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LOI CAM DOAN

Toi xin cam doan dé tai nghién citu trong luan van nay 1a cong trinh nghieén
cifu cua toi dya trén nhitng tai liéu, sé lieu do chinh tdi tu tim hiéu va
nghién ciru. Chinh vi vay, cdc két qué nghién citu dim bao trung thyc va
khach quan nhit. Dong thoi, két qua nay chita titng xuét hién trong bt
cif mot nghién citu nao. Céc s6 ligu, két qua néu trong luan van 1 trung

thue, néu sai toi chiu hoan toan trach nhiém trude phép luat.

Ha Noi, thang 10 nam 2024
Hoc vién
=

NGUYEN MINH KIM
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LOI CAM ON

Lugn van “Phuong phap entropy cho cde h¢ phin iing-khuéch téan” la
mdt cong trinh doi hoi nhidu nd lye cta toi, v duge sy giap da tan tinh,

dong vién, khich 1¢ dén tir nhidu cd nhan, dodn thé.

Trude hét, toi xin g 101 cdm on chan thanh dén Vién Todn hoc, cde
Quy Thay Co da gitp toi trang bj tri tnge, tao moi trudng didu kign thugin

1gi nhfit trong subt qua trinh hoe tdp va thye hién lugn vin,

Vdi sy kinh trong sau sic, toi xin duge bay to 101 edm dn tdi hai thay
hudng dan cia toi 1a PGS TS. Hoang Thé Tufin vie TS. Tang Qube Bio
da giip dd, huéng dan tan tinh cho toi trong subt thoi gian thye hién luin
van nay. Xin cam on lanh dao, ban cdn hd Hoe Vién Khoa hoe v Cong

ngh¢ Viét Nam da gitp da chia sé thong tin, cung céip cho tdi nhidu ngudn

tu ligu, tai ligu hitu fch phye vy cho dé tai lu@in van nay.

Toi cling xin gii 10i tri an sau sfic dén gia dinh vd ban bd da dong vien,
hé trg, gitp dd toi trong sudt qua trinh hoce tap, lun viée v hoan thanh

ludn van.

Toi xin chan thanh cam on!
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LOI MO DAU

Toéng quan tinh hinh nghién citu va su can thiét tién hanh nghién

Va

cuu

Trong vat 1y, hé phan ting-khuéch tan, chang han nhu hé truyén nhiét,
c6 nhiéu tng dung thuc té. Nhitng nghién cttu vé hé phan tng-khuéch tan
clia mang ludi phan ting hoa hoc bac nhéat (first order chemical reaction
network) da c6 tit nhitng cong trinh kinh dién nhu ctia Horn, Jackson v
Feinberg ([1],[2]). Muc tiéu chinh 1a nghién citu trang thai can bang va su
tién hoa ciia mang ludi cac phan ting mot cach doc lap véi gia tri cu thé

clia cac hé s6 phan ting trong hé.

O Ao, nhém ciia TS. Tang Qube Bao xét cac bai toan phan tng-khuéch
tan cho hé thuan nghich yéu, ca khi sy khuéch tan suy bién va khong suy
bién ([3]). Stt dung tinh thuan nghich yéu ctia he, phuong phap entropy
va bat dang thic Gronwall, nhém ctia TS. Tang Qubc Bao chiing minh
dugce s ton tai, tinh duy nhat clia trang thai can bang phic duong clia
hé, chiing minh dudgc sy hoi tu cap liiy thita clia trang thai ctia hé theo
thoi gian vé trang thai can bang cling nhu uéc luong toc do hoi tu thong
qua entropy.

Tuy nhién, bai toan duéi dang phuong trinh vi phan dao ham riéng véi
diéu kién bien Neumann (Z—Z = 0 trén bién 0f2), ciing nhu cac danh gia
dinh luong cho su tién héa clia hé theo thoi gian, chang han nhu danh gia
toc do hoi tu, it xuat hién hon so v6i bai toan phuong trinh vi phan dao
ham riéng véi diéu kién bién Dirichlet, trong d6 gia tri clia ham trén bién
1a cho truée (v = f tréen 092). Do vay, can c6 thém nghién citu vé bai toan
cic bai toan phan tng-khuéch tan duéi dang phuong trinh vi phan dao
ham riéng vé6i diéu kién bien Neumann, ciing nhu cidc danh gia dinh luong

cho st tién hoéa ctia cac hé d6 theo thoi gian.

Noi dung chinh cua luan van:



Ta xét he N 14 mot hé phan tng bac nhat:

trong d6 S; (i € {1,...,N}) (N > 2) la cac chat héa hoc, biéu hien
thong qua ham nong do u,;(x,t) tai vi trf z € Q va thoi diém ¢ > 0.
0 day:
e () C R" la mot tap md bi chan va lien thong véi bien 99 1a C*, titc
la v6i mbi zp € 0L, ton tai r > 0 vi mot ham C' la v : RV 5 R

sao cho:
QN B(xg,r) ={x € B(xg,7) : xny > y(x1,...,28-1)}

sau khi hodn doi va doi chiéu céc truc toa do néu can ([4]).

1/n

e Thong qua phép hiéu chinh x +— |Q|Y/"2, khong mat tinh tdng quat,

ta c6 thé gia st [ = 1.

Dong thoi ta gia st moi S; khuéch téan v6i do khuéch tan (diffusion rate)
d; > 0. Ap dung dinh luat thi hai ctia Fick va dinh luat tac dung khéi
luong, ta c6 hé phuong trinh phan ting khuéch tan sau cho vecto nong do
X(z,t) = [ui(z,t), ..., un(z, )]t

(

X, =DAX +At)X (xe€Q,t>0),
dyu; =0 (x € 9Q,t > 0) v6i moi i sao cho d; > 0, (0.0.1)
X(x,0) = Xo(z) >0 (z€9Q),

o

\
trong do:
o Xo(x) = [uro(),...,uno(x)]’: vecto diéu kien dau,
e D =diag(dy,...,dy): ma tran he s6 khuéch téan,

o A(t) = (a;j(t))1<ij<n: ma tran phan tng (reaction matrix), v6i a;;(t)
1a toc d@ phén ﬁng Sj — Sz v6i 1 7£ ] va aij(t) (Z,] c {1, .. ,N})



thoa man

a;;j(t) >0 véimoid,j=1,...,N sao cho i # j,

N (0.0.2)
ajj(t) = =D i1 @ii(t) véimoi j=1,...,N.
Dong thoi, tir diéu kién bien Neumann, ta c6 sy bdo toan tong khéi

lugng sau:

Zf;/gui(x,t)da: = ;N;/Quzo(ﬂf)dx =M

v6i moi t > 0, trong d6 M dudc goi la tong khoi lugng ban dau.

Trong trudng hop a;;(t) khong doi theo thoi gian, sit dung phuong phap
entropy va bat dang thitc Gronwall, su hdi tu cap liy thira theo thoi gian
cho nghiém ctia hé N theo thoi gian vé trang thai can bang phic trong
truong hop hé N théa méan tinh thuan nghich yéu ciing nhu mot s6 udc
lugng toc do hoi tu thong qua entropy da duge chiing minh trong [3]. Trong
luan van nay ching toi sé md rong két qua nay cho truong hgp toc do phan
tng a;;(t) phu thudoc vao thoi gian va a;;(t) hoi tu dén a;j  khi t — 400
va do thi ting v6i ma tran giéi han A = (@) 12 lien thong manh, trong

c4 hai truong hop 1a khuéch tan khong suy bién va khuéch tan suy bién.
Phuong phap nghién citu

Ching toi st dung cac cong cu va kién thic ciia phép tinh vi - tich phan
co dién, 1y thuyét cac khong gian Sobolev, cac nguyeén 1y tit gidi tich ham

cung phuong phap entropy.
Cau tric luan vin:

Ngoai phan Mot s6 ki hiéu st dung trong luan van, Loi mé dau, Loi
cam on, Loi cam doan, Phu luc, Két luan va Tai lieu tham khdo, Luan van

dugc chia thanh ba chuong:

e Chuong 1: C4c khai niém vé hé phan ttng khuéch tan va cac kién thic

chuan bi.



e Chuong 2: Dinh nghia, chiing minh sy ton tai duy nhat clia nghiém
yéu ctia hé phuong trinh (0.0.1)) va mé rong két qua trong [3] vé su
hoi tu lity thita dén trang thai can bang trong cho hé c6 hé s6 phan

tng a;;(t) phu thudc thoi gian va hoi tu cap lay thita dén a;; .

e Chuong 3: Chiing minh cac dinh 1 chinh vé su hoi tu ctia nghiém vé
trang thai can bang va cac danh gia vé téoc do hoi tu ciia nghiém khi
hé s6 phan ting a;;(t) hoi tu cip tong quat (tic 1a |a; () — a0/ bi

chan trén béi ham lién tuc).



MOT SO Ki HIEU SU DUNG TRONG

LUAN VAN:

":=": "dugce dinh nghia 1a".
"=": "bing nhau khip noi".
"h.k.n": "hau khap noi".

R: Tap s6 thuec.

R"™: Khong gian Euclide n chiéu.

la,b], [a,b), (a,b], (a,b) lan lugt ki hieu doan [a,b] = {z € R :
a < z < b}, nita khoéng [a,b) = {z € R: a < x < b}, nita khoang
(a,b] ={r € R:a < x < b} vakhoang (a,b) = {xr € R:a < z < b},

A — B: Tap hieu {z|z € Ava x ¢ B}

B(xg,7): Qua cau md tam 1z ban kinh 7.

wu1: Do do Lebesgue trén R.

p: Néu khong néi gl thém, p sé 1a ki hieu do do Lebesgue trén R™.
0€): Bién cua {2.

|Q2]: Do do Lebesgue ciia €, tic 1a |Q = u(9).

inf, sup: lan luot 14 can dudi dung va can trén ding.

esssup{ f(x)} hay esssup{f(x)}: Chan trén ding hau khip noi:
Q/

eV

esssup{f(z)} = inf{C € RU{—00,400}: f(z) < C hkn tren Q'}

eV

f:X =Y :uw~— v:ham f tu X vao Y, bién u thanh v.

'(t) hay “u: Dao ham thong thuong theo bién ¢ clia ham u.



e Au: Laplacian cta u.

e [, fdp: tich phan (Lebesgue) theo p ctia f trén Q.

o fab fdz (a,b € R): tich phan (Lebesgue) ctia ham s6 f tit a dén b.
e || - ||x: chuan vecto trong khong gian dinh chuan X.

e X*: khong gian d6i ngau lién tuc ctia X, trang bi chuan toan ti:

x- = sup {[z"(z)[}.

[lzf|x <1

|27

e span(S): khong gian vecto con sinh bdi tap S.

e L*: toan ti (tuyén tinh) lien hop cia L : U — V, xac dinh bdi:
(L*(x))(x) = 2*(Lx) v6i mdi x* € V* va mdi x € U.
e C(Q): Khong gian ham s6 lien tuc tit €, trang bi chuan max || - ||¢(q):

1 fllew) = max{|f(z)]}-

e C™°(Q): Khong gian cdc ham s6 thyc tron trén €.
e ('°(Q)): Khong gian cac ham sd thuc tron va ¢6 gia compact trén .

e AC([a,b]): Khong gian cac ham lién tuc tuyét do6i trén doan |[a, b],

trang bi chuan max: || f|]ac () = maXzepp{]f(@)|}-

e D*): dao ham riéng theo cap « thong thudng ctia ¢ € C°(Q):

oM o
D% = — ...
ox] 0z}
va o] = N oy vi mbi a = (o, ..., ay) € NV,

e 0,: dao ham theo huéng vecto phap tuyén v tai diem bien z € 9.



LP(2) (1 < p < 00): Khong gian cac ham s6 thuc f: Q — R sao cho
| /| kh& tich Lebesgue trén Q. LP(Q2) dugc trang bi chuan || - ||, sau:

7= ([ \f\pdu>1/p-

LY () (1 < p < o0): Khong gian cac ham s6 thuc f: Q@ — R sao

loc

cho f € LP(w) v6i moi tap mé w sao cho @ compact va @ C €.
L>(Q): Khong gian cac ham s6 thyc f : Q — R sao cho |f| bi chin
hau khap noi trén Q . L°(Q) duge trang bi chuan || - ||z~ sau:
||z = esssup{f(x)}
zef)
(Ta dong nhat cdc ham bang nhau hau khdp noi trong LP(Q2), L] ()
va L>(92)).

f= ﬁ Jq fdx: trung binh cta f trén Q.

[1£1]: chudn trong L2(92) ctia f, hay [|f]] = ||fllz20) = \/ fo [/ (2) d.

M50 (X): khong gian cac ma tran B = (b;;)mxn CAp m X n v6i by, €

X (m,n € N¥), trang bi chuan ||B||,, ..(x) = 1§i§%%§j§n{||bij|\x}.
diag(xy,...,2,): ma tran chéo cAp m X n véi cdc thanh phan trén
duong chéo lan luot 1a x4, ..., z,.

(u,v)g: tich vo huéng ctia u,v € H trong khong gian H.
14: 4nh xa dic trung X — {0, 1} cta tap con A ctia X.

"u, — u trong X" hay "u, Xt Day (uy,) hoi tu manh dén u trong
X.

"u,, — u trong X" hay "u, X (u,) hoi tu yéu dén u trong X.

fla:thuhepcia f: X - Y xubng AC X: fla: A=Y 12— f(x).



CHUONG 1

KIEN THUC CHUAN BI

1.1 Do thi dng v6i mot ma tran

Cho mot ma tran A thuc cdp N x N sao cho A;; > 0 v6i moi ¢ # j.
Ta dinh nghia do thi c6 huéng G o tuong tng véi A nhu sau:

e Dinh ctia G4 1a N chat S,..., Sy,
e Canh clia Ga: Ta c6 canh S; — S; tuw S; dén S; (i # j) néu A;; > 0.

Ta dinh nghia khai niém 16p, mang lién thong trong G nhu sau:

Dinh nghia 1. (Tinh lién thong va 16p lién thong ([5]))

o Canh vo hudng: khi c6 canh S; — S; hodc canh S; — S; trong G 4,
ta noi rang {S;, S;} la mot canh vo hudng gida S; va S; cia Ga
(tl\[ Sz dén Sj va tuw Sj dén SZ)

o Duong di vo huong: Day dinh p : S; = S,,,..., Sy, = S; dudc goi la
duong di vo hudng tu S; dén S néu véi moi 1 <1 < k —1, ton tai
canh vo hudng tw Sy, — Sy
hoac A,

k—1 la do dai cua duong di vo hudng p.

trong G 4, hay noi cach khdac A, ,, >0

+1

> 0. Khi dé ta noi S; va S; lien thong (vo hudng) va goi

o Duong di don: Duong di vo hudng p : S; = Sy, ..., Sy, = S; vdi cdc
dinh Sy, ..., Sy, doi mot phan biét duoc goi la mot duong di don.



o Ldp lién thong L cia do thi G 4 la mot tap lien thong (vo hudng) toi

dai ctia do thi G ciua Gy, tic la cd hai dieu kien sau dugc théa man:
— Lién thong: Vdi moi cdp dinh S;, S; € L, S; va S; lien thong.
— T0i dai: Néu S; € Lva Sj ¢ L thi S;, S; khong lién thong.

Ta n6i G'a lien thong néu 2 dinh bat ki ctia né lien thong, tiic 1a G o c6

duy nhat mot 16p lien thong.

Nhan xét 1. Mdi duong di ngdn nhat p : S; = S,,...,5, = S; tu 5,
dén S; cing 1a mot dudng di don (vo huéng) vi néu ¢6 2 dinh S, , S,
(1 < u,v < k) nao dob cua p trung nhau v6i v < v thi chap hai dinh nay
lai, ta duge duong di sau tur S; dén S;:

P S =SS (Z 80, Sris s Ss

S R ) ;" Sj

viidodaiu+(k—v)—1=k—1—(v—u) < k—1 = do dai cia p, mau

thuan véi tinh ngan nhat cua p.

Dinh nghia 2 (Mang lién thong manh ([5])). Mot do thi con H ciia
do thi G4 tng vdi A duge goi la mot mdang lién thong manh néu vdi
hai dinh bat ki S;, S; cia H, ta luon tim dugc mot duong di (c6 hudng)
Si =8, = S, = - =85, =8, tic la véi moi 1 <1 <r—1, ta co
Si, = Si,, la mot canh cia G4, vdi S;,, Sy, ..., S deu nam trong H va

H la toi dai doi vdi tinh chat nay.

Ta néi G4 la lien thong manh néu né chi c6 duy nhat mot mang lién

thong manh. Néu G5 lién thong manh thi G lién thong.

Ta c¢6 bo dé quan trong sau:

Bo dé 1. (Bo dé 2.2 trong [3]) Cho ma tran A c6 vectd riéng trdi duong
(1,..., 1)1 doi véi gid tri rieng 0. Khi do, cac ménh dé sau la tuong duong:

o Do thi G4 1ing vdi A la lien thong manh;
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o Vdi moi M > 0, ton tai duy nhit Xoo = (U100, .-+, UN) > 0 dé

(1.1.1)
oo + o+ o = M.

1.2 Mot s6 kién thiic cd ban

Cac két qua sau déng vai tro quan trong trong luan vin:

Bo6 dé 2 (Bat dang thitc Gronwall dang dao ham ([4])). Cho cdc
ham f(x),g(x) trén I vdi I = |a,b] hodc I = |a,b) (—oo < a < b < +00)
sao cho f(x) khong am trén I, f(z),g(x) lién tuc trén [a,b) va f(x) khd

vi trén (a,b). Khi dé, néu:
f(z) < g(x)f(x) vdi méi x thuoe mien trong I° = (a,b),

tha
f(x) < fla)el 9% vgi méi z € 1.
Tt bat ding thitc Gronwall ta c6 hé qua sau:

Bo dé 3. Cho ham f(t) lien tuc trén I vdi I la [c,d) hodc [c,d] va khd vi
trén mién trong 1° = (¢,d) cia I (¢ € R,d € RU{+o0},c < d) va cdc
ham a(t), b(t) lien tuc trén I cung hang so t* € I,t* < d sao cho vdi moi
t € I° thoa man t > t*, ta co:

f'(t) < alt) f(t) +0(1).

Khi do, voi moit € I sao chot > t*, ta co:

4 : .,
ft) <| / el e p(5)ds] + f(¢*) el alm)dn),
4

Dinh nghia 3. (Dinh nghia ham s6 16i ([6])) Cho tap I = (a,b) vdi
—00 < a < b< +oo. Mot ham s6 ¢ : I — R dugc goi la ham o7 trén I
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néu vdi moi x,y € I va moit € [0,1], ta co:

o(tr + (1 —t)y) <top(x) + (1 —1)p(y).

Bo dé 4 (B4t dang thitc Jensen ([6])). Cho ham s6 ¢ : I — R oi trén
I. Khi dé, ta cé cdc bat dang thic sau:

(i) Bat dang thiic Jensen dang rdi rac: Véi mdi day sé py,. .., pn > 0

sao cho > !y pi =1 va moi day x1,...,x, € I ta co:
n n
60> piwi) < pid(xs).
i=1 i=1

(ii) Bat ddng thic Jensen dang tich phan: Cho I = R, tic la ham
s ¢ : R — R loi tren R, cho (Q,%, 1) la mot khong gian do do vdi
w(Q)=1wva f:Q— R sao cho f € L' (Q). Khi do:

o[ s < [ @0 f)an
Dinh nghia 4. (Khong gian Sobolev ([4]))

(1) Dao ham yéu: Cho u € Li (Q). Khi dé, v € L, (Q) duoc goi dao
ham yéu theo bién x; cia u néu vdi moi ¢ € CX(Q), ta cé: (¢ day

Yy, la dao ham theo x; thong thuong cia )

/Q why, da = — /Q vdz.

Ham v nhu vay la duy nhat (h.k.n trén Q) va ta ki hiéu né (néu ton

tai) la u,,.

1
loc

a=(ay,...,ay) € NN ciau e L}, (Q) néu vdi méi p € CX(Q), ta

/Q uDpdx = (1)l /Q vibda.

Ham v nhu vay la duy nhat (h.k.n trén Q) va ta ki hiéu né (néu ton

Tong qudt hon, ham v € L} (Q) dugc goi dao ham yéu theo cap

co:
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tai) la D%u.

(2) Khong gian Sobolev: Vi moi k € N*, 1 < p < oo, ta dinh nghia:
WkP(Q) := {u € LF(Q)| D% ton tei, D*u € LP(Q)

vdi moi a € NV sao cho |a| < k}

va H¥(Q) = WE2(Q). Ta trang bj cho W*P(Q) chuan sau day:

(S iei Joo D" ulPde)? néu1 < p < o,

HUHW’W(Q) : N )
S esssupof|Du|} néu p = oo.

Véi chuan nay thy WHP(Q) trd thanh khong gian Banach va H*(Q)
trd thanh khong gian Hilbert cung vdi tich vo hudng sau:

(u, V) () = Z / DuD"vdx.
jaf<k
Vdi méi u € WHP(Q), ta dinh nghia gradient (yéu) Vu cia v nhu
sau:

Vu = (Ug,, ..., Uzy) (€ (LP(Q)Y).

Dinh nghia 5. (Khong gian ham phu thudc thoi gian ([4])) Cho
T € R, T >0 va khong gian Banach X. Khi do, ta dinh nghia cdc khong

glan sau:

Vai 1 < p < o0, ta dinh nghia:

T
[P0, T X) = {u: 0,7] — X\/ u(t)|[%dt < +oo} khi p < oo,
0

LP(0,T;X) :={u:[0,T] — Xlesssup{||u(t)||x} < +o0} khi p = o0,
t€[0,T]
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vdi chuan

fo lu(t)] % dt)¥ khip < 00,
lullrorix) = |
esssupyeio,r{|[u(t)|[x} khip = oo,

va C([0,T); X) := {u: [0,T] — X|u lién tuc trén [0,T]} trang bi chuan

|[ul|eo.r:x) = n%g,%{ﬂu(tmx} Khi dé, LP(0,T; X) va C([0,T]; X) la cac
telo,
khong gian Banach. Hon nita, khi X la khong gian Hilbert thy L*(0,T; X)

la khong gian Hilbert vdi tich vo hudng la:

(4, 0) 2 01x) = /0 (u(t), v(t)) xdt.

Dinh nghia 6. (Dao ham yéu theo thdi gian [4]) Hamv € L'(0,T; X)
la dao ham yéu theo thoi gian cia u € LY(0,T;X), ki hiéu Owu, néu vdi
moi v € C°(0,T), ta co:

/0 ' wpdt = — /0 ' vt

Ta dinh nghia khong gian cac ham lién tuc va khong gian cac ham co dao

ham theo thoi gian nhu sau:
CH([0,T); X) := {u € C([0,T); X)| Opu ton tei va dyu € C([0,T]; X)},
dong thoi C1([0,T); X) dugc trang bi chudn:
lullesgorey = s (o)} + s {Owu(o)]}

Vai moi 1 < p < oo, ta dinh nghia:

W0, T; X) := {u € LP(0,T; X)| Ouu ton tai va Oy € LP(0,T; X)},
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vd1 chuan

1

T 1
[l + 1o t)at) " néwp < oo,
0

esssup(|lu(t)|[x + [[0u(t)]|x) néup = oo,
te[0,7]

[|ullwreo,rix) =

va HY(0,T; X) = WhH2(0,T; X) va Wo(0,T; X) = LP(0,T; X).

Bo dé 5. ([4]) Cho X la mot khong gian Banach thye, T > 0 va u €
Wr(0,T; X) voi 1 < p < oo. Khi déu € C([0,T]; X).

Bo6 dé 6. ([4]) Cho u € L*(0,T; HY(Q)) vdi Ou € L*(0,T; (HY(Q))*).
Khi dé u € C([0,T); L*(Q2)).

Bo6 dé 7 (Bat dang thitc Poincare ([4])). Cho Q la mot tap md, bj
chan va lien thong trong RY wvdi bien 09 la C'. Cho 1 < p < co. Thé
thi ton tai hang s6 C > 0 chi phu thuoc vao N,p va Q sao cho vdi moi
u € WIP(Q), ta co:

Hu — ’(_LHLp(Q) < CHV’LLHLP(Q).

Tit bo dé trén, ta c6 hing s6 Poincare Cy > 0 (ting v6i p = 2) chi
phu thuoc vao Q va N sao cho véi méi u € HY(Q) = W2(Q), ta c6
|lu — al| < Cs|Vul| hay

/ u— al2dz < cp/ Vulldz (Cp = C2 > 0).
Q Q

Dinh nghia 7. (Phan duong va phan am)
Cho ham u : Q — R. Ta nhic lai dinh nghia ham phan duong va ham

phan am ctia v trén € nhu sau:

e Phan duong: u*(x) = max{u(x),0} = w(x)1 fequ@) >0 (z) > 0.

e Phan am: v~ (x) = —min{u(x),0} = —u(x)1 ey <o () > 0.
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Khidéu=u"—u", |u| =u"+u" vakhiuec WH(Q) (1 <p < oo) thi:
VUJF = VuZI {yeQu(y)>0}> Vu = —VUZI {yeQu(y)<0} h.k.n trén €.

Bo dé 8. (Bat dang thitc Cauchy-Schwarz ([6]))
Cho khong gian vecto thuc H vdi tich vo hudng (-, )z va chudn ||-||g sinh
bdi (-, )m, tic la ||u|lg =/ (u,w)g. Khi do, vdi moiu,v € H, ta cdé:

[(w, v) | < ||ul|a||v]|a

B6 dé 9. (Dinh 1i biéu dién Riesz ([7])) Cho khong gian Hilbert H véi
tich vo huong (-,-)g va || - ||z la chuan sinh béi (-,-)g. Khi do, véi moi
phiém ham tuyén tinh lien tuc f € H*, ton tai duy nhat uy € H sao cho
vdi moiv € H, ta ¢6 f(v) = (uy,v)n. Hon nia khi do ||f|

e = ||uglln.
Khi d6 song anh Fﬁl :H* — H : f + uy va anh xa nguge Iy : H —
H* :uw (v (u,v)g) déu la dang cau tuyén tinh lién tyc.

Bo6 dé 10. ([7]) Cho H la mot khong gian Hilbert tach duoc va {g}ren:
la mot co sd truc giao cua H. Khi do

No
Tap G := {Z fe@®)gelfrt) € C=(0,T)} tru mat trong L*(0,T; H).
k=1

Dinh nghia 8. (Toan tit compact ([7])) Cho cic khong gian tuyén tinh
dinh chuan H va K. Khi do, toan ti tuyén tinh T : H — K dugc goi la
compact néu T(By) ¢6 bao déng compact trong K, trong dé By la qud cau

dong don vi cua H.
Ta ¢6 mot s6 tinh chat clia toan t1t tuyén tinh compact ([7]):

e Moi toan tit tuyén tinh compact déu lién tuc.

e V6i cac toan tit tuyén tinh L : U — V va L' : V — W sao cho L lien
tuc vd L' compact hoac L' compact va L lién tuc thi L'o L : U — W

la mot toan tit compact.
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Bo6 dé 11 (Dinh li Schauder ([7])). Todn ti tuyén tinh lien tuc L : U —
V' la compact khi va chi khi todn t lien hop L™ : V* — U™ la compact.

Dinh nghia 9. (Toan t\¥ ty lién hgp trong khong gian Hilbert ([4]))
Cho khong gian Hilbert H vdi tich vo hudng (-,)y. Khi dé, todn tii tuyén
tinh lien tuc L : H — H duoc goi la tu lien hop néu vdi moi w,v € H, ta
co:

(Lu,v)g = (u, Lv)g.

Dinh 1i sau cho phép ta c6 dugc co sé thich hop dé xay dung nghiém khi
¢6 dugce toan tit compact tur lién hop:

Bo6 dé 12. (Dinh 1i phé ([4])) Cho khong gian Hilbert tach duoc H va
cho S : H — H la mot todn t compact tu lien hop. Khi dé, ton tai co s
trie chudn dém duge { g }ren ctia H gom toan cdc vectd rieng ciia S (tic
la ton tai day gid tri rieng {vg }rens ctia S sao cho véi méi k € N*, ta cé

S(gk) = UpGk)-

Bo6 dé 13. (Dinh li diém bat dong Banach) Cho khong gian metric
di (X, d) va dnh za [+ X — X la mot anh za co, tic la ton tar 0 < ¢ < 1

sao cho vdi moi x,y € X, ta co:

d(f(x), f(y)) < qd(z,y).

Khi dé, ¢6 duy nhat mot phan t x € X sao cho f(x) = x.

Bo dé 14. (Hé qua ciia dinh 1i Rellich-Kondrachov (nhan xét cudi
trang 274 trong [4])) Cho Q C RY la mot tap md, bi chin vdi bien O
la Ct. Khi dé, vdi moi 1 < p < oo, WIP(Q) nhing compact vio trong
LP(2), ki hieu W1P(Q) cC LP(Q), tic la nhing chinh tdc I : WHP(Q) —
LP(Q) s u— u la compact.

Dinh nghia 10. (Phép nhiing chinh tic L*(2) vao (H'(Q2))* (tuong
tu nhu trong [4]))

Ap dung he qué ctia dinh i Rellich-Kondrachov, nhing chudn tfc I :
HY Q) = W2(Q) — L3(Q) : u — u la compact. Do d6, theo dinh Ii
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Schauder, anh xa lién hop I* : (L3(Q))* — (H'(22))* 1a mot toan ti

compact (va cling la mot phép nhung), trong do6
Voi méi g € (H'(Q))* va méi u € L*(Q) : I*(g)(u) = g(Iu) = g(u).

Dong thai, ap dung dinh 1i biéu dién Riesz cho cac khong gian Hilbert
L*(Q) va H'(Q), cac anh xa Frz) @ L*(Q) — (L*(Q))* va FI;}(Q) ;
(HY(Q))* — H(Q) 1a xac dinh va déu 1a dang cau tuyén tinh lién tuc. Do
do:

e Ta dinh nghia anh xa nhting chuan tac Ty : L*(Q) — (HY(Q))* nhu
sau:
To(uw)(v) = (u,v)2(q) v6i moi u € L*() va moi v € H'(Q).
Khi d6 Ty thoa man Tg = I* o Fr2q) nén Ty 1a mot todn tit nhing
compact. Ta stt dung phép nhiing nay dé nhing L?(2) vao (H(2))*,
va dudi phép nhing nay, véi mdi v € L*(Q), ta co:

Véi méi v € H'(Q) : (u,v) = (u,v)12(0) = / wvdz va
0

ull ) = Toullm@y- = sup  {[(u,v)r2@)l},

HUHHI(Q)Sl
trong d6 (-, -) 1a phép ghép cap chinh tac gita H'(Q) va (H(Q))*:

(f,v) = f(v) véiméi f € (HY(Q))* va mdi v € H'(Q).

e Dinh nghia anh xa S : H(Q2) — H(Q) sao cho v6i méi u € H (),
ta c6 So(u) 1a phan ti& duy nhat ctia H(Q) dé

(Sa(u), )@ = (u,v) ) = / wvder véi mdi v € H'(Q).
0

Khi d6 Sq théa man S = FI;}(Q) ol*oFrqyol nén Sq compact. Hon
nita, véi méi u,v € H'(Q), ta 6 (Sq(u), v)m@) = (v, Sa(v))m ).
Vay Sq : H1(Q2) — HY(Q) 1a mot toan tit ty lien hop va compact.

Dong thai, ta c6 mot s6 bat dang thic so cap sau:
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e Bit ding thic Young véi p = ¢ = 2 cho s6 thuc bat ki dang:
2xy < 2% + y? v tong quat hon 1a 2zy < %332 + py? v6i z,y € R va
p €R,p>0bat ki

e Bit ding thiic quen thudc e® > x 4+ 1 v6i mdi « € R.

2 2 1 ~
e Bat ding thic Cauchy-Schawarz dang z° + y* > 5(3: — y)? v6i méi
z,y € R.
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CHUONG 2

TRUONG HOP CAC HE SO PHAN UNG

PHU THUOC VAO THOI GIAN

Trong chuong nay, chung t6i xét hé phuong trinh cho hé phan tng-
khuéch tan ban dau véi téc do phan tng a;;(t) hoi tu khi ¢ — 400 véi
méi 1 <4,5 < N, cu the:

a;j(t) = aij0o € R khi t — 400 v6i mbii,j =1,...,N. (2.0.1)

Qua gidi han t — +oo doéi véi cac dieu kien & {D ta dude ma tran

Ay = (al-j’oo)NxN thoa man

Qijoo > 0 v6i MBI i, j =1,...,N, i #,
T ! ) 7 (2.0.2)
Ajjoo = = D i1 inj Gijoo VOi MOL j =1,... N,

nén (1,...,1)T 1a mot vecto rieng trai ting véi gia tri rieng 0 ciia A

O day, ta chi xét truong hop do thi G = G4_ tng v6i ma tran A
lien thong manh va a;;(t) € L>([0,400)) v6i mdi 1 < i,j < N. Dong thoi
ta ki hieu Hy = max<; j<n{||aij||z~} > 0. Khi d6, v6i méi 1 <4, j < N:

aij(t) S |aw(t)\ S HCLinLoo S HA h.k.n trén [0,+OO)
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2.1 Trang thai can bang

Trang thai can bing ctia he (0.0.1) dugce dinh nghia nhu sau

Dinh nghia 11 (Trang thai can bang (equilibrium)). Vi M > 0 thi trang
thai Xy = (U4, ..., un) > 0 duge goi la trang thdi can bang néu nd thda
man:

AOOX*:Ovdul,*+---—|—uN7*:M.

Khi M > 0 thi do G lién thong manh va A, c6 vecto riéng trai duong
(1,...,1)T ting véi gia tri rieng 0 nén theo bd dé , c6 duy nhat mot trang

thai can bang, ta ki hicu 1a X = (U100, -+ UNc0)-

Nhan xét 2. Cing theo bd dé [1 ton tai duy nhat trang thai duong

XL = (U] 005 - -+ Uy o) 880 cho A XL = 0vaug o+ +uy, = 1. Ta
goi X ;O la trang thai don vi va né chi phu thudc vao A.
Khi M > 0 thi & = (%= “X2) > () théa man:
X A X U1 Un M
A (0. ¢] — (0. ¢] o0 — 0 N —,OO L. ,00 _ - 1
~(3r) = VA VI V'

Két hogp v6i tinh duy nhét ciia XL, ta thu duge:

XL = 2= hay u} = “2 vi do d6 uje = Mu! _ v6imdi 1 <i < N.

2.2 Nghiém yéu ctia hé phan tng khuéch

pd

tan

O phan nay, ta sé dua ra két qua vé su ton tai duy nhit ciia nghiem
yéu ciia he (0.0.1)), dua ra mot s6 danh gia niang lugng cho nghiem yéu va

tim hiéu lien hé gitta nghiém yéu va nghiém co dién:

Dinh nghia 12. Cho T > 0. Ham vecto X = (uy,...,uy) vdi cic ham
u; 2 [0,T] — L3(Q) dugc goi la mot nghiém yéu ciia hé néu cdc
tinh chat sau duge théa man vdi moi 1 < i < N:
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(1) w; € C([0,TT]; L*(2)),

(2) Khid; >0, ta c6 u; € L*(0,T; HY(Q)), dyu; € L*(0,T; (HY(Q))*) va
vdi moi w € L*(0,T; HY(Q)), ta co:

T T N T
/ (Opu;, w) dt = —di/ /Vu,'dexdt—l—Z/ aij(t)/ujwdxdt.
0 0o Jo oo )

(2.2.3)

(3) Khid; =0, tacéu; € H'(0,T; L*(Q)) va vdi moiw € L*(0,T; L*(2)),

ta co:

T N T
/ /&uiwdxdt:z:/ aij(t)/ujwdxdt. (2.2.4)
0o Jo o0 0

(4) ui(-,0) = Ui 0-

Tiép theo, ta c6 dinh li sau vé sy ton tai duy nhat ciia nghiém yéu va

mot s6 danh gia nang luong cho nghiém yéu:

Dinh 1i 1. Hé ban dau (0.0.1) c6 nghiém yéu X = (uq,...,uy) trén

0, T] vdi méi T > 0 va nghiem dé la duy nhat h.k.n trén Q, tic la vdi
Z = (z1,...,2N) cing la nghiém yéu trén [0,T] cia hé , ta co:

wi(xz,t) = zi(x,t) hkn tréen Q véi moii € {1,..., N} va méi t € [0,T].

Hon nia:

(1) X(t) >0 h.k.n trén Q vdi moi t € [0,T].
N N

(2) Bdo toan khoi lhigng: Z/ wdr = Z/ u;odx = M trén [0,T].
i=1 7% i=1 7%

(3) Ta c6 cic ding thic sau:

Khi d; > 0 thi vdi moi ¢ € HY(Q), ta cé:

N
(Oyui, ¢) = —d; / Vu;Vods + ) a(t) / wjpdz h.k.n trén [0,T),
Q = Q

(2.2.5)
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va khi d; = 0 thi véi moi ¢ € L*(Q), ta co:

N
/ Oyu;pdr = Zaij(t) / w;pdx h.k.n trén [0,T]. (2.2.6)
Q o 0

(4) Ta c6 cac danh gid nang luong sau:

e Danh gid binh phuong: Vi moit € [0,T], ta co:

N
Z/ lui(z,t)Pde < Kx, e’ (2.2.7)
i=1 78

o Véimoii=1,...,N, ta cé Hui||C’([O,T],L2(Q)) < K)(Oe“AT,

o Khi d, > 0, ta co HuiHLQ(O,T;Hl(Q)) S C;D?A\/KXOGBNAT va:
100l 20 7000y < Clpay/ K€

o Khi dz =0 th HuiHHl(O’T;Lz(Q)) S Ci\/KXOB'uAT,

wdi Ky, = SN, HuZ',OH%Q(Q), pa va C3% phu thuoe vao ham A(t) va
ClpaClpa > 0 chi phy thuge vao i, D va ham A(t), cu thé ta co

]

thé liy pa = NHy cung vdi:

1 Hy

1,1 1
Cipa=1|=(+—7).Clp = Vdi+ Hs Ch = .
Z,D7A \/2(dz + NHA)’ z,D,A + Ay A \/QNHA + 2

Chiing minh dinh i1, Ta s& st dung phuong phap xap xi Galerkin theo
cach tuong tu nhu trong [4]. Chiing minh chi tiét dai va duge trinh bay cu
the trong phu luc. ]

Tiép theo, ta sé chi ra lien hé giita nghiem cd dién va nghiém yéu clia
he (0.0.1):

Dinh nghia 13. (Nghiém co dién dia phuong va toan cuc)

Ta dinh nghia nghiém co dién (toan cuc) nhu sau:
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e Cho T > 0. Tanéi X = (uy,...,uy) véi u; : [0,7] — HY(Q) 1a
mot nghiém co dién dia phuong trén [0, 7] ctia hé (0.0.1) néu véi méi
1 <i< N, tacou € CH[0,T],C*Q)) va:
( N
Véimoi 1 <i < N,z e Q,t e (O,T] c O = diAu; + Zaij(t)ui,
j=1
Y Voi miil <i< Ndéd >0.0cd0vate (0,77 : dyu; = 0,

\

e Tanéi X = (ug,...,uy) véi u; : [0,+00) — H(R2) 1a mot nghiem

co dién toan cuc cta hé (0.0.1) néu v6i mdi T > 0, thu hep

X‘ _ ( \
T R I

)

I3 nghiém c¢6 dién dia phuong trén [0, T] ctia he (0.0.1)).

Dinh li sau cho ta lién hé gifta nghiém c6 dién va nghiém yéu ctia he (0.0.1)):
Dinh 1i 2. (Nghiém co dién la nghiem yéu)

(1) Voi T > 0 va nghiém co dién dia phuong X = (uq, ..., uy) trén [0,T]
cia hé thy X ciing la nghiém yéu cia hé trén [0,T7.

(2) Dac biet, néu X = (uy,...,uyx) vdi u; : [0,+00) — HYQ) la mot
nghiém co dién toan cuc clia hé thi vdi moi T > 0:

) la nghiém yéu trén [0,T] cia hé :

[0,T]

(Nghiém yéu di chuan tdc la nghiém co dién)

(3) Vdi moi T > 0: Néu a;;(t) € C([0,T]) vdi méi 1 < i,j < N thi méoi
nghiem yéu X = (uy,...,uy) trén [0,T] cia hé (0.0.1) théa man
u; € CL([0,T],C%(Q)) vdi mdoi 1 <i < N déu la nghiém co dién dia

phuong cia hé trén [0,T7.
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Chitng minh. (1) Xét méi T > 0 vi mdi nghiem cb dién dia phuong X =
(u,...,uy) trén [0, 7] cta hé (0.0.1):
Theo dinh nghia nghiém c6 dién dia phuong, ta c6

u; € CH[0,T],C*()) véi mdi i € {1,...,N},

va
N
e V6imoi 1 <i< N,z e Qte(0,T]: O = diAuiJrZaij(t)ui,
j=1
e V6imdi 1 <i< Ndéd; >0,z €dvate (0,T]:0u; =0,

Vay véi méi 1 <i < N, u; € C([0,T], L*(Q)) va w;(+,0) = wu;, khi
d; > 0 thi u; € L*([0,T], HY(Q)) va dyu; € L*([0,T], (H*(2))*), con
khi d; = 0 thi u; € HY([0,T], L*(2)). Dong thdi, sit dung tich phan
ting phan, ta dugc:

Khi d; > 0 va v6i moi w € L*(0,T; H(Q)) :

T T
/ (Opui, w) dt:/ /@uiwd:cdt
0 0 Jo

T N T
= di/ /Auiwdxdt—FZ/ aij(t)/ujwdxdt
0o Jo 210 Q
T N T
= —di/ /VmederZ/ aij(t)/ujwdx (do 0,u; = 0),
0o Jo oo 0

va khi d; = 0 va v6i moi w € L*(0,T; L*(Q)) :

T N T
Orujwdr = / a;i(t /u-wdw.
/0 /Q t 321 0 J() 0 J

Vay X 1a mot nghiém yéu tren [0, 7] cta he (0.0.1)).
(2) Suy ra ngay tit phan (1) va dinh nghia nghiém co dién toan cuc.

3) Xét moéi T > 0 sao cho a;;(t) € C([0,7]) vA mdéi nghiem yéu X =
j
(u1,...,uy) trén [0, 7] ctia he (0.0.1)) théa man u; € C1([0, T], C?(Q))
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voi moéi i € {1,..., N}:
Khi d6 u;(-,0) = u;o v6i mdi 1 < i < N. Hon ntta, v6i méi 1 <i < N
va mdi w € L0, T; H(Q)), st dung dinh nghia nghiém yéu va tich phan
tiung phan, ta dudc:

T T T N
/ /@uiwdxdt: —di/ /Vuindxdt—i—/ Zaij(t)/ujwdxdt
0 Jo 0 Jo (N Q
T T T N
:di(/ /Auiwda:dt—/ ayuiwdxdt)+/ Zaij(t)/ujwdxdt.
o Ja 0o Joo (N Q

(2.2.8)

T

Dic biet do / Dyuicwdrdt = 0 véi mdi w € C([0,T]: C=(Q)) ©
0 o9

L*(0,T; HY()) nén véi mdi w € C([0,T]; C2()), ta duge:

T T N
/ / Opuwdxdt = / /(diAui + Z a;;(t)u;)wdzdt.
0o Jo 0o Jo s

Két hop véi gia thiét a;;(t) € C([0,T]) va u; € CH([0,T],C?*(Q)) v6i mdi
1 <i,j <N, taduge du; = didu; + 30 ag;(t)uy véi mdi 1 < i <
N,z € Qvate (0,T]. Thé du; = didu; + 3271 aij(t)u; vao (2.2.8), véi
mdi 1 <7 < N sao cho d; > 0 vamdi w € L?(0,T; H(Q)), ta dugc

T T
di/ O, u;wdxdt = 0 nén / Oyuiwdzdt =0 (do d; > 0).
0 Joo 0 Jon

Do d6 véi méi 1 < i < N déd; >0, mdiz € I vate (0,T], ta co
d,u; = 0. Vay X la nghiém c6 dién dia phuong ctia he lb tren [0, 7.

[]
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2.3 Ham entropy cho hé phan tng khuéch

ps

tan
Ta sé dinh nghia khai niém entropy tuong déi va diing né dé dinh lugng
sy hoi tu ve trang thai can bang ciia nghiem ctia he (0.0.1)).
Dinh nghia 14 (Dinh nghia entropy tuwong déi ([3, trang 8])). Ta

dinh nghia entropy tuong doi nhu sau:

‘31|2

BE(S|T) =

vdi moi S = (s1,...,8n), T = (t1,...,ty) sao cho vdimoii € {1,..., N},
ta c6 s;,t; € L2(Q) va t;(x) # 0 trén Q.

Tt phan nay tré di, néu khong néi gi them, ta hiéu "X la nghiem cta

he (0.0.1)" 1a "X la mot nghiem c¢b dién toan cuc cta he (0.0.1)" va ta
N

luon gia thiét M = Z/ u;odx > 0.
— Jo

Ta sé danh gia toc do hoi tu cta nghiem X cla he 0.0.1] dén X, thong
qua danh gid F(X — Xo|Xx) / |u2 — dx Dé don gian hoéa

tinh toan, ta sit dung ki hieu W = X Xoo.
W= (wi,...,wn) = (U1 — Ul cos---, UN — UNo) = X — Xoo.

Do X, X lan lugt thoa man X; = DAX + A(H)X (x € Q,t > 0) va
(Xoo)t = 0 = DAX + AsoXoo, biing cach trit vé v6i vé hai dang thic
trén, ta duge W = X — X, théa man:

W, = DAW + AW + (A(t) — A) Xoe (x € Q1 > 0)

va dyw; = dyu; =0 (x € 9Q,t > 0) mbi khi d; > 0 véi diéu kien ban dau
W(x,0) = X(2,0) — Xoo = Xo(2) — X
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Hon nita, khoi luong ban dau ctia W 1a 0 duge bao toan, tic la:
N N
My :Z/wi(a:,t)dxzz/wijoda::M—M:0véi moi ¢ > 0.
i=1 7O i=1 79

Panh gia ban dau cho entropy:

Theo danh gia (2.2.7) dinh 1[I} v6i 7 > 0 vi mdi nghiem yéu X =
(uq,...,uy) cta he (0.0.1)), véi méi t € [0,7T], ta c6

N N
S / i D)2z < 3 [fugl PV = Koy ehat
i=1 7/ i=1

Vlz/uzdx—Mva Zuwo—MnenvmtE 0,77, ta duge:
1=1

B(X — X Xo0)(t) = B(W|Xa0) Z [l

uZOO
-y [l —QZ/udHZu S LY
i=1 /Ui — Jo Ui
1 N
< |2 < pat _
_1I§%>J<v{ui’oo}(2/g\uzl dx) — M 1@%{%%}}(;@@ M,

tic 1a ta c¢6 danh gia ban dau sau cho entropy véi méi ¢ € [0, T:
EW|X)(t) < ax,e!t — M < ax, e, (2.3.9)

v6i hing s6 ax, = maX1<Z<N{ —}Kx, > 0 chi phu thudc vao A, M va
Xo, con pg = 2H4N > 0 chi phu thudc vao ham A(t) va N.

Dac biét, véi nghiém (co dién toan cuc) X bat ki ctia hé 1' thi
v6i m6i T > 0, X|p 7 la nghiém yéu ctia he (0.0.1]) trén [0, 7] nén moi
t € [0, 400) théa man

EW|X () < ax,e!t — M < ax,e!. (2.3.10)
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2.4 Uéc luong do6 tiéu tan cha entropy

Tuy nhién, ta mudn c6 chian trén clia entropy tét hon so véi chin liy
thita ¢ danh gia ban dau (2.3.10). Dé thyc hién diéu dé, ta sé st dung

danh gia sau:

Bo dé 15. (Bo dé vé do tiéu tdn cia entropy)
Cho cic ham vecto X = (uy,...,uy),Y = (vi,...,ox) va T > 0 dé vdi
moi 1 < i < N, ta cé u;,v; € H(0,T; H*(Q)),vi(x,t) # 0 trén Q x [0, T]

Va:

= DAX+A(t)X+(A(t)—Ax)Y va Yy = DAY +ALY tren Qx(0,T),
va khi d; > 0, ta co dieu kien bién O,u; = O,v; = 0 trén 0. Ki hiéu
EX|Y)(t) := E(X(t)|Y(t)). Khi do, véi moit € (0,T), ta co:

D(XIY) (1) = 5 BXY)(1)

_2zd / ol V(P do + S (a0 + a0 = s

(O Vi
1,7=1,1<g L J

2

u; U;
— Z/ aij(t) = @ijoo)vj(—5 42— )dx.
V: V;
1,j=1 .

Chiing minh. TU gid thiét, véi méi i € {1,..., N}, ta co:
N N N

&gui = dZAuﬁ—Z Clij(t)Uj—f—Z(aij(t)—CLij’oo)Uj, &ﬂ)i = dzsz+Z aij,oovj.
j=1 J=1 j=1

Ta tinh toin %E(X|Y) (t) nhu sau:

d d ‘uz QUZ Z
dt X‘Y Z/ Z/S; &guz Z (9th)

U; U;

_Z/Q ZZdAuZ Za” 'U/]'i_zalj — Qijoo)Vj)
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N
va JU) = [Z(aim - aijvoo)vj} (5 + 2°) véi mdii € {1,...,N}.
j=1

i Ui

Diéu kién bien d,u; = 0,v; = 0 trén 0 v6i mdi 1 < 7 < N sao cho
d; > 0 cho phép ta st dung tich phan ting phan dé cé:

[D—Z/ dCC—ZQd/ - QU—UZZZAvi)dx

i—1 U; U;
N U Vu;v; — Vou,

:—ZZdZ/QUZV(U—Z) (———) _—QZd /UZW )|?dx
i=1 ¢ ?

Dé tinh Iy, ta ding a;(t) = — Z;V:Lj# a;;(t) vao tinh ng nhu sau:

N
R1 —2_ Z a;;(t)u;) — u; Z aji(t)}
Uit e j=1.j#i
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U; U

= > [2 a0 — atyw) = S ay(t)y; - au(ter) |-
j=lj#i !

Tt d6, thuc hién tinh toan tuong tu nhu trong ching minh ctia bo dé 2.3
cia [3], ta duge

N N
D S I D S K
i=1 ij=

1i<j vi Y
Vay
d
DX|Y)(t) = —— E(XY)(t) = =(Ip + Ir, + IR,)

& U; U ;
. '/Q(“ij(t)vj +agi(tyv) (= — =) %da

dt
v, U
i,j=1,i<j ! J

N
U;
_ 2Zdi/9vi|V(;)\2d:c 4
i=1 ¢
2

= ZN: /Q [(az‘j(t) - aij,oo)vj} (Z_Zé +20)de.

v
ij=1 ¢
L]

Ap dung bd dé[15/cho W v X, ta duge cong thite do tieu tan entropy

tong quat sau véi moi t > 0:

d al Vw,|?
D(W|Xuo)(t) = ——E(W|Xe)(t) =2) | di—dx
dt P O Uz,oo

1,=1,1<J Q ui,oo u] o0
- w? o w
- Z (CLU (t) iy oo)uj,oo /( 21 + 2 - )dl’
= Pp+ Pr— Py, (2411)
|sz\2

N
trong do tong Pp = 22 / d; dr dugc goi 14 phan khuéch tén,
i=1 7%

Ui 00
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N
2 w; w ;
tong Pr 1= Z (@i (1)) 00+ aji(t)ti o) /( L — L )?dx duge goi 1a
e 0 Uico Ujoo
i,j=1,i<j
N w? w
phén phé’m I/I’Ilg va téng PL = E (aij(t) — aijyoo)ujpo /( 21 + 2 : )dil?
ij=1 Q Wioo  Uioo

dudc goi 14 phan gidi han ciia cong thite (2.4.11)).
Tiép theo, chiing t6i di dén phan chinh ctia chuong 2. Cu theé, ching toi

sé chitng minh rang, dudi cac diéu kien Ii tudng sau

— inf o (t) := inf ' ij (U)o + aji(t)uins ) > 0,
info(t) :=inf( o min oA O+ ajit)uic})
(2.4.12)
60 >0 dé |ai(t) — aijoo] < e voimdi 1 <i,j < Nwvat>0,

(2.4.13)
va cac he s6 khuéch tan duong (d; > 0 v6i moi ¢ € {1,..., N}) thi dinh i
mé rong cia dinh 1i 1.11 trong [3] ding:

Dinh 1i 3 (Dinh i u6c lugng do tiéu tan entropy hiéu chinh). Ton
tai hdng s6 vy, L,C > 0 chi phu thuoc vao ham A(t), D, Q, M va § dé

D(W|Xy) > (v — Le ™ME(W|Xy) — Ce " wéi moi t > 0.
Chiing minh. Chimg minh tuong tu nhu trong dinh 1i 1.1 cta [3], sit dung

— info(t f i i ()00 + @i (1) Ui 0o 0,
7= 00 = 80 0 oy 4 i i) >

ta tim dugce a > 0 chi phu thuoc vao ham A(t), D, Q va M sao cho:

v 7 7 ]
zz/ Vil Z (ai;(t u]oo—l-aﬂ(t)umo)/(w ~ Y 2y

U U; U4
1,00 ij=1,i<j Q Wi00 7,00

> aBE(W|X) véi moi t > 0.

Dong thoi, st dung |a;j(t) — aijeo] < e v6imoi 1 < i, < N vat >0
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|wil

Uj 00

va bat déng thic 2zy < 22 + y? véi © =

va y = 1, ta dugc

N 2

Pp =Y (aj(t) - az‘j,oo)uj,oo/( S 42

9] uz’oo ul,OO

ij=1

N 2 .
Z [aw — Qijoo|Uj, Oo} /Q(ulgl +21|;Ui)da:

5 - w;
_tzujoo Z/ }:e_étM(sz:;/Qu%;dijN)
< [200 o () Z /

da:+MN} =t — (LE(W|Xs) + C)e™™,

uZOO

v6i L = 2M maX{

1<i<N " Uj 00

entropy tong quét (2.4.11)), ta dugc:

} va C' = MN. Két hgp véi cong thiic do tieu tan

D(W|Xy) > aE(W|Xy) — PL > (o — Le Y E(W|X,) — Ce™
> (v = Le ") E(W[Xx) — Ce™,

véi v = min{«, d} > 0, hoan tat ching minh. O

2.5 Dinh li hoi tu cap liy thira dén trang
thai can bang

Theo dinh 1f 3 khi diéu kien (2.4.12) va (2.4.13) dugc thoa man thi

ham f(t) = E(W|Xy)(t) thoa man —f'(t) > (v — Le ") f(t) — Ce™

hay f/(t) < (Le "' — ) f(t) + Ce " v6i méi t > 0. Do d6, 4p dung bo dé
3 cho f(t), véi chii ¥ réing 3¢ + 1 < e3' véi mdi ¢ > 0, ta dugc:

t t —T t —~T
EW|X)(®) = f(t) < / els LA G5 g 4 f(0)eo (BT

L

= [C(/Ot 7 ds) + f(0)er]el T < [0(/; e7ds) + f(0)eT)e
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L
e

L 2 ,
(Ct+f(0))e " < e max{% f(O)}(%t +1)e" < Ge ™2,
v6i G = e%maX{QC f(0)} > 0 chi phu thuoc f(0) = E(W|X)(0) =
Y oinq fQ 40—t " D0l dy va 7, L,C, nghia 1a G chi phu thudc vao ham A(t),

U'LOO

D, Q. M, Xy vad, con 5 > () chi phu thuoc vao ham A(t), D, Q, M va é.

Vay ta c6 dinh Ii sau:

Dinh 1li 4 (Dinh li héi tu cap lity thira dén trang thai can bang). Khi
hé N da thoa man cd va thi moi nghiem X = (uy, ..., uy)
cia hé ban dau cta truong hop téng qudt deu hoi tu theo cap lay
thwa dén trang thdi can bang Xoo = (U100, - - -, UN ) theo nghia la:

\uz Uigol® P
= F(X — Xoo| Xo)(t) < Ge ™ wdi moit > 0,

U’ZOO

vdi hing s6 G > 0 chi phu thuéc vao ham A(t), D, Q, M, Xo va 0, con
hiang s6 ma 0 > 0 chi phu thuoc vao A(t), D, Q, M va é.
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CHUONG 3

DANH GIA ENTROPY TONG QUAT VA
SU HOI TU VE TRANG THAI CAN

BANG CUA NGHIEM

Trong chuong nay, ta sé chiing minh cac két qua chinh ciia luan van.
Cu thé, ta sé mé rong dinh 1i |3 trong ca hai truong hop khuéch tan khong
suy bién va khuéch tan suy bién, trong d6 diéu kien c6 thée khong
con ding va dieu kien ducc thay béi diéu kien:

\aij(t) — aijvoo\ < B(t) v6l moi 1, ] € {1, ces ,N} va moi t > 0, (301)

v6i B(t) 1a mot ham khong am va lién tuc trén [0, +00). Cu thé, ta sé
chiing minh rang mot dang yéu ctia dieu kieén (2.4.12)) van con ding va ap
dung n6 dé mé rong 3| Trude hét, ta ching minh bd dé [16 sau:

Bo dé 16. (Bo dé vé anh xa dudng di don va thai diém k-gisi han)
Cho hé N trong truong hop tong qudt. Khi do:

o Ton tai anh xa p : Py — SPath(Gy) ti tap hop Py cic cap (i,7)

vdii, g € {1,..., N} va i # j tdi tap hop SPath(Gy) cic duong di

don vo hudng trong G sao cho:
Voi moii,j € {1,..., N} sao cho i # j, pij la mot duong di don vo
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hudng tw S; dén S; trong Goo.
Anh za p nhu thé duoe goi la mot anh za duong di don cia Aw.

e Vi moi k € (0,1), ton tai hing so6 t* > 0 dé véi méi 1 <i,j < N
va moi t > t*, ta co
|aij(t) — aijool < (1 —Fk)  min  {ajf,
{Z#]uaij,oo>0}
S6 t* nhu thé dugc goi la mot thoi diém k-gidi han ciia ham A(t).
Hon nita, véi t* la mot thoi diém k-gidi han bat ki cia A(t) thi vdi moi
i,7 €{1,...,N} sao choi # j va moit > t* ta cé a;(t) > ka;j .

Chitng minh. e (GG lién thong manh nén G, lién thong, vi vay v6i moi
1<4,7 <N déi+j, ton tai duong di vo hudng tir S; dén S; trong
G va trong sb ching ta lay mot dudng di p;; ngan nhat thi theo
nhan xét [1] p;; 1 mot dudng di don vo huéng tit S; dén S;, tic la
pij € SPath(Gy). Vay p : Py — SPath(G) : (i,7) — pi; 1a anh

xa can tim.

e VGi moi i, ) € {1, ceey N}, ta co th—im aij(t) = Qjj c0- Két hop dieu do
—+00

v6i (1 —k) min  {ajjoo} > 0, ta suy ra rang ton tai t;; > 0 dé
{i#jaaij,oo>0} 7

‘aij(t) — aij,oo‘ <(1—-k) ~ min {aij’oo} vl moi t > t;;.
{i#7,aij,00>0}

Lay t’g = 1§1a§N{tij} > 0 thi v6i moi 1 < 1,7 < N, ta dugc ngay:
SL,)S

laij(t) — aijol < (1 —k)  min  {a; 0} v6i moit > th.
’ {i#5.0ij,00>0}

Nhu vay tF 1a mot thoi diém k-gidi han can tim.
Hon nita, véi ¢ 1 thoi diém k-giéi han bat ki ctia ham A(t) thi véi
moi 1 < 1,7 < Nsaochoi#jV3m61t>tk, ta c6 ajj > 0 nén

hO?aC ta co Ajj 00 > (0 va khi do |Clij(t) - aij,oo’ S (1 - k;)aijpo nén

a;ij(t) > Gijoo — (1 — k)aij o0 = kajj o0,
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hOéC aij,oo =0 va CLij (t) Z 0= kaijm. Vay ta ludn co aij (t) Z kaij,oo.
B6 dé dugce chiing minh xong. ]

Nhan xét 3. Dai lugng mingc; ., ~01{@ijc0} 5€ duge goi la do cao ciia
Ao, ki higu 1a ha, tic 1a: ha i= mingjq,. >0 {@ijec} > 0.
Nhu vay, thoi diém #* > 0 14 mot thoi diém k-gidi han ctia ham A(t) néu:

|ai;(t) — aijoo] < (1 —k)ha_ v6i mdi 1 <i,j < N vamdit >t~
Tiép theo, ta sé chiing minh dang yéu sau cua diéu kién (2.4.12) van
dang:

Bo dé 17. Ki hiéu Xoo = (U100, - .-, UNoo) la trang thdi can bing cia
hé tong qudt , cho t* la mot thoi diém k-gidi han cia ham A(t)
(k € (0,1)) va mot anh za duong di don p : Py — SPath(Gy) clia Ay

va ki hiéu
E,:={(i,j) € Py| C6 (u,v) € Py dé S; — S; ndm trén py, trong G},

la tap cap chi so clia canh vo hudng ciua p. Thé thi khi do:

op ‘= (i,rﬁie%p{aij’ooujpo + ajiyooui’oo} > 0 va
Xip = inf ( min {a;;(t)u;00 + aji(t)uiso}) > kop > 0. (3.0.2)

t>tk (i,j)€E,

Chitng minh. Theo b6 dé [16], thoi diém k-gidi han t* thoa man:
a;;(t) > kajjo voi méi i, j € {1,..., N} sao cho i # j va moi t > t".

Do d6, v6i moi (i,7) € E, va mdi t > t* ta c6 a;;(t)u)e0 + aji(t)Uioo >
k(aij’ooujpo + aji,ooui’oo) > ]{(min(ivj)eEp{CLiijUj,oo + aji,ooui,oo}) = kap.
Vi vay

Xkp = Inf( min {a;;(t)uje0 + aji(t)tinc}) > kop.
t>tk (i,)€E,

Dong thoi ciing theo bo dé , ta c6: Véi moi 4,5 € {1,..., N}, i # j: pij
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13 mot dudng di don vo hudng tit S; dén S; trong G, nén:
V6i méi (i,7) € E, thi S; — S; 1a mot canh vo hudng cia p,, trong
Goo, do do Ajioo > 0 hoac Ajjoo > 0 nén QijooUj,00 + QjiooWioco > 0. Do do:

op = Min {aj00Uj 00 + Ajicolico} > 0.
(Zvj)eEp

Vay Xip > ko, > 0 v ching minh hoan tat. O

Dinh nghia 15. (Luu lugng max-min)
Ki hiéu tap tat cd cac dnh xa dudng di don ciia G 1a Pfg_. Khi do, tu

bo de , ta suy ra o, ‘= Ming jjc g, { Gijooll] o + Gjiooll; o} thoa man

L mingG jep {@ijooljoo T Gjisolico) 0
(o — _ — > O’
P M M

v6i moi p € Pfg_. Ta dinh nghia:

1. 1
7o pga?fm{ap )

14 Ivu lugng max-min (max-min flow) ctia A. Khi dé:

) a}loo > (0 chi phu thudc vao A,

e Ton tai anh xa dudng di don p™ clia Ay, dé o)y = 0;00 = 2= Anh

xa p>™ nhu thé dugc goi 14 4nh xa cyc dai hoa ciia A..

Bay gio, ta sé chitng minh dinh 1f chinh thi nhat ctia luan van, cho phép
ta dua ra uéc lugng tong quat cho do tieu tan ciia entropy trong trudng
hop khuéch tan khong suy bién:

Dinh li 5 (DPinh li udc lugng do tiéu tan entropy cho truong hgp
khuéch tan khong suy bién). Gid st hé N ¢6 cic hé so khuéch tin
d; > 0 vdi méi i € {1,...,N}. Khi dé, ton tai hang so X > 0 chi phu
thuoc vao A, D va Q va hang s6 L,C > 0 chi phu thuoc vao As, va M

sao cho cdc tinh chat sau déu ding:
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o V&i méi thoi diem k-gidi han t* cia ham A(t) (k € [5,1)), ta cé:
D(W|X) > (A — LF,())E(W|Xs) — CFy(t) vdi méi t > t",

trong do Fy(t) = (1 — k)ha_ trén [0,400).

e Néu mot ham B(t) khong am va lién tuc trén [0,400) théa man:
a;ij(t) — aijoo| < B(t) vdi moii,j € {1,...,N} va moit >0,
thy vdi méi thoi diem k-gidi han t* cia ham A(t) (k € [3,1)), ta cé:
D(W|X5) > (A= LD(t))E(W|X) — CDy(t) véi méi t > t*,

trong do Dy(t) = min{B(t), (1 — k)ha_} trén [0, +00).

R - ? 47z ¢
Cu thé, véi méi p > 0, ta cé thé lay X = min{2 1r<ni<I}V{d¢}CP, AOCQCAoo};
i<

L =1L, = (1+)Mmaxicen{;} va C = C, = pMN, trong do
20%@ 1 1

= —_— % = — ] _— N
“Aoe N(N —1)2 v G 21<jeN u}’oo}(1r<m<nzv{uj b N).

Chiing minh dinh li. Dé chitng minh dinh Ii nay, ta truéc hét danh gia

N
|Vw;|? / : '
2 d d 1 o 1 t ZOO
;/Q + Z ay UJ + @y ()i 00) Q(Uz‘,oo 6 oo

i,o0 1,j=1,i<j
stt dung chiing minh giéng nhu trong bo dé 2.4 trong [3], v6i bo dé (17| thay
cho diéu kién m Ta thyc hién danh gia nay theo ba budc sau:
Buéc 1: Tinh cong tinh caa E(W|X,):
Dat W = (w1, ..., wy). Véicht y rang w; = [, widr véimdil <i < N
(do |©2] = 1), ta co:
N

BW|Xx) =3 iy, /'w’ w’|2dx+2/\ @l

i—1 /9 ui,oo Ui 0

=EW - W|Xy) + E(W\XOO), (3.0.3)
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(0] €r = w; —W; ) = .
i—1 Q Ui 00 i—1 Uj 00
N 2 N ‘V’LUZP
Budc 2: Danh gia phan khuéch tan Pp =2 / d; du:

Theo bat dang thic Poincare, ton tai hing s6 Cp = Cp(Q) > 0 dé
[o |V fI2dz > Cp [ |f — f*dz, véi moi f € H(Q). Do dé:

d;
Cp/ ‘UJZ —’U_JZ“QCZQZ
Q

Ui 0

N N
PD:QZ - /\Vwi|2dx2 22
i=1 Q i=1

— uz,oo

N _

: lw; — ;]2 , _
> ; —dadx = ; — .
> 2 min {d;}Cp ;:1:/9 e dr =2 lglgr}v{dz}cpE(W W|Xx)

1<i<N

N
Buéc 3: Danh gia Z (aij(t)uj‘po"'aji(t)ui,oo)/(

1,7=1,1<j

va D(W|X):

Lay mot anh xa cuc dai héa p™ ciia A, tic 1a 011400 =ol. =22 Bo

da [17 cho ta:

Xkpo = Hlf( mln {aij(t)uj’oo + aji(t)ui’oo}) > kO'poo = k’MO'}Ll > 0.
t>tk (i,j) € Epoo >

(3.0.4)

Tiép theo, v6i mdi 1 < 4,5 < N,i < j vamdi t > t¥ duong di don vo
huéng pg§ c6 dang pj5 : Sp, — -+ = S, (r > 2) di tit S, = 5; dén
Sh, = S trong G v6i cac dinh S, doi mot phan biet, . Vay, véi moi
1 <s<r—1,taco hy # hgp1 va Sy, = Sp,,, la nam trén dudng di vo
hudng p7y trong G v6i 1 < 4,7 < N,i # j dan dén (hs, hsy1) € Epe nén
két hop véi t > t*, ap dung , voi moi s € {1,...,r — 1}, ta co:

a/hshs+1 (t)uhsaoo + a'herlhs (t)uhs+1aoo

> inf( min {a; ()00 + aji(t)uine}) > kMo .
t>tk (i,j)€Epo e
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Vi vay:
ol w; w;
Pr = Z (CL@j(f)Uj,oo + aji(t)ui,oo) /( ' Lo —J)2d$
i j=1,i<j Q Uioco  Ujoo
r—1 w wy,
hs S
Z ap hsJrl uhs’oo + Qh,, by (t)uh5+1,oo) /( _ +1 )QdZL'
s=1 Q Uhg,o00 Uh, 00

> kMo Z/ Pt )2y (3.0.5)

uhS,OO s+17

Ap dung bat ding thic Jensen dang roi rac cho ham 16i y = 22 két
hop v6i r < N do {Sh,,..., Sy } doi mot phan biet va {Sy,,...,Sn } C
{S1,...,SNn}, ta thu duge:

Z/ - hs wherl de_/z hsi1 )de
Q Uhg,

e SJrla s=1 uhsaoo uhs+17
1 it wy, Why,, (12 1 W, Wh, 9
= 1 D K 1) T
ol — s=1 uhSaoo uhs+lvoo r— Q uhl,oo uhr,OO

1 w; Wi |9 1 / w; Wi (9
= — > — . .0.
7“—1/( Pe = 5 [ Pdr.  (3.0.6)

0 Ui Uj 00 Uj.00 Uj.00

)

Tt (3.0.5) va (3.0.6), ta thu duge, véiméit > t* vaméi 1 < i,5 < N,i < j:

kMo, w; w;j
Pp > > (7
= N —1 /Q(uz',oo uj,oo) o

Do ¢6 N(N —1)/2 cap (i,5) v6i 1 <i,j < N,i < j nén cong vé vii vé
tat cA N(N —1)/2 bat dang thitc trén, chia ca hai vé cho N(N —1)/2 va
4p dung bat déng thitc Jensen dang tich phan déi v6i y = 22 cho ta bat
déng thic sau véi méi t > t*:

Pr > kMe,_ Z / D U > kMey, Y (- — L),
Uj.0o :

1,j=1,i<j 1,j=1,1<]
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1
20A

m > (0 chi phu thudc vao Ay

6 day eq =

Hon niia, v6i A, = min {—} vy ij Z/ w;dr = 0 cung

1<i<N u
N
vGi ZUJOO = M nén v6i moi t > 0, ta dudc:
7=1
N _ _ N _
Z (w’_ﬂf_l (wl_ﬂy
ij=licj Uhoo  Wioo 2 i1 tioco  Ujoo
N _ _ N _
]_ 1 w; wj 9 AOO (I w] 9
— = — Uu — > — /U
)= 1,j=
N =2 _
A w2 w*
:TOO Z( 7 Ujoo T ,J — 2——wy)
ST Ui Uj oo W; o0
A -2 N 7I)2- N N
:TOO(Z 22 )M‘f_NZ—]} (dOZ’lIJJZOVaZUJOO—M)
=1 ui,oo j=1 uj, j=1 j=1
A N @2
> 5 (MAx+N) Y == = (B(V|Xx),

A ,
voi (= 7<MAOO + N) > 0 nén két hop véi (3.0.7)), ta duge:

Pr > kMey CE(W|Xy) =kes Ca EW|Xs),

. MA, 1 1
v0i Ca,, 1= MC = ——(MAx+N) §1g;l<nN{uj }(1gjn<nN{u] t+N)

chi phu thude vao A.
Ma Buéc 1 va Buéce 2 cho ta E(W|Xy) = E(W —W| X))+ E(W|X,)

= V|
wpp =23 [ 40"
i=1 Y

dx > (2 11£1§1}V{di}CP)E(W — W|X). Vay:

Uj 00

PD + PR Z (2 1I<HI<I}V{dZ}CP)E(W - W|Xoo) + kEAOOCAOOE(W|Xoo)

> min{2 11<ni<1}v{di}0p, kea Ca J(EW —W|X) + E(W|X))
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: : 1
> min{2 lglér}v{di}Cp, §€AOOCAOO}E(W\XOO) = \NE(W|Xy),

voi A = min{2 1r<ni<r}v{di}0p, Ao CA“’} > (0 chi phu thudc Ay, D va Q.

Vay véi mbi t > t¥, cong thiic do tieu tan tong quat (2.4.11)) cho ta
DW|Xw)=Pp+ Pr— P, > EW|Xy) — Pp. (3.0.8)
Tiép theo, v6i mdi p > 0, ta co:

o Ta o |a;;(t) — aijoo| < (1 —Fk)ha, :Fk()véim611<ij<Nva

t > t* nen két hop véi bat déng thic Young dang 2zy < 2 :E + py?

véi © = L v y = 1 cho ta cac bat dang thiic sau v6i moi t > 0:

2

W; w;
P, = Z/ aij (1) = Qo) Uj oo (—5— + 2 )dx

1,j=1 ui,oo Wi, o0
< w; |w;]
Z |aw = ijoo|tjoc (g + 2 —)dw
7] 1 i,OO 2,00

<Fk Zujoo

< MFE,(t) {(1+1 max { }Z/ : dx+pN}

P 1<i<N Uj 00

)dx]

W+JM£%%M

= (L,E(W|Xx) + C,)Fi(t), (3.0.9)

FE(W|X.) + pMN) (1)

voi Lp = (1 + )Mmax1<Z<N{—} >0vaC,=pMN > 0.

Tu va , ta dugc:

D(W|Xy) > (A= L,Fr(t)) E(W|Xs) — C,Fi.(t) v6i mdi t > t*.

o Néu |a;;(t) — aijoo]l < B(t) véi méi 1 <4,j < N vaméi ¢t > 0 thi véi
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mdi t > tF vamdi 1 <4,5 < N, tacod |ay(t) — aijool < (1 —k)ha
nén \a”(t) - aij,oo| S mlH{B(t), (1 - ]{I)hAOO} == Dk(t) Tu dé, bi”mg
lap luan tuong tu nhu trén, ta dugce:

Pp < (L,E(W|Xa) + C,)Di(t),

véi L, = (1 + )Mmax1<Z<N{—} va C, = pMN va do d6 ta co
D(W|Xy) > ()\ L,Dy(t))E (W|X ) — C,Dy(t) v6i mdi t > t*.

Chiing minh hoan tat. O

Nhan xét 4. Do trong chiing minh ctia dinh 11 , chting minh ctia cac bat
dang thic: V6i mdi t > t*:

Pr>kMey_ Z / Wi __'ng; (3.0.10)

Us;
1,j=1,i<j J,00

va v6i méi p > 0 va t > tF:

N 2
w; w;
Pr= > (ai(t) = aijoo)ujoc(—5— +2——) < (L,E(W|Xx0) + C)) Fi(t),
ij=1 ©,00 $,00
(3.0.11)
cting nhu:
P, < (L,E(W|Xx) + C,)Dyi(t), (3.0.12)

khi |a;;(t) — aijoo|l < B(t) v6imdi 1 < 4,5 < N va mdi t > 0 déu khong

dung dén tinh duong cta d; cling nhu k > % nén (3.0.10), (3.0.11) va

(3.0.12) vAn ding khi k& € (0,1) bat ki va ké ca khi c6 1 < i < N dé
20

~ T N(N-17

C,=pMN, Fi(t) = (1 — k)ha_ va Di(t) = min{B(¢), (1 — )hAoo}-

d; =0, day €4 cung véi L, = = (14> )M maX1<z<N{ }

Nhan xét 5. Trong dinh 1i :

o Voip= 1 tacothélay L =L, = — U+N)  chi phu thude vio

In1111§i§N{uzl,oo}

Ao va C = C% = %NM = M (viec nay khong d4nh hudng gi dén \).
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€4, CA.,
2

Qijoo > 0MeN Gjj oo >  min  {ajje0} = ha,, dan dén:
{Z#jvaij,oo>0}

e )\ = min{2 1I<ni<r}v{di}CP’ }, trong d6, v6i moéi (i,7) € Epe thi
(S

0-11400 - 0-;00 - (i, JI)HEILI% {alj Oouj o0 + Ajioot; oo} > hA 12111<DN{UJ oo}
o = 2 min {—}(min {——} + V) =+ min {—}N
va = — min {—— mln —_— — m nén
Ao T 9 1<jeN ul T iEN ul 21<j< }OO
eroCAoo UhmgAm hAOO mlnlSJSN{u}’oo} mmlSJSN{ﬁ}

2 N(N-1)2~ 2(N —1)2 ’
nen \ = m1n{2 mln {d }C’p, Ao °°} trong dinh 1f |5 c¢6 thé thay
bang hing s6 dé tlnh toan hon 1a.

ha, ming<jey{uj ) minj<j<n{ ﬁ}

o(N — 1) —t

A1 = min{2 122}\[{@}013,

3.1 Danh giia tong quat cho entropy trong
truong hop khuéch tan khéng suy bién

Khi he phan ting N ¢6 cac hé sé6 khuéch tan déu duong thi theo dinh
i[5l v6i méi thoi diém k-gidi han ¥ ctia ham A(t) (k € [3,1)) va ham
F(t) = EW|X)(t), ta co:

f'(t) < (LEL(t) — N f(t) + CEL(t) v6i moi t > t*, trong do Fj(t) =
(1 — k)hy_ lien tuc trén [0, +00). Do d6, ap dung bo dé [3| cho ham f(t)
véi a(t) = LE(t) — X va b(t) = CF(t), v6i moi t > t*, ta dugc:

t . )
F) < (| elERO-NITOR ($)ds) + f(tF)elnLFT=Ndr

tk

- f ! kY o fie (L= k), —A)dr
C( . (1= k)ha ds) + f(t")e
t
=C(1 —k)ha (/ e~ A LU=Mhac)(t=5) gg) 4 f(F)e~ ALK hac)(t—t5),
t

k
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nén néu A — L(1 — k)hs_ > 0 thi diat ex(k) = X\ — L(1 — k)ha_, v6i moi
t > tk, ta co:

ft) < C<1€;(IZ))hA°° (1 — e~ @M=ty p(ghyemeath)(t=1")
C(1 — k)ha

< oo E WXOO tk —()\—L(l—k’)hAoo)(t—tk).
SN L —Rha (W]Xoc)(#)e

Vay ta c6 danh gia tong quat sau:

Véi thoi diém k-gisi han ¢* bat ki ctia A(t) (k € [3,1)) sao cho ta ¢6
A — L(1 — k)hy_ > 0 thi v6i moi t > t*, ta co:

C(l - k)hA kN —(\— _ _tk
E X)) < o0 E X )(t (A=L(1=k)has)(t—t")
WIX)0) € 5= + B0V X))

(3.1.13)
Hon nita, néu dicu kién sau duge théa mén:
la;j(t) — aijoo| < B(t) v6imoid,j € {1,..., N} vamoi t > 0,
v6i B(t) khong am, lién tuc trén [0, +-00) thi v6i moi ¢ > t*, ta co:
F1(t) < (LDy(t) = N f(t) + CDx(2),

trong d6 Dy (t) = min{B(t), (1 — k)h4__} lién tuc trén [0, +00).

Ap dung bé dé |3 cho ham f() = E(W|X.)(t), v6i a(t) = LDy(t) — A
va b(t) = C'Dy(t), ta duge danh gia tong quat sau véi moi ¢ > t*:

t, .

E(W|Xx) < C | el EPONITD, (5)ds + B(W[Xo) (tF) el EPH =
tk

(3.1.14)
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3.2 DPanh gia entropy cho hé c6 khuéch tan

suy bién

o) phan nay, ta sé chting minh dinh 1f chinh thit hai ctia luan van. Cu
the, ta sé ma rong dinh 1i 5| cho truong hop su khuéch tan c6 thé suy bién
thong qua dinh Ii @ sau:

Dinh 1i 6 (D6 tiéu tan entropy cho hé cé khuéch tan suy bién).
Cho hé N ¢6 it nhat mot hé so khuéch tan d; > 0 . Khi dé, ton tai hang
so N > 0 chi phu thuoc vao As, D va Q va hang so L',C" > 0 chi phu

thuoc vao As, va M sao cho:

o Vi moi thoi diem k-gidi han t* cia ham A(t) (k € (0,1)) va moi
t >tk ta co:

D(W|Xy) > (kN — L'Fp(t)) EW | X&) — C'Fy(2),
trong do Fy(t) = (1 — k)ha trén [0,400).
e Vdi B(t) la mot ham khong am va lién tuc trén [0, +00) théa man:
a;ij(t) — aijoo| < B(t) vdi moii,j € {l,...,N} va moit >0,
thi véi moi thoi diém k-gidi han t* cia ham A(t) (k € (0,1)), ta co:
D(W|Xy) > (kN — L'Dp(t))E(W|Xs) — C'Dy(t) vdi moit > t*,

trong dé Dy (t) = min{B(t), (1 — k)ha_} trén [0, +00).

N 1
d'CPU- € 1
- , 2 74 1 . t i,00 €A .
Hon nita, ta cé the lay \' = (Z 1231;}\7{ 4 })@?N{—ul }
1:d; >0 2,00
L'= L, = (1+ )M maxi<i<n{; -} va C' = C, = pMN vdi moi p > 0,
20}

trong do €A = m



47

Chitng minh. V6i k € (0,1), cong thiic do tiéu tan entropy tong quat
(2.4.11)) cho ta:

D(W|Xoo)(t) = Pp+ Pr — Py.

Ma theo nhan xét 4 véi mdi thoi diém k- giéi han t* ctia ham A(t) va
w; .
— —2)?dx van ding.

moi t > t*, cong thitc Pr > kMey_
Uj 00

1,7=1,1<j

Két hop véi Z / i 2dx— Z/ 2da:2
Ui 0o u]

U; Usj
1,7=1,1<j t,00 J,00 10

— Z / i 2dx ta dugc:

U; U
Z]d>0 4,00 7,00

M .
Pr > keA Z/ dex.

U; U
1,7:d;>0 4,00 7,00

Vivay, voi T; = Cpu; > 0 v6i moi 4, ta co:

— [ [Vwil?
Pp+Pr=2) d, "dx + Py
i—1 QO Uioo
N
QZdi |le-|2 kMeA Z / wj 2dx
i:d; >0 Q Ui i irdy>0 Ui, 00 Ujoo
N N
2d; kMey_ [V, |* Wi W)
ZZmln{N 5T, }Z[ T dg:_'_Ti/Q(u- —r)dx
i:d;>0 1 j=1 1,00 1,00 7,00
N
2d; kMeg_
- Z min{ N o, = 1A,
i:d; >0
N
véi A, - Z[ Vil oy (L ~ - Yda] (1< i < N) nen
Ui 0 ' Q Uico Uj oo
=1 ) s
N
. 2dl kMe o
DW[X)(t) > (Y min{ =, z’r/} YA — Py (3.2.15)

1:d; >0
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Hon nitta, 1ap luan tuong tuw Budc 1 cia chiing minh dinh 1i , ta dugc:

E(W|Xy) = EW—-W|Xs)+E(W|Xs) = Z(/ w; = wj|2dx+ @ ),

Q Yoo Uj,o0

j=1

nén ta thyc hién cic tinh toan tiép theo tuong tuy nhu dinh 1f 2.6 trong [3]:
V6i mbi 1 < i, < N, st dung bat dang thic Poincare va bat ding
thic 22 + y* > 2(z — y)?, ta dugc:

Y, |? . .
ML g or, [ - iy
QO Ujoo 0 Ujco uj,OO

— 12
> Cpus / lwi — ol 1y, / (L e,
QO Ui Q

ui,oo uj,oo

_ /(wi_wifda:—kTi/( w; —ﬂ)%lx
Q 0

' Uj 00 Usj, 00 uj,oo
. T . . 2
Q Ui 00 Ui 00 Uj 00
_ L (L E)Qda:

2 O Uj oo Usj 00

:£/<wj _ Wy W iy,
Q

2 Ujoo  Ujoo  Ujoo  Uico

_ 5 [/Q(ﬂ _ E)Qd:z: 4 (ﬂ _ E)Qda:]

Ujoo  Uj,o0 Q Ujoo  Uico

(do 2(-% — >/Q<¥fi———-§ﬁ—>dx:= )

Ujoo  Ujoo

1, | B
> 2 min ([ [P (T g gy S
Q j ] i

2 1§J§N u],OO uj,OO u]7oo uZ7OO u',OO
lw; — ]2 05 Wi _
> By( / L de+ —L —2—w;),
Q Uj oo Uj oo Uj 00

1 1 1 1 .
VOl (3 = §Ti min {—} = =1;A vd Ay := min {——}. Vi vay, két

1<Gj<N " Uj o 2 1<j<N " Uj oo
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N

hde(lewj Z/wj dr =0, v6imoi 1 <i< N, ta co:
7=1

N
|Vw;|? / wi W
Z [ dx + T, Q( ) dx}

Ui 00 Uj 00 Uj 0o
Z [

.

_2 _

:jlv lw; —w\z ; .
Z/ =0 gy ) 0 S ] = BE(W]X).

] Uj 00 Ui 00 j=1
P P e 62 1 1 N
Do d6, két hop véi T = §Aoo, Bi = 5CPu; 0cAs va 0 < k < 1, ta dudc:
N N
2d; kMeg_, 2d,; k:MeAOo
Z min{ N or, =N > Z min{ N 5, E(W|X)
1:d; >0 1:d; >0
N
d;Cpu; soNoo Meg As
> k[ S min{ B xS DS B X ) = EXE(V]X.),
i:d; >0
vl
al diCpti oDos Mes A
)\/ — . 7 1,008300 S
MZ;O min{ N , 1 }

N

d;Cpu;
= ( Z min{ PUZ’OO, EA“}) min {—— } > 0

N 4 1<j<N “ul
1:d; >0 J,00

chi phu thuoc vao A, D va €.
Két hop véi (3.2.15)), véi moi ¢t > ¥, ta duge:

D(W|X4) > kNE(W|Xx) — Py

. 1
Cudi cting, véi p > 0, L, := (1+ p)Mllg%cv{uwo

}va C) == pMN, ta co:

e Theo nhan xét [} véi méi ¢ > t¥, ta c6 Py < (L, E(W|Xy)+C))Fy(t)

nén véi moi t > t*:

D(W|Xx) = (kN — LLF () E(W| Xo0) — CLF (1),
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trong do Fj(t) = (1 — k)ha_ trén [0, +00).

o Néu |a;;i(t) — aijoo]l < B(t) vé6imoii,j € {1,..., N} vamoit > 0 thi
voi Di(t) = min{B(t), (1 — k)h4_}, theo nhan xét , v6i moi t > tF,
ta duge P, < (L,E(W|Xx) + C7)Dk(t) nén:

D(W|Xy) > (kN — L;Dk(t))E(W\XOO) — C/’)Dk(t).

Chting minh hoan tat. []

~ - s e 2 14 N 2
Nhan xét 6. V6i p = %, ta co6 the lay L' = L% = minlgijv{)u;m} chi phu

thuoc vao Ay va C' = C'y, = M chi phu thudc vio M (viéc thay déi nay
N
khong anh hudng gi dén hang s6 \').

Tiép theo, ap dung bé dé 3] cho két qua ciia dinh 11 |6 va 1ap luan tuong
tu nhu 6 phan 3.1 "Danh gia tong quat cho entropy", ta dudc dinh 1i sau

vé cac danh gia tong quét cho entropy khi su khuéch tan c¢6 thé suy bién:

Dinh 1i 7 (Dinh li danh gia téng quat). Vdi hé N c6 it nhat mot heé
50 khuéch tan duong (Céi € {1,...,N} déd; > 0) va N,C", L' > 0 la
cdc hang so trong dinh li@ thi:

Ddnh gid tong qudt thi nhat:
Vi méi k € (0,1) sao cho kN — L'(1 — k)ha_ > 0 va thoi diem k-gidi
han t* bat kv cia A(t) thy vdi méi t > t*, ta co:

!/ 1 _

E(W| X o) (tF)e~ BN =L (1=Rhas )(t-14).
S N D= kg, T EOVIX)(E)e

(3.2.16)

Ddnh gid tong qudt thd hai:

Néu ham B(t) lién tuc, khong am trén [0, +00) théa man
laij(t) — Gijoo| < B(t) vdi moii,j € {1,..., N} va moit >0,

thy vdi moi k € (0,1), moi thoi diém k-gidi han t* cia ham A(t) va moi
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t > t* vdi Di(t) = min{B(t), (1 — k)ha_} trén [0, 4+00), ta cé:

t tory , ¢, ,
E(W|X.) < ' s (L' Dp—kX )dTDk(S)dS +E(W|Xm)(tk)€ftk(L Dy—kX)dr
tk

(3.2.17)

Danh gia entropy téng quét (3.2.16) va (3.2.17) cho phép ta chiing minh

2 dinh li quan trong sau vé su hoi tu ve trang thai can bang ctia he.

Dinh 1i 8 (Dinh 1li vé chin trén ctia entropy va hoi tu vé trang
thai can bang). Vi hé N c6 it nhat mot hé so khuéch tan d; duong tha
moi nghiem X = (uy,...,uy) cia hé déu hoi tu vé trang thdi can
bang Xoo = (U100, - - -, UN o) theo nghia la:

. qu Uio|®
lim der = lim E(W|X,)(t) =0.
t——+00 uzoo t——+00

va ton tai hang so k > 0 chi phu thudc vao ham A(t), D, Q, M va Xy sao
cho moi nghiém X = (uq, ..., uy) cta hé ban dau deu théa man:

E(W|Xx)(t) < K vdi moit > 0.

Chiing minh. Ta chia ching minh thanh 2 phan:

Phan 1: Chan trén ctia entropy:

Lay ko € (0,1) dé koN — L'(1 — ko)ha_ > A— > 0, cu thé ta c6 the lay

/ A

ko = Ttz = ko(Aw, Q, D). Do ko € (0, 1) v6i ko)X —L'(1—ko)ha > 0
nén lay t*0 1 mot thoi diém kg-gisi han cu thé ctia A(t) (tfo = th (A, Q, D))
thi theo danh gia tong quét (3.2.16), v6i moi ¢ > %o, ta duge bat ding
thic sau cho f(t) = E(W|Xx)(t):

C,(l - ko)hA k _ I 111 _ 1k
£ < - £y o~ (hoX =L/ (1—ko)h s ) (t—40)
1) < 35— (1 — ko)ha +ft)e

CL(1 = ko)ha C’
< L o0 k‘o _ kio
S RN — D1 — koyha, T E) S TSR,
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do I'(1—kg)ha < koN—2 < N =2 =2 <N — L'(1—ko)ha ) nén:
S 2 2 2 00

C/
EW|X)(t) < 7 + E(W|X)(t"). (3.2.18)
Tiép theo, danh gia ban dau (2.3.10)) cho ta E(W|X,)(t) < ax, et — M
v6i moi t > 0, 6 day ax, = ax,(Ax, M, Xy) >0 va puy = 2H4N. Do d6
0 < B(W|Xx)(th) < ax,e™ — M. Két hop véi (3.2.18), ta duge:

/

E(W|X)(t) < ¢ + (aux, e — M) v6i moi t > th,

L/

Con khi 0 <t < tho thi E(W|X)(t) < ax,e! — M < ay,etato — M.
Vay v6i méi t > 0, ta co E(W|[X0)(t) < & + (ax,e"™ — M) = k véi

k=S + (ax,e"!™ — M) > 0 chi phu thuoc vio A, Q, D, M va X,
Phan 2: Chitng minh tEerooE(W‘XOO)(t) = 0:

Vé6i mdi € > 0, lay k1 € (0,1) dé:

N C'(1 — k1)ha
N — L1 — k)ha, > 2 ; o
! (I=kha 25> 0w N — L'(1 — k1) ha

€
< a)
-2
2 L/hAoo+)\7/ 6)\/

cu the kl = max{m,l — W} = kl(Aoo,Q, D,M, 6). Tu’dng tu
nhu phan 1, ta lay dugc thoi diém k;-giéi han ctia A(t) 1a tf véi th =
th1(ky, A). Khi d6 ky € (0,1) va kqN — L'(1 — k1)ha, > 4 > 0 nén véi
ham f(t) = E(W|X,)(t) va sit dung f(t") = E(W|X,)(t") < &, véi
mdi t > tF | danh gia téng quat thit nhat (3.2.16)) cho ta:

C'(1 = ky)ha
N — L'(1 — ki)ha

!/
+ /ie_%(t_tkl).

ft) < F f(th)em N =L/ (k) has)(t=#1)

€
< —
-2

Z P ! E .
Cubdi ciing, ta lay ty = ta(k, t*, N, €) > 0 théa man e G 5 véi
. 2 4k

moi t > to, chdng han t, = [tF1 + Y 111(?)] Khi d6, dat t3 = max{th t,}
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(t3 = tg(A, Q, D, M, X(), 6)) thi véi HlQi t Z t3, ta co:

0< E(W|X)(t) = f(1) < 5 +5 =
Vay lim E(W|X)(t) = 0, hoan tat chiing minh. O

t—+00

Dinh 1i 9 (Dinh li mé rong ciia dinh li. Voi hé N c6 it nhat mot hé so
khuéch tan d; duong va ham A(t) théa man: (¢ day h,0 > 0 la cac hang so)

|a;j(t) — aijo] < he™® wdi moii,j € {1,..., N} va moit >0,

moi nghiéem X = (u1,...,uy) ctia hé tong qudt deu hoi tu theo cdp
liy thiia dén trang thdi can bang X = (U1 o, - - -, UN.0o) theo nghia la:

‘uz U; oo|2 0t . )
= E(W|X)(t) < Goe™™ vdi moi t >0,

U’LOO

vdi 0 = 0(Aw, D, 6) > 0 vi Gy = Go(Ax, D, Q, M, h, 8, X,0) > 0.
Hon nita, ta 6 thé lay 0 < 0 < min{\,d} bat ki, vdi N = N (A, Q, D)
trong dinh [i @

Chiing minh. Trong chiing minh nay, ching toi sé st dung céc hing s6
N, C’, L néu trong dinh li[6]
Vé6i k € (0,1), thoi diém k-gi6i han t* ctia ham A(t) bat ki va B(t) = he™
ciing véi Dy (t) = min{B(t), (1—k)h_} < B(t) = he % thi 4p dung danh
gia tong quat cho f(t) = E(W|Xx)(t) v6i mdi t > t* cho ta:
fo) < C/(/t ef;(L’Dk(T)—k/\’)dTDk(S)ds) I f(t*)ef;(L'Dk(T)—kX)dT
"

t
< O'( [ el Whe TN Oy o f(p)ehe (Lhe RN
13 / / *
_ Clh(/ 6_%(67&_6758)ek)\/(s—t)e—ésds) + f(t*)e—%(efét_efét )ek)\'(t*—t)
t*

/ . t / .
< C'he'5 " )(/ PN =05 g)e N p(1¥)e 5 (NI (3.2, 19)
t*
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(do _LT’h<€—5t _ e—és) < _%(6—61& _ 6—5t*) —

voi moi t > s > t¥).

/ * / / *
h€—5t _ LThe—ét < LThe—ét

Véi mdi 0 < 6 < min{\N,d} , 1ay k; € (0,1) dé kyN — 60 > 0, cu thé lay
0
ky = =20 chi phu thuoe vao Aao, D, Q va 6. Khi d6 ki X — 6 < kXN — 0

va k1N — 60 > 0 nén véi moi ¢ > t*, ta co:

/t e(kl)\'—5)8d5 < /t e(lﬁX—e)st _ e(k1)\’_9)t . e(kl)\’_g)t* _ 6(k1)\'—9)t
’ e N =0 TN -0

(3.2.20)

h
(=m0

J
do v6i moi 4,7 € {1,..., N} va moi t > t;, ta co:

> 0 1a mot thai diém k;-gidi han ctia A(t)

Déng th@i, tl =

|aij () — @ijoo| < he ™ < he ™ < he” ) = (1 - ky)ha,

St dung (3.2.19)) va (3.2.20) cho k = ki va t* = t1, ta suy ra, véi moi
t > 11, ta co:

< Orpette ) CETN i gy B g
f(t) e (,{1/\,_(9)6 + f(t1)e

{ ket N e+ (f(t1)e" e _klm} e

[k g F)E e (do kX > 6)

= (a1 + Blf(tl))e_et;

C,h L'h(,—5t;
Vi ) = —— ¢ 5 (€ )

kAN — 6
Ma v6i moi 1 <i,5 < N, ta cb ||aij||z~ = esssupi>o|ai;(t)| nén:

—ot
va By = Vi),

laij] |z~ < Sug(\aij(t) — Qijoo| + |@ijoo]) < Stug(he_& + |aijool) < Hi,
t> >

51 = ot <
voi Hy = h—i—linaXN|ano|>0nenHA 1ina§1\f{”a””L} Hy, vi vay

theo danh gia ban dau (2.3.10)), v6i méi ¢ > 0, ta dugc:

E(W|X)(t) < ax,et = ax, el < ax eV = oy et (3.2.21)
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nén f(tl) — E(W‘Xoo)(tl) S OéXoeultl vOl ax, = OéXO(AOO,M, XQ) Z 0 va
n1 = 2H{N = 2(h + maxj<j j<nN ‘aij,oo‘)N = ,ul(AOO, h) > 0.

Vay E(W[Xoo)(t) = f(t) < (a4 Bif(t))e™” < (on + frax,e™)e™”
v6i mdi ¢ > ty, tic 1a véi Gy = (ag + Brax,e’™) > 0 thi

E(W|X.)(t) < Gre ™ tren [t;, +00). (3.2.22)

Dong thoi, tit danh gia (3.2.21)), ta 6 E(W|X,)(t) < ax,e”t véi mbi
t > 0mnén véi méi 0 < t < 1, ta c6 B(W|Xy)(t)e? < ax,emt9t <

ax, e = Gy, din dén
E(W|Xo0)(t) < Goe ™ tren [0,1;). (3.2.23)

Tir (3.2.22) va (3.2.23), ta duge E(W|Xy)(t) < max{G;,Gyle " =
Goe " v6i méi t > 0, trong d6 hing s6 duong Gy = max{Gy, Gy} =
max{a; + frax,e?, ax, e T91 ) chi phu thuoc vao A, D, Q, M, h,

9,
X va 0 , két thic chitng minh. O

3.3 Danh gia entropy cho chan thudng gap

Trong phan nay, ching toi sé st dung dinh Ii @ dé dua ra danh gia
dinh luong cho E(W|X)(t) khi ¢ — 400 khi diéu kien thuong gap 1a

tliin B(t) = 0 dugc théa man ciing nhu uée lugng tdc do hoi tu ve 0 clia
—+00

E(W|X.)(t). O phan nay, ta sit dung X' > 0 trong dinh 1i @ va ki hieu

! (1 —|_ %) b o3 / Zy* X
L,=—— — cung véi €, = pNM v6i moi p > 0.
mlnlSZSN{ui,oo}
N N 0
V6i mdi 0 < 0 < N va mdi ¢, > 0, chon p* = —— > 0 thi do

NM
0< % < 1 nén ta chon duge k* € (0,1) théa man k* > % hay K*\'—6 > 0,

n
cu thé chon k* = HT*' chi phy thudc vao Ay, D, © va 0. Khi dé

| | N =9
t£+mooB(t) =0 <min{(1 — k")ha_, L—;*

2
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nén ta lay dugc to = to(k*, ha, N, B,0, L).) = to(Ax, D,Q, B,0,¢) sao

cho:

KN —0

) /
L

B(t) < min{(1 — k*)hy_ } v6i moi t >ty > 0.
Khi do, véi moi t1 > 1y, ta co:

a;i(t) — ajioo] < B(t) < (1 —k*)hy véimoit>t; vamoil <i,j<N.
j 4, o

Vay mbi t; > to déu la thoi diém k*-gisi han ctia A(t). Vi vay, ap dung

danh gid tong quat (3.2.17) v6i Dp(t) = min{B(t), (1 — k*)ha_} < B(t),

v6il moi ¢ > t1 > to, ta dugc:

~ S B(W|Xx) = DIW|X)

> (kX — L0 D (1) E(W|Xo0) — Ol Dy (1)

> (k*)\’ L. B(t)) E(W|X.,) — C\. B(t)

> (k* (/m' 0)E(W|X.) — CB(t) = 0E(W|X,0) — Cl B(1).

véi C). = p*NM = ef) nén

d
EE(W|XOO) < —0E(W|Xx) + C.B(t) = —0E(W|X) + 0 B(2).
Ap dung bd dé |3 cho ham E(W|X,)(t) v6i ham a(t) = —6 va ham

b(t) = edB(t), v6i mdi t > t1, ta dugc:

t
E(W|X.0)(t) < [ee< / P51 B(s)ds) + E(W|Xm)(t1)} =0t
tq
(3.3.24)
Hon nita, chitng minh ctia dinh licho tat =t (A, D, M,Q, X, €)>0
thoa man E(W|X,)(t) < € véimoit; > t. Két hop véi (3.3.24), véi mdi
t >t > " = max{to,t}, ta dugc:

t
BOVIX)(0) < [0 [ 0 B(s)ds) + €]

t1



eg(tftl) _ 1 , 9
—0(t—t1)
s€[t1,t] 0 ) e ] ¢

= e(max {B(s)})(1 — e 0=ty 4 /e=00=t)

va E(W|X)(t) < € ciing nhu —4E(W|Xy) > 0E(W|X.) — edB(2).

Vay ta c6 két qua tong quét sau:

Dinh Ii 10 (Dinh 1i hdi tu dén trang thai can bing md rong). Vdi
hé N c6 it nhat mot hé sé khuéch tan d; > 0 va ham B(t) lién tuc, khong

am trén [0, +00) théa man lim B(t) =0 va
t—-+o00
|aij(t) — aij,oo| < B(t) vd1 MOo1 1,] € {1 ce ,N} va moit > 0,
tht moi nghiém X = (uq,...,uy) cta hé deu hoi tu dén trang thds

can bang Xoo = (U100, - - -, UN ) theo nghia la:

/ [ =il BOWIX) () 0 Kt — oo,

UZOO

Hon nia, vdi hang so N & dinh li@ thy vdi 0 € (0,N) va e, ¢ > 0 bat ki,
ton tai hing s6 t¥ = t°(A,Q, D, M, Xy, B,0,¢,€) > 0 sao cho mdi nghiem
X = (uq,...,uy) ctia hé deu théa man:

e (Toc do phdt tdan entropy) Vi moit >t > Y, ta co:

D(W|X-0)() = — 5 BOVIX.0)(t) > 0E(W|Xo0) (1) — B(1).

e (Chan trén entropy) Vdi moit > 1°, ta c6 E(W|X)(t) < €.

e (Chdn trén ciia entropy va ham B(t)) Moit >t > t° théa man:

E(W|X)(t) < e(max {B(s)})(1 — e 1)) 4 e~ 0-1),

SE[tl,t]
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Trude khi di dén két qua tiép theo, ta dinh nghia khai niéem ki hiéu o
nho:
Dinh nghia 16 (Ki hiéu o nhé ([8])). Cho hai ham so f(t) va g(t)
cung zdc dinh trén [a,+00) (a € R) sao cho c¢6 b > a dé g(x) > 0 vdi
moi x > b. Ta noi f(t) la vo cung bé so vdi g(t) khi t — 400, ki hiéu

f() =o0(g(t)) khit — +oo néu S0 — 0 khi t — 4o00.

g(t)
Néi cach khéac, f(t) = o(g(t)) khi t — +00 néu véi mdi € > 0, ton tai
s6 thuc to dé vai moi t > tg, ta co | f(t)| < eg(t).
Dinh 11 [10| cho ta hé qua sau vé bac hoi tu vé trang thai can bang cla
nghiém ctia hé (0.0.1) khi ham chan B(t) khong tang:

Hé qua 1. Vdi hé N ¢6 it nhat mot hé so khuéch tan d; duong va
la;j(t) — Gijoo| < B(t) vdi moii,j € {1,..., N} va moit >0,

vdi B(t) khong am, lién tuc, khong tang trén [0, +00) va tli+m B(t)=0
—+00

thy ton tai hing s6 0 = (As, D, Q) > 0 dé véi méi l € (0,1), ta co :

Mdi nghiem X = (u1,...,uy) ctia hé tong qudt déu hoi tu dén

trang thdi can bang Xo = (U100, --,UN o) theo cip v0 cung bé so vdi
B(1t) + e 00t theo nghia la:

w2
Z/ i = wioel” E(W|X.)(t) = o B(It) +e /=) khit — 400,

cu thé la vdi moi € > 0, ton tai hang so t° > 0 chi phu thuoc vao ham
A(t), D, Q, Xy, M, ham B(t), 0 va € (va khong phu thudc vao 1) sao cho

vdi moi t > ?, ta co bat dd?ng thic sau:
E(W|X.0)(t) < e(B(It) + e 170,

Hon nia, ta cé thé ldy 0 < 6 < N bit ki vdi N nhu trong dinh li|6.

Chitng minh hé qud. V6i 0 < 0 < X va e > 0 bat ki, 1ay € = ¢ thi theo
dinh i , ton tai hing s6 t' = t°(A, D, Q, Xy, M, B,0,€) > 0 sao cho véi
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moi t > t; >t > 0, ta co:

E(W|X.)(t) < e(max {B(s)})(1 — e 1)) £ ee=0=1) (3.3.25)

SE[tht]

Bay gi, xét mdi 0 < | < 1. Khi d6, v6i méi ¢t > & va lay t; = It thi

ta duge t > It = t; > t° va do ham B(t) khong tang trén [0, +00) nén
max {B( )} = B(t1) = B(lt) . Vi vay, ap dung (3.3.25)), ta dugc:

Se[tl,

IE(W|X0) ()] = E(W|X)(t) < eB(It)(1 — e 1) 4 e~
e(B(It) + 70,

do d6 E(W|X,)(t) = o(B(it) + e ?1=D%) khi t — 400, két thic ching
minh. ]

Dac biet, khi cdc ham heé s6 phan ting a;;(¢) lién tuc trén [0, +00) véi

mdi 1 < 4,5 < N thivéi B(t) = 1£na§N{\aw( ) — @ijol}, ta co ngay:

B(t) khong am, lién tuc trén [0, +00), th+m B(t) =0 va:
— 400
la;ij(t) — aijoo| < B(t), véimoid,j e {1,...,N} vamoit > 0.

Vi vay, ap dung dinh 1i , ta c6 ngay két qua sau:

Dinh 1i 11 (Dinh 1i hoéi tu dén trang thai can bing khi ham hé
s6 phan tng lién tuc). Vdi hé N c6 it nhat mot hé so khuéch tan d;
duong va cdc ham hé so6 phdn tdng a;;(t) lién tuc trén [0,+00) vdi moi
i,j €{1l,..., N} thi méi nghiem X = (uq,...,uy) cia hé deu hoi

tu dén trang thdi can bing Xe = (U100, - - -, UN.co) theo nghia la:
|ui = wio|” oo\ .
Z u = E(W|Xa)(t) = 0 khi t — +o0.

Hon nita, véi X' > 0 & dinh li [0 thy vdi 0 € (0,N) va e,€ > 0 bit ki,
ton tai hing s6 t° = t°(A,Q, D, Xo, M,0,¢,€) > 0 sao cho mdi nghiem
X = (uq,...,uy) cta hé deéu théa man cdc tinh chdt sau:
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o Vidimoit >t >tV ta co:

— SE(VIX.) (1) 2 OB(VIX.)(0) — e max {lass(t) — asocl

o Voimoit >t ta c6 E(W|Xy)(t) <¢.

o Viimoit >t >1°, ta co:

E(W|Xy)(t) <e max {max{|a”( ) — aijoo|}} + e 1),

1<i,j<N “s€lty,t]
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PHU LUC

Tru6e khi ching minh dinh 1i |1 ta dinh nghia ham B;(uq, ..., uy, ¢, 1)

sau day:
e Vi i sao cho d; > 0 (chat c6 khuéch tan khong suy bién), dinh nghia:
N
Bi(ul, oo UN, QZS, t) = —dl/ VUZngdx + Z Clij(t) / ujgbdx,
Q ; Q
j=1
v6i méi uy, ..., uy : [0,T] = L*(Q) sao cho u; : [0,T] — H'(Q) véi

mdi j € {1,..., N} théa man d; > 0, mdi ¢ € H'(Q) va t € [0,7].

e V6i i sao cho d; = 0 (chat c6 khuéch tan suy bién), dinh nghia:
N
Bi(uy, ..., uy, ¢,t) = Zaij(t) / u;pdz,
: Q
7=1

v6i mdi uy, ..., uy : [0,T] — L3(N), mdi ¢ € L*(Q) va t € [0,T].

Khi d6, hé cac phuong trinh (2.2.3) va (2.2.4) c6 thé viét lai la:

Véi moi i € {1,...,N}:

Khi d; > 0vaw € L*0,T; H(Q)) :
T T

/ (Oyui, w) dt :/ Bi(ur, - un, (e, 1), £)dt.
0 0

Khi d; =0 vaw € L*(0,T; L*(2)) :

T T
/ / Oyuwdzrdt = / Bi(uy, ... ,un,w(:,t),t)dt. (3.3.26)
0o Jo 0

Bo6 dé sau cho ta danh gia nang lugng cia ham B; trén:

B6 dé 18. Ton tai cic hing s6 o,y > 0 chi phu thuoc vao ham A(t) sao
cho vdi moii € {1,..., N} va moi uy,...,uy :[0,T] = L*(Q?) théa man:
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u; [0, T] = HY(Q) vdi méi j € {1,...,N} théa man d; > 0 néu d; > 0,
ta c6 cdc bat dang thiic ding tren [0,T):

N
o Bi(uy,....uy, ui(-,t),t) < ylluil* + > [Juy|?,
j=1

N
® di’lvuiH%p(Q))N + Bi(ula e ,uN,ui(-,t),t)‘ < ’VHUZ'HQ_f—aZ HUJH27
=1
mot khi d; > 0.

Cu thé, ta co thé lay a = ay = %HA Va4 Y = Y4 = %NHA va tong qudt

hon la vdi mdi € > 0, ta c6 thé liy o = o = €y VA Y = Ve = %%4.

o Ki hiéu u; la ham phan am cia ham u;, tiéc la w; (-, t) = (u;(-,t))”
vdi moi t € [0, T]. Khi do, vdi moit € [0,T], ta co:

Bi(uy,...,un,—u; (+,t),t) < Bi(—uy,...,—uy, —u; (-,1),1).
Ching minh bo dé . e Khi d; > 0, dinh nghia B; cho ta:

N
Bi<u1, .o, UN, ui(~,t), t) = _dszqu%L2(Q))N + Z aij(t) / ujuzdx
j=1 ¢

Do d6, v6i mbi € > 0, ap dung bat dang thic Cauchy-Schwarz va bat
dang thitc Young, ta dudc:

-H%p(myv+Bz-(u1,...,uN,ui(-,t),t)\ = Zaij(t)/gujuidx

< Z a;;(t ‘|/u]uzdx

=
2

<H Z g (- O[T (- D)]])

.

VA
NJI)—k

N 1
Z (-, H2+2 N H alui(-, )|
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Do do, véi o = %EHAZEOJA:(XE va y = iNHA — %%4 = 7, ta co:
N
dil | Vil [Fr2 (v + Bilua, - 7uNan(’>t)7t)‘ <o [ugl* +Aluil P,
j=1
va:
N
Bi(uy, .. un, ui(,1),8) < o> [ugl* + ylwl|” = dil Vs [F2 v

j=1
N
< a3 [l + sl
j=1

Dé chitng minh phan thit ba, theo tinh chat ctia ham phan am, véi
moi t € [0,77], ta c6 Vuy (-, 1) = =V, 1) 1 (zeojui(z,t)<0} DN

V(—u;)(, t) = VUZ(, t)1 {zeQ|u;(x,t)<0}-

Ta ¢o (I{xgg‘ui(q;,t)<0})2 = 1{x€Q|ui(x,t)<0} (do 1{x€Q|ui(m7t)<O} (y) <
{07 1}) nén Vu;Vu,; 1 {xeQ|u;(x,t)<0} — vuzvuz<1 {x€Q|ui(m,t)<0})2 hay:

Vu;V(—u; ) = V(—u; )V(—u; ). (3.3.27)

Dong thoi, véi moi j € {1,..., N}, ta co:

— Hodc j # i: Khi d6 a;(t) > 0 va u;(z,t) > min{u,(z,t),0} =
—uj (x,t) ctng v6i —u; (v,t) = min{u;(z,t),0} < 0 cho nén
uj(—u; ) < (—u;)(—vy,; ) trén Q x [0, T] va:

ais (1) / wy(—ur )z < ag (1) / (—u7 )~y )dz tren [0, T,
Q Q
— Hoac 7 = : Khi d6 uz(—u;) = Wit 1 {peQ)u,(x,)<0} VA

Uit 1 {peqfuy(z,t) <0} = uiui(l{xe§2|ui(x,t)<0})2 = (—u; )(—u; ).
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Do do6 CL”(t) /

Q

(=)o = ai(t) [ (—u)(—u; )do

Q

Vay ay(1) / wj (= )z < aiy(f) / (—u7 )~y )de tren [0, T véi mbi
Q Q
1 < j < N.Két hop véi (3.3.27)), ta dugc:

N

— di/ Vu,V(—u; )dz + Zaij(t) / u;(—u; )dx
Q o Q
N
< —di/ V(—u;)V(—u;)da:—l—Zaij(t)/(—uj_)(—ui_)dx,
Q ; 0
j=1
tuc la Bi(ul, ce, UN, —u;(-, t), t) < Bi(—uf, ceey — Uy, —u;(-, t), t).

N
e Khi dz = 0: Khi do Bi(ul, Ce ,uN,ui(-,t),t) = Zaij(t) / u]uzda:
j=1 &

Do do, lap luan tuong tu nhu trén, ta duge bat dang é phan thtt nhat
Vol a0 = %GHA va y = QLENHA va bat dang thitc 6 phan tht ba.

Chting minh hoan tat. []
Chitng minh dinh 1i [1}

Chiing minh. Ton tai:

Cu thé, theo phan 2.2 "Mot s6 kién thiic co ban", Sq : H(Q) — H(Q)
13 mot toan tit compact tu lien hgp. Két hop véi H () 14 mot khong gian
Hilbert tach dugc, dinh 1f phd cho ta day gia tri rieng {n }ren+ clia Sq va
day ham g, € H(Q) sao cho:

{9k} ken 12 MOt co s truc chuan cua Hl(Q),

va v6i moi k € N*, g # 0 va Sq(gx) = Mgk
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V6i moi h, k € N¥, /ghgkdx = (Salgn), 9x) i1 () = (MGn, gr) m1 (@) néN
0

0 néu h # k,
(gn: 9r)12(0) = / gngkdx = My (gn, gr) Q) = )
Q N, neu h = k,

(3.3.28)

0 néu h # k,
/ VanVardr = (gn, gr) ) — / Ihgrds = )
& Q 1 —n, néu h =k,

(3.3.29)
nén 1y, = ||gr||* > 0 véi mdi k € N*. Dong thoi khong gian span({gx }ren+)
sinh b&i { gk }ren+ trit mat trong H'(Q). Hon nita C2°(Q) trit mat trong
L*(Q) va CX(Q) € HY(N) nen HY(Q) tru mat trong L*(Q). Vi vay, véi
méi € > 0 va u € L*(Q), ton tai v € HY(Q) va w € span({gi }ren-) sao

cho ||lu —v|| < § va ||[v — w||gi() < 5, ddn dén
[l —w|] < [lu—=ol[ +|[v = wl|] < |Ju—v][+[[v = wl|[g1(Q) <e
nén span({grren:) sinh béi {gi bren trit mat trong L?(Q). Vay
{g1}rern 12 mot co s6 truc giao ciia L2(€2).

Dong thoi, véi méi m € N*, dat E,,, = span(gy, ..., gm) 1a khong gian con
sinh béi g1, ..., gm trong H(Q). Do Sq(gr) = nrgr v6i mdi k € N* nén:

So(En) C E,, v6i mdi m € N*. (3.3.30)

Buéc 1: Xay dung nghiém xap xi:
V6i mdi m € N* ta xdy dung nghiem xap xi X, = (uf",...,u}) vdi

ul*(-,t) € Ep,t €[0,7] dudi dang:

7

m

u(z,t) = Zfzkm(t)gk(x) v6i mdi i € {1,...,N},
k=1
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voi fl(t) € AC([0,T7]) 1a cac ham lien tuc tuyet doi tren [0, 7.

Ta muén u” : [0,7] — H'Y(Q) dang nhu trén théa man xap xi he
tréen E,,, cu thé 1a ta mudn X, = (u, ..., u%) théa man diéu kien
manh 1a ton tai tap T,, C [0,7] sao cho pu1([0,T] — T,,) = 0 va v6i moi
1<i¢< N,méiteT, vamoi ¢ € E,,, ta ludn co:

N
/Qvf%dx: /Q(u;”) (t)pdr = —di/QVu;”Vqﬁdx + ;aij(t)/gugn¢dx,

(3.3.31)

va u;n(’ 0) = Z?I?:l(ui,()agk)Hl(Q)gkv trong do
m
v () = (u (2, 0)' (1) = > _(fF) (Dge().
k=1
Tinh tuyén tinh theo ¢ ctia (3.3.31) va E,, sinh béi g1, . . ., g, trong H(Q)
cho thay ta chi can si ton tai ciia cac tap T C 0,7,1 <i< N, 1<
E < msaocho véimdi 1 < ¢ < N vaméi 1 < k < m, ta déu ¢

p1([0, T] = T7%) = 0 va v6i moi t € T}, ta co

N
/(uzm)/(t)gkdx: —dz'/VUZ-ankdcT + Zaij(t)/ugngkda:, (3.3.32)
0 0 0

j=1

thi 7o, = N, NP, T 1a tap can tim théa man (3.3.31). Ma day tap 77"
nhu thé ton tai khi v chi khi v6i mdi 1 < k <mvamdi 1 <i < N, ta co

cac dang thitc tuong duong sau xay ra hau khap noi tren [0, T7:

N
/(u;")'(t)gkdx = —di/ Vu!'Vgrdr + Zaij(t)/uTgkdx
0 0 0

j=1
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N
1
= (fl) ) =di(1 - %)fi]fm(t) + > ai(t) fFn(t),
j=1
va ta cling mudn Z fﬁm(O)gk = Z(Ui70,gk)Hl(Q)gk véimoi 1 <7 < N.
k=1 k=1

bat B,, = diag(1 — .-,...,1 — ;=) va ham F(t) = (f},,(t))nvxm €
My« (AC([0,T1])) thi diéu kién trén tuong duong vii:

F'(t) = DF(t)By, + A(t)F(t) hkn tren [0, T], (3.3.33)

va fF,(0) = (ui0, g) ) v6iméi 1 <@ < N vamdi 1 <k < m, tic la
F(0) = G trong d6 G = ((wi,0, 9r) () ) N xm-

Dicu kién trén sé duge théa man néu véi moi t € [0, T, ta co:
t
Fit)=G +/ [DF(s)B,, + A(s)F(s)]ds = (®(F))(t). (3.3.34)
0

Dé xay dung ham F théa méan , talam nhusau: V6i0 < T* < T,
gif thiét a;;(t) € L®([0,+00)) dan dén A‘M e L([0, T], My x(R))
nén ta duge ® : Myum(AC([0,T%])) = Mywm(AC([0,T%])) va v6i moi
Fi, F5 € Myym(AC([0,T7])), ta co:

| O(F1) — ()| asy o (ac((0,7]))

t
= || /0 [D(Fy — F3)(5) By + A(s)(F1 — F5)(8)1ds] | ary,,.(Ac(o,17]))
< KTY||Fy — By, (Aco.r)s

trong d6 K > 0 1a hang s6 chi phu thudc vao D, ham A(t), B,,, T, N vam,
cu the K = mN||D||rry, v ®||Ballat,,,cn®) + NI A o 1B (O v (R):

Do d6, chon 0 < T* < T di nhé dé KT* < 1 (T* = min{;24, T}
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chang han) thi ® 1a anh xa co tit My, (AC([0,7%])) vao chinh né véi
My« (AC([0,T%])) 1& mot khong gian métric dit nén dinh 1 diém bat
dong Banach cho ta ham Fi(t) duy nhat trong My, (AC([0,T*])) thoa
man ®(Fy) = Fy trong My, (AC([0,7%])) va do do:

Fi(t) =G+ / (DE(5)B,, + A(s)Fy ()]ds v6i moi € [0.77].

Lap luan tuong ty nhu trén cho doan [T, 27%], ta thu dugc ham duy nhat
Fy(t) € Myxm(AC([T*,27T%])) thoa man:

t

Fy(t) = Fy(T") + / [DF5(8) By, + A(s) Fa(s)]ds v6i moi t € [T, 2T7.
Khi d6 ham ma tran Fio(t) trén [0, 27*] dinh nghia béi:
Flg(t) = Fl(t) néu 0 S t S T*,Flg(t) = Fg(t) néu T* <t S 2T*,

thoa man Fio(t) € Mywm(AC([0,277])) va:
t
Flg(t) =G + / [DFlg(S)Bm + A(S)Flg(S)]dS vOl in t e [0, 2T*]
0

Ctt tiép tuc md rong nhu vay, sau mot sé6 hitu han bude ta thu duge ham
ma tran F'(t) € Myxn,(AC([0,7])) théa man:

F(t) =G + / t[DF(s)Bm + A(s)F(s)]ds = ®(F)(t) v6i moi ¢ € [0,T],

titc 1a diéu kien (3.3.34)) dudce thoa man, vi vay dieu kién (3.3.33)) ciing dudc
thoa man va do d6 F(t) = (ff,.(t))1<i<n.i<k<m trong d6 ham fF (t) €

AC([0,T]) va day X,,, = (uf’, ..., u}) véi

3

ui'(-,t) = fom(t)gk € By, v6imoii € {1,..., N},
k=1

théa man: Ton tai tap con T, C [0, 7] sao cho pi([0,T] — T,,) = 0 va véi
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moi t € Ty, moi i € {1,..., N} vamdi ¢ € E,,, ta co:

[ o= [ (@) (oo

N
= —d; / Vul'Vode + Y ai(t) / wlede = Bi(ul', ... ul", ¢,1),
Q ; Q
j=1

(3.3.35)

va u(-,0) = >3 (wio, gr) 1 (@) 9k- Hon nia, véi méi 1 < i < N, do véi
méi 1 < k < m thi ff (t) lien tuc tuyet doi tren [0, 7] nén sit dung tich
phan ting phan, ta duge dang thic sau véi mdi ¢ € C2°(0,T):

—/OTu (x,t)y /0 gr(x)Y'(t)dt

k=1

(g () (8)dt = / o (a0, ) t)d trong L2(S),

>

T
nén — / W () dt = / o)t trong (HM(Q))* véi moi v € C(0,T).
0 0

Vay v/ 1a dao ham yéu theo t ctia u".

k=1

Buéc 2: Panh gia nang lugng cho nghiém xap xi:
Ta dua ra danh gia nang lugng cho X, = (u", ..., u}}) nhu sau:

Xét moéi 60 > 0: V6imoi 1 <i < N, U;n(,O) = Z(ui70,gk)H1(Q)gk — U; 0
k=1
trong H(Q) nén ta c6 ||ul(-,0) — 7(+,0) = wiol||mr) — 0

khi m — oo, tic 1a u*(-,0) hoi tu manh dén w,; trong L*(Q) dan dén

[u(-,0)||* = ||uiol]* khi m — oo. Vi vay, ton tai hing s6 ms € N* chi

phu thuoc vao § va Xy dé v6i moi 1 <7 < N va moi m > ms, ta co:
[luiol|? = 6 < [l (-, 0)|* < [uiol[* + 6. (3.3.36)

Bay gio, ta xét moi m > my:

Trude hét ta dé ¢ réng ul(-,t) = Y7Ly 5, (£)gr v6i f(t) lien tuc tren
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[0,7] nen " € C([0,7], L*(Q)). Ma ta 6 u}*(-,t) = > f,,()gr € Em

k=1
nén véi mdi 1 <i < N vat €T, ding ¢ = u’ (-,t) trong (3.3.35)) cho ta:
[y ourds = B 0).0)
0
Két hop véi ([0, 7] — T,,) = 0, ta dugc:

/(um)’(t)u;”da: = Bi(ul", ..., ufy,u"(-,t),t) hkn trén [0, T].
Q

7 7

Lay tich phan tren [0,¢] (¢ € [0,7]) hai vé ctia dang thtic trén, ta dugc
dang thitc sau véi mdii € {1,...,N} vat € [0,T7:

1 m 1 m ' m m ,m
S Il” = Sl (- 0 :/0 Bi(uf', ..., uy, ui" (-, s), s)ds.  (3.3.37)

Ma voi aq = $Ha, ya = sNHa, v6i mdi i € {1,..., N}, b dé[1gcho ta:
N
Bi(u', ... upy,ul (- 1), 1) < yallu"| P+ aa Y [Jul']l?, (3.3.38)
j=1
va néu d; > 0 thi:
N
il |V 72y + Bilut's - . ,U%,UT(-,t),t)( < yalluf P 4oa > | lul(]?.

J=1

(3.3.39)

Do d6, ap dung (3.3.37) va (3.3.38)), ta dugc:

| | ¢ N N

3o = 5 Sl O < [ S Gl + a3 |y,
i=1 i=1 i=1 j=1

nén két hop vaéi (3.3.36)), véi chi § rang y4 + Nayg = NHy, ta duge:

1 a 2 1 - 2 1 ' 2
3 = 5 3l = 5V6 < (a+ Noww) |3 1P,
i=1 1=1 1=1
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hay k! (t) < 2NHak,(t) + (Kx, + NJ) tren [0,7], trong d6 ham sb
bonlt) = S50 S 1P v Kx, = 2, [lucol - Vay, p cung b6 @3 ]
voi t* =0, a(t) = 2N Hy va b(t) = Kx, + N4, véi cha ¥ réng k,,(0) = 0,
voi moi t € 0,71, ta duge:

KXO + N(S(GZNHAt

< 2N H (t—s) K N
i) _/O (Fx, + No)ds = =320

1),

N
v ('[P = ki, (1) < 2N Hak(8) + (Kx, + N6) < (Kx, + N6V,

N
Vay v6i moi t € [0, T] va m > mg, Z [ul||* < (Kx, + N§)eNat y
1=1
N ot
Kx,+ No Kx,+ No
m||2 Xo 2N H at Xo 2N H st
Mrds = k() < —2—— ab_ )< =0 at,
S [ s = hatt) < S350 e ) < R
(3.3.40)
Dong thoi, v6i méi ¢ € {1,...,N} vA mdi m € N* ta da c¢6 duge
u™ € C([0,T]; L*(R)) nén v € L*(0,T; L*(Q)) va tur (3.3.40) ta c6 ddnh
gid sau v6i moi i € {1,..., N} vi moi m > ms:

| Kx, + N
" [ L2 (0,7;02(9) \// ||| |2dt < ZJOVH eNHAT (3.3.41)

Ma tir (3.3.37), (3.3.39) va (3.3.40), véi mdi t € [0,7] va 1l <i < N
sao cho d; > 0, ta co:

1 1 1
= Sl O < Sl = Sl 0)1

t
= / Bi(uf", ... uy,u"(-,s),s)ds
0

t

< [ Al + 00 3 I1F = A1yl
Jj=1

KXo—l_N(S(eZNHAt_l)

m||2
o i [ 19 s

< (ya4+ aq)

va (3.3.36) cho ta |[u?(-,0)[|* < ||uiol|* + 8§ < Kx, + 9.
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Do d6, v6i moi ¢t € [0,7] vamdi i € {1,..., N} sao cho d; > 0, ta co:
(cht ¥ ring ya 4+ au = (N + 1)Hy < 2 Hy = NHy)

! Kx, + N6 1
d; /0 1V [fpayyds < ===V 1) + 2|l (-, 0)|
S KXO;N5(€2NHAt_1)+;KXO+ 5< €X0€2NHAt+N€2NHAt5.

Vay v6i mdi m > mg, mdi 1 <i < N dé d; > 0 vamoit € [0,7T], ta cé:

N62NHAt

t
K
/ VU [y ds < g’“emﬂﬁ + =9 (3.3.42)
0 ) )

t N t
Ky +No§
a th 3.3.40)) thi mi2gg < m12d TR0 T 2N Hat
v theo [ ieas < 3 [ e < S

nén v6i moi m > mg va 1 <1 < NN sao cho d; > 0, ta co:

T ONHAT
Kx, ong,r , Ne= 74 Kx, + No onpg.r
m L d < 0 A 5 0 A
/ s < G2 T+ S e

Ky 1 1
at )VeXNHAT 4 1 (A, D,i,T)§ < +o0,

<
- 2 (d +NHA

voi C1(A, D,i,T) = ( + 21; )e2NHAT > (),
Vay véi moi m > mg vai dé d; > 0, ta c6 u* € L*(0,T; HY(Q)) va

K 1 1
i || 20,085 () < \/ 2X°(d + NHA)eQNHAT+Cl(A D,i,T)o.
(3.3.43)

D61 voi v = (ul*)'(t), cach xay dung u! cho ta tap T,, C [0,T] sao

?

cho 1 ([0, 7] = T,,,) =0vavéimdi 1 <i < N, t €T, va ¢ € E,, ta co:

N
/szmqﬁda:: /Q(ugn)’(t)gbda: = —di/QVu;"V(bder;aij(t)/gu?lgbdx.

Bay gig, ta xét moi m € N* sao cho m > my:

e Khid; > 0: V6imdit € T, xét méi ¢ € H'(Q2) sao cho ||| g1y < 1
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thi chiéu vuong géc ¢ lén khong gian con hitu han chiéu FE,, trong
HY(Q) cho ta ¢1 € E,, v& ¢3 € HY(Q) sao cho ¢ = ¢ + ¢ va
(U), gbg)Hl(Q) = 0 v6i moi w € F,,. Khi dé:

ol ) < |9l]a@) < 1.

Dong thoi v"(-,t) € E,, va theo (3.3.30), ta ¢6 Sq(E,,) C E,, nén
SQ(UZm(-,t)) € Em, Vi Vay (SQ(UZm(-,t)),(bg)Hl(Q) = 0. Két h(jp Vi
dinh nghia So, ¢1 € E,, va t € T}, ta dugc:

(W (- 1), 0) = (V] (-, 1), ) r2() = (Sa(v]" (-, 1)), &) (e
(Salol" (). 00)moy = [ o'nda

N

Do d6, két hop v6i bat dang thiic Cauchy-Schwarz, ta thu duge danh
gid sau: (chit ¥ rang |[Véu||frx )y + 101l* = [[é1]l7pq) < 1)

N
(1), 6) | < di / VP Vnda| + 3 Jay ()] | / W1
Q . Q
j=1
N
< |V ey IVl Ly + Ha 3 ]
j=1

N
< | V|| ey + Ha Y [,
j=1

N
Vay || @) < dil [Vl rz s + Ha > ||| voi méi t € T,
=1
N

Do d6 |[v]"[|Fs1(ay)- < 267V |[F 2y +2HA () [[uf]])?, dan dén:
j=1

N
=1
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Do 11([0,T] — T;,) = 0 nén déng thitc sau ding h.k.n trén [0, T7:

N
o2 @y < 22|V U |[Faoyyy + 2HAN Y |lul|P. (3.3.44)
j=1

LAy tich phan trén [0, T] hai vé clia bat dang thitc (3.3.44)) va sit dung
(3:3.40), (3.3.42), ta dugc:

g 2
/0 03" [ )

T N .7
§2d§/0 |\VUT|\%L2(Q))th+2HjNZ/O a2t
=1

Ky N 2N HAT Ky + N6
< 2d2 0 2NHAT 5 2H2N 0 2NHAT
< 24, 2d; R |+ 2H, ONH, ©

= Kx,(d; + Hp)e* 4T 4 Cy(A, D,i,T)5 < 400,

v6i Co(A, D,i,T) = (2d; + Ha)Ne*NHaT > (),
Nhu vay v € L*(0,T; (H'(2))*) va:

||’UzmHL2(O,T;(H1(Q))*) S \/KXo(dl + HA)@QNHAT + 02(14’ D) i, T)5
(3.3.45)

e Khi d; = 0: V6i mdi t € T, ta c6 v/*(-,t) € E,, nén:

N N
o = [ oorde =3 a(e) [ e < Ha S e,
Q ; Q
7=1

j=1
N N
nen [[v}"|] < Ha Y ||u'|], dan dén [[of"(]> < HZ) [luf|)* <
j=1 j=1
N N
HAN Y [[uf|*. Do i ([0, T)=T;,) = Omen [of"|[* < HZN Y ||u}|?
j=1 j=1

h.k.n tréen [0, 7). Lay tich phan trén [0, T] hai vé bat dang thic trén
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va st dung (13.3.40) ta dugc:

T N o1
Kx, + N§
ml|2 2 mi|2 2 Xo 2NH AT
/0 I|v! ||dt§HANj§:1:/O [ |Pdt < HAN=5—— e

Hi(Kx, + NJ) GINHAT
2

< +00.

Nhu vay v € L*(0,T; L*(2)) va:

K N
0" | 20,0 02(0)) < (\/HA( 2X° - 55)) eNHAT (3.3.46)

Budc 3: Liy gi6i han ctia nghiém xap xi dé dugc nghiém yéu:

Theo céac chiing minh trén, véi moéi 6 > 0 va mgs 6 (3.3.36)), v6i moi m >
mg, day ham vecto X,,, = {(uf", ..., u¥) bmens va Yy, = {(0", ..., 0%) bonen

xay dung nhu trén théa man:

e Khi d; > 0 thi ta c6 diay ham {u”} C L*(0,T; H(Q)) cing v6i
{v"} € L*(0,T; (H'(2))*) déu bi chan.

e Tuong tuy, khi d; = 0, ta c6 day ham {u""} C L*(0,T;L*(Q)) va
{v} C L*0,T; L*(2)) déu bi chan.

Vi vay, lan lugt ton tai cac day con la {X,, } = {(uf™, ..., u}*)} va

{Yi. } = {(™, ..., 0")}, trong d6 my < ma < ... v& klim my = 400
—00

cing véi X = (uq,...,uy)vayY = (vy,...,vy)saochovéimoil <i < N,

ta c6 u; € L*(0,T; HY(Q)) va v; € L*(0,T; (H'(22))*) khi d; > 0 cling v6i
u; va v; € LQ(O,T; L2(Q)) khi d; = 0 va:

e Khi d; > 0 : u/™ — wu; trong L*(0,T; H'(Q)) va v/"™ — v; trong
L*(0, T3 (H'(2))"),

e Khid; =0:u™ — u; vav]™ — v; trong L*(0,T; L*(Q)).

Tiép theo:
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Vi mdi 1 < i < N: Xét mdi Ny € N* va ham w € CY([0,T], H(Q))

c6 dang:
No
(,U(-, t) = Z fk(t)gka
k=1

v6i cac ham {f*(t)}1<r<n, tron. Khi d6, véi mdi m € N* sao cho m > Nj
thi méi ¢t € T}, thoa man w(-,t) = S_0°, f*(t)gr € E,, nén:

N
/vzmwdx: —di/ Vu{-”dex—l—Zaij(t)/udea:,
0 0 0

j=1

N
nén / v'wdx = —di/ VuZmedstrZaij(t)/umwd:C h.k.n trén [0, T
Q 0 Q

J
J=1

(dO Ml([()?T] - Tm) - 0)

Dé tiép tuc, ta trudc hét xét trusng hop d; > 0. Khi dé:

T T T N
/ (v, w) dt = —di/ /Vui”de:cdtnL/ Zaij(t)/u?lwdxdt,
0 0o Jo U 0

(3.3.47)
va ta da ching minh ¢ trén rang véi mdi ¢ € C°(0,T), ta co:

- / W (#)dt = / o)t trong (HL(Q))".
0 0

Do klim my, = +oo nén c6 ky € N* dé m; > Ny v6i moi | > k. Vi vay, véi
— 00

T T

wi [ > ko, ta c6 — / W (#)dt = / oMab(t)dt trong (HL(Q))* v
0 0

moi ¢ € C°(0,T) v

Vi vay, cho | — oo trong cac ding thic trén, ta dudc:

T T T N
/ (v;, w) dt = —di/ /Vuinda:dtJr/ Zaij(t)/ujwdxdt,
0 0o Jo U Q
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va — [T (8)dt = [ vab(t)dt trong (H'(Q))* v6i méi ¢ € C(0,T).
Ma theo b6 dé [10], tap cac ham ¢6 dang nhu w & trén trit mat trong ca
L*(0,T; H(Q)) nén véi mdi w € L*(0,T; H()), ta dugc:

T T
/ (v;, wy dt = —di/ /Vuindscdt—F/ Zaij(t)/ujwda:dt,
0 0o Jo 0 ‘= 0

(3.3.48)

va v; 1a dao ham yéu theo ¢ clia u;, tiic 1a dyu; = v; h.kn trén [0, T7.

Lap luan tuong tu nhu trén trong trucsng hop d; = 0, chi thay "w €
L0, T; HY(Q))" béi "w € L*(0,T; L*(2))", ta duge dyu; = v; h.k.n trén
[0, 7] va dang thiic sau véi méi w € L2(0,T; L2(Q)):

T T N
/ (v, w) dt:/ Zaij(t)/ujwdxdt.
0 U 0

Nhu vay w; € L*(0,T; HY(Q)) cing dyu; = v; € L*(0,T; (H*(2))*) khi
d; > 0 cling nhu u; va Ou; = v; € L*(0,T; L*(2)), titc 1a ta c6 ham s6
u; € WH2(0,T; L3(Q)) = HY(0,T; L?(Q)) khi d; = 0 nén theo lan lugt bo
dé [ (khi d; > 0) va bé dé[f] (khi d; = 0), ta duge:

u; € C([0,T]; L*(Q)) véimdi i € {1,...,N}.

Vay ta duge u; € C([0,T]; L*(2)), hon nita u; € L*(0,T; HY(2)) va Ou; €
L0, T; (HY(2))*) khi d; > 0, dong thai u; € HY(0,T; L*(Q)) khi d; = 0

va két hop véi (3.3.48)), ta duge:

Khi d; > 0 thi v6i moi w € L*(0,T; H(Q)), ta co:

T T T N
/ (Opui, w) dt = —di/ /VuindxdtnL/ Zaij(t)/ujwda:dt
0 0o Ja 0 5 0

= Bi(uq,...,uy,w(-t),1t), (3.3.49)
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con khi d; = 0 thi v6i moi w € L%(0,T; L*(Q)), ta c6

T T N
/ / Opuwdxdt = / Z ai;(t) / uwjwdrdt = Bi(uy, ..., un,w(-t),t).
0o Jo U Q

(3.3.50)
Hon nita, v6i moéi 1 < ¢ < N, ta ching minh u;(-.0) = u; o nhu sau: (tuong
tu nhu trong [4, trang 357])
Dau tien, ta xét d; > 0. Khi d6, véi méi w € CL([0,T]; H*(2)) sao cho
T
w(+,T) =0, theo (3.3.49) ta c6 / (Opui, w) dt = Bi(uy, ..., uy,w(:,t),1).
0

Do do, véi cha ¥ rang w(-,T) = 0, ta co:

T
—/0 (O, ws) dt = Biun, .., uyes (), 8) + (il 0), (- 0)) (e,
(3.3.51)

va tuong tu, két hop (3.3.47) v6i pul* = vf*, véi mdi m € N*| ta co:

T T T N
/ (O], w) dt = —di/ /Vu;-"dexdt—l—/ Zaij(t)/ug-”wdxdt,
0 0o Jo 0 Q
T T
nén —/ (Opw, u]"y dt = —di/ /VuZmedxdt
0o Jo

/ ZaZJ ) [ et + (0 (.0).0(.0) 20

Thay m béi my, trong dang thic trén rdi cho k — oo véi chd ¥ ring

™ (-, 0) = wiol| < [|u™ (-, 0) = wiol|m ()

mg
= || Z(Uz‘,07gh)H1( ) 9n — Uiol|mi(e) — 0 khi k — oo,
h=1
2 .l
tic 1a u)™ (-, 0) — wu; o trong L*(2) va u™ POLL) u;, ta dugc:

T T T N
—/ (Opw, u;) dt = —di/ /Vuind:Cdt—F/ Zaij(t)/ujwda:dt
0 0 JO U )
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+ (ui707 W(', 0))L2(Q) — Bi(ula ) Cd(', t)7 t) + (ui,()) Cd(‘, 0))L2(Q)
(3.3.52)

Tu (3.3.51)) va (3.3.52)), ta dugc (’LLZ'(',O),CU(',O))LQ(Q) = (u¢70,w(~,0))L2(9)
hay (u;(+,0),w(-,0)) = (uip,w(-,0)) véi moi w € C([0,T]; H'(£2)) sao
cho w(-,T) = 0. Do w(-,0) 1a tuy ¥ trong H'() nén ta dugc u;(-, 0) = u;p.

Lap luan tuong tu khi d; = 0, chi thay "w € CH([0,T]; H(Q))" béi
"w € C(0,T]; L2(Q)", thay "u O M
u;", ta duge u;(+,0) = w; o khi d; = 0.

Vay X = (u1,...,uy) la nghiem yéu ctia he ting véi X.

Ngoai ra:

2 L*(
w;" bdi " umE

1

e V6i d; > 0 va moi ¢ € HY(Q) : Khi do, v6i mdi ¢p € C°(0,T), thé
w= ¢y € L*(0,T; H(Q)) vao dang thic (3.3.49), ta dugc:

T T N
/O (Opui, ) pdt = /0 (—d; /Q Vuiv¢dx+;a¢j(t) /Q wjpd)ibdt,

nén (Qwu;, ¢y = —d; /VuZngdx + Zam /ujqﬁdx h.k.n trén
[0, T, tic 1a (2.2.5) duge ching mlnh.

e Khi d; = 0: V6i moi ¢ € L*(Q2), lap luan tuong tu ta duge (2.2.6)).

Dong thoi, véi nghiem yéu Z = (21,...,2y) bat ki ctia he (0.0.1) ing
v6i diéu kien ban dau Xy = (u1yp,...,unp), tit dang thic dinh nghia

nghiém yéu (3.3.26), ta c6, v6i moi i € {1,...,N} sao cho d; > 0 va
w e L*0,T; HY(Q)) hodc d; = 0 v w € L3(0,T; L*(Q2)):

foT (Opzi,w) dt khi d; > 0,

T
./ Bi('zla"-)ZNaw('?t)ﬂt)dt: T
0 Jo Jo Orziwdzdt khi d; = 0,
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Dic biet, véi méi ¢y € [0,7T], st dung ham w nhu sau:
w(+,t) = zi(+,t) néu t < ty, w(-,t) =0 néut > t,

ta dugce, véi moi i € {1,..., N} va moi tg € [0,7] :

1

to 1
/O Bi(zlu <oy 2N, Zi('? 8)7 S)dS - 5”22(71;0)”2 - §Hui70‘|27

va két hop véi bd dé [18] vai méi ¢ € [0, T, ta dugc:

N N
1 1
32l =53 ol = [ ZB 1y 2 i), )i
<[ Zmuzzuumznzm s = (1 Naw) [ anjws,
7j=1 =1

hay k'(t) < 2(va + Naa)k(t) + Kx, = 2NH4k(t) + Kx, trong dé6 ham
= fg SV 2] |Pds. Tix day, lap luan twong ty nhu déi véi ham k,, (t) =
fot SV |[u|[?ds 6 Buwéce 2, chi thay ham u/® béi z; va thay Kx, + N
bdi Kx, , ta dugc danh gia sau:
N

lezz, WP =K(t) < Kx, @™ = " ugof P4 (3.3.53)

=1

Duy nhét:

Gia sit Z = (21,...,2y) cing la nghiem yéu ctia he (0.0.1) tng véi X, =
(ulo,.. uNo) KhidéS:X—Z:(ul—zl,.. UN—ZN):(Sl,...,SN)

14 mot nghiém yéu clia hé ting v6i Sy = (0,...,0). Do d6, 4p dung
danh gia (3.3.53) cho S, v6i mdi t € [0, 7], ta dugc:
N
ZHUZ ) =z O = s D)7 < ZHOHQ At = 0.
i=1

Vay ui(x,t) = zi(z,t) hkn tréen Q v6i méi 1 <7 < N vambi t € [0,T].

Cac danh gia dinh lugng cho nghiém yéu:
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V6i moi 0 > 0 va my 6 (3.3.36)), theo chiing minh trén ta dugc:

e Khid;, > 0: u;™* LOLEE) w;, v LOLEEDT) vi, Opu; = v; hk.n

trén [0, 7] va v6i moi m > mg, ta co:

Ky, 1 1 ,
|| 20,101 (0)) < \/ 2X° (E + N—HA)GQNHAT + C1(A, D,i,T)9,

V" 20,7308 ())) < \/KXO(di + Ha)e?NHAT + Cy(A, D, i, T)).

L2(0,T;L*(9)) L2(0,T5(L*())*

: )*) e
e Khid; =0: u™ B ui, v — v; va voi moi m >

| K N§
HUTHL2(0,T;L2(Q)) < %GNHAT7

m Kx Hy
0" 20.m:22(0) < <\/ X; +HAN5) eNHAT

mg, ta co:

Thay m bdi my, 1di cho k — oo va § — 0 § céc bat dang thic trén, két

hop véi (3.3.53)), ta duge cac danh gia sau:

N N
. Z/Q i, DPdz = 3 Jlus( )] < Kx,e™ 120 v6i moi ¢ € [0, 7).
=1 1=1

e V6imédil <i <N, tacod HUZ‘HC([O,T];LQ(Q)) < KXoeNHAT.

e Khi dz > O, ta co HuiHLz(O,T;Hl(Q)) < \/K;O(d%—}_NLm)eNHAT Vi

Okuill 2 0.7 (@))) = |vill L2y @))r) € vV Ex,(di 4+ Ha)eM AT,

o Khi dz = 0, ta co cac bét déﬂg thie la ‘|uiHL2(O,T;L2(Q)) S A /2JI$T—XHOA€NHAT
> Kx H R
va [0l |2orz2 @) = lvill2orae) < <\/ X+A) eNHaT nen

uillmo.rz2 @) < (o + 54) v/ Eox e

e Tong khéi lugng: Thé ¢y = 1o € H'(Q) vao dinh nghia nghiem yéu
thi do V¢p = 0 nén v6i méi ¢ € {1,..., N}, ta duge dang thiic
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Jq Oruidr = Zjvzl a;j(t) [ou;dr hkn tren [0, 7). Lay tong theo i véi

chi ¥ ring 32N a;(t) = 0 trén [0, +-00) cho ta

8t(§;/g2uida:) = zjv;zjv;aij(t)/gujdx = f;(f; aij(t))/Qujda: =0

h.kn trén [0, 7] nén v6i méi t € [0,7], ta ¢6

N N ¢ N
u;dx — /uz da::/ 0 /uidx ds = 0.
;/Q ; o 0 t(; Q )

N N
Vay v6i méi t € (0,77, ta c6 Z/ u;dr = Z/ u;odx = M.
i=1 /9 =1 /0

Nghiém yéu khéng am véi diéu kién ban dau khéng am:
o) day, ta sé chi ra rang, v6i méi 7' > 0 va dieéu kien dau X, > 0, nghiém
yéu X = (uy,...,uy) ciia he (0.0.1)) khong am hau khip noi, cu thé la:
ui(z,t) > 0 hkn trén Q v6iméi 1 <¢ < N vaméit € [0,7].
That vay, do X = (uq,...,uy) la nghiem yéu ctia he (0.0.1) nén u; €
C([0,T); L*()), Owu; € L*(0,T; (HY(Q))*) va u; € L*(0,T; HY(Q)) khi
d; > 0 ciing nhu v; € HY(0,T; L*(Q)) khi d; = 0. Tiép theo, véi ham
phan am u; (z,t) = —min{w;(z,t),0} tic la u; = —u; I, <o) trong do
110,<0y (1) = 1ipequy(ap<0y () v6i mdi t € [0,T7],

thi w; : [0,7] — L*(Q) v6i:

lu; | = |ui] 1gy,<0p < |w;] hkn trén Q v6i moi t € [0,77,

va khi d; > 0 thi v6i moi ¢ € [0,T7], ta c6 Vu; = Vu; 1,y cing véi

HVU/Z_H%LQ(Q))N = HVUZH%LQ(Q))N 1{ui<0} S Hvuz_H%LQ(Q))N h.k.n trén Q,
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(day 1a tinh chat so cip clia khong gian WP, xem chang han bai tap 17

trong [4]) va:
|u2| — U,
2 Y
nén két hop véi u; € C([0,T]; L*(Q)) v6i moi 1 < i < N va u; €

L*(0,T; HY(Q)) khi d; > 0, ta thu duge u; € C([0,T]; L*(2)) v6i moi
1<i< Nvau; € L*0,T; H(Q)) khi d; > 0.

u; (+,t) = min{u,(-,1),0} =

Tiép theo, v6i mdi 1 < ¢ < N, theo dinh nghia nghiém yéu, véi moi
w e L*0,T; HY(Q)) khi d; > 0 v& moi w € L*(0,T; L*(Q)) khi d; = 0, ta

co:

foT (Opui, w) dt khi d; > 0,

T
Bi(uq,...,uy,w(-t),t)dt =
/0 fOT fQ (‘9tuiwdt khi dZ = O,

nén véi mdi s € [0, 7], do u; € C([0,T]; L*(Q)) va u; € L*(0,T; HY(Q))

khi d; > 0 nén trong dang thic trén, st dung ham w dinh nghia nhu sau:
w(+,t) =u; (,t) néut <s, w(-t)=0néut > s,

thi v6i mdi s € [0,77], ta dugc:

s {(Opu;, —u; ) dt khi d; > 0,
/ Bl(ul”u]\“_uz_(;t),t)dt: fO < t i >

O I3 fo, Oui(—u; )dt khi d; = 0,
trong do:

e Khi d; > 0, do w; = u —u; va (O, —u; ) = 0 nén véi mdi

t €[0,7T], ta co:
(Oui, —u; ) = (O, —u; ) + (Op(—uy ), —u; ) = (Bp(—u; ), —uy ).

e Tuong tu, khi d; = 0 thi do dyu; (—u; ) = 0 nén véi mdi ¢ € [0, 7],
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ta co:
/ Oyts (—u ) — / (O~ ))(—u V.
Q Q
Do d6: (cha y —u; (-,0) = min{u,(-,0),0} = 0 do w;(-,0) = u; 9 > 0)

1 1 1
Sl ()12 = Sl =0 G = 5l = 0l

o (0 (=), —u7> dt = [ (Oyus, —u; ) dt khi d; >0
Jo Jo(Ou(—=u))(—u; )dxdt = |3 [o, Qui(—u; )dadt khi d; = 0
:/ Bilun, - uns —ur (1), D)dt,
0

va theo b6 dé 18] véi aq = 1Hy va y4 = SN Hy, trén [0, 7], ta co:

Bi(uy, ..., un,—u; (+,t),t) < Bi(—uy,...,—uy, —u; (-,1),t)
N N

<aad | —ui P +7all = ui [P < (aa+7a) Z Jui |,
j=1 =1

nén véi moéi s € [0, 77, ta co:

1, _ 9 s _

llur (9)lIF = | Bilur, ... uw, —ui (1), )dt

0
g/ Bi(—up, ...~ —ur (- £), )t < (s + 74) / Zuu 2dt,
0
1 f
tiic 1a ta co §Hu;(-,s)\|2§(0z,4+’m)/ ZHuﬂthvéi moi 1 <i< N
0

j=1
va mdi s € [0,T]. Cong vé véi vé theo i cdc bat dang thiic trén, ta dugc:

N N
1 _ § _
52”’% (- 8)l1* < N(aa +7a4) i > s P,
i=1 i=1

tidc 1a 7' (s) < 2N (aa + va)h(s) tren [0, T] v6i h(s) = [; doi, N ||t

Ap dung bat d&ng thiic Gronwall dang dao ham va h(0) = 0, ta thu
duge 0 < h(s) < h(0)e2N@at14)s — 0 nen h(s) = 0 véi mdi s € [0,7],
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vi vay 0 < ZHu 5 8)|[2 = B(s) < 2N(aa + va)h(s) = 0 tic la

ZHu - 8)|[* = 0 tren [0,T]. Vay min{u,(z,t),0} = —u; (2,t) = 0
h.k.n tren 2 v6i moi i € {1,..., N} vamoi t € [0,7], tic la:

Véimoi 1 <i< Nvatel0,T], taco u(z,t) >0 hkn trén . O]
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KET LUAN

Trong luan vian nay, dya trén phuong phap entropy va két qua da thu
duge tur [3] ctia nhom thay Tang Quéc Béo, ching t6i da thuc hien duge

nhitng noi dung sau:

e Dua ra cong thiic do mat mat ciia entropy khi hé s6 phan tng 14 ham

s6 phu thuoc thoi gian va hoi tu khi thoi gian tién dén vo cluing.

e Dua ra chin duéi cu thé cho do méat mat clia entropy theo téc do hoi

tu ctia hé s6 phan ting.

° Ap dung phuong phap entropy dé chiing minh su hdi tu vé trang thai
can bang clia hé va dua ra mot s6 danh gia dinh luong vé bac hoi tu
theo thoi gian ciia hé vé trang thai can bang theo tdc do hoi tu cla

hé s6 phan tng.

e Chiing minh sy hoi tu vé trang thai can bang theo cap liiy thia cia
hé khi hé s6 phan tng hoi tu theo cap liiy thita, md rong két qua
tuong tu trong [3].
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