero. Based on this information,
we set w} =1 for j = 2,4, wjz. =1 for j = 2,3,5 (corresponding the parameters which
are possible nonzeros) and set high values for weighted wjl- = w? = 10 for the others.

J
We also apply Nesterov’s accelerated method (Algorithm 4.2) for with the initial point
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[0,0,0,0,0] for two problems (5.1) and (5.2) in 800 iterations.

2400 5
2 5 5 2 1
min (G1(a) + @i (a >}argﬁ5{2400 > (Vi) - Fotal* +m > 1;%.%)},
‘]:

=1
(5.1)
and
. 9 2400 5
i {Ga(3) + 7222(d >}52R0{2400;(HV2< )5 WZ“’ 5] }
(5.2)

Next, we use /!-regularization to learn the problems (5.1) and (5.2) with w = wj
1 for all 5. We also set v; = 72 = 10~!. Then, we exploit Nesterov’s accelerated

method (Algorithm 4.2) with the initial point [0, 0,0, 0,0] in 800 iterations.

In both cases, the value of G(«) and Ga(5) dramatically decrease to 0 after fewer
than 50 iterations, see Figure 5.4. Hence, the problems (5.1) and (5.2) get their mini-

mizer in [!-weighted regularization and ['-regularization.

Gila) Gy(B)
1600 4 L 3 o
| I*-regularization | -regularization
| N L 30004 N N
40090 ¢ I*-weighted regularization o e I*-weighted regularization
12004 | 2500 |
10007 | 20004 |
] u {
= 800 = |
= S 15004 |
600 - |
10004 |
400
200 4 ‘: 5004 |
0 T B .
T T ; T T : T T T T T T T ; T : : T
0 100 200 300 400 500 600 700 800 o 100 200 300 400 500 600 700 800
Iteration Iteration

Figure 5.4: Example 5.1: Objective functions with k£ = 2 and 1% noise.

In addition, the recovered processes of parameters by using {!-regularization and ['-
weighted regularization are successful and the convergence of a and 3 are illustrated in
Figure 5.5. The parameter vector a converges to the solution (o*)” = [0, —2,0, —3, 0]
after no more than 200 iterations. Meanwhile, the parameter vector § need more than

300 iterations to obtain its convergence, (8*)7 = [0,2,—1,0, —3].
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Figure 5.5: Example 5.1: The convergence of parameters a and 3 by using ['-weighted

regularization and {!-regularization with k& = 2 and 1% noise.
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Tables 5.1 and 5.2 represent the error between the recovered parameters «, § and

their exact solutions by using ['-weighted regularization with & = 2 and 1% noise.

o800 —2.03642653 —3.00516974
o -2 3
Error 0.03642653 0.00516974

Table 5.1: Example 5.1: The recovered parameters o using ['-weighted regularization

with £ = 2 and 1% noise.

(3800 1.99049525 | —1.03311082 | —0.00082761 | —2.99778389
5* 2 -1 0 -3
Error 0.00950475 | 0.03311082 | 0.00082762 | 0.00221611

Table 5.2: Example 5.1: The recovered parameters 3 using I'-weighted regularization
with &£ = 2 and 1% noise.

Tables 5.3 and 5.4 represent the error between the recovered parameters «, 5 and

their exact solutions by using I'-regularization with & = 2 and 1% noise.

a®0 10.00169953 | —2.01628592 | —0.00819491 | —2.99847880 | —0.00513288
a* 0 —2 0 3 0
Error | 0.00169953 | 0.01628592 0.00819492 0.0015212 0.00513288

Table 5.3: Example 5.1: The recovered parameters o using ['-regularization with k = 2

and 1% noise.

(800 10.00211043 | 1.95032496 | —1.00248516 | —0.00148607 | —2.99763948
G 0 2 -1 0 -3
Error | 0.00211043 | 0.04967504 | 0.00248516 | 0.00148608 | 0.00236052

Table 5.4: Example 5.1: The recovered parameters 3 using I!-regularization with & = 2

and 1% noise.

From above estimate, we release that ['-weighted regularization recover the param-

eters better than I!-regularization, especially the sparse vector parameters.

The errors between the recovered parameter vectors «, § and the exact parameter
vectors a*, 3% by Algorithm 4.2 with {!-weighted regularization and ['-regularization

after 800 iterations are illustrated in Figure 5.6.
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Figure 5.6: Example 5.1: The error between the recovered parameters o, and the
exact ones by using ['-weighted regularization (top) and I'-regularization (bottom)
with & = 2 and 1% noise.

Table 5.5 and Table 5.6 show the recovered parameters of BOD-DO model in Exam-
ple 5.1 when choosing collected data with k = 2, £ = 5 and k = 10 to create the feature
matrix F, Vi and V5 and exploiting Nesterov’s accelerated method with I'-weighted

regularization, {'-regularization after 800 iterations.

Exact parameters k=2 k=5 k=10

a* 5* Q 15} Q 15 o I}

0 0 0 0 0 0 0

-2 —2.03642 | 1.99049 | —2.06182 | 1.88249 | —2.16183 | 1.81195

0 -1 0 —1.03311 | —0.00038 | —1.00524 0 —1.04580
-3 0 —3.00516 | —0.00082 | —3.00928 0 —3.02205 0

0 -3 0 —2.99778 0 —2.99677 0 —2.99322

Table 5.5: Example 5.1: The recovered parameters with different input data using

I'-weighted regularization with 1% noise.

With 1% observation noise, Tables 5.5 and 5.6 indicate that although with different

input data, the algorithm converges to the exact solution and learning process provides

the reliable information in practical prediction. Moreover, it also points out that the
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Exact parameters k=2 k=5 k=10

o* 5* o 15} Q 16 Q 16

0 0 0.00169 0.00211 0.00430 0.00525 0.00903 0.01146
-2 —2.01628 | 1.95032 | —2.04122 | 1.87515 | —2.07794 | 1.76940
0 -1 —0.00819 | —1.00248 | —0.01995 | —1.00038 | —0.04272 | —1.02475
-3 0 —2.99847 | —0.00148 | —2.99482 | —0.00128 | —2.98836 | —0.01516
0 -3 —0.00513 | —2.99763 | —0.01265 | 2.99574 | —0.02545 | —2.98363

Table 5.6: Example 5.1: The recovered parameters with different input data using

['-regularization with ¢ = 1% noise.

more input data are collected, the more accurate solutions are received.

The same result is also obtained if we increase the observation noise at 5% (see
Tables 5.7 and 5.8) and 10% (see Tables 5.9 and 5.10). Furthermore, from above

observation, we conclude that {!-weighted regularization recovers the form of the model

better than [!'-regularization.

Exact parameters k=2 k=5 k=10

a* 5* Q 15} Q 16 Q 15

0 0 0 0 0 0 0 0

-2 —2.04242 | 1.89316 | —2.07196 | 1.82582 | —2.12490 | 1.71230
0 -1 —0.00023 | —0.96709 0 —0.96632 | —0.00243 | —0.97412
-3 0 —3.00625 0 —3.00112 0 —3.02122 0

0 -3 0 —2.99766 | —0.00303 | —2.99599 0 —2.99251

Table 5.7: Example 5.1: The recovered parameters with different input data using

['-weighted regularization with 5% noise.

Exact parameters k=2 k=5 k=10

o* 5* Q@ 15} Q 16 Q 16

0 0 0.00174 0.00161 0.00438 0.00499 0.00901 0.01177

-2 —2.01224 | 1.92222 | —2.03795 | 1.85515 | —2.08129 | 1.78092

0 -1 —0.00891 | —0.98355 | —0.02160 | —0.99608 | —0.04089 | —1.02989
-3 0 —2.99459 | —0.00612 | —2.99383 | —0.01049 | —2.98886 | —0.00141
0 -3 —0.00773 | —2.99411 | —0.01334 | —2.98962 | —0.02507 | —2.99329

Table 5.8: Example 5.1: The recovered parameters with different input data using

['-regularization with 5% noise.




55

Exact parameters k=2 k=5 k=10

o* 5* o 15} Q 16 Q 16

0 0 0 0 0 0 0 0

-2 —2.03195 | 1.90489 | —2.07915 | 1.85972 | —2.15614 | 1.83558

0 -1 0 —0.96888 0 —0.98980 0 —1.06142
-3 0 —3.00504 0 —2.99280 0 —3.01381 0

0 -3 0 —2.99778 | —0.00320 | —2.99619 | —0.02554 | —2.99340

Table 5.9: Example 5.1: The recovered parameters with different input data using

I'-weighted regularization with 10% noise.

Exact parameters k=2 k=5 k=10

o* 6* Q@ 15} Q 16 Q 16

0 0 0.00194 0.00199 0.00440 0.00525 0.00906 0.01112
-2 —1.99544 | 1.94566 | —2.03926 | 1.87793 | —2.07961 | 1.77782
0 -1 —0.01337 | —1.00203 | —0.02033 | —1.00560 | —0.04193 | —1.02350
-3 0 —2.98095 | —0.00503 | —2.99280 | —0.00492 | —2.98822 | —0.01183
0 -3 —0.01691 | —2.99494 | —0.01400 | —2.99334 | —0.02554 | —2.98603

Table 5.10: Example 5.1: The recovered parameters with different input data using

['-regularization with 10% noise.

Example 5.2. Consider the BOD-DO model

( abgt’ b, 2%((;; D _ _opa 1), in (0,1) x (0,3),
) adg’;’ I 2adé‘fc’ D _op(et) — d(a.t). in (0.1) x (0.3),
b(x,0) =d(z,0) =0, on (0,1),
L 0(0,t) = d(0,t) = 5(1 — e t), on (0,3).
In this example, parameter vectors a’, 37 are a’ = [0,-2,0,-2,0] and g7 =

[0,2,—1,0,—2], respectively. Moreover, the parameters are v = 2, k; = 2, ko = 1,
s1 = s = 0, the initial conditions are by = dy = 0 and the boundary conditions are
b =di = 5(1 — e_t).

According to Theorem 3.1, the exact solution to this problem is

o 0 Lifx—2te[0,1],
x,t) =
e r[1—e (8] | ift— g € [0,3],
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Figure 5.7: Example 5.2: Exact solution (top) and approximate solution (bottom) of
the BOD-DO model.

and,
0 ,ifx—2t €[0,1],

d(z,t) =
o —10e7"[1 — e~ (=) 4 5e 3 [e= (72 —1] | if¢ —% € [0,3].

Next, we make the same mesh points as the ones in Example 5.1 and apply the
two-step Lax-Friedrichs method (Algorithm 4.1) to obtain the numerical solution to
the BOD-DO model in Example 5.2. Figures 5.7 illustrates the numerical solution by
Algorithm 4.1 for the exact and approximate solutions of the model. From Figure 5.8,

it can be seen that the error between the exact and approximate solutions is not greater
than 0.07%.

Similarity with Example 5.1, we collect data of the solutions b feature(,t) and the
d feature (7, 1) from approximate solutions b, d with k = 2 (see Section 4.2), add 1% noise

in the data and compute the derivatives of b, d,, b; and d; to make the feature matrix



57

Error
Bexact = b

0.0007

0.0006

0.0005

0.0004

0.0003

0.0002

0.0001

0.0000

Error

0.0004

0.0003

0.0002

(,-01X) P —2ep

0.0001

0.0000

Figure 5.8: Example 5.2: The misfit and error between the exact and numerical solu-

tions.

F' as well as the matrix V. This leads to solve two minimization problems

1600
3 5 5
aﬂéﬁl{Gl( a) + 1 ®i(a )}_Héﬁ% 1600 < 1 <HV1( i) — F°( Oé|| +Vlzwg|aa
1=
(5.3)
and
5 600 , 5
_ d(1. O, 213,
ﬁnéﬁl{GQ( ) +72P2(8)} = érel}R% 1600 < 1 <||V2(tz)_F (t:)8]] +72lej|5y|>
i= j=
(5.4)

We set 41 = 72 = 1072, Unlike Example 5.1, I!'-regularization does not achieve
the convergence to the minimizer of problems (5.2) and (5.4). Thus, we have to use
I'-weighted regularization for these problems. Because of a priori information, we know

that only parameters s, so2, ki, k2, v are possibly nonzero while the other must be
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zero. From this information, we set

1000, for j = 1,4,
1, for j = 2,4, 5
w; = and  wj = ¢ 10, for j = 2,3,
100, otherwise,
200, for j =5.
Then, we exploit Nesterov’s accelerated method (Algorithm 4.2) for with the initial

point [0, 0, 0,0, 0] for two problems (5.3) and (5.4) in 500 iterations.
Figure 5.9 shows that it takes more than 200 iterations to achieve the optimal value.

Gila) Gy(B)

120 200 1

100 - 350 4

B0/ 200 |

150

Value
Value

40 - 100 A

204 50 |

T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500
Iteration Iteration

Figure 5.9: Example 5.2: Objective functions with k£ = 2 and 1% noise.

From Figure 5.10, Tables 5.11 and 5.12, we can see that the parameters are recovered

successfully, i.e., the model (5.3)—(5.4) has been learned successfully.

a0 | 0| —2.00409935 | 0.00077286 | —2.00479683
a* |0 ) 0 )
Error | 0 | 0.004099357 | 0.00077287 | 0.00479683

Table 5.11: Example 5.2: The recovered parameters o using ['-weighted regularization
with k£ = 2 and 1% noise.

(800 10 | 1.93016615 | —0.95407856 | 0 | —1.94127817
B* |0 2 -1 0 )
Error | 0 | 0.06983385 | 0.04592144 | 0 | 0.05872183

Table 5.12: Example 5.2: The recovered parameters 3 using [!-weighted regularization
with &£ = 2 and 1% noise.

The errors between the recovered parameter vectors «, 8 and the exact parameter
vectors a, * by Algorithm 4.2 with I'-weighted regularization after 500 iterations are

illustrated in Figure 5.11.
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Figure 5.10: Example 5.2: The convergence of parameters a and 3 by using I'-weighted

regularization with £ = 2 and 1% noise.
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Figure 5.11: Example 5.2: The error between the recovered parameters «, 5 and the

and exact ones by using I!-weighted regularization with k& = 2 and 1% noise.

Table 5.13 shows the recovered parameters of BOD-DO model when we choose
collected data with £ = 2, k = 5 and k& = 10 to create the feature matrix F, V] and
Va by Nesterov’s accelerated method (Algorithm 4.2) with I'-weighted regularization
after 800 iterations. It is similar to Example 5.1, if we have more data, the accuracy

of approximate solution is more improvable.

Exact parameters k=2 k=5 k=10

o* 6* Q@ 15} Q 16 Q 6]

0 0 0 0 0 0 0

-2 —2.00409 | 1.93016 | —2.00443 | 1.87582 | —1.99515 | 1.83560
0 -1 0.00077 | —0.95407 | 0.00207 | —0.92844 | 0.00135 | —0.90391
-2 0 —2.00479 0 —2.00597 0 —2.00378 0

0 -2 0 1.94127 0 —1.97346 0 —1.89327

Table 5.13: Example 5.2: The recovered parameters with different input data using

I'-weighted regularization with 1% noise.

Exact parameters k=2 k=5 k=10
o* 6* « 15} Q 6] Q g
0 0 0 0 0 0 0 0
-2 2 —1.99398 | 1.99662 | —2.01226 | 1.83645 | —1.98861 | 1.86889
0 -1 0.00031 | —0.99676 | 0.00125 | —0.89668 | —0.00188 | —0.91926
-2 0 —1.99718 0 —2.01368 0 —2.00715 0
0 -2 0 —1.99150 0 —1.93755 0 —1.86488

Table 5.14: Example 5.2: The recovered parameters with different input data using

I'-weighted regularization with 5% noise.

The same result is also obtained if we increase the noise at 5% (see Table 5.14) and
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Exact parameters k=2 k=5 k=10

o* 5* o 15} Q 16 Q 16

0 0 0 0 0 0 0 0

-2 —1.99563 | 1.94133 | —2.00571 | 1.83026 | —1.98604 | 1.80944
0 -1 0.00030 | —0.96131 | 0.00161 | —0.89476 | —0.00184 | —0.88721
-2 0 —1.99779 0 —2.00768 0 —2.01261 0

0 -2 0 —1.93156 0 —1.91683 0 —1.91842

Table 5.15: Example 5.2: The recovered parameters with different input data using

I'-weighted regularization with 10% noise.

10% (see Table 5.15). From these tables, we get the higher error if the noise increases

but the model has been learned successfully.

THIS CHAPTER WAS WRITTEN BASED ON THE PAPER

[15] Hao D.N., Hiep D.X., Muoi P.Q., 2023, Learning river water quality models by

I'-weighted regularization. Published in IMA Journal of Applied Mathematics.
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CONCLUSIONS

In this thesis, we have introduced the learning models from data and investigated

its applications in inverse problem: learning constants parameters in BOD-DO model

ob ob )
E—l—v%:—kﬁlb—‘—Sl m (O,X)X(O,T],
od od .
a—&—U%:/{lb—k‘Qd—i—SQ n (O,X)X(O,T],
b(x,0) = bg(x), d(x,0) = dp(x) on (0, X),

b(0,t) = bi(t), d(0,t) = dy(t) on (0,T7.

First, we establish the exact solution of above model and prove the well-posedness

and convergence in learning the BOD-DO model based on ['-weighted regularization.

Second, we propose the numerical algorithms for the BOD-DO model in the direct
and inverse problem with constant parameters. In the direct problem, we apply the
two-step Lax-Friedrichs method. Then, Nesterov’s accelerated method is applied to
solve the minimization problem to get the unknown parameters in learning BOD-DO

model with I!-weighted regularization.

Finally, we test our algorithms in some examples in Python software with different
noise. These numerical examples result the efficiency of our approach in approximating
the unknown parameters of BOD-DO model. Moreover, the numerical examples also
illustrate that I!-weighted regularization overwhelms I!-regularization in learning and

maintaining the form of BOD-DO model.

There is potential development in future work derive from this thesis. The theo-
rerical analysis in general models, e.g., the BOD-DO model with variable parameters
is still open. The study that involves to determine a source term in this model is also
one of promising work. Moreover, the problem of choosing the weighted parameters in

['-weighted regularization have not been solved yet.
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