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LOI CAM POAN

Luan van nay dudc thuc hién dua trén sy tim toi, hoc hoi ctia ca nhan toi
dudi sy hiéng dén cda thdy Dinh Nho Hao. Moi sy gitip d& cho viée thuc
hién ludn van nay da dugc cdm on va cdc thong tin trich dan trong ludn van

déu dudgc ghi rd ngudn gdc. Toi xin chiu trach nhiém vé nhiing 16i cam doan.

Ha Noi, thang 10 nam 2023
Hoc vién

S

Pham Vii Hoang Son



LOI CAM ON

Péu tién, toi xin gii 18i cam on t6i thiy hudng dan cia toi GS.TSKH.
Pinh Nho Hao, thiy khong chi gitip dd toi hoan thanh ludn van mot cach tot
nhat ma con luén quan tdm va chi bio toi trong cudc song.

Tiép theo toi xin gii 13i cam on t6i quy ddi mdi sang tao (VINIF) da tai trg
hoc bong cho tdi, gitp toi ¢6 thé tap trung hoan toan vao viéc hoc tap, nghién
ctiu d€ hoan thanh t6t nhét chudng trinh thac si ctia minh.

T6i ciing xin cdm on Trung tdm do tao sau dai hoc Vién Todn hoc va Hoc
vién Khoa hoc va Céng nghé, Vién Han 1am Khoa hoc va Cong nghé Viét
Nam di tao ra mot méi trudng hoc tap, nghién citu tét nhét trong sudt qud
trinh t6i hoc tap ciing nhu thyc hién luan vén nay. Bén canh do toi xin gui 1o
cam on téi anh Duong Xuan Hiép, anh Vin B4 Cong, em Nguyén Quang Huy
- nhitng ngudi ban ciing nhu ngudi ddng mon di ho trg toi trong qua trinh tim
hiéu ciing nhu gidi ddp cdc van dé vé ly thuyét trong ludn van.

Pic biét, toi xin glti 10i cam on tdi gia dinh cua t6i, nhiing nguvi da luén
1am viéc chim chi d€ toi c6 thé thyc hién udc md ciia minh. Cam on tinh yéu

thuong vo diéu kién ctia bd, me va tdi tin ho luén ty hao vé hanh trinh cta toi.

K
Y’R@ﬂ)\/ﬁ) H\o tﬁj Son
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Phuong phap Ritz

Phuong phap Ritz [1, 2, 3] 1a phuong phap xap xi nghiém ctia bai todn bién
cho phuong trinh vi phin bing cach biéu dién né duéi dang t& hop tuyén tinh
cac ham cd s8. Trong phuong phdp nay, cdc cong cu c6 dién thudng la phuong
phép phan ti hitu han hodc sai phan hitu han. Tuy nhién, véi cac phuong phap
nay, s bac tu do ting theo ham mii khi s6 chiéu ctia phuong trinh ting.
Trong nhiing ndm gan diy, hoc sau da dat dugc mot sb thanh tuu 16n trong
nhiéu linh vuc nhu thi gidc mdy tinh, nhan dién giong néi va xi li ngon ngit
tu nhién nhd vao mang nd-ron sau (Deep Neural Networks). Khong chi vay,
cac mang nay con c6 thé dudc st dung dé giai cic phuong trinh dao ham
riéng. Mot uu diém rat 16n clia cdc mang nay 13 sd bic tu do khong ting theo
ham mii. Vay nén, chiing rét thich hop d€ gidi cdc phuong trinh dao ham riéng
nhiéu chiéu.
Trong phuong phap Ritz sau, hoc sau dudgc st dung d€ udc lugng gia tri cla
cac ham sb, gitip gidi bai toan bién phan mot cach chinh xdc hon. Két qué cla
cac thlt nghiém sb trén may tinh cho thiy tinh hiéu qua cia phuong phép so
v6i cac phuong phap sb truyén thdng, cho thay né c6 thé 12 mot phuong phap
hitu ich d€ gidi c4c bai toan bién phan 16p phuong trinh elliptic trong nhiéu
linh vuc khac nhau.
Phuong phdp Ritz siu dudc Weinen E va Bing Yu dé xuit vao nim 2018 [1]

va ké tli d6 t6i nay da dudc rit nhiéu cong trinh trich din [2, 3, 4, 5]; phuong



phap nay da dugc cai bién va tng dung dé gidi nhiéu phuong trinh elliptic
khac nhau trong thuc tién. Cac két qua s6 cho thiy phuong phdp hitu hiéu
cho céc bai todn phi tuyén, c6 tinh ky di cao va dic biét 1 cac bai todn c sd
chiéu cao. Rt dang tiéc 1a cdc nghién ciu thd vi nay chua dudc phat trién &
Viét Nam, nén chiing t6i mudn tiép cn vé6i chi dé nay, ciing nhu xem xét kha
ning ng dung ctia phuong phap cho c4c bai todn bién phan khac nhau.

Péi twgng nghién ciu cta luin vin

Trong luan vin nay ndy, téi 4p dung phuong phap Ritz sdu cho mot sb bai
todn bién Dirichlet va Neumann I6p phuong trinh dao ham riéng dang elliptic.

Trong cic thuit todn c6 dién, cac diéu kién bién c6 thé dudc rang budc
chinh x4c béi cac diém ludi trén bién. Tuy nhién, cic diéu kién nay lai rat kho
dé biéu dién trong cdc mang no-ron. Céc diéu kién nay thudng c6 nhiéu cach
XU 1, mot trong s6 d6 1a thém 1 sd hang phat vao cidc ham mat mat dé€ gidm
sai s6 tuyét dbi. Thuong cac sd hang phat nay dudgc biéu dién theo chuin L2.
Trong luin vin ndy, tdi sé dua ra cac vi du sd cu thé cho céc trudng hop nay,
tuy nhién sé tap trung vao trudng hgp tong quat 1a s6 hang phat.

B6 cuc luin vin

Luin viin dudc viét dua theo tai liéu [6, 7, 8] va dudc trinh bay theo bd
cuc:

Chuong 0: Mot sb kién thiic chuan bi.

Chuong 1: Gidi thiéu vé phuong phap bién phan gidi phuong trinh elliptic.

Chuong 2: Gi6i thiéu cic phuong phap giai bai todn bién phan: phuong
phap Ritz c6 dién, phuong phép Ritz sau.

Chuong 3: Mot s6 két qua thu duoc.



Chuong 0
Mot so6 kién thitc chuén bi

0.1 Giai tich ham
Trong chuong nay, tdi ki hiéu Q C R 12 mot tap hop
Dinh nghia 0.1. M 1a mot o-dai s6 trong 2 néu thod man M 1a mot ho cac

tap con cua {2 thoa man

1.0 e M,
2. Ae M= A°c M,

3. U A, e M6 A, € M,Vn.

n=1

Dinh nghia 0.2. ;1A mot do do trén Q néu o-dai s6 M trong Q) ta cé p :

M — [0, o0 thod man

2. 1 (U An> = |J u(A,) véi (A,) la ho cdc tip roi nhau trong M.
n=1
Nhiing tap hop trong M dudc goi la nhiing tap do dugc.

Dinh nghia 0.3. 2 1a mot o-hitu han néu ton tai mot ho dém dugc (€2,,) trong

o-dai s6 M ctia © thod man Q = |J va u(,) < oo, Vn.
n=1



Ta goi bo (2, M, i1), M 1a mdt o-dai sb trong 2, p 1a mot do do trén €,
2 1a mot o-htiu han 1a mot khong gian do.
Tap F € M thod man u(E) = 0 dugc goi la tp c6 do do khong. Ta néi mot
tinh chat dudc goi 1a ding hau khap noi néu né ding trén moi diém thudc
trit nhitng diém thudc tap c6 do do khong.
Dinh nghia 0.4. Ta goi f : R? — R 1a ham do dudc néu:

fHU) e M,

v6i moi tp mé U C R,

Xét cac ham don gidn ¢ do dudc trén tip E 1a cic ham s6 nhan hitu han
cac gia tri thuc. Néu + nhan n gid tri phan biét aq, ..., a,, trén E thi do tinh do

dudc clia ¢ nén ¢~ *(a;) 1a do dudc va ta c6 bi€u dién cta 1) trén F 1a

Y= Zaz‘XEi
i—1

Vi E; = (a;) = {x € ElY(z) = a;}.
Va ta dinh nghia tich phan cua ¢ trén tdp E c¢6 do do hitu han béi

/¢:j21ai-m(Ei).

Cho f 12 mot ham gia tri thuc bi chin trén tip F c¢6 dd do hitu han. Ta lan

Iuot dinh nghia tich phan Lebesgue dudi va trén cua f trén £ nhu sau
)

sup /gp\cp la ham don gidn va ¢ < f trén £

-~

E J

va
\

~

inf /@DW la ham don gian va ¢ > f trén E
E

Vs



Dinh nghia 0.5. Mot ham s f bi chin trén mién E ¢6 do do hitu han dugc
goi 12 kha tich Lebesgue trén E néu tich phan Lebesgue dudi va trén clia né
bang nhau. Gid tri d6 dudc goi la tich phan Lebesgue (hay tich phan) cta f

trén F.

Ta ki hiéu khong gian nhiing ham f : Q — R kha tich Lebesgue Ia
LY(2, 1) hodc L1(2) hodc L. Ta trang bi chuan

1, = 11l = / fldp = / 5
Q

Pinh nghia 0.6. Chop € Rvéi 1 < p < oo, goi
P (Q) = {f £ Q — R; f 1a ham do dugc va || f||P € Ll(Q)}

vOi

S =

11l = 161, = | [ 1# (2)d

0
Dinh nghia 0.7. Ki hiéu

L>(Q) = {f =R ‘f do dugc va bi chin hau khip noi trén Q}

voi

£l = 1F1l = inf {5

Pinh li 0.8. (Bdt ding thitc Holder) Cho f € LP va g € LP vdi % + ]% = 1va

f (m)‘ < C hau khip noi trén Q}

1 <p<oo Khido fg € L' va

[ 15 <11l

Pinh li 0.9. (Dinh Iy Fischer-Riesz) L? la khong gian Banach vdi moi 1 <

p < o0.



Ta ki hiéu £* 13 khong gian ddi ngau cta khong gian dinh chuin F, nghia

12 khong gian ctia tit ca cdc ham tuyén tinh lién tuc trén E v6i chuin

£l = sup |f (z)| = sup f ()

)<t =)<t

zeE zeE
va ki hiéu

(f.z)=[(2).

Dinh nghia 0.10. Cho Q C R" 1a mot tip mé va 1 < p < oo. Ta néi mot

ham s6 f : Q — R thudc L (Q) néu fxx € LP(Q) véi mdi tap compact K

loc

trong €2, vGi x i dudc dinh nghia nhu sau

1 néuzekK
Xk (z) = :
0 néuzeQ\K
Ménh dé 0.11. Vi Q ¢ RN la mot tdp mé va u € L} (Q) thod man

/uf =0 VfelCXrQ).
Khi dé v = 0 hdu khdp noi trén Q.
DPinh nghia 0.12. Cho H 1a mot khong gian vector. Mot tich vo hudng (u, v)
12 mot dang song tuyén tinh trén H x H nhan gid tri trén R thoa mén
(u,v) = (v,u),Vu,v € H,
(u,u) > 0,Yu € H,
(u,u) # 0,Yu # 0.
Tich vo huéng thoa man bt dang thiic Cauchy-Schwarz
|(u,v)] < (u, u)?(v,v)Y%, VYu,v € H.

Khi d6, ||u|| = (u,«)"? 12 mdt chudn.




Dinh nghia 0.13. Khong gian Hilbert la khong gian vector H dudc trang bi

mot tich vd hudng sao cho H 1a day theo chuan || ||.

Dinh i 0.14. (Phép chiéu 1én tdp 16i dong) Cho K C H (H la khéng gian
Hilbert) la mot tdp 10i dong khdc rong. Khi do véi méi f € H, ton tai duy
nhdt u € K sao cho
I = ull = min || f — o]
Hon nita, v duogc xdc dinh boi
ue Kva(f—uv—u)<0,VvekK
Kihiéuu = Pk f

Dinh 1i 0.15. (Biéu dién Riesz-Fréchet cho khong gian Hilbert) Cho ¢ € H*

badt ki, ton tai duy nhdt f € H thod mdn
(p,uy = (f,u),Yue H

Hon nita,

LFIF= il

H*

Pinh nghia 0.16. Cho khong gian Hilbert . Mot dang song tuyén tinh a :
H x H — R dudc goi la

1. lién tuc néu ton tai mot hiang s6 C' thoa man
|a(u, v)| < Cllul[ o], Vu,v € H
2. bidc néu ton tai hang s6 o > 0 thod man

a(v,v) > allv||*,Yv e H



Dinh Ii 0.17. (Nguyén Iy dnh xa co) Cho X la mét khong gian metric ddy

khdc rong va S : X — X la mot phép co ngdt, nghia la,
d(Svy, Sve) < kd(vy,v9),Vur,v9 € X vdi k < 1.
Khi dé S c6 mot diém bdt dong duy nhdt, v = Su.
Ménh dé 0.18. Véi K C H la mét tdp 10i dong khdc rong thi Py la dnh xa

khong gidan, nghia la

|Prfi — P foll < i = foll,Vfi, foe H

0.2 Phuong trinh dao ham riéng

Ta ki hiéu khong gian cdc ham s lién tuc trén tap Q 1a C(Q), khong gian
ham s6 kha vi lién tuc k 1an trén Q 1a C*(Q) va C>®(Q) = 0 C*. Dinh nghia
0>

C.(Q)={feC(Q): f(z) =0,Vz € Q\K, K 1a tAp compact }

va CF tuong ty.
V6iQCcRYlamottapmSvap € R, 1 < p < oo.

Dinh nghia 0.19. Khong gian Sobolev W!?(Q)) dugc dinh nghia nhu sau

( 3\

91, 92, .-, gy € LP (£2) thod man
W (Q) = ue P (Q)| [ ug2ds = — [ gjeda, S
Q Q

Vo e C®(Q),Yi=1,2,..,N

\ Ve

Ta dit H'(2) = W(Q). V6i u € W'(9), ta dinh nghia §% = g; va ta

viet

Vu:gradu:<au ou 8u>

81‘17 81’27 o aSL‘N



Khong gian W1P(Q) dudc trang bi chuin

N
el = llull, + D
i=1

811

1/p
hodc chuin tuong ducng (||qu—|—ZZ 1‘ ) méul < p < o).

Khong gian H'(Q)) dugc trang bi tich vo hudng
ou Ov ou 81}
(u0) g = (1, 0) 2 + Z <8xi 8:1:1-) /uv + Z ox; (9952

Chuén tuong ing

1/2

2
[ell g = | Ml

tuong duong vdi chuin ctia W12,

Meénh dé 0.20. W2(Q) la mot khong gian Banach véi 1 < p < co. H ()

la mot khong gian Hilbert.

Meénh dé 0.21. (Pao ham ciia mét tich) Vi u,v € WHP(Q) N L®(Q) vdi
1 < p < oo. Khidéuv € WH(Q) N L>®(Q) va

0 ou ov
uv) = = LN
o7 (uv) &sz + u@xl i=1,2,.

Meénh dé 0.22. (Pao ham ciia ham hop) Véi G € C(R) thod man G(0) = 0

va |G'(s)| < M,Vs € Rvdi hing s6 M nao do, v € W(Q)véil < p < oo.
Khi do

O (Gou)= (G ou)

Meénh dé 0.23. (Quy ric déi bién) Véi Q, Y la 2 tdp mé trong RN va H -
V' — Q la mot song dnh, x = H(y), sao cho H € CY(QV), H ! € CY(Q),

Gouc WH(Q)va

i=1,2..,N
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Jac H € L>*(Y),Jac H! € L>(Q) véi Jac H la ma trdn Jacobi ciia H,
ueWP(Q)vdil < p < oo KhidéuoH e WH(Q)va

Gl () = 3 SE W) Z W)Y = 1.2

Dinh nghia 0.24. Véi m € Z,m > 2, pla sb thuc v6i 1 < p < co. Ta dinh

nghia

Vao: |a] < m,dg, € LP ()

WP (Q) = ue LP(Q
& & JuDpdz = (=1)! [ gapdz, ¥ € C (Q)
Q Q

N
Vol o = (aq,Q0,...,ay) Voi oy > 0 nguyén, || = > «a; va D% =
i=1

)|
olely _
@q a9 N *
O0x, ' 0xy”...0%

Dit D = g,,. Khong gian W™?(Q)) dugc trang bi chuén

lullyms =Y 1Dl

0<]a|<m

1a mot khong gian Banach. Khong gian H™(2) = W™?2(Q) dudc trang bi
tich vo hudng

(w,0)gn = Y (D, D"v)ps

0<]ar|<m
la mot khong gian Hilbert.
Pinh nghia 0.25. Vi 1 < p < oo, W, ?(Q) 1a bao déng ctia C(Q) trong
WP(Q). Bt HY(Q) = W)
Khong gian W, dudgc trang bi chudn ciia khong gian 172 1a mot khong
gian Banach, H} dudc trang bi tich vo hudng cia H' 1a mot khong gian

Hilbert.
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Dinh li 0.26. Gid sit rang ) thuc l6p C*. Cho
u € WH(Q)NC(Q) vdi 1 < p < 0.
u="0trén T = 9Q khi va chi khi v € W, ().
Pinh li 0.27. (Poincaré-Steklov) Cho D la mét mién Lipschitz trong RY. Goi
(p la duong kinh ciia D. Véi p € [1, 00|, tén tai C sao cho
C o~ pllisoy < o llolhynsoy Vo € WH(D),

VOi v, = ﬁ [, v dz. Khi D 1oi:

e Neup=10C=2.

e Néup=20C=n

1

4 1 2\7
°Neup>1,CZ§(;)

0.3 Li thuyét t6i uu

Xét bai toan t6i uu khong rang budc

min f(0).
véi f: C' C R" — R 1a mot ham lién tuc.
Dinh 11 0.28. C C R" la tdp dong khdc réng, ham sé f : C — R khd vi tai

diém 0 € int(C). Néu f dat cuc tiéu dia phuwong tai 0 thi
V£(9) =0.

Dinh nghia 0.29. V6i f : R” — R la mot ham kha vi lién tuc trén R. Mot
vector d € R", d # 0 dugc goi 12 huéng gidm cuia f tai # néu dao ham theo
hudng f'(6; d) am, nghia la f'(0;d) = Vf(0)"d < 0.
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Phuong phdp hudng giam (descent direction) 1la mot phuong phap lap, tai
mdi budc 1dp, 6 thay doi theo hudng gidm mot bude di nhod d€ lam giam f(6).

Phuong phdp gradient 1a phudng phap huéng giam véi huéng giam tai budc

Algorithm 1 Phuong phap huéng giam

Require: Diém khdi tao #0 € R", ngudng hoi tu €.
Ensure: Cuc tiéu cuc bo 6*
1: k<0
2: while True do
3 Chon mot huéng giam d*.
4:  Tim cd budc t* thod man f(0F 4 tFd¥) < f(6).
s: Capnhat:  OFFt1 «— 9k 4 thgk
6:  if [|0F! — 0F||ge < e then
7: Break
8: end if
9: k+—k+1
10: end while

11: return F+1

k dudc chon bang —V f(0%).

Phutong phdp gradient descent (GD) 1a phuong phap gradient véi ¢d buée t*
dugc cb dinh bang « tai tit ca cdc budc.

Phuong phdp stochastic gradient descent (SGD) 1a mot bién thé cla gradient
descent, trong d6 gradient dugc tinh dya trén mot tdp con ngau nhién cla di

liéu, thay vi st dung toan bo di liéu.
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Algorithm 2 Phuong phap gradient

Require: Diém khdi tao 0 € R", ngudng hoi tu ¢, tap diém dif lieu x = {;} véii =1,2,..., N.
Ensure: Cuc ti€u cuc bo 6*
1: k<0
2: while True do
3: Tinh gradient dua trén ca tap dit liéu: V f(0%; x)
4: Chon moét ¢ budc t* qua mot qua trinh tim kiém theo dudng.
5:  Capnhat:  @F1 9k — PV f(0F).
6 if [|0Ft! — 0F||gn < ¢ then
7: Break
8: end if
9: kE—k+1
10: end while

11: return 6%*1

Algorithm 3 Gradient Descent

Require: Piém khdi tao §° € R™, ngudng hoi tu ¢, tap diém dit lidu x = {x;} v6ii = 1,2,..., N,
tdc dd hoc a.
Ensure: Cuc tiéu cuc bo 6*
I k<0
2: while True do
3:  Tinh gradient dya trén ca tap dit liéu: V £(0%;x)
4 Capnhat: ¢!l < 0k — aVf (6% x)

s: if||0FT — 0F||gn < ¢ then
6: Break
7: end if

8: k+—k+1
9: end while

10: return §F+1

Phuong phdp Adam 13 mot bién thé nang cao ctia SGD. Trong khi SGD
chi can mot téc dd hoc cb dinh, Adam st dung u6c luong trung binh dong

(moving average) clia gradient va binh phuong cta gradient d€ diéu chinh tc
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Algorithm 4 Phuong phap stochastic gradient descent

Require: Diém khdi tao #° € R™, ngudng hoi tu ¢, tap diém dif lieu x = {2;} v6ii = 1,2,.... N,

tdc do hoc a.

Ensure: Cuc ti€u cuc bo 6*

1: k<0

2: while True do

3:

4:

5:

6:

8:

9:

Lua chon ngiu nhién mot diém dit lidu z; ti tap di liéu.
Tinh gradient dua trén diém dif liéu da chon: V f(6%; x;)
Capnhat: 0%t < 0% — aV f(0F, ;)
if ||0*+1 — 0%||gn < ¢ then

Break
end if
k< k+1

10: end while

11: return 6511

dd hoc trong qud trinh tdi wu. Diéu nay gitp thuat toan hdi tu nhanh hon va it

phu thudc vao viée chon tdc dd hoc ban dau. [9]
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Algorithm 5 Phuong phap Adam

Require: Diém khdi tao §° € R™, ngudng hoi tu ¢, tap diém dif liéu x = {2;} v6ii = 1,2,.... N,
tdc do hoc «, cac tham sb 31, Ba.
Ensure: Cuc tiéu cuc bo 0*
1: k<0
2: while True do
3: Lua chon ngiu nhién mot tip con diém dit lidu x’ tir tap dit liéu x.

4: Tinh gradient dua trén tap diém di liéu da chon: g* = V f(0%;x')

5: Cap nhat:

6: mFt — BimP + (1 - B1)gF

7: OF L Bovk + (1 = B2)(g%)?
N k+1

N

9: v = T— gk

10: grrl = gk — a\/vath

1: i [|0FF! — 0%||gn < € then

12: Break

13: end if

14: k+k+1
15: end while

16: return g%+1

Gia st f kha vi lién tuc va V f 12 lién tuc Lipschitz v6i hang s6 L trén R”.
B& dé 0.30. Véi z,y € R”
F) < £(@) + V@)~ ) + 5l — P
B dé 0.31. {x} la ddy sinh béi phiiong phdp gradient gidi bai todn
min f(z).
Vi €0 bude bing i =t € (0, ), khi o, vai M =t (1~ ),

f (@) = f (@) = M|V ()|
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Chuong 1
Bai toan bién phan

1.1 Bai toan diéu kién bién Dirichlet thuan nhét
Xét bai toan Dirichlet thuan nhit cho todn tif Laplace. Cho Q C R" 1a mot
tdp md bi chin. Ta can tim mot ham sd » : Q — R thod mén

—Au = f trong €2,
u=0tén [ = 00

(1.1)

voi

N
Pu oo ,
Au = Z 92 la toan ti Laplace cia u

i=1

va f 1a mot ham cho trude trén ). Diéu kién bién v = 0 trén I’ dudc goi 1a
diéu kién bién Dirichlet (thuan nhét).

Nhan (1.1) v6i v € H}(Q) va lay tich phan titng phan, ta dugc

/(Vu -Vu)dr = /(fv)d:): Vv € Hy(Q) (1.2)
0 Q

v6i Vu - Vv = Zf\il %‘%’ Ta thiy trong (1.2), u chi cin thod mén c6 dao
ham yéu cép 1, c6 nghia la v € H'(). Cung vdi diéu kién bién & (1.1), ta c6

u € H}(2). Tir d6 ta xay dung cdc dinh nghia vé nghiém yéu cta (1.1).
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Dinh nghia 1.1. Mot nghiém manh ctia (1.1) 1a mot ham s6 u € C?(9) thoa
man (1.1). Mot nghiém yéu ctia (1.1) 1a mot ham s6 u € H}(£2) thod man
/(vu - Vo)dz = /(fv)dx, Yo € Hy(Q)

Q Q

N
Vvoi Vu - Vo = 5 udv

1=1
Tir ddy, ta c6 céch tiép cin bai todn theo hudng bién phan, gdom céc budc
nhu sau.
Budc 1: Chiing minh mdi nghiém manh 13 mot nghiém yéu. That vay, vé6i
u € HY(Q)NC*(Q) vau = 0trén T thiu € HY(Q). Mitkhéc, néuv € C1()
taco

/(Vu -Vu)dr = /(fv)dx
. 0
va béi tinh tri mat nén diéu nay ding véi moi v € HE(Q).

Budc 2: Chitng minh su ton tai va duy nhit ca nghiém yéu.

Pé ching minh diéu nay, ta s& can dinh 1y quan trong Lax-Milgram. Tuy
nhién, ta sé chiing minh dinh ly Stampacchia la trudng hop tong qudt cia
Lax-Milgram.

Dinh li 1.2. (Dinh Iy Stampacchia) Vdi a(u,v) la mot dang song tuyén tinh

lién tuc biic trén khong gian Hilbert H vdi tich vé hudng (-,-) va chudn

K C H la mot tdp con khdc rbng 16i dong. Khi do, véi méi ¢ € H*, ton tai

duy nhdt v € K thod mdn
a(u,v —u) > (p,v —u),Vv € K.
Hon nita, néu a doi xitng thi v diwgc xdc dinh bdi

. .1
u € Kva Ea(u,u) — (p,u) = min {§a(v,v) — ((,0,1))} :
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Chitng minh. Tu biéu dién Riesz-Fréchet trong khong gian Hilbert, ton tai

duy nhit f € H sao cho
(p,v) = (f,v),Vv € H.

Meiit khéc, néu ta ¢ dinh u € H, anh xa v + a (u, v) 1a mot 4nh xa tuyén tinh
lién tuc trén H. Ap dung biéu dién Riesz-Fréchet mot 1an niia, ta tim dudc
duy nhat Au € H, sao cho a(u,v) = (Au,v),Vv € H. Cu thé A la mdt toan

td tuyén tinh tit  vao H thoa man
|Au|| < C'||u||,YVu € H,
(Au,u) > a||lul|*,Yu € H.
Muc tiéu cua dinh 1i 1a tim v € K sao cho
(Au,v —u) > (f,v—u),Yv € K

hoac

(pf — pAu+u—u,v—u) <0,Vv € K

hoic do tinh chét ctia hinh chiéu truc giao 1én mot tap hop 18i dong,
u= Px(pf — pAu + u)

véi p > 012 mot hing sb (sé dude xdc dinh sau), Px(pf — pAu + u) 1a hinh
chiéu cia pf — pAu + u trén K.
Véi mbiv € K, dit Sv = Pi(pf — pAv+v). Ta thiy ring c6 thé chon p > 0

sao cho S 1a phép co ngat. That vay, vi Px khong gian, ta c6

[Sv1 = Sva| < ||(v1 — v2) — p(Avy — Awy)||



19
va vi vay
1Sv1 — Sva||? < flvr — va||” = 2p(Avy — Avs, v1 — v) + p? || Avy — Aws|
< lor = vl* (1 = 2pa + p*C?).

Chon p > 0dé€ k? = 1 — 2pa + p>C? < 1,nghiala 0 < p < 2a/C?, ta thiy
S ¢6 diém bat dong duy nhAt.

Gia st dang song tuyén tinh a(u, v) d6i xing. Khi d6 a(u,v) dinh nghia mot
tich v huéng méi trén H, tuong ting v6i chudn a(u,w)'/? va tuong duong
v6i chuén ban dau |u|. Khi d6, H van 1a mot khong gian Hilbert véi tich vo
huéng nay. St dung bi€u dién Riesz-Fréchet ta sé bi€u dién ¢ theo tich vd

huéng nay, ta c6 su ton tai duy nhat g € H sao cho
(p,v) =a(g,v),Yv € H.
Ta can tim u € K sao cho
a(lg —u,v —u) <0,Vv € K.

Nghiém ctia bai toan nay don gian lai 12 phép chiéu ¢ 1én K theo tich vo
hudng mdi, nghia 13 phin t © € K duy nhét thod man bai toan

mina(g — v, g — v)/?

veK
hay u sé cuc ti€u hod

v a(g—v, g—v) = a(v,v)—2a(g,v)+alg, g) = a(v,v)—2{p,v)+a(g, g)

chinh la

v = —a(v,v) — (p,v)
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Dinh li 1.3. (Pinh Iy Lax-Milgram) Cho khéong gian Hilbert H con a(u,v) la
mot dang song tuyén tinh lién tuc biic trén H. Khi do, véi o € H* bdt ki, ton

tai duy nhdt u € H thod man
a(u,v) = (p,v),Vv € H.

Hon nita, néu a doi xitng, thi u dugc xdc dinh bdi tinh chdt

1

w e Hva %a(u,u) o) = %}{ia (v,v) (go,v>} |

Chitng minh. Ap dung dinh ly Stampacchia véi K = H, ta ¢6 v6i a(u,v) 1a
mot dang song tuyén tinh lién tuc buc trén khong gian Hilbert H. V6i mbi

¢ € H*,ton tai duy nhit u € K thod min
a(u,v —u) > {(p,v—u),Yo € H

Hon nita, néu a d6i xing thi u dudc xdc dinh bdi

1

we Hva %a(u, u) — {p.u) = min {ia(v,v) (o, v)} |

Do a(u,v—u) > {(p,v—u),Yv € Hnén (p,v—u)—a(u,v—u) < 0,Vv € H
va do do
(p,tv —u) —a(u,tv —u) <0,Vv € HVt e R
hay
t({p,v) —a(u,v)) < {p,u) + a(u,u),Yv € H,Vt € R. (1.3)
C6 dinh v. Gia st {p, v) — a(u,v) # 0.

e Néu (p,v) — a(u,v) > 0. Do (1.3) ding Vt € R, ta c6 thé tuy y chon
t — 400, do d6 t({p,v) — a(u,v)) — +oo hay t({p,v) — a(u,v)) 16n
tuy v.

Ma (o, u) + a(u,u) € R ¢b dinh do a, , u cb dinh (mau thuin).
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e Néu (p,v) — a(u,v) < 0. Do (1.3) ding V¢ € R, ta c6 thé tuy y chon
t — —o0, do do t({p,v) — a(u,v)) = +oc hay t({p,v) — a(u,v)) 16n
tuy v.
Ma (o, u) + a(u,u) € R ¢b dinh do a, p, u cb dinh (mau thuin).
Do d6 (p,v) — a(u,v) = 0 v6i v da chon. Tuy nhién, v da dugc chon tuy y

nén dang thiic ding véi moi v, hay

a(u,v) = {(p,v),Vv € H.

Tu do ta rut ra nguyén ly sau:

Dinh li 1.4. (Nguyén Iy Dirichlet) Cho f € L*(Q) bdt ky, khi dé ton tai duy

nhdt nghiém yéu v € H}(Q) cia (1.1). Hon nita, u la nghiém ciia bai todn

1
Uen}}(i%l(lm §/IVU\2da:—/(fv)dx
0

Q
Chitng minh. Ap dung dinh ly Lax-Milgram cho khong gian Hilbert H =

HZ () véi dang song tuyén tinh

a(u,v) = /Q (Vu - Vo) dx

va phiém ham tuyén tinh lién tuc f dugc xdc dinh (f,v) = [(fv)da. O
QO

Budc 3: Chi ra tinh chinh quy ctia nghiém. Tinh chinh quy ctia nghiém da
dudc chiing minh trong [7].
Budc 4: Xay dung lai nghiém manh. Gié st nghiém yéu u € H}(Q) cta (1.1)
thuoc C?(Q2). Khi d6 u = 0 trén I'. Mt khéc, ta c6

/Q [~ (Au)v]dz = /Q (fo)dz Yo € CHQ)
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va do d6 —Awu = f hau khip noi trén Q. Lai c6 u € C?(Q) nén —Au = f
khip noi trén €. Vay v 12 mot nghiém manh.
Ta xét thém mot s6 vi du. V6i mbi vi du, ta sé chi ra khong gian ham phu hop

dé€ dp dung dinh ly Lax-Milgram va thuc hién 4 buéc trén.

1.2 Bai toan diéu kién bién Dirichlet khong thuan nhat
Cho © 1a mot mién trong RY va f: Q — R, ta can tim mot ham s6
u: € — R thoa min phuong trinh tuyén tinh
—Au = f trong (). (1.4)
Liy g € H2(99), ta xét diéu kién bién Dirichlet khong thudn nhét
u = g trén Of). (1.5)

Vi dnh xa vét v : H'(Q) — Hz(95) 1a toan dnh, nén tdn tai mot hiing s6 déu
C, vaham u, € H'(Q) sao cho 7y (uy) = g va HugHHl(Q) < C’WHgHH%(OQ).
Khi d6 uy := u — u, thod man v (uy) = g — g = 0, nghia la ug € Hj(%).

Diéu nay dan dén bai toan yéu sau

Tim u € H*(Q) sao cho uy := u — u, € V := H(Q) thod man

a(ug,w) = [, fwde —a (ug,w), YweV.

(1.6)

Vé phii trong (1.6) xdc dinh mot dang tuyén tinh lién tuc trén V' do tinh bi
chin cla dang song tuyén @ trén H'(Q) x H'(Q) va cla phan ti u, trén
H*(Q). Ta tiép tuc lam nhu trudng hop diéu kién bién thuin nhét va ching

minh dugc két qua sau:

Ménh dé 1.5. Cho f € L*(Q) and g € Hz(0S). Khi dé
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o Néuu € H'(Q) la nghiém ciia (1.6) thi né thod man phuong trinh (1.4)

hau khdp noi trong Q va diéu kién bién (1.5) hdu khdp noi trén 05,

* Bai todn (1.6) ddt chinh.

1.3 Bai toan dieu kién bién Neumann thuan nhat

Cho 2 c R¥ 12 m6t mién bi chiin cia16p C'. Tatimhamsé u : @ — R
thoa man
—Au = f trong (2,

)
a—z —0 teénT,

v6i f 1a ham cho truéc trén (2, % ki hiéu dao ham theo vector phdp tuyén

(1.7)

huéng ngoai cia u, nghia la % — Vu - n, v6i n 1a vector phap tuyén huéng
ngoai don vicua I'.
Trudc hét, khac v6i bai toan Dirichlet, d€ (1.7) ¢6 nghiém thi ta phai dat

thém diéu kién tuong thich (compability condition) 1én dit liéu f 1a

/ fdz = 0. (1.8)
9]

That vay, néu u 13 nghiém cia (1.7) thi

/Qfda: = /Q—v%dg; = /Q(vu-vnda;— /F(Vu-n)ds =0.

Trong trudng hop nay, ta khong thé thiét 1ap bai toan yéu trong khong
gian H = H'(Q) vi khong chiing minh dugc dang song tuyén a(u,v) =
Jo Vu - Vodz thoa man diéu kién bic trong khong gian nay, va do d6 bai

toan

/Q(Vu-Vv)dx - /Q(fv)d:c
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khong dat chinh.

Pong thdi, ta thiy ring khi phuong trinh c¢6 nghiém thi d6 ciing khong
phi 12 nghiém duy nhét, vi néu v 12 nghiém thi u + ¢ ciing 12 nghiém véi moi
hing s6 c. Mot cach don gian dé khic phuc han ché nay 1a gidi han nghiém
trong khong gian cdc ham c6 trung binh bang 0 trén ), tic 1a chon khong
gian tim kiém H}(Q) = {v € H'(Q) : [, vdz = 0}. Nhu vdy, bai toan yéu
c6 dang nhu sau
Dinh nghia 1.6. Mot nghiém yéu cda (1.7) 1a mot ham s6 v € H}(Q) thoa
man

/Q(Vu -Vu)dr = /Q(fv)dx Vv € HX(Q)
Budc 1 chiing minh mdi nghiém manh 12 mot nghiém yéu. Theo cong thiic

Green, ta co

/[(Au)fu]daﬁ = %vds— /(Vu-Vv)da: vu € C*Q), Yuve CYQ),
0 Q

r on
(1.9)
v6i do 1a d6 do cta I'. Néu u 1a nghiém manh ctia (1.7) thi w € H1(Q) vata
co
/Q(Vu -Vu)dx = /Q(fv)d:c Vo € CHQ)

Béi tinh tru mat, ta co

/Q(Vu-Vv)d:c = /(fv)dx Yo € H Q).

Q
Buéc 2 chiing minh su ton tai va duy nhat ctia nghiém yéu.

Ménh dé 1.7. Véi méi f € L*(Q), ton tai duy nhdt nghiém yéu u € H!(Q)

cua (1.7). Hon nita, u la nghiém cua bai todn sau

: 1 5
’061211{19){§/Q|VU| dx — /Q(fv)dx}.



25

Chitng minh. Ap dung dinh ly Lax-Milgram véi H = H}(Q), d€ y ring tir bat
dang thifc Poincare-Steklov, ta chiing minh dugc khong gian nay véi chuin

]| := ||Vv||12(q2)2 12 khong gian Hilbert. O

Budc 3 chi ra tinh chinh quy cta nghiém. Tinh chinh quy cta nghiém da
dudc ching minh trong [7].
Budc 4 hoi phuc lai nghiém manh.

Néu u € C?(£2) 1a mot nghiém yéu cia (1.7), tir (1.9) ta c6
/ —Auv) dx+/—vds —/ (fv)dr Yo e CYQ). (1.10)
O day, ta chon v € C}(Q) d€ suy ra
—Au = f trong )

Va véiv € CHQ), ta co

ou

vds =0 Vv e CY(Q)
(971

va do do % =0trén .
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Chuong 2
Phuong phap giai

2.1 Phuong phap Ritz 6 dién
Viéc gidi c4c bai toan tim cuc tiéu trong cic két qua néu trong phan trén
déu dugc dua vé tit Pinh ly Lax-Milgram: tim u thod min
a(u,v) = (p,v),Yv € H (2.1)
hay

min { 3a(0.0) = ()}
Bai toan nay c6 thé dugc dua vé viée xap xi bang phuong phap s6. Cac khong
gian ham H da xét c6 hé co s6 truc chuan dém dugc. Khi d6, c6 cac khong
gian con hitu han chiéu H,, H,,... C H véi dim H;, = k, c6 tinh chét sau:

v6i mdi u € H vamdi e > 0, ton tai mot s6 K € N va u, € Hj, vé6i
|lu—ully <e Vk>K. (2.2)

XAp xi Ritz ctia cac nghiém yéu trong c4c bai todn bién phan da néu dugc

dinh nghia la u; € Hj thoa man

a(ug, vg) = (@, vg), Yui € Hy. (2.3)
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Dinh li 2.1. Ton tai duy nhdt nghiém ciia (2.3)

Chitng minh. Do cac khong gian con hitu han chiéu ctia khong gian Hilbert
cing 12 cac khong gian Hilbert, ta ¢6 thé dp dung dinh Iy Lax-Milgram cho

cac khong gian nay. U
Dinh li 2.2. Nghiém ciia (2.3) la xdp xi tot nhdt cia v trong Hy, nghia la
—upll, = inf — gy . 2.4
le —welly = inf flu—villy (2.4)

Chiing minh. Vi H, C H, ta c6 thé st dung ham thi tt H}, trong phuong

trinh (2.1). Khi do, hiéu cua (2.1) va (2.3) 1a
a(u—ug,vp) =0 Vo, € Hy. (2.5)

Do do, u — uy, 1a tryc giao v6i khong gian Hy : v — vy 1 Hi. C6 nghia la uy
12 hinh chiéu truc giao cta u trén Hy, ing vdi tich vo hudng trong H.

V6i wy, bat ki trong Hy, tir (2.5) va bat d:flng thuc Cauchy-Schwartz, ta co
|lu — uk||?q =a(u— up,u— ug)
= a(u — up,u — (up —wy)) = a(u — up, u — vg)
vk
< lu — gl g lu — vl 7 -
Do wy, € Hy latuy y nén vy € Hy, cing 1a tuy y. Néu |lu — ug| ; > 0, chia 2
vé cho ||u — uy]| ;, ta s& dudc diéu phéi ching minh. Con néu ||u — uy||,; = 0,

dinh Ii hién nhién dung. O
Dinh li 2.3. (Sy héi tu ciia xdp xi Ritz) Xdp xi Ritz hoi tu vé nghiém yéu ciia
bai todn bién phdn

lim || — wug| g = 0.
k—o0
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Chitng minh. T tinh chat xap xi tot nhat (2.4) va tinh chit (2.2), ta ¢

U —u = inf [[u—wv||lyz ¢

Ju =y = inf = vl <
v6imdie > 0vak > K(e). Tt d6, su hdi tu duge chiing minh. O

Ta c6 thé sit dung hé co s6 {¢;}+_, bt ki ciia Hy, cho biéu dién cia uy.

Dau tién, phuong trinh Ritz (2.3) thod man véi moi v, € H), khi va chi khi né
thoa man mdi ham co s8 ¢;. Piéu niy c6 dudgc tir tinh tuyén tinh cta 2 vé véi
cac ham thtt va méi ham v;, € Hj, déu 1a t6 hop tuyén tinh ctia cic ham co s6.
Da%:zgw%w@@mm

a (uy, vx) Z&z (uk, ¢i) = Z%’<907¢i> = (¢, k).

k=1
Déng thifc nay xay ra khi néu a(uy, ¢;) = (@, ¢;),i = 1,..., k. Mit khac,

néu (2.3) ding thi n6 ding v6i mdi ham co s& ¢;. Khi d6, ta c6 thé xay dung

nghiém xap xi 12 t6 hop tuyén tinh clia cdc ham co sé

k
up = u'd;
j=1

v6i cac hé s6 u/ € R chua biét. Khi d6

k k
Za (U]¢/,¢L> = Za ((/bj, (ZSL) Uj = <g0,¢L>, 1= 1, ceey k?

J=1 J=1

Phuong trinh nay 12 hé phuong trinh tuyén tinh c6 dang Au = ¢, v6i

A= (ai])zj 1= (¢]’¢Z)l3 1

va vé phai 1a mot vector ¢ ¢6 dd dai k véi p; = (@, ¢;),i =1, ..., k.

Tir day ta c6 thé thdy dudc vin dé quan trong nhit clia phuong phédp Ritz

la cach chon mot hé co sé thich hgp {gbz} | khong gian V.
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2.2 Phuong phap Ritz st dung hoc siu (deep learning)
2.2.1. Tong quan ve Deep Learning

Deep learning 14 mot linh vuc quan trong trong tri tué nhan tao, ndi bat
v6i kha ning xt 1y dit liéu phiic tap va gidi quyét cac bai toan kho khin trong
nhiéu linh vuc dng dung. Pudc xiy dung trén co sd clia mang no-ron nhin
tao, deep learning da dat dudc nhitng thanh tyu 4n tuong trong viéc xu ly anh,
nhan dang giong néi, dich may, va nhiéu ting dung khéc.

Mang no-ron nhan tao (neural network) 12 mot mo hinh tinh todn dugc ldy
cam hiing tlf cAu tric va hoat dong ctia hé than kinh sinh hoc. N6 bao gdm
mdt tp hop cac no-ron nhan tao dudc td chic thanh cac 16p két ndi. Mbi
nd-ron nhin dau vao tif cic no-ron & 16p trudc do, thuc hién mot phép tinh va
chuyén tiép két qua dén cac no-ron & 16p tiép theo. Qud trinh nay dugc thuc
hién qua cic trong s6 va ham kich hoat d€ tao ra mot du doan hoic dau ra
cudi clng.

Hoc sau (deep learning) 1a mot dang dic biét cia mang nd-ron nhan tao, trong
d6 md hinh dugc xay dung véi nhiéu 16p 4n (hidden layers) sau hon. Mbi 16p
4n bao gdm nhiéu no-ron va c6 khé ning hoc bi€u dién céac dic trung phiic
tap tf dit liéu dau vao. Céc 16p 4n nang cao do phuc tap va kha ning bi€u dién
cua mo hinh, cho phép hoc sau xit ly cdc bai toan c6 tinh phuc tap cao.
Trong hoc sau, viéc hoc va diéu chinh céc trong s6 ctia mo hinh dudc thuc
hién thong qua mdt qua trinh goi 1a lan truyén ngudc (backpropagation). Qua
trinh nay dua trén viéc tinh toan sai léch gitta dau ra dy doan va dau ra thuc
té, sau d6 cAp nhit cic trong s6 theo chiéu ngudc lai tit 16p cudi ciing dén 16p

dau tién. Qua trinh lan truyén ngudc nay cho phép mé hinh ty dong hoc cac
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dic trung phuc tap ti dit liéu huén luyén.
Dé xdy dung mot mang nd-ron nhan tao don gidn, ching ta c6 thé st dung
cac cong thidc co ban nhu sau: Pau tién, ta can tinh todn tong trong sb dau
vao cho mdi nd-ron:
n
Téng dau vao ctia no-ron j = Z i - ;i + b,

i=1
Trong d6 6;; 1a trong s6 lién két gitta no-ron 4 va j, z; 1a dau vao clia nd-ron 4,
b; 1a do 1éch (bias) cua no-ron 7, van la s6 lugng no-ron & 16p truée d6. Sau

do, ta ap dung mot ham kich hoat phi tuyén d€ tao ra dau ra clia no-ron:
a; = f(Tong dau vao clia no-ron j5)

Ham kich hoat f ¢6 thé 1a ham sigmoid, ham tanh, hodc ham ReLU (Rectified
Linear Unit) va ¢6 vai trd 1am cho mé hinh ctia chiing ta cé tinh phi tuyén [10].
Qua trinh nay dugc 1ip lai cho tit ci cdc no-ron trong mang cho dén khi dat
dudc dau ra cubi cling.

So dd sau 12 mot mo hinh truc quan biéu dién qu4 trinh tinh todn (qu trinh
feedforward) cia mot mang no-ron két nbi toan phan (fully connected - FC).
Cac mang nd-ron néi chung déu c6 mot 16p dau vao (input layer) va mot 16p
dau ra (output layer). Cic 16p nay lan ludt tuong ing véi x,y trong ki hiéu
ham s6 y = u(z) nén mang no-ron c6 thé hi€u 1a mot ham sb. S6 chiéu cla x
va y chinh 12 s6 niit (node) ctia 16p dau vao va 16p dau ra. O giita 16p dau vio
va 16p dau ra 1a céc 16p 4n (hidden layer). S6 lugng 16p 4n ciing nhu s6 luong
niit trong mdi 16p 4n phan dnh d6 phic tap clia mang nd-ron. Cang nhiéu 16p
hay nit moi 16p thi mang no-ron cang phiic tap.

Cong viéc "huan luyén" (training) mot mang no-ron ndi riéng hay mdt mo
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Input Layer Hidden Layer Output Layer

hi1 = f(6h1z1 + 01222 + b1) y = f(Oa1h1 + Os2ha + Os3h3 + by)
ha = f(82121 + 222 + ba)
hs = f(03121 + 0322 + b3)

Hinh 2.1: CAu triic mang no-ron don gian.

hinh hoc mdy néi chung 12 tim ra cic tham s6 can thiét. Nhu trong so do trén,
cic hé sb 0 1a cac hé sb cin dudc "hoc" qua dif liéu. Nhin chung, qué trinh

"hoc" nay s€ nhu sau:

* Diu tién, ta c6 mot bo dit liéu dang (x,y), s6 lugng diém dit liéu phu
thudc vao quy mo bai toan, kha nang thu thap. Bén canh do, ta khdi tao
cdc gia tri ban dau clia cac tham sb 6. Cac gia tri ndy c6 thé khdi tao

ngau nhién hodc tuy y, tuy thudc vao bai toan ciing nhu mo hinh.

* Tiép theo, ta tinh todn cic gia tri §j qua qua trinh feedforward véi cic =
ctia bo dit lidu va hé s6 0 da khdi tao. Cac gia tri § nay 1a cac gia tri ma
md hinh hién tai (v6i cac tham s6 hién tai) du doan.

e Sau d6, ta s& tinh mot ham mat mat (loss function) J(6). Ham s6 nay la

ham s6 theo bién 6 va né thé hién su sai khac giita cdc y va § theo mot
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tiéu chuéin nao. Sai khéac cang nho, viéc du doan cang chinh xac. J(0) sé

khac nhau tuy vao bai toan.

* St dung céc thuat toan toi uvu dé tdi thiéu hod ham mat mat, thudng 12 cac
thuit todn lip, diéu chinh 6 dé gid tri ctia hAm mat mat ngay cang nhd.
Mot loai thuét todn co ban va phd bién 1a thuit toan gradient descent sé

dugc trinh bay & phan sau.

2.2.2. Phuong phap Ritz stt dung hoc siu

Ngudi ta di chiing minh dugc ring, véi mot ham sb lién tuc bat ky f(z)
va mot s6 € > 0, ludn ton tai mdt mang no-ron di 16n (véi s luong hidden
layers, nodes dii 16n va ham kich hoat phit hgp) va dau ra dang g(z) sao cho
v6i moi z, ta ¢6 || f(x) — g(x)|| < e [11]. N6i céch khic, mang nd-ron c6 thé
stt dung d€ xAp xi cac ham lién tuc. Y tudng ctia phuong phap Ritz st dung
hoc siu 1a st dung mang no-ron nhu mot nghiém yéu ciia bai toan bién phan,

v6i ham mat mat dudc xay dung qua bai toan yéu Pinh ly Lax-Milgram:

min {%a(z}, v) = (g, m}

veH

Vi duy, viéc gidi bai todn (1.1) da dudc dua vé viéc tim u thod min

1 2
i — dr — d
UGIIIIII(I%I(ISZ) Q/IVU’ o /(fU) .
Q

Q
Dén day, thay vi sit dung phuong phép Ritz truyén théng (xap xi v bang mot
hé co s hitu han), ta sé x4p xi « 12 mot mang no-ron. D& c6 dudc su xap xi
nay, sau khi xay dung ciu tric mang no-ron, ta can quan tim dén cach tinh

cac tich phan trong bai todn mot cich rdi rac va cc thuat toan téi uu dé tim
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cuc ti€u. Trong luin vin nay, ta st dung phuong phap Monte Carlo dé tinh
xp xi tich phan va phuong phap Adam d€ cuc tiéu hod ham muc tiéu.

Trong cAu triic cia mang no-ron ctia phuong phap nay, mdi layer clia mang
dugc xay dung bdi nhém nhiéu khdi, mbi khdi bao gdm hai bién ddi tuyén
tinh, hai ham kich hoat va mot residual connection, dong thdi ca dau vao s va
dau ra ¢ ctia khoi 12 cic vectors trong R”. Khéi thi ¢ ¢6 thé biéu dién duéi
dang

t=fi(s)=¢ (VVz‘,z o (Wins+bi1) + bi,?) + s,
voi Wiq, Wia € R™™ b1, b9 € R™ la cdc tham s0 tuong tng véi khdi, ¢
12 ham kich hoat. Su xuét hién ciia residual connection 12 d€ gitp tranh viéc

triét tiéu gradient [12].
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/ Input /

FC layer (size m) ¢

+ activation residual
connection

FC layer (size m)

+ activation |

FC layer (size m) ¢
+ activation residual
connection

FC layer (size m)
+ activation |

FC layer (size 1)

/ Output » /

Hinh 2.2: CAu triic mang no-ron dudgc sif dung trong phuong phép Ritz véi 2 khéi

2.2.3. Thuit toan Monte Carlo trong xap xi tich phan

Thuit toan Monte Carlo 12 mot phuong phap xap xi dua trén viéc st dung
mAu ngiu nhién. Mdt trong nhiing ting dung quan trong ctia né 1a x4p xi gia
tri ctia tich phan ham nhiéu bién, dic biét khi khong gian chiéu cao hoiic mién
tich phan phuc tap.

Phuong phdp Monte Carlo dé xap xi tich phan ham f : R” — R trén mot

mién D C R” hoat dong nhu sau:
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1. Lay mot tAp mau ngau nhién {x1, x, ..., xx } trén mién D.

2. Tinh gid tri trung binh clia ham trén tap mau nay: + SV f ().

3. Nhan gi4 tri trung binh véi khéi luong (hodc dién tich, thé tich,...

thudc vao chiéu cia D) cia mién D dé thu duodc xp xi tich phan.

N

tuy
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Chuong 3
Mot s6 vi du

3.1 Vidul

Xét bai toan:
—Au =1 trong ),
u=20 trén OS).
6 day Q = {(z,y) | 2 + y* < 1}. Nghiém chinh xdc cia bai toan nay la

I 2
_ - _1).
U 4(36 +vy

bPay la dang bai toan (1.1) v6i f = 1. Va theo Nguyén 1i Dirichlet, nghiém

yéuu € H} () 1a nghiém cta bai todn

1
min {—/’VU|2dl’—/vd$}.
veHL(Q) 2 Q Q

Ta sé st dung mang no-ron dé€ mot nghiém yéu clia bai toan, hay tim xap
xi cia nghiém yéu trong 16p cdc mang no-ron, viéc gidi bai toan dong nghia
v6i viéc huin luyén mang no-ron nay. Him mét mat chinh 12 ham muc tiéu
ctia bai todn tdi uu dudc néu & trén. Tuy nhién, viéc huin luyén mang no-ron

nhin chung khong thé gidi han v € H} () hay v = 0 trén 9€2. Do do, ta can
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thém mot s6 hang phat vao ham mat mat dudi dang chuin L2. Tém lai, ham

mat mat cuoi cung s€ nhu sau

J(0) = /Q (%\VMZ — v) dr+ B | vds.

o0

Khi 3 dii 16n thi v|5q rat nhé d€ xap xi diéu kién bién.

M hinh dugc st dung dé gidi bai todn nay c6 cAu tric 1a mot mang no-ron co
residual connection nhu da dé cap & phan 1.3.2 v6i sd khdi tit 1 dén 5, m = 10,
dao tao qua 2000 budc lip, trong s6 3 ctia s6 hang phat 1a 200, ham kich hoat
dugc st dung 12 ¢(z) = max {z, 0} (ham ReLU) va ¢(z) = max {2°,0}. D&
ddnh gia md hinh, ta st dung sai s theo chuidn L, dudc tinh bdi cong thiic

fQ (v* — U)z
Jo v?

v6i v* la mang nd-ron, v l1a nghiém chinh xac cua bai toan. Phuong phap

Adam dudc st dung véi o = 0.01, 51 = 0.9, B> = 0.999.
Két qua cta tiing mo hinh dudc ghi lai trong cdc bang sau:

Bang 3.1: Sai s6 clia phuong phép Ritz sau cho vi du 1, vdi ham kich hoat 1a ¢(z) = max {z,0}

S6 khdi | Sb tham s6 | Sai sd theo chudn Lo
1 261 0.1509
2 481 0.1254
3 701 0.1365
4 921 0.1696
5 1141 0.1379
6 1361 0.1494

Sau day la hinh vé ctia két qua ciia mo hinh c6 sai s6 nho nhat va nghiém

chinh xdc, cung véi sai s0 cia nghiém do6 véi nghiém chinh xac.
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Béng 3.2: Sai s6 cia phuong phap Ritz sau cho vi du 1, ham kich hoat ¢(z) = max {23,0}

S6 khdi | SO tham s6 | Sai s theo chudn Lo
1 261 0.0270
2 481 0.0277
3 701 0.0279
4 921 0.0276
5 1141 0.0230
6 1361 0.0232
M8 hinh véi 5 khéi . Nghiém chith xac u= — 1 +y? - 1)

0.5 0.5 4

0.15
0.01 0.0 4

0.10

=0.51 =0.51

-1.0 —0.5 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0

Hinh 3.1: So sanh két qua ctia mang no-ron (trdi) va nghiém chinh xac (phai) trong vi du 1.

Sai s - 5 khoi

0.008

0.006

0.004

0.002

Hinh 3.2: Sai s6 ctia mo hinh v6i 5 khéi so véi nghiém chinh x4c trong vi du 1.

Gid tri ciia hAm mAt mat clia mang no-ron nay trong qua trinh huin luyén dugc

biéu dién trong hinh sau.



39

2.54

o] 250 500 750 1000 1250 1500 1750 2000

Hinh 3.3: Gi4 tri ctia ham mat mat ctia mang nd-ron 5 khdi trong vi du 1.

Sau day 12 c4c hinh vé thé hién sai s6 clia cic md hinh st dung ham kich

hoat ¢(z) = max {z*, 0} con lai.

Sai s6 - 1 khoi Sai 56 - 2 khoi
0.008
104 104 0.008
0,007
0.007
0.006
0.5 05 0.006
0.005
0.005
0.0+ 0004 00
0.004
0.003 S
-05 -05
0.002 —
0.001 0.001
-1.0 -1.0
-L0 -0.5 0.0 05 10 -L0 -0.5 0.0 05 10
(a) (b)
Sai 56 - 3 khoi Sai 56 - 4 khoi
0 0 0.010
0.008
0.007
0.008
0.5 0.5
0.006
0,005 0.006
0.0+ 0.0+
0.004
0.004
0.003
-05 -05
0.002
0.002
0.001
-1.0 -1.0
-L0 -0.5 0.0 05 10 -L0 -0.5 0.0 05 10

(©) (d)

Hinh 3.4: Sai s6 ctia cic m6 hinh so vdi nghiém chinh xdc trong vi du 1.
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Sai s6 - 6 khoi

0.010

0.008

0.006

0.004

0.002

Hinh 3.5: Sai s6 clia cac mo hinh so vdi nghiém chinh xac trong vi du 1.

32 Vidu2
Xét bai toan:
—Au =0 trong (),
U=y trén OS).
G day Q = {(x,y)| 0 < z,y < 1}. Nghiém chinh xac cta bai toan nay la
u=xy

bay la dang bai toan (1.6) véi f = 0,9 = zy.
Tuong tu nhu vi du trén, ta can thém mot sd hang phat vao ham mat mat dé
ddm bao diéu kién bién clia bai todn. S6 hang ndy 12 téng quét hoa ctia vi du

1, thay vi 3 [, v% thisé 1a B [, (v — g)°. Cu thé, ham mét mat cudi cling sé

7(0) :/Q(%Wm?) d:n+6/m (v — zy)? ds

CAu tric mang nd-ron, trong s0, ham kich hoat, s budc lap, cong thuc sai

nhu sau:

s6 & vi du nay dugc giit nguyén so vé6i vi du 1. Phuong phap Adam dudgc st
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dung v6i o = 0.001, 31 = 0.9, B> = 0.999. Két qua ctia titng mo hinh dugc
ghi lai trong bang sau:

Béng 3.3: Sai s6 ctia phuong phap Ritz sau cho vi du 2, véi ham kich hoat 1a ¢(x) = max {x, 0}

S6 khéi | S6 tham sb | Sai s6 theo chuén L,
1 261 0.1875
2 481 0.1833
3 701 0.2563
4 921 0.1901
5 1141 0.2642
6 1361 0.2592

Bang 3.4: Sai s6 clia phuong phép Ritz sau cho vi du 2, v6i ham kich hoat 1a ¢(z) = max {2*,0}

S6 khéi | S6 tham sb | Sai s6 theo chuén L,
1 261 0.0292
2 481 0.0174
3 701 0.0556
4 921 0.0218
5 1141 0.0360
6 1361 0.0344

Sau day la hinh vé€ cia két qua ctia mo hinh c¢6 sai s0 nho nhat va nghiém

chinh xdc, cung véi sai so0 cia nghiém do6 véi nghi€ém chinh xac.
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Mb hinh véi 2 khéi Nghiém chinh xéc u=xy

1.0
104 .01 »

- 0.8
0.8 4 .8

0.6 1

0.4 4

0.2 1

0.0 4

T T T T T T 0.0 T T T T T T 0.0
0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10

Hinh 3.6: So sanh két qui cia mang no-ron (trdi) va nghiém chinh xac (phai) trong vi du 2.

Sai s6 - 2 khai

10 0,016

0.014
0.8 4

0,012
0.6 1 0.010

0.008
0.4 4

0.006
0.2 1 0.004

0,002
0.0 4

T T T T T T
0.0 0.2 0.4 0.6 0.8 1o

Hinh 3.7: Sai s6 ctia m6 hinh vé6i 2 khéi so véi nghiém chinh xdc trong vi du 2.

O vi du nay, phucng phdp sai phan hitu han [13] da dugc sit dung dé so
sanh v6i phuong phép Ritz sau. Duéi ddy 1a hinh biéu dién nghiém x4p xi ctia
phuong phép nay, cung véi sai sd so v6i nghiém chinh xic, v6i Az = Ay =

0.01.
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Phuong phap sai phan hiu han

10 Sai s6 cla phuong phép sai phan hitu han

0.16

1.04
0.14
081 012
0.6 4 oo
0.08

0.4
0.06
0.2 4 0.04
0.02

0.0
T 0.0 - - - . - : 0.00

0.0 02 0.4 0.6 08 10 0.0 02 04 06 0.8 10
(@) (b)

Hinh 3.8: Phuong phép sai phan hitu han va sai s6 trong vi du 2.

Gia tri cia ham mat mat cia mang nd-ron nay trong qua trinh huan luyén

dudc biéu dién trong hinh sau.

[ 250 500 750 1000 1250 1500 1750 2000

Hinh 3.9: Gi4 tri ctia ham mAt mat ctia mang no-ron 2 khéi trong vi du 2.

Sau day 1a cdc hinh vé thé hién sai s6 clia cic md hinh st dung ham kich

hoat ¢(z) = max {z*, 0} con lai.
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Sai 56 - 1 khéi

(a)

Sai 56 - 4 khéi

Sai 56 - 3 khéi

(b)

Sai s6 - 5 khai

1.0
00175
00150 087
0.0125

0.6 4
0.0100

0.4
0.0075
00050 0.2 4
0.0025

0.0
00200 107
0.0175

0.8
0.0150
00125 067
0.0100

044
0.0075
oooso 927
0.0025

0.04

Sai 56 - 6 khgi

Hinh 3.10: Sai s6 ctia cac md hinh so véi nghiém chinh xac trong vi du 2.

0.030

0.025

0.020

0.015

0.010

0.005

0.04

0.03

0.02

0.01

0.030

0.025

0.020

0.015

0.010

0.005
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33 Vidu3
Vi du tiép theo 12 mdt bai toan trén mot mién bi cat:

—Au(x) =1, z€Q,
u(x) =0, x € oS

g day Q = (—1,1) x (=1,1)\[0,1) x {0}. bay 1a dang bai toan (1.1) véi
f = 1. Theo Nguyén li Dirichlet, nghiém yéu v € H}(Q) 1a nghiém tdi uu

1
min {—/]Vv\Qd:c—/vdx}.
veHM(Q) |2 Jo 0

Tuong tu cac vi du trén, ta can thém mot s6 hang phat vao haim mat mat dé

cua bai toan

ddm bdo diéu kién bién clia bai todn. S6 hang nay sé giéng vi du 1, va ham
mét mét s& tré thanh

J(@):/QGWUF—U) de+ 8 | oids.

o0
CAu tric mang no-ron so véi cdc vi du trén. Trong sb 8 dudc thay ddi tir 200
thanh 500, s6 budc ldp dudc ting 1én 50000, con ham kich hoat 1a ¢(x) =
tanh 2. Phuong phdp Adam dudgc st dung véi o = 3 x 1073, 81 = 0.9, 3y =
0.999.

Hinh vé sau bi€u dién nghiém thu dugc:

Phuong phép sai phan hitu han [13] cling dugc st dung d€ giai vi du nay va

n6 cho nghiém xap xi nhu sau:

Gia tri cia ham mat mat cia mang no-ron nay trong qua trinh huan luyén
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104 0.16
0.14
0.5 012
I o.10

0.04
| 0.08
I 0.06

—0.54
0.04
0.02

-1.0 A
0.00

71‘.0 70‘&5 0.0 0.5 1.0
Hinh 3.11: Két qua ctia mang nd-ron trong vi du 3.

Phuong phap sai phan hiru han

0.16

1.0
0.14
0.8 012
0.10

0.6 4
0.08

0.4 4
0.06
0.2 1 0.04
0.02

0.0 4
. . . . . T 0.00

0.0 0.2 0.4 0.6 0.8 1.0

Hinh 3.12: Phuong phdp sai phan httu han trong vi du 3.

dudc biéu dién trong hinh sau:

10

—— Tdng mat mat
—— M&t mat trén bién

log(/(®))

0 10000 20000 30000 40000 50000
Budc 1ap

Hinh 3.13: Gi4 tri cia hAm mat mat cia mang no-ron trong vi du 3.
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34 Vidu4

Cac phuong phap st dung hoc sau thé hién kha tét trong c4c bai todn nhiéu
chiéu. Vi du tiép theo 1a mét vi du trong R1°:
—Au(x) =0 trong €2,
5 .
w(r) =D 7| Top—1%9r  trén O,

6 day Q = (0,1)'°. Nghiém chinh xéc cla bai todn nay la

5
u(z) =Y wop_ 1@
k=1

bay 1a dang bai toan (1.6) véi f = 0,9 = 22:1 Toj_1Tog. Tuong tu nhu vi
du 2, ta cAn thém mot sb hang phat vao d& dam bao diéu kién bién cda bai

toan. Ham mat mat trG thanh

5
1
J(0) :/ <§\Vv|2> dr + (v — g xgk,lxgkfds.
Q o0 e

CAu tric mang no-ron, trong sb, sd buéce lip, cong thiic sai s6 & vi du nay dugc
gilt nguyén so v4i vi du 3. Ham kich hoat trong vi du nay la ¢(x) = max{0, x}
(ham ReLU). Phuong phdp Adam dudc st dung v6i o« = 1073, 51 = 0.9, 3, =
0.999.

Gi4 tri cia hAm mAt mat ciia mang no-ron trong qud trinh huén luyén dugc

biéu dién trong hinh sau:
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Bang 3.5: Sai s6 ctia phuong phép Ritz sau cho vi du 4

S6 khéi | S6 tham sd | Sai s6 theo chuén L,
1 341 0.0582
2 561 0.0399
3 781 0.0130
4 1001 0.0161
5 1221 0.0131
6 1441 0.0158

—— Téng mat mat
M&t mat trén bién

7514

5.0 1

251 m " )

log{/(®))

004 |

254 |

—7.5 e :

o 10000 20000 30000 40000 50000
Budc 13p

Hinh 3.14: Gi4 tri cia hAm mit mat ctia mang no-ron trong vi du 4.
3.5 Nhan xét két qua caa vi du

Qua cac vi du trén, ta rat ra mot sO nhan xét nhu sau:

Mot cach tdng quat, phuong phap Ritz siu xap xi nghiém kha tt, véi sai
sO theo chuin Ly nhd.

« Phuong phap nay khong bi anh hudng qua nhiéu bdi sd chiéu, c6 tiém
ning giai cac bai todn c6 sb chiéu 16n.

* Céac vi dy da dugc thit nghiém cho thiy, qua trinh tinh todn dién ra mot

cach thuén 1gi, khong yéu cau qua nhiéu thdi gian va chi can tai nguyén
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tinh toan ¢ ban.

* Bén canh d6, viéc xu Ii diéu kién bién khong don gidn nhu cac phuong
phap truyén thdng. Dua vao két qua thu dudc, trong tuong lai, viéc
nghién cifu siu hon vé viéc lua chon trong s6 cho diéu kién bién, hoic
tim cdch khdc d€ md hinh thod man diéu kién bién, c6 thé gitip cdi thién
dd chinh xac cua mo hinh.

* Sai s6 ctia nghiém thu dudc khong ti 1& nghich véi do phic tap ctia mo

hinh. Nghia 13, khi mang no-ron ¢6 nhiéu khbi hon, nhiéu tham s6 hon,

sai sO cua nghiém véi nghiém chinh xac chua chac da giam.

* Sai sb tai ting diém ciing khé ki€ém sodt hon so véi cac phuong phap
truyén thong. Trong vi du 2, ta c6 thé thy nghiém thu dudc tir phuong
phdp sai phan hitu han c6 sai s6 nhd khi tinh cdc gid tri gan bién, nhung
nghiém thu dudc tu phuong phap Ritz sau thi khong c6 xu huéng ro rang

veé sai sO G cac mo hinh khac nhau.

Ngoai ra, viéc xdy dung cAu triic cia md hinh (sb 16p, sb niit, sb khdi, ham
kich hoat), thuét toan tdi wu 1a vAn d& chung ctia cdc bai toan dudc xi 1 bing

mo hinh mang no-ron.
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KET LUAN VA KIEN NGHI

Cac két qua nghién ctiu chinh ctia luin viin bao gdm:

« Trinh bay vé céch tiép can theo huéng bién phan ctia phuong trinh ellip-
tic.

« Trinh bay vé phuong phép Ritz ¢d dién d€ giai bai toan bién phan.

« Trinh bay vé phuong phap Ritz siu dé gidi bai todn bién phan.

* Thuc nghiém mot s6 vi du thong qua phuong phép Ritz sau bang cic mo
hinh c6 céu tric khac nhau. Ngoai ra, nghiém x4p xi bing cic phuong
phap ¢d dién ciing dudc trinh bay dé thdy su uu viét cia phuong phap

Ritz sau.

Dua vao cac két qua da dat dugc, mot s6 hudng phat trién cia luin vin

nhu sau:

« Xem xét cach xdy dung ciu tric ciia mang no-ron trong phuong phap

Ritz sau.

« Kiém sodt dugc sai s6 cia nghiém xap xi tif phuong phdp Ritz siu so vé6i

nghiém chinh xac.



51

Tai liéu tham khao

[1] W. E, B. Yu. The Deep Ritz Method: A Deep Learning-Based Numer-
ical Algorithm for Solving Variational Problems. Communications in

Mathematics and Statistics, 6:1, 2017.

[2] J. Chen. A Comparison Study of Deep Galerkin Method and Deep
Ritz Method for Elliptic Problems with Different Boundary Conditions.
Communications in Mathematical Research, 36(3):354-376, jun 2020.

[3] M. Liu, Z. Cai. Adaptive two-layer ReLU neural network: II. Ritz ap-
proximation to elliptic PDEs. Computers & Mathematics with Applica-
tions, 113:103-116, 2022.

[4] Y. Liao, P. Ming. Deep Nitsche method: deep Ritz method with essen-

tial boundary conditions. Communications in Computational Physics,

29(5):1365-1384, 2021.

[5] M. Liu, Z. Cai, J. Chen. Adaptive two-layer ReLU neural network: I.
Best least-squares approximation. Computers & Mathematics with Ap-

plications, 113:34-44, 2022.

[6] H. Royden, P. Fitzpatrick. Real Analysis (4th Edition). Prentice Hall,
4th edition, 2010.



52

[7] H. Brezis. Functional Analysis, Sobolev Spaces and Partial Differential

Equations. Springer Science & Business Media, 2010.

[8] L. C. Evans. Partial Differential Equations. American Mathematical
Society, Providence, R.1, 2010.

[9] D. P. Kingma, J. Ba. Adam: A Method for Stochastic Optimization,
2017.

[10] I. Goodfellow, Y. Bengio, A. Courville. Deep Learning. The MIT Press,
2016.

[11] G. V. Cybenko. Approximation by superpositions of a sigmoidal func-
tion. Mathematics of Control, Signals and Systems, 2:303-314, 1989.

[12] K. He, X. Zhang, S. Ren, J. Sun. Deep Residual Learning for Image
Recognition. pages 770-778, 2016.

[13] R. L. Burden, J. D. Faires. Numerical Analysis. Brooks/Cole Cengage
Learning, 9th ed edition, 2011.



