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L.oi cam doan

Téi xin cam két rang ndi dung trong luin vin nay 13 két qua cia qua trinh
tim hi€u, hoc hdi va trau ddi kién thic ca nhan, dugc thuc hién duéi su huéng
dan tin tAm cta TS Lé Hai Yén. Tat c cc két qua nghién cifu va y tudng tit
cac tac gia khac, néu c6 sit dung, déu dugc trich dan r6 rang trong luan vin.
Pé tai nay chua tiing dudc bao vé trude bat ky hoi dong bao vé luan vin thac

s nao. Toi xin hoan toan chiu trach nhiém vé nhiing cam két néu trén.
Ha Noi, thdang 10 nam 2024
Tac gia luan van
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L.oi cam on

Trudc tién, tdi xin bay to 1ong biét on siu sac nhat dén TS Lé Hai Yén,
ngudi da khong chi tan tinh huéng din ma con truyén cdm hiing cho tdi trong
subt qua trinh x4c dinh dé tai va dinh hudng nghién ctiu cho Luin vin nay.
Duéi su huéng dan day tAm huyét va quan tim ctia co, tdi da c6 co hoi tiép
can mot cach sau sic va chan thuc véi con dudng nghién ciu khoa hoc. C6 da
luén quan tAm, gidp d6, dong vién toi rit nhiéu trong sudt qua trinh hoc tap
va nghién ctiu d€ t6i c6 thé hoan thanh Luén vin.

Toi ciing xin gt 15i tri 4n chan thanh dén tit ci cac thay co6 di gidng day
va trang bi cho t6i nhitng kién thifc quy bau trong qua trinh hoc tip va nghién
cuu. Pac biét, toi xin cam on Vién Toan hoc va cd s6 dao tao Hoc vién Khoa
hoc va Cong nghé, Vién Han 1am Khoa hoc va Cong nghé Viét Nam da tao
diéu kién thuan 10i, mdi trudng hoc tip chuyén nghiép va diy cdm hing cho
toi.

Cubi cling, toi xin chan thanh cAm on Quy VINIF da hd trg tai chinh trong
niam dau tién clia chuong trinh Cao hoc, mang lai cho to6i khong chi ngudn luc
ma con 1a dong Iuc 16n dé tiép tuc theo dudi dam mé nghién citu khoa hoc.
Moi sy hé trg tir Quy VINIF 1a dong luc gitp tdi tién xa hon trén con dudng

hoc tap va phat trién ban than.
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M6 dau

Phuong phdp tdi thiéu luan phién (alternating minimization method) 1a
mot trong nhitng phucng phdp cd dién va quan trong ciia Ly thuyét Toi uu.
Pugc dé xuit ban dau dé giai quyét bai toan cuc tiu ciia ham hai bién, phuong
phap nay di dudc md rong va phat trién d€ ap dung cho bai todn tdi thi€u véi
nhiéu bién sb. Y tudng chinh ctia thuit todn 1a tai mdi budc lip, ta thuc hién
t6i wu héa ham muc tiéu theo mot tip hop con clia cac bién trong khi gitt cd
dinh c4c bién con lai, nham gidm dan gia tri cda ham muc tiéu. Quad trinh nay
lip di 1dp lai cho dén khi dat dudc mot tiéu chi ditng nao d6, thudng 1a khi
thay ddi gia tri ham muc tiéu gitta hai budc lién tiép 12 nhd hon mot ngudng
nhat dinh. Phuong phap tdi thi€u luan phién da ching té tinh linh hoat va hiéu
qué trong nhiéu bai toan tdi wu khac nhau, nhu bai toan phan cum K-Trung
Binh, khoi phuc ma trin, phan tich ma trin, va nhiéu linh vuc khédc cta khoa
hoc va ky thuat.

Phuong phdp nay khong chi ¢6 y nghia vé mit ly thuyét ma con c6 nhiéu
ting dung thuc tién. Nam 1973, Powell di nghién ctiu sau hon vé phuong phap
nay va dua ra cac vi du minh hoa riang ddy lip sinh b&i phuong phap cé thé
khong hoi tu dén diém cuc tiéu toan cuc khi chi xét theo tling toa dd ([1]).

Tuy nhién, nhitng phat hién nay ciing md ra co hdi d€ cai tién phuong phap



X

bing cach 4p dung céac diéu kién hoi tu bd sung hoic st dung cac chién lugc
lya chon bién linh hoat hon. Vao nhitng nim 1980, Csiszar va Tusnady da
chitng minh dugc su hdi tu ctia phuong phdp d6i v6i ham hai bién trong mot
s6 truong hop nhat dinh, tir d6 mé dudng cho viéc nghién ciiu tinh hoi tu va
on dinh cta phuong phdp trong cdc bai toan nhiéu bién phic tap hon (xem
trong [2] va céc tai liéu tham khao trong do).

Trong nhitng nim gan day, cdc nha nghién citu da tip trung vao viéc phat
trién va cdi tién phuong phap tdi thi€u luan phién dé€ ddi phé véi cic bai todn
c6 quy md 16n va cé céu tric phiic tap hon. Trong bai toan phan cum K-Trung
Binh, mdt trong nhitng ng dung phd bién nhit clia phuong phap nay, cic
phién ban cai tién di dudc phat trién d€ ting tdc do hoi tu va nang cao dd
chinh x4c, nhu dudc trinh bay trong [3]. Pdi vdi bai toan khdi phuc ma tran,
phuong phap nay da dugc ing dung thanh cong trong viéc xay dung cac thuat
todn hiéu qua d€ khoi phuc ma tran tif cdc dif liéu quan sat khong day da,
trong d6 nghién cifu ctia Hastie va cdc dong tac gid [4] di mang lai nhiing
budc tién dang ké.

Phuong phép tdi thi€u luan phién ciing dong vai trd quan trong trong cc
bai toan phan tich ma tran, v6i nhiéu ting dung da dang nhu xd ly anh, hoc
mady, va khai pha dit liéu. Nhitng nghién cifu méi nhét tiép tuc tip trung vao
viéc cdi tién cdc tiéu chi hdi tu, tdi uu héa thuit toan d€ gidm thiéu sb bude
1idp can thiét, va tich hdp cac k¥ thuat hoc siu dé xi 1y cac bai todn 16n véi dit
liéu c6 cAu triic phiic tap. Do d6, viéc nghién ctiu sau hon vé phuong phép t6i
thiéu luan phién va ting dung ctia né khdng chi ¢é y nghia ly thuyét ma con

mang lai nhiéu gid tri thuc tién trong viéc giai quyét cac van dé toi uu hda



hién dai.

Trong luan viin nay, ching toi sé tim hi€u vé phuong phap nay va nghién
ctfu su hoi tu clia né dudi mot so diéu kién. Pong thdi, ching tdi cling sé xem
xét phuong phdp nay trong mot vai mo hinh cu thé. Luén viin dudc chia thanh

cac chuong nhu sau:

 Chuong 1: Trinh bay cac khai niém va ky hiéu co ban trong 1y thuyét
t6i wu, gidi thidu chi tiét vé phuong phdp tdi thi€u luan phién va cic tinh

chat hoi tu cua no.

» Chuong 2: Nghién cifu ting dung ctia phuong phap tbi thiéu luan phién
trong bai toan phan cum K-Trung Binh, bao gdm viéc so sdnh véi thuét

toan Lloyd truyén thong.

* Chuong 3: Gi6i thi€u va ap dung thuat toan bai toan khoi phuc ma tran,
trinh bay mot phién ban nhanh cua thuét toan luan phién phan tich su hoi
tu va do phic tap tinh todn ctia thuit toan. Cudi cung, ching tdi so sanh
bang thuc nghiém gitta hai phuong phap ti thiéu luan va phién ban cai
tién ctia né cho bai toan khoi phuc ma tran.

Trong luin vin nay, ching tdi dong gép viéc tién hanh céc thi nghiém

trén ngdn ng 1ap trinh Python.



Chuong 1
Phuong phap t6i thiéu luan phién

Chuong nay chiing toi trinh bay vé phuong phdp tdi thi€u luan phién, mot
ky thuat phd bién dé gidi quyét cac bai toan tdi uu phic tap thong qua viéc
chia nho va tdi vu tiing phan. Clu triic chuong dugc trinh bay theo thif tu sau:

« Muc 1.1: Trinh bay mot s6 khai niém va ky hiéu quan trong trong t6i uu.

e Muc 1.2: Gidi thiéu vé phuong phép ti thi€u luan phién va cich thic
hoat dong.

e Muc 1.3: Trinh bay khdi niém cuc ti€u tiing toa dd va nghién ctu su hdi
tu cta day lip dén diém cuc ti€u ting toa do.

 Muc 1.4: Trinh bay cich 4p dung t6i thi€u luan phién cho ciac mé hinh
hon hdp. Phan tich sy hoi tu ciia phuong phap cho md hinh nay trong
diéu kién 16i.

NoOi dung chuong nay dugc tham khao tur tai liéu [2].
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1.1 Cac khai niém va mot so ki hiéu

Trong phan nay, chiing toi tap trung vao cac ham gid tri thuc mé rong,
trinh bay mot s khai niém quan trong va két qua co ban trong 1y thuyét Toi
wu. Ta ki hiéu khong gian vector [E 1a khong gian Euclid ¢6 chuan duge dinh
nghia ||z|| = \/(x, z), trong d6 (-, -) la tich vd hudng dudc trang bi cho E.
Dinh nghia 1.1. Cho ham gi4 tri thuc mé rong f : E — [—o00, 0c], mién xdc

dinh dudc dinh nghia bdi tap:
dom(f) ={x e E: f(x) < oo}.

DPinh nghia 1.2. Tap trén do thi (epigraph) ctia mot ham gid tri thuc mé rong

f: E — [—00, 0] dugc dinh nghia bdi:

epi(f) ={(x,y) : f(x) <y, x € E,y € R}.

Pinh nghia 1.3. Mot ham [ : E — [—o0, co] dugc goi 1a ham chinh thudng
(proper) néu n6é khong dat gia tri —oo va ton tai it nhit mot diém x € [ sao
cho f(x) < o0.

Dinh nghia 1.4. Motham f : E — [—o0, 0o] dugc goi 1a déng néu phan trén
dd thi ctia n6 1a tap déng.

Vidu 1.5. Véi tap con bat ky D C E, xét ham f dudc dinh nghia 12 ham md

rong gia tri thuc nhu sau:



Khi do, ta co:

dom (f) =D

Tap trén do thi cta f 1a

epi(f) = {(x,y) :x € Dvay > 0}.

Ham f 12 ham chinh thudng néu D khéc réng. Ham f 12 ham déng néu epi( f)
dong, nghia la D la tap dong.

Pinh nghia 1.6. Mot ham f : E — [—o0, 0o] dugc goi 1a nia lién tuc dudi
tai x € E néu

f(x) <liminf f (x,).

n—oo
v6i moi day {x,},-; € E sao cho x,, = xkhin — co. Motham f : E —
[—00, 00| dudc goi 1a nita lién tuc dudi néu no nia lién tuc dudi tai moi di€ém

trong .
Pinh nghia 1.7. Vi moi o € R, tdp muc o cia mét ham f : E — [—o0, 00]
la tap
Lev(f,a) ={x € E: f(x) < a}.

Pinh nghia 1.8. Mot ham gia tri thuc mé rong f : E — [—o0, oo] duge goi
12 ham 16i néu phan trén do thi epi(f) 12 mot tap 16i.
Pinh nghia 1.9. Mot ham gia tri thuc mé rong: [ : E — [—o00, oo| dude goi
12 ham 16i khi va chi khi:

fOx+ (1 =XNy) < AfxX)+ (1 =XNf(y), Vx,yeE Xe]01].

DPinh ly dudi day chi ra st tuong duong tinh dong, nia li€n tuc dudi va tinh

dong cuia tap muc.
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Pinh Iy 1.10. Cho f : E — [~00, 0o]. Khi d6, ba ménh dé sau diy 1a tuong
duong:

(1) f la nda lién tuc dudi.

(ii) f 1a ham dong.

(ii1) V6i moi o € R, tap muc
Lev(f,a) = {x € E: f(x) < a},

la tip dong.
Pinh nghia 1.11. Gia st f : E — (—o00, 00| la mdt ham chinh thutng va
x € dom(f). Mot vector g € E dudc goi la dudi dao ham cda f tai x néu
fly) = f(x) + (g, y —x) véimoi y € E.
DPinh nghia 1.12. Tip hop tt ca cic dudi dao ham clia f tai x dugc goi 1a

dudi vi phan cla f tai x va dugc ky hiéu la 0 f (x):

Of(x)={g€E": f(y) =2 f(x) + (g y —x) véimoiy € E}.

Pinh ly 1.13. Gia st f : E — (—o0, oo 1a mot ham chinh thuong va dong,
va C' 1a mot tdp compact théa man C' N dom(f) # 0. Khi do:
(a) f bi chan dudi trén C'.

(b) f dat gid tri nh6 nhit cta né trén C.

Chitng minh. (a) Ta sé chiing minh bing phan chiing. Gia st ring ham f
khong bi chiin dudi trén tap C'. Diéu nay c6 nghia Ia ton tai mot day {x,, },>1 C

C' sao cho

255, xn) = —oo.



Vi C' la tap compact, ta c6 thé ldy dugc mot day con {x,, }1>1 hoi tu dén
mot difm x € C.

Theo dinh nghia 1.6, ham f 1a nta lién tuc dudi, do do

f(X) < liminf f(x,,),

k—00
diéu ndy mau thuan v6i phat biéu trén.

(b) Ta ky hiéu fop la gia tri can dudi cua ham f trén tap C'. Khi do6 ton tai
mot day {x;,},>1 sa0 cho f(x,) — fopt kKhi n — oo. Tuong tu nhu trén, 12y
mot ddy con {X,, }z>1 hoi tu dén mot diém X € C. Do tinh nifa lién tuc dudi
clia f, suy ra ring

f&) < lim f () = fopt,

k—o00

chiing t4 ring X 12 mot diém cuc ti€u ca ham f trén tap C. O

1.2 Gigi thiéu phuong phap

Cho Eq,Eo, - -- ,IE, la cac khong gian Euclide n chiéu. Xét bai toan

min F(x1,X9,...,X,). 1.1
x1€E ,x2€E,,...,x,€E, ( 1y 225 ’ p) ( )

Ta ky hiéu khong gian tich E = E; X Ey x - -- x E,,. D€ don gién, ta ky hiéu

X = (X1,X2,...,%Xp),

viét gon lai lax = (x;)7_,.

Trong phan nay, ta xem xét phuong phdp tdi thiéu luan phién trong d6 1an
lugt chon mot khéi theo chu ky va cip nhat gia tri méi cia khbi d6 bang mot
gid tri t6i thi€u cia ham muc tiéu ddi v6i khdi duge chon. Phuong phép ti

thiéu luan phién dé tdi thi€u F' dugc mo ta nhu trong thuat toan 1. Ta ky hiéu



gia tri 1an 1ip thi k bdi x* = (x’f, xb, ... Xl;). MBbi 1an 1ip cta phuong phap
t6i thi€u luan phién bao gdm p cac 1an ldp con va cac diy con clia c4c 1an lip

nay s€ dudc ky hi€u bdi cac day:

kO k(o k ok k
X" =xX" = (Xl,XQ,...,Xp) ,
k1 _ (o k+l Uk k
X" = (X1 ,X2,...,Xp),
k2 _ (Jk+l Jk+1l _k k
X — (Xl 7X2 ,X3,...7Xp)7 (1'2)
kp _ Jk+1 _ (Jk+1 k+1 k+1
x"P =x —(x1 Xy, X )
Thuét toan 1 Phuong phap t6i thiéu luan phién
Khéi tao x¥ = (x‘f,xg, . ,xg) € dom(F)
fork=1,2,... do
fori=1,2,... do
Xerl € argming g, F (X]erl, e ,ijll,xi,xf_i_l, e ,x];) . (1.3)
end for
end for

V6i moi i € {1,2,...,p}, ta dinh nghia ¥/; : E; — E la phép bién déi

tuyén tinh dudc cho bdi

U(d)=(0.....0. d_.0.....0)d<E,
khéi thit i
St dung ki hiéu trén, ta c6 thé viét lai budc tdng quat ctia phuong phép toi

thi€u luan phién nhu sau:
o dit x0 = xV;
e véii=1,2,...,p, tinh x* = xM~1 4+ 1, (Sf — Xf), trong do

y € argming g F (xk’i_l + U; (y — Xf)) ; (1.4)



o dat xFt = xkr,

Pinh ly duéi diy chi ra néu F' 1a ham chinh thudng va déng va c6 cac tap
mtc bi chiin, thi bai todn (1.1) ¢6 nghiém tbi wu. Khi d6 phuong phap t6i
thiéu luan phién 1a x4c dinh tot, nghia 13 c4c bai todn tdi vu (1.3) c6 nghiém
t6i uu.

Bo dé 1.14. Gia st ring F : E — (—o00,00] 1a mot ham chinh thudng va

déng. Gia st thém ring F c6 cac tip mic bi chiin; nghia I3,
Lev(F,a) ={x € E: F(x) < a},

12 bi chiin v6i moi o € R. Khi d6 ham F c¢6 it nhit mot diém cuc tiéu, va véi

moi X € dom(F) vai € {1,2,...,p}, bai toan

miI’lF(i—l—UZ’ (y—ii)), (1.5)
yeE;

c6 nghiém tdi vu.
Chiing minh. Lay x € dom(F). Khi d6
argming g F'(x) = argmin, p{ F'(x) : x € Lev(F, F(x))}.

Vi F'la ham déng véi cac tdp muc bi chdn, nén Lev(F, F'(x)) 1a compact. Do
do, theo Pinh 1y 1.13, téi wu F' trén toan bo khong gian ton tai mot diém tbi
uu.

Viham FL :y — F (X +U; (y —X;)) 1a chinh quy va dong véi cdc tap
muc bi chin, 1ap luin tuong tu cho thiy ring bai toan (1.5) ciing cé ton tai

mdt diém t6i vu. O]

Chu y rang chi can ton tai tdp muic « ctia F khéac réng bi chin thi ham F

¢6 diém cuc tiéu. Tuy nhién, diéu nay khong ddm bao véi X € dom(F) thi



ton tai mot tap muic ciia F2 bi chiin khéc rdng, tiic khong ddm bao FL ¢ diém

cuc ti€u. Xét vi du:

—1, r1 = a9 =0,
F(Xl,Xg) =

e®1%2  con lai.

Ta thay rang F' 12 ham chinh thudng déng, c6 tip mitc o« = —0.5 bi chiin khic
rong nén c6 nghiém tdi vu. Tuy nhién v6i moi X # O thi déu khong ton tai

mot di€ém cuc ti€u cho cac ham FL.

1.3 Khai niém cuc tiéu tirng toa do

Trong phan nay, ching ta xem khdi niém cuc tiéu tiing toa do va mot sb
diéu kién thuat toan tdi thiéu luan phién hdi tu t6i chuing.
Pinh nghia 1.15. Mot vector x* € E la cuc ti€u tling toa do ctia mot ham

F:Ey xEyx - xE, = (—00,00] néu x* € dom(F) va

F(x*)<F((x*4+Ul(y)) véimoii=1,2,...,p,y € E,.

Dinh ly tiép theo dua ra cac gia thiét vé ham muc tiéu dé ddm bdo su hoi
tu vé diém cuc tiéu ctia phucng phap.
Dinh Iy 1.16. Gia st ring F : E — (—00, 00| 1a mot ham chinh thudng va
déng, lién tuc trén mién xac dinh. Gid st ring
(A) v6i moi X € dom(F) vai € {1,2,...,p}, mingeg, F (X + Ui(y — X;)

c6 nghiém t6i vu duy nhét;



(B) cac tap mic cua F' bi chan, nghia la v6i moi a € R, tdc 1a tap
Lev(Fia) ={x e E: F(x) < a}
la bi chan.

Goi {xk } 1> & day dugc sinh ra boi phuong phép t6i thi€u luan phién (Thuat
toan 1) d€ t6i thi€u F. Khi d6 {x"} _ 1a bi chin, va bt ky di€m gi6i han
nao cla day nay 1a mot diém cuc tiéu ting toa do.
Chiing minh. Theo cach xay dung cuia thuét toan, day {F (xk) } >0 12 khong
ting, suy ra {x*} _ C Lev (F, F (x")). Theo diéu kién (B), day {x"} _ bi
chan, véi tinh dong ctia F' tacd { F' (x*) }, _ bi chan dudi. Khidé { F (x*)}, .
hoi tu t6i mot sO thue F nao d6. Vi F (x¥) > F (x*') > F (x"), suy ra
{F (x*')},., ciing hi tu t6i cung gid tri F.

Ta gid st X = (X1,X, . . ., X,) 1a mot di€m gidi han cta {x*} _ . Khi do,
ton tai mot day con {x" }jzo hoi tu t6i X. Vi day {x" ’1}].20 bi chin, ta lay
dugc ddy con {x" ’1}3'20 hoi tu, d€ don gian ki hiéu ta gia st rang {x" ’l}jzo

hoi tu va hoi tu t6i mot vector (v, X, . ..,X,) (v € E;). Theo cach xay dung

cua phuong phap,

ki+1 Kk . kj PN
F <X1J+ 7X2j7---;XI;J> < F(Xl,XQJ,...,X];J) véi batky x; € E;.

LAy gii han j — oo va st dung tinh déng cta F, ciing nhu tinh lién tuc
cta F trén mién xac dinh, ta c6
F (V,ig7 Ce ,ip) S F (Xl,ig, Ce ,fp) v6i béltky X1 € El.
Vi {F (x¥)}, ., va{F (x*')} _ hoitut6i cing mot gid tri, ta c6

F(V,ig,...,fp) == F(il,ig,...,xp),
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Theo tinh duy nhat ctia nghiém t4i vu dbi v6i khoi dau tién (diéu kién (A)) ta

suy ra dudc v = X;. Do do,
F(%1,%s,...,%,) < F(x1,%Xs,...,X,) v6ibatky x; € E,

diéu nay la diéu kién dau tién cho cuc ti€u tiing toa do. Ching ta da ching
minh ring x*»! — X khi j — oo. Lam tuong tu ta thay thé x"! b&i x* va

tap trung vao toa do thd hai dé thu dudc
F (21,22, ce ,fp) <F (fl,Xg,ig, ce ,ip) v6i bat ky x5 € Eo,

diéu nay 1a diéu kién thu hai cho cuc tiéu tiing toa do. Lam tuong tu cic khoi
con lai, ching ta ching minh ring X thda man tit ca cdc diéu kién cho cuc

ti€u tling toa do. O

Powell da dua ra mot vi du vé ham duéi day vi pham c4 hai diéu kién (A)
va (B) trong Dinh ly 1.16. Khi d6 chudi sinh ra bdi thuat todn khong hdi tu

t6i di€m cuc ti€u theo tling toa do:

+ly— 12+ [~y — 12+ [z =1+ [z — 12,
trong do

a néua >0,
la]4 =
0 con lai.

Tuy nhién, b%ing cach gidi han mién xac dinh, ta chi ra viéc vi pham mot
trong hai diéu kién ciing c6 thé din dén chudi sinh ra bdi thuit toan khong

hoi tu t6i diém cuc tiéu theo ting toa do.
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Vidu 1.17. Xét ham

Hly -1+ [y -1+ -1+ -2 - 1]

néu (z,y,2) € [~2,2]® vao(z,y, 2) = 400 trong trudng hop con lai. Ta thiy
rang dom(F) = [~2,2]? va F ¢6 tap miic bi chin.

Luu y rang ham ¢ 1a kha vi. Gii ¢6 dinh y va z, dé thay

, sgn(y+2) (L+35ly+2[), y+2#0,
argmin, o(z,y, 2) =

[—1,1], y+2z=20

Va tuong tu nho tinh dbi xing

)

sgn(z+2) (1+ 3|z +z2[), z+2z#0,
argmin, ¢(z,y,2) = 4
\[—1,1], r+z=0,
)

' sen(z+y) (1+3lz+yl), z+y#0,
argin @(xaya Z) = 9

\[_171]7 x+y=0.

Gia st rang € > 0 va ching ta khéi tao phuong phap tdi thiéu luan phién véi

diém (—1 —€,1+ 3¢, —1 — 1¢). Thi sdu lan lip dau tién la
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1 1
1-|— 81+ 8—1—18

8

1 1 1
l+-e,-1——¢,—-1——¢

8

1

8

< 16" 4
< s—l—isl—kis)
’ 16 32

< l—is—l—ielJris)
16 32
1 1

< 1— 12851+3_2€>
1 1

( 1—a61+m5—1—7%5)

Chiing ta cd ban quay trd lai diém dau tién, nhung véi 6—45 thay thé cho e. Qua

trinh tiép tuc bang cach xoay quanh sau diém
(1,1,-1),(1,-1,-1),(1,-1,1),(=1,-1,1),(=1,1,1), (—1,1,—1).

Khong diém nao trong sd cic diém nay 1a diém ding ctia . Thuc vy,

( —2)
Vo(—1,1,1) = (—2,0,0),
Veo(l,—1,1) = (0,-2,0),
Vo(—1,-1,1) = (0,0,2),
Veo(l,—1,-1) = (2,0,0),

( )

Nhu vy, tit ca cac diém nay déu c6 dao ham khong bang 0, va do d6, khong
diém nao trong s6 d6 1a diém diing ctia hAm . Vi chudi trong vi du nay 1a bi
chiin nén viéc khong hdi tu vé diém cuc ti€u theo tling toa do 1a do su khong

duy nhat cua cac nghiém toi uu cua cac bai toan con.
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1.4 Phuong phap t6i tiéu luan phién cho mé hinh hén hop

Trong phan nay, ching ta 4p dung phuong phap tdi thi€u luan phién d€ giai
mo hinh hén hop F' = f + g trong trudng hop g c6 chu triic tach biét véi cac
ham thanh phan g; : E; — (—o0, c0]. By gid, ta xét mot md hinh hén hgp

nhu sau

x1€E1,%2€E,,...,.x,€E,

p

min {F(X17X27"'7Xp) — f(Xl,XQ,---7Xp)+Zgj (X])}
=1

’ (1.6)

Ham g : E — (—o00, 0o] dugc dinh nghia béi

p

g (x1,X2,...,%p) = Zgi (xi) -
i=1
Gradient doi v6i khoi thi i (i € {1,2,...,p}) duge ky hiéula V, f, va

Vix) = (Vif(x), Vaf(x),...,V,f(x)).

Luu y rang bang cach ky hiéu trén, mo hinh (1.6) c6 thé dudc viét don gian 1a

min{ F'(x) = f(x) + g(x)}.

x€R
Trudc khi di vao phan tich su hoi tu thuat todn t6i thiéu luan phién cho mo
hinh hon hodp, ching ta xem xét mot s6 dinh nghia va Dinh Iy lién quan dén
mo hinh hon hop.
Pinh nghia 1.18. Giast f : E — (—o0, oo] 1a mot ham chinh thuong va g :
E — (—00, co] 1a mot ham 13i chinh thudng sao cho dom(g) C int(dom(f)).
Xét bai toan (P): minyer f(x) + g(x).

Mot diém x* ma tai d6 f kha vi dugc goi 1a di€ém diing cta (P) néu

-V f(x") € 0dg(x").
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Pinh ly 1.19. Gia st f : E — (—o00, o0] la mot ham chinh thuong, va g :
E — (—00, 0o] 1a mot ham 16i chinh thudng sao cho dom(g) C int(dom(f)).
Xét bai toan (P)

min f(x) + g(x).

(a) (diéu kién can) Néu x* € dom(g) 1a mdt nghiém tdi vu dia phuong clia
(P) va f kha vi tai x*, thi

—Vf(x*) € dg(x). (1.7)
(b) (diéu kién can va di cho cac bai toan 16i) Gia st f 1a ham 16i. Néu f kha
vi tai x* € dom(g), thi x* 1a nghiém t6i uu toan cuc ctia (P) néu va chi néu
(1.7) dugc thoa man.
Pinh ly 1.20. Gia st f : E — (—o0, oo 1a mot ham chinh thuong va dong,
va dom(f) 1a tap 16i va f kha vi trén int(dom(f)) va cdc g; : E; — (—00, 0]
la céc ham 16i dong chinh thudng sao cho dom(g) C int(dom(f)). Khi do:

x* € dom(g) 1a mot diém ding cta bai toan (P) néu va chi néu

Gia thiét 1.21. (A) ¢, : E; — (—00,00| 1a ham chinh thudng 18i déng dbi
véimoii € {1,2,...,p}. Ngoai ra, g; lién tuc trén dom(g;).
B) f : E — (—o0,00] la ham déng; dom(f) 1a tap 10i; f khé vi trén
int(dom(f)) va dom(g) C int(dom(f)).
Vi chu tric trén clia ham F, ta c6 thé viét lai mdi bude trong vong lip con
ctia phuong phdp t6i thiéu luan phién (1.3) c6 thé dudc viét ngan gon nhu sau

Xfﬂ € argmin, g, {f (X]f+1, o ,Xffll, X, xfﬂ, . ,x];) + g; (xl)} .
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Ta c6 diém x* € dom(g) 1a mot diém diing ctia bai toan (1.6) néu n6 thda
man —V f (x*) € dg (x*) (Dinh nghia 1.18) va theo Pinh 1y 1.20, diéu kién
nay c6 thé dugc viét tuong duong 1a —V, f (x*) € dg; (x*),i = 1,2,...,p.
B& dé sau sé chi ra rang cdc diém cuc tiéu tiing toa do cia F 1a cac diém diing

cua bai toan (1.6).

B dé 1.22. Gi4 st riing Gia thiét 1.21 dugc théa mén va ring x* € dom(g)
12 mot diém cuc tiéu ting toa do cia F' = f + ¢g. Khi d6 x* 1a mot diém diing

cua bai toan (1.6).

Chitng minh. Vi x* 1a mot diém cuc ti€u ting toa dd ctia F, nén v6i moi

ie{l,2,...,p},
x; € argminyer, { fi(y) +0.()

trong do

i) =fE+U(y—x))=f (Xik, XY X ,x;) .

Do d6, theo Dinh 1y 1.19, —V f; (x}) € dg; (x*). Vi V f; (xI) = V. f (x%),
khi d6 ta c6 v6i moi i, —V, f (x*) € Jg; (x*). Do do6, ap dung Dinh ly 1.20,
chiing ta c6 —V f (x*) € 0g (x*), nghia la x* 1a mot di€m ding cta bai todn
(1.6). [

Ta nhic lai ring Pinh ly 1.16 di chi ra duéi céc gia thiét thich hop ring
cac diém gidi han cta diy dugc tao ra bdi phuong phap t6i thiéu luan phién
1a cac diém cuc ti€u tiing toa dd. Két hop két qua nay véi BS dé 1.22, chiing

ta c6 dudc hé qua sau day.
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Heé qua 1.23. Gia st rang Gia thiét 1.21 dugc thda man, va gia sir thém ring
F = f + g thda man cdc diéu kién sau:

-D6i v6imdi X € dom(F)vai € {1,2,...,p}, minyeg, F (X + Ui(y — X;)
c6 nghiém duy nhit;

- Cac tap miuic cia F bi chan, véi moi o € R, tdp {x € E : F(x) < a} bi
chan.

Goi {Xk}kzo 1a ddy dudc tao ra bdi phuong phdp t6i thiéu luan phién dé
giai (1.6). Khi do {Xk}kzo bi chiin, va bat ky diém gidi han ndo cla diy nay
12 mot diém ding clia bai toan (1.6).

Két qua hoi tu trong Hé qua d6 yéu cau mot gia thiét kha manh vé tinh
duy nhét ctia nghiém t6i uu cho mdi bai todn con trong mdi budc clia phucng
phép tbi thiéu luan phién. Khi ham muc tiéu 12 ham 16i, gia thiét nay c6 thé
dudc bd qua, ma van dam bao nghiém tim dudc theo thuit todn 1a nghiém ti

uu, nhu Dinh ly dudi day sé chi ra.

Pinh Iy 1.24. Gia st riang Gia thiét 1.21 dudc théa man va thém vao do:

~ £ 12 ham 13i;

- f lién tuc kha vi trén int(dom( f));

-ham F = f + ¢ théa min ring cac tip miic cia F bi chin, nghia la d6i
Vi bt ky a € R, Lev(F, o) = {x € E : F(x) < a} bi chin.

Khi dé diy dugc tao ra bdi phuong phdp t6i thi€u luan phién d€ giai bai
todn (1.6) bi chin, va bat ky diém gi6i han nao ctia diy nay 1a mot nghiém tbi

uu cua bai toan.

Chuing minh. Goi {x""} 1>o Sinh ra boi phuong phap toi thiéu luan phién, va
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day {Xk’i}kzo (¢ =0,1,...,p) la cac day trung gian dugc dinh nghia trong
(1.2). Ta ching minh ra rang day {xk} 1o DI chan. That vdy, theo cach xay
dung lap cua phuong phap, day cac gia tri ham la khong tang, va do do
{x"}120 C Lev (F,F(x%)). Vi Lev (F, F (x°)) bi chin theo gia thuyet,
ta suy ra rang {Xk}kzo bi chan.

Gia st X € dom(g) 12 mot di€m gidi han cta day {x"} rso- Chuing ta s&
chiing minh rang X 12 nghiém t6i wu ctia bai toan (1.6). Vi X 1a diém gidi

k

han cta diy, ton tai mot diy con {xkj}j>o sao cho x* — X. Biang cich

chon day con thich hgp, cac day {xkﬂ"i}Po (¢ =1,2,...,p) cing hdi tu va

xFi — x' € dom(g) khi j — oo v6imoii € {0,1,2,...,p}. Khi do, ba

tinh chat sau day dudc thdéa man:
[P1 ]x=X"
[P2 ] V6i moi i, X' chi khac X'~!  khéi thi i (néu c6 khac).
[P3]1F(X)=F (i’) véimoii € {0,1,2,...,p} (dé dang chiing minh bing

cach 14y gii han j — oo trong bét dang thic

F(xh) > F (x4") > F (xM),
va st dung tinh lién tuc ctia F trén mién x4c dinh).
Theo cach xay dung thuét toan, véi moi j > 0vai € {1,2,...,p},

k‘j,i . k}j—i-l ]ﬁjj—‘y-l ]41]' k.
x;”" € argming . F <X1 S GRS 75 GRS i Iy

s, k ) N A o« R N <2 K , A A A . -
Do do x; 7" 1a mot diém ditng ctia bai toan tdi wu nén dua trén Dinh 1y 1.19,

—V.f (ij’i) € 0g; (Xf”) .
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Tu diéu nay, véi moi x € |, theo dinh nghia duéi vi phan ta c6:
(=Vf (x99 3 — x99 + g(x) < g(x).

Liy gi6i han j — oo va st dung tinh lién tuc cia V f va tinh déng (tuong

duong nua lién tuc dudi nhu trong Pinh ly 1.10) cua g, chung ta thu dugc
(=Vif (X).x=X') + g(X') < g(x),
hay ta c6 thé viét gon lai
~V,f (X') € 9g; (X)) . (1.8)
Luu y ring v6i moi X;4; € dom (gi41),
F (ij’”l) <F (X]fj+1, o ,ijH, X1, xfiQ, . ,X];j) :

LAy gidi han j — oo va st dung [P3], ching ta suy ra rang v6i moi x;1 €

dom (g; 1),

st dung Pinh 1y 1.19, ta c6 véi moii € {0,1,...,p — 1},

Vi f (X') € 0911 (X11) - (1.9)

Ta cn ching minh diéu kién sau ding véi moi i € {2,3,...,p}, | €

{1,2,...,p—1}saochol < i:
—V,f (%) €0g; (X)) = —Vif (X)) € 9g; (x71). (1.10)

7

DE chiing minh diéu kién trén, gia sit rang —V, f (X') € dg; (X}) va cho



’
n € E,;. Taco

(VFE). X" +U(n) -

D (=) & =)+ (Vif (2) )

o) - o (&) + (9 (=) o)
o) - (@) +(Vif (), (& +n) - %)
) — g () 4 (1) — g (R 4 m)
=g (X)—g @ +Un),

trong d6 (x) dugc suy ra tit [P2], (xx) 1a hé qua tw (1.8) v6i i = [, (* * %)

(1.11)

dugc suy ra tif viéc v6i moi [ < i thi X, = X: 1, va (* * *x) la do gi thiét

—V.,f (X') € dg; (X!). St dung bat dang thiic (1.11) ching ta c6
F (X +Un)
=f X+ UMm) +g &+ U(m)
> f (&) +(Vf(E), T +Um) -+ 9 (X +U(n))
> F (X))
Zr Y.
Do d6, ching ta thu dugc

—l—1 : —l-1 —l-1 —l-1 —l-1
X, € argmin, g F (X1 o X 1 Xy Xy X ) :

suy ra =V, f (il_l) € Jyg; (iﬁ_l), ta da chung minh dugc (1.10). Bay gio
ching ta can ching minh ring X = X 12 mot nghiém tbi vu cia bai toan
(1.6). D& chitng minh dudc diéu ndy ta sé chi ra ring moi m € {1,2,...,p}
thi

—Vinf(X) € 09 (Xin) - (1.12)
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Theo Dinh 1y 1.20 ta c6 X la mot di€m dirng va st dung Dinh ly 1.19 va tinh
16i ctia f, ching ta c6 thé suy ra ring X 1a mot nghiém tdi wu cla bai toan
(1.6).

That vay, véi m = 1, tinh chéat 1.12 dudc suy ra bang cach thay i = 0 vao
(1.9) va st dung X = XV (tinh chit [P1]). Gia st m > 1, khi d6 tir (1.9) ching
tacé =V, f (X)) € dgp, (X071). St dung (1.10) thu dugc

~Vuf (X"Y) € 9, (X071
U

—Vuf (X"7?) € 0gy (X077
4

I
—Vnf (X°) € 09 (X)) ,

va do d6, vi X = X° (tinh chit [P1]), ching ta két luan ring —V,,, f(X) €

9gm (X,,) cho moi m, suy ra X 1a mot nghiém tdi wu cla bai todn (1.6). [
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Chuong 2

Ung dung cta phuong phap toi thiéu

luan phién trong bai toan phan cum

Trong chuong nay, ching tdi tip trung vao viéc 4p dung phuong phap t6i
thi€u luan phién trong cdc bai todn phan cum K-Trung Binh. N6i dung chinh

ctia chuong nay géom co:

2.1 Trinh bay vin dé phan cum dif liéu va muc tiéu ctia bai todn K-Trung
Binh va thuét todn Lloyd, mot phuong phap phd bién dé gidi quyét van

de nay.

2.2 Ching t6i trinh bay y tudng 4p dung dung thuat todn t6i thi€u luan phién
cho bai todn K-Trung Binh, dua ra cdc cdi tién va so sanh véi thuit todn

Lloyd.
2.3 Tién hanh thi nghiém céc thuit todn trén cac dif liéu thuc té.

Noi dung tim hiéu trong chuong nay tham khao chinh bai bdo cia Feiping

Nie va cdc dong nghiép [3].
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2.1 Giéi thiéu bai toan

Cho tap dit lieu X = {zy,29,--- ,2,} € R" bao gdbm n diém dif lieu
trong khong gian RY, trong dé x; 1a cot thi i cia X, dai dién cho diém thi
i. Bai toan phan cum k-means 1a tim ¢ cum C = {C;,Cs, - ,C.} thda man
X = Jj_, Cj va[;_, C; = 0 sao cho tong binh phuong sai s6 (SSE) ctia m6i

di€ém x; v6i trung binh clia cum tuong tng m; dugc t6i thicu

: : 2
min SSE = mcmz Z |z — myl]; (2.1)

Jj=1 x;€C;

trong do, C; 1a tap tha j cua C, m; la cot thi j cua ma tran M € R¢, dai
dién cho trung binh (tdm) cia tdp C; v6ij = 1,2,--- ,c.

Bai toan trong (2.1) 1a mot bai toan phin cum véi téng binh phuong tbi
thi€u, va dudc chi ra 12 mot bai toan NP-khé do tinh chat khong 16i ctia né.
V6i nhitng khé khin nay, ta c6 thé xem xét cac phuong phap x4p xi trong thdi
gian da thic (cung cAp dam bdo vé chat luong) hodc phuong phép heuristic
(khdng ddm bio chit lugng). Mot trong nhitng phuong phap heuristic phd
bién nhét cho bai todn k-means la thuit toan Lloyd, thudng dudc goi 1a thuat
toan k-means( xem trong Thuat toan 2).

Trong thudt toan 2, ban dau, thuat todn khdi tao ngiu nhién ¢ tdm cum. Sau
do, thuat toan thuc hi€n hai budc chinh lap di l1dp lai: buéc gan nhan va bude
cap nhat tAm. Trong budc gan nhan, mdi diém di liéu dudc gan vao cum cé
tAm gan nhit nhu dong 5. Tiép theo, budc cip nhit tAm tinh lai tAm ctia mdi
cum bing trung binh cic diém hién c6 trong cum d6 trong dong s6 9. Qua

trinh nay 1dp lai cho dén khi cdc tAm cum khong thay ddi, ddm bao cic cum



23

dudc phan chia mot cach téi uu.

Thuat toan 2 Lloyd cho bai toan K-Trung Binh

Require: Tap dit liéu X = {x1,20,...,7,}, 6 cum ¢

Ensure: Tap cic tdim cum M = {mq,ma, ..., m.} va nhan cum cho mdi diém dit liéu
1: Khdi tao ngiu nhién ¢ tim cum ban dau M = {my,ma, ..., m.} ti tap dit liu X
2: repeat

3: Budc gan nhan:

4: for méi diém dii liéu z; € X do
5: Gén z; vao cum c6 tAm gan nhét:

C; it |z —my|> < [l — P VI =1, ¢}
6: end for

7: Budc cap nhat tam:

8:  for méi cum j = 1 dén c do
9: Cap nhat tim cum m; bing trung binh céc diém trong cum:
e
m X
SEH Z
l‘iGCj
10: end for

11: until Cac C; khong d6i so véi vong 1ap trude

Do phuc tap ctia thuit toan Lloyd bao gdm hai buéc chinh: gan nhan va
cAp nhat tAm. Bu6c gan nhan dif liéu dng v6i tAm gan nhat c6 do phic tap
O(ncd), do phai tinh khodng cach gitta mdi di€m va tat c4 cac tam. Budc cap
nhat tAm, tinh trung binh cdc di€ém trong cum, c6 do phic tap O(nd). Tong
do phtic tap cua thuat toan, véi ¢t vong lap la O(tned).

Mic du dudc st dung rong rai, phuong phap niy van ton tai mot sd han
ché dang k€. Cu thé, hiéu qua ctia né phu thudc vao viéc chon cac diém khdi
tao, thudt toan dé bi mac ket tai cac cuc tiéu cuc bo khong tdt. Hon nita, mdi

1an 13p lai yéu cau tinh todn khodng cich giiia tat ca cac diém dif liéu véi cac
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trung tAm mdi, gy ton kém vé mit chi phi tinh todn.

2.2 Thuét toan t6i thiéu luan phién cho K-Trung Binh

2.2.1. Y tudng thuit toan

DéE dé dang, ching ta phat bi€u lai bai todn phan cum k-means st dung
mot ma trin d€ biéu dién su phan loai diém vao cac cum:
C n
: 2
Jmin S >l = mjll; fi
j=1 =t (2.2)
: 2
= min HX — MFTHF
Felnd, M
trong d6, M € R%¢ 1a c4c tdim cua cic cum, F € R"*¢ Ia ma trin gin
nhan, trong d6 x; dudc phan vao cum thu £ thi f;, = 1, f;; = 0,V # k voi
fi; € {0,1} 1a phan t (4, ) cta F va Ind tap tit ca cdc ma tran F thoa man
tinh chat trén.
Khi c¢6 dinh F va cuc tiéu hAm muc tiéu cta bai todn (2.2) theo M, ta thu

dudc bai toan sau:
. T
min Tr ( (X ~ MF) (X - MF")") 2.3)

trong d6, Tr(-) 1a vét ctia mot ma tran. Vi chi c6 mot phan ti khac khong
bang khong trong mdi hang clia ma tran F, nén ma tran FTF 13 mot ma trin
chéo véi phan td (I,1) bang f f;, trong d6 f; 1a cot thd [ clia ma tran F. Vi
ham muc tiéu 12 ham 15i, 14y dao ham theo M va cho né bang 0, chiing ta thu

dugc nghiém cua bai toan (2.3) dudc cho bdi:

M = XF (FTF) " 2.4)
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trong d6 (F'F) ! Ia ma tran dudng chéo voi:
ﬁ flel 7& 0
0 flel =0

~1
(F'F), =

Thay (2.4) vao (2.3), ta c6

(X — MFT) (X - MFT)"
— XX - X (MFT)" — (MFT) X" + (MFT) (MFT)"
= XX" - XFM" - MF'X" + MF'"FMT
— XX" - XF (XF (FTF)l)T - (XF (FTF) ') FTX"
+ (XF (FTF) ') FTF (XF (FTF)_l)T
— XXT - XF (F'F) " F'X" - XF (F'F)  F'X"
+XF (F'F) ' F'F (F'F)  F'X"
— XXT - XF (F'F) " F'X"

Vi Tr(XX7) 1a hiing s6 nén ta ¢ bai todn mdi tuong duong véi bai todn (2.2)

nhu sau:

max Tr (XF (F'F) " FTXT) . 2.5)
Fe Ind

Hay bai todn tbi uu (2.5) c6 thé dugc viét lai thanh:

f, ZTX Xf !
bj( 2.
Feind Z ’ (26)
trong do ta ludn coi % 0 v6i moi f;* f; = 0 hay f; = 0. Ta ép dung
1

phuong phap tbi thiéu luan phién dé cip nhat ma tran F, vd 3 mbi vong lip,
bai todn tbi vu d€ gidi F c6 thé dudc phan ra thanh n bai todn con don gidn

chomdii(i=1,2,---,n).
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Khi cdp nhat hang i ctia ma tran F, c6 ¢ trudng hop {FW, F®) ... F@1,
trong d6, FY va FU) (1, = 1,2,--- ,cval # j) c6 cac phan ti gibng nhau
ngoai trif hang thit 7. D&i v6i hang thi i ctia ma tran FU, phan i tha [ 1a 1,
cac phan ti con lai 1a 0. Tuong tu, d6i véi hang thit i ciia ma tran F), phan

tl thit j 12 1, cac phan ti con lai 12 0, nhu dudc thé hién duéi day.

FU) = : Lo | 2.7)
0 10 0
- 0 —

Dé cap nhat hang thi ¢ ctia ma tran F, ta giai bai toan tbi uu

U (k)
max  obj (F<k>) -y (flk) XTXflk. (2.8)

ke{1,2,- ¢} —1 (fl(k)) T fl(k)

trong do, fl(k) 1a cot thd [ ctia ma tran F*). Khi d6 ta c6 hang thi 4 méi nhu

Sau

1 néu g = argmaxy obj (F<k>) :
fig = (2.9)

0 con lai.
trong do, obj (F™) dugc néu trong bai todn (2.8), ¢ 1a vi tri dugc cip nhat
ctia phan tif khac khong trong hang thi ¢ ctia ma tran F.

Trudc mdi 1an cap nhat hang i, ta luu lai vi tri ca phan ti 1 trong hang thi
ilap(p=1,2,...,¢), trong do f; 1a cot thit [ cia F. Sau budc 1ap thi i cua
F, fi(l =1,2,--- ,c) dugc cap nhat lai nhu sau: néu ¢ = p, diéu ny c6 nghia
1a hang thit ¢ cda F khong thay doi, va do d6 f;(I = 1,2, -+, c) cling khong
thay ddi; néu g # p, ching ta chi can cap nhat fi(I = p, q) bing cach hodn
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ddi vi tri thi ¢ clia nhau. Thuat toan chi tiét ap dung truc tiép phuong phép toi
thiéu luan phién d€ giai quyét bai toan (2.6) dudc tém tat trong Thuit toan 3.

Chi y: Thuat todn 3 c6 mdt s6 nhudc diém khi s6 luong tinh todn khong
dugc t0i uu. Cu thé, thuat todn can thyc hién O (ndct) phép nhan d€ tinh
toan obj (F(k)) trong budc cap nhat (2.8), trong d6 ¢ 1a s6 1an 1ip cia phuong
phép, c 1a s6 lugng cum, d 12 chiéu dif liéu, va n 13 s6 luong diém dif liéu.
Khi d6, Thuat toan 3 yéu cau sb luong tinh todn nhiéu hon so vdi thuat todn

Lloyd.

Thuét todan 3 Thuat todn ti thiéu luan phién cho bai todn K-Trung Binh (ALS-kmeans)

1: Pau vao: ma tran dit lidu X € R?*", 56 lugng cum c.
2: Khéi tao c tim cum bing mot chién Iuge khdi tao va nhan ma trin F € R™*¢ ban diu.
3: repeat

4: fori =1tondo

5: Tinh obj(F®) theo (2.8);
6: Cap nhét hang thit ¢ ctia ma tran F theo (2.9);
7: end for

8: until hoi tu

9: PAura: ma tran F € R"x¢,

2.2.2. Thuét toan t6i thi€u luan phién cai tién

Phan nay, chiing tdi sé trinh bay cach giai quyét vin dé vé tinh todn da néu
& phan trudc va dé xuat mot phuong phap tdi thiéu luan phién céi tién cho bai
toan k-means. Cac ma train FO va FU) (v6il,j = 1,2,--- ,cval # j) dudc
md ta trong (2.7) c6 cac phan ti gidng nhau, chi khac nhau & cot thi [ va cot
th j.

Pé don gian héa bai todn, ching t6i gidi thiéu ma tran F(), dudc dinh
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nghia tuong tu nhu ma trdn FU) (j = 1,2,--- , ¢). Su khéc biét duy nhét 1a
tAt ca cac phan ti trong hang thif i ctia ma tran F(©) déu bang 0 & budc cap
nhat hang thd ¢ cua ma tran F. Vi vay, bai toan (2.8) tuong dudng véi cac bai

toan sau:

Jmax (k)= max (obj (V) —obj (F©))

T T
c (fl(k)> XTXfl(k) ¢ (fl(O)) XTXfl(O)
" kefloe) 2 -

T T
— <fz(k)> £ — (fz(0)> (0) (2.10)
T T
= ma —
keflon o} W\ T k) O\T ,0
(1) 5 (1) 5

Xét budc cap nhat hang thd ¢ cia ma tran F, khi tim gia tri cuc dai cua
(k) trong bai todn (2.10), ching ta luu lai vi tri cia phan ti 1 trong hang
thtilap(p=1,2,...,c). f71acot thit k cia F®), £ 1a cot thit k cha F(©)
va f 1a cOt thit k£ ciia F hién tai. Khi d6, ching ta tinh ¢ (k) trong bai toan
(2.10) v6i hai truong hop:

Tritong hop 1: Khi k = p, f") = f,, tic phan tit thi i cha f; va £ 1a 1.
Chiing ta dit 6, = f, — f\"), c6 nghia 1 phin tit thi i ctia 0y, 1a 1, cdc phan
tit con lai déu 1a 0. Do d6, chiing ta tinh X f;, = X(f" + 6;) = X1V + 2,
nghiala X f\” = X f; — 2, trong d6 x; 1a cot thii i ciia X. Mt khéc, chiing ta
6 (fﬁ”)T PO = (i = 00" (fi = 00) = fEfi = 2f 160+ 076, = fEfi— 1.
Tiép dén thay thé 1) = i, X = X f;, — x;, va ( f;°>)T FO = fTp 1
vao bai todn (2.10) sé cho két qua trong (2.11).

Truong hop 2: Khi k # p, f,go) = f}, tiic 12 phan tG thd i ctia ci fj, va
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F912 0. Ching ta dit 6, = f"”) — fy. c6 nghia 1a phan tit thi i cia 6y, 1a 1,
céc phan 1 con lai déu 1a 0. Do d6, ching ta tinh Xf\") = X(f; + &) =
X f. + ;. Mit khdc, chung ta c6 (f,ik>>T f,ﬁk) = (fr+00)" (fs +6) =
Flfe + 2f86 + 086, = fTfi + 1. Khi d6, thay thé £ = f., X =
X fr+ x4, va (f,ik)) : f]ik) = fI fi. + 1 vao bai toan (2.10) sé cho két qua dudi

day:
EXTka . ,;FXTka—Qx;Fka—i—x;fa:i k _
Wky =4 Tk fi fe=d P o
[EXTX fit2aT X fytalwy  fIXTXfy g 2
fTft ] T p-
T T _9,.T T,. (0) TXTX (0) B}
Chid y, & = p ta ludn coi EXX 2 X fraln (B e — 0 néu

fedimt (1) 5
< f,io)>T f,go) = 0. Khi d6, viéc cap nhat hang thi ¢ cia ma tran F dugc xac
dinh béi:

1 g =argmax;(k),

fio = (2.12)

0 con lai.
trong do, ¢(k) dudc tinh nhu trong (2.11), ¢ 1a vi tri cp nhat cla phan ti
khac 0 trong hang thu ¢ cua ma tran F.

Miic du chiing ta c6 thé thu dugdc F truc tiép tir (2.12), nhung n6 van ton rat
nhiéu chi phi dir thita. Do d6, chiing ta sé phén tich va dé xuit mot s6 chién
lugc giam chi phi tinh toan hon nita.

DAi v6i hang thi i ciia ma tran F, d€ tinh maxy, 1 (k) trong (2.11), chiing ta
phéi tinh ¢ 1an ¢ (k)(k = 1,2,-- -, ¢) véi phiic tap tinh todn 1a O(ndc), trong
do, tinh X f; va f;I fi v6i ¢ 1an can O(ndc) va O(nc) tuong tGng, tinh c& x} z;
va fIXTX f;. v6i ¢ 1an can O(dc). D€ khbi lugng tinh todn, ching ta st dung

chién Iudc luu trit cdc phép tinh 13p lai dé gidm tit O(ndc) xubng O(dc). Cu
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thé, dau tién, ching ta tinh todn va luu it ay, = X fi, by = f fr,alar =
fEXIX fr(k = 1,2, ,¢) vaxiz;(i = 1,2,--+ ,n) truéc mot 1an, va sau
d6 dbi voi maxy, (k) (k =1,2,--- ,¢), ching ta chi can tinh 2} a; cho c lan,

ma phiic tap tinh toan la O(dc).

Hon nita, 2} 2;(i = 1,2,--- ,n) dudc luu lai nén chi yéu cau tinh 1 lan.
Con ddi véi viéc clp nhat céc gia tri da lvu cia X fi va [l fiu(k =1,2,- - ¢),
c6 hai tinh hudng: khi ¢ = p, nghia 12 hang thi 7 cia F khong thay ddi, do d6
X frva fif fu(k =1,2,--- ) khong cn phai cip nhat cho hang thd (i + 1)
ctia F; khi ¢ # p, chi ¢6 cdc phan ti thid p va ¢ ctia hang thid i cia F bi thay
d6i, nghia 1a chi c¢6 f, va f, bi thay ddi, ching ta chi can cap nhat X f; va
fEfi(k = p,q): gén gié tri cla A9 va 9 cho fy va f, tuong tng, nghia 1a
Xf, — XfZSO),qu _ XféQ), frf, = (]‘}50)>Tﬁ§0), va [T f, = (fq(Q)>qu(q),
trong d6, £\" 1a cot the p ctia F©, va £1% 1a cot th ¢ cia F@. D& giam bét
dd phuc tap tinh toan hon nita, ching ta c6 cac budc sau dé cap nhat X f, va
fi fe(k = p,q):

Xf, & Xf, — 2 Xf, « Xf, + 1,

Bt ffy = L ffy+ 1

Hon nita, viéc cap nhat gid tri da luu aj ay, = fIXTX fr(k =1,2,--- ,¢)

(2.13)

phu thudc vao X fi.(k = 1,2, ,¢). Cuthé, khiq = p, X fr(k = 1,2, -+, ¢)
ta c6 fIX'Xfr(k = 1,2,--- ,¢) cing khong thay doi; khi ¢ # p, chi ¢6
X fi(k = p,q) cAn dugc cap nhat theo (2.13), vi vay ching ta chi can cap
nhat aj a,(k = p, q) theo (2.14):

pr XX f, pr XX f, — 20! X f, + xl

(2.14)

fi XX fy e [ XXy + 20 X fy + @) @y
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Luu y ring prXTXfp — 22} X f, +xlx; va quXTqu + 22F X f, + xl
trong 1 (p) va 1(q) da dugc tinh todn trudc d6, ching ta khong can tinh toan
lai, chi can gan ching cho f/X'Xf, va [/ XX f, d€ cap nhat aay(k =
P, q)-

Thuét toan chi tiét dé€ giai bai toan (2.6) dudc tém tit trong Thuit toan 4.
Chu y rang thuit toan cai tién nay chi lam gidm chi phi toan, tuy nhién, khong
lam thay c4ch phan cum tim dudc so véi thuat toan tdi thiéu luan phién trong

thuat toan 3.

Thuit toan 4 Phién ban cai tién thuat toan ti uu luan phién cho bai toan K-Trung Binh

1: Pau vao: Dit lidu diu vio ma tran X € R¥", s§ luong cum c.
2: Khdi tao ¢ tim cum bang mdt chién lugc khdi tao va liy F € R™*€ ban dau.

3: Tinh todn va luu trit ka,fgfk,f,?XTka (k=1,2,---,¢),vazla; (i=1,2,---,n).

i

4: repeat

5: fori =1tondo

6: Tinh todn ¢ (k) (k =1,2,--- ,c) theo (2.11);

7 Cép nhiat hang thu ¢ ctia F theo (2.12);

8: if p # ¢ then

9: Cap nhat X fi, va f fi, (k = p, q) theo (2.13);
10: Cap nhat fIXTX fi, (k = p, q) theo (2.14).
11: end if

12: end for
13: until Ma trin F khong ddi v6i vong lip trude

14; Dau ra: Ma tran nhan F € R"%¢,

2.2.3. So sanh véi thuat toan Lloyd cho bai toan K-Trung Binh

Do phiic tap tinh todn 12 mot chi s6 quan trong cia mot thuét toan. Trong

phan nay, ching t6i phan tich do phiic tap tinh toan clia thuat toan tbi thi€u
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luan phién cai tién.

Dbi v6i cdc phép tinh luu trit trudc, viéc tinh toan X fi va flfi(k =
1,2,---,c) can nd phép cong va n phép cong tuong dng, viéc tinh z} (i =
1,2, ,n) can nd phép nhan, va viéc tinh fIXTXf.(k = 1,2,--- ,¢c) can
dc phép nhan. O budc 6, viéc tinh ¢(k)(k = 1,2,--- ,¢) theo (2.11), nghia
la tinh 2} a, can dc phép nhan. Viéc cap nhat hang thii ¢ ctia ma tran F theo
phuong trinh (2.12) c6 do phuc tap thdi gian nhd va cé thé bd qua khi so
sanh véi cic bude khac. O bude 9, cap nhat X f;, va f,;f fr W61 k = p,q)
theo phuong trinh (2.13) can 2d + 2 phép cong. O bude 10, cic biéu thiic
XX fy — 20X fy + afa; va fIXTX fy + 207 X f, + «f x; da dugc tinh
trudc nén khong can phai tinh lai. Thuat todn c6 n vong lip tit buée 6 dén budc
11, vi vly moi vong ldp doi hdi ndc+nd+dc phép nhan va nd+n+m(2d+2)
phép cong, v6i 0 < m < n. Vi phép nhan ton thdi gian hon phép cong, nén
do phtc tap dudc tinh dua trén s6 phép nhan. Do d6, do phic tap tdng thé 1a
O(ndct + nd + dc), trong d6 t 1a s6 1an ldp clia thuat todn, c 1a s6 cum, d 1a
chiéu dif liéu, va n 13 s6 diém dit liéu. Két qua 1a do phic tap tinh toan cia
phuong phap 1a O(ndct), tuong dudng v6i phuong phap heuristic cua Lloyd.

Tiép theo, chiing toi chi ra két qua phan cum cda thuat toan tdi thiéu luan
phién tt hon so véi thuat toan Lloyd. Dinh 1y 2.2 chi ra thuét toan t6i thiéu
luan phién khi gidi quyét bai todn k-means khong tao ra cum réng, Pinh ly
2.3 néi rang thuat toan Lloyd khong thé thoat khoi cuc tiu cuc bo ma tdi

thi€u luan phién dat dugc va d€ gia tri ciia ham muc tiéu tiép tuc giam.

B§ dé 2.1. Viéc thém mot diém dit liéu mdi khong 1am gidm tdng khodng

cach tUr tat ca cac diém dif liéu dén tam.
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Chiing minh. Gia st tap Dy c¢6 n di€ém di liéu x1, 2, - - - , X, trung binh la
T =13"" | x;, tong khodng cdch tit tit ca n diém dit liéu dén trung binh 7 12
S e — EHS Khi mot diém dit liéu méi z,,, ; dudc thém vao tap D;, chiing

ta c6 mot tap mbi dudc goi 1a Dy, c6 n + 1 diém dit liéu z1, 29, - - - , Tpy1,

n+1

trong do trung binh l1a & = #1 S a;, va tdng khoang céch tu tht cd n + 1

diém dit liéu dén trung binh & 1a S0 ||z — 2.

V6i cach dinh nghia 7 ta ¢c6 7 = argmin, >, , [|z; — z||%. T d6 ta suy

ra duge S0 ||z — Z)5 < 27, ||z — 2|5 va ddu bing xay ra khi va chi khi

Z = . Hon nita, bit dng thic 37, ||lz; — 2|5 < Y20 ||l — 2|5 ding vi

c6 diém dit liéu x,, 11, va dang thic xay ra khi va chi khi x,,.; = 2. Tom lai,

n+1

chiing ta c6 két luan ring S ||z; — 7|3 < S0 ||#; — |5, trong d6 déng

thic xay ra khi va chi khi x,, 1 = 7. ]

Dinh Iy 2.2. Thuat todn t6i thi€u luan phién gidi bai toan phan cum K-Trung

Binh khong chita cum rong.

Chiing minh. Gia st rang c6 n diém dit liéu thudc vé ¢ cum, sb luong diém
dit liéu trong mdi cum lan luct 1a ny, no, - - - , N, > j_imj = n, va tam cla
mbi cum 14n lugt 1a my, my, - - -, m,, 2 biu dién diém dit lidu thit i thude vé
cum thi j, m; = n—lj S xf 1a trung binh cla n; diém di liéu thudc vé cum
thd j. Bay gid ching ta chitng minh ring néu cum thd p chiia duy nhat dit
liéu i thi di€ém dit liéu thit ¢ van thudc cum thit p sau khi cAp nhat & budc thu
i. D€ chitng minh diéu ny, ta can chi ra khi diém dit liéu thi ¢ khong thuoc
vé cum thif p, gid tri hAm muc tiéu cta bai toan (2.1) ludn 16n hon hoic bing
khi diém di liéu thd ¢ thudc vé cum thi p.

Ta xét diém dit liéu thi ¢ thudc vé cum thif p, cum nay chi c6 mot diém dit
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liéu, thi ham muc tiéu cua bai toan (2.1) la

SSE = Zux —mpH2+Z
X (S mk>\2)-

k#p,j \i=1

el — my
j2

4 1N LT np D 2 . ~ P
trong d6 m; = - Yoilixl, il e —myll; = 0,n, = 1. Vi vay, ching ta

co

SSE, =

ng 9
:r: —m]H + (Zﬂxfmk’2>
k#p,j \i=l1

Khi di€ém dit liéu trong cum p dugc chuyén sang cum j ( p va j l1a hai cum
batky tir 1 dén c ), ham muc tiéu ctia bai todn (2.1) trd thanh

o 3 (St -ml)

n;j+1

SSEy =

i=1
trong do 1 = %H ngl xg Bay gid chung ta chiing minh SSE; < SSFE,,

nghia 13, chiing ta chiing minh ring

’I’)j 2 nj—|—1
J :

S|l = mil, < X

1=1 1=1

Bit dang thic trén ding theo B dé 2.1. Do d6, SSE;, < SSE, dudc ching

j 2
o=
7 J 9

minh, va dang thdc chi x4y ra khi diém dit liéu thudc vé cum p la m;. Vi vy,
chiing ta da chiing minh rang thuat todn t6i thiéu luan phién khong tao ra cum

rong. O

Dinh Iy 2.3. Gia tri ham muc tiéu cia K-Trung Binh hi tu bi thuat todn tbi

thi€u luan phién khong thé bi gidm bdi thuat téan Lloyd.
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Chitng minh. Gia st trong thuat toan t6i thi€u luan phién, day gia tri ham

muc tiéu hoi tu téi gia tri

Tp
— p 2 J ,
8B =3 ot = myl3+ > o] =
1=1 1=
n
k 2
T Z Z Hxl _m’sz
k#pj \i=1
7 . L np p o i 1 k A
trong do, m;, = .- Yo, my = o S ad, vamy, = - it @ Neu

su hoi tu thay doi bdi Lloyd, chiing ta gia st di€m di liéu a:f trong cum p s€
chuyén sang cum 5 ( p va j 1a hai cum bat ky tt 1 dén ¢ ), nghia 13 diém di

liéu 27 gan tdm m; hon tdm m,, ta ¢4

np—1 n;+1

SSE, = an mp||§+Z
+ D ZHmf—mkHi

k#p.j \i=1
Chiing ta s& chiing minh SSE, > S.SEj; bing cach phan chiing, trudc tién

chung ta gia st SSE,; < SSFE3 va dinh nghia SS E5 nhu sau

np—1 n;j+1

I m.
wl = my

558 = 3 et =yl + 3 [ iy
2
+ Z}\xf—mklb
k#p,j \i=1
P ~1 "
trong do, m, = _1 Z?pl ZC m; = n+1 Zz 1 x va my = %Z?klxk

Gia st SSE, < SSEs, do su hdi tu ciia thuat toan tdi thi€u luan phién, ching
taco SSE3 < SSE5 ( SSEj3la gia tri ham muc tiéu sau khi thuat toan luan
phién hoi tu, diéu nay c6 nghia la diém di liéu 2! trong cum p sé lam gidm

gia tri muc tiéu so véi cum j ), vi vay chung ta c6 SSEy < SSEs.
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Ta lai c6
np—1 np—1

~ 2 2
D el = aiglly < ) [l — mylly,
=1 =1
’I”Lj-f—l 9 ?”Lj-f—l
> <>
=1 2 1=1

, ta suy ra dudc SSE5s < SSFE,, diéu nay mau thuin vé6i két luan SSE, <

, , 2
J_ . R
xr; — M Ty = Myl

SSEs dudc suy ra tir gia thuyét. Do d6, gia thuyét SSE,; < SSEs; 1a khong
dung, ta suy ra SSE3 < SSEj, hay Dinh ly dung. [

2.3 Thi nghiém s6

Tén ditlieu SO luong diém dit liéu Chiéu diém dit lieu  S6 nhém

Yeast 1484 8 10
Ecoli 336 7 8

Bang 2.1: Tap dit liéu dudc st dung lam thi nghiém cho bai toan K-Trung Binh

Trong phan nay, ching tdi thuc hién céc thi nghiém trén mot s6 bo dit liéu
tiéu chuén thuc té d€ kiém chiing vu diém cia phuong phdp t6i thiéu luan
phién cai tién véi thuat toan Lloyd. Céc thi nghiém cu thé dudc chia thanh ba
phan:

* So sanh gia tri cia ham muc ti€u cda hai phuong phap véi cuing mot khéi

tao ban dau.

+ Kiém tra xem thuit todn t6i thi€u luan phién c6 thé thoat ra khoi diém

cuc tiéu cuc bo ma Lloyd dat dugc va 1am cho gid tri ham muc tiéu tiép

tuc giam hay khong.
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Hinh 2.1: Két qua so sanh giita thuét toan 12 tdi thiéu luan phién va Lloyd cho bai toan K-Trung Binh.

Dit lidu dugc 1ay dé tién hanh thi nghiém tit [5]. Chi tiét dit liéu dugc mo ta
nhu bang (2.1). Viéc khdi tao tAm cum ban dau cho moi thuét toan chiing toi
st dung thuit todn K-Trung Binh++ [6] va st dung két qua 20 1an chay doc
lap d€ so sanh. Pau tién, ching tdi so sanh két qua phan cum cta 2 thut todn
12 t6i thi€u luan phién va Lloyd. K&t qua trung binh va phuong sai cic 1an
chay clia céac thuét toan dudc thé hién nhu & trong hinh 2.1, trong d6 truc
thé hién sb vong lip, truc y biu dién gia tri ham muc tiéu cta cic thuat todn.
Tir cac hinh bén tréi, ta quan sat thdy rang gid tri trung binh cia ham muc
tiéu & cdc vong trong thuét toan toi thiéu luan phién t6t hon so vé6i thuit todn
Lloyd. Khi quan st két qua & tit ca 1an 1dp khac nhau (bén phai), ta thiy ring
s6 1an gia tri ham muc tiéu tim dudc cla thudt toan t6i thi€u luan phién nhd

hon so vdi ctia thuat todn Lloyd nhiéu hon so véi trudng hop ngudc lai. Diéu
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Hinh 2.2: Két qua viéc phan cum khi két hop thuat toan tdi thiéu luan phién sau thuat toan Lloyd.

nay cho thiy su hiéu qué ctia thuat todn tdi thi€u luan phién.

Tiép theo, ching ta kiém tra liéu rang cach phin cum tim dudc & thuat
toan Lloyd liéu riang c6 thé cai thién dudc khi tiép tuc st dung thuat toan t6i
thi€u Lloyd hay khong? Tir hinh (2.2) minh hoa két qua viéc két hop hai thuat
toan nay vdi cdc truc tuong tu nhu hinh 2.1. Két qua chi ra ring, trong mot
vai truong hop, thuat todn tdi thi€u luan phién van c6 thé cai thién ham muc

tiéu khi thuat toan Lloyd dung.
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Chuong 3

Ung dung ciia phuong phap t6i thiéu luan

phién trong bai toan khoi phuc ma tran

Trong chuong nay, chiing toi tip trung trinh bay thuit toan t6i thi€u luan
phién va mot phién ban cai tién ctia thuét toan t6i thi€u luan phién SoftImpute-
ALS dé€ giai bai todn khoi phuc ma tran. Noi dung chinh clia chuong ny gom
co:

3.1 Trinh bay bai to4n khoi phuc ma trin trong thuc tién va gi6i thiéu mot sb
cach tiép can dé gidi quyét bai toan.

3.2 Chung t6i trinh bay thuat todn Softlmpute-ALS, phién ban nhanh cua

thuat toan t6i thiu luan phién cho bai todn khoi phuc ma tran.
3.3 Phan tich Iy thuyét vé su hoi tu ctia thuét toan SoftImpute-ALS.
3.4 Mot sb cai thién cho thuit toan SoftImpute-ALS.
3.5 Tién hanh thit nghiém cac thuat todn trén cac dit liéu mo phong.

Noi dung tim hi€u trong chuong nay tham khao chinh bai bdo cia Feiping

Nie va cac dong nghiép [7].
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3.1 Gidgi thiéu bai toan khoi phuc ma tran

Bai toan khoi phuc ma trin (matrix completion) c6 thé dudc phat biéu nhu
sau: Ta can khoi phuc ma tran X véi m hang va n cdt nhung chi quan sat
dugc mot s6 phan tii trong mn phan ti ctia ma tran X.

Bai toan nay xuit hién trong nhiéu ting dung thuc té dic biét 1a trong viéc
thiét ké hé thong gai y. O d6, ngudi dung giii cac danh gid vé mot tap hdp cic
san pham trong co s dit liéu va nha cung cip san pham sé dua ra cac dé xuét
dua trén sy uva thich cua ngudi dung. Béi vi ngusi dung chi danh gia dudgc
mot sd cdc san phadm, vi vy ngudi ta mudn suy ra sé thich ctia ho dbi vé6i cac
san pham chua dugc danh gia.

Mot vi du dic biét cia vin dé ndy 1a vin dé Netflix ndi tiéng hién nay.
Ngudi ding (cac hang ctia ma tran dit liéu) c6 co hdi xép hang phim (céc cot
clia ma tran dit liéu) nhung ngudi dung thuong chi xép hang rat it phim do
d6 c6 rit it cac phan tir dudc quan sat va ndm rai rac trong ma tran di liéu
nay. Tuy nhién, ta muén khoi phuc ma tran nay dé nha cung cp (vi du nhu
Netflix) c6 thé gidi thiéu cac tya phim ma bat ky ngudi dung cu thé nao dé
cling ua thich va c6 thé sdn sang mua. Trong trudng hop nay, ma tran dif liéu
clia tit cd ddnh gia cia ngudi dung c6 thé xap xi hang thip vi ngudi ta thudng
tin rang chi mot sb yéu t6 gép phan vao thi hiéu hoic sd thich ctia mot ca
nhan.

Ta ki hiéu tap chi sd clia cic phan tif quan sit dugc bdi €2, nghia 1a
Q ={(4,7) : Xi; dudc quan sat}.

Khi dé, ta c6 thé dinh nghia hinh chiéu ctia X 1én €, ki hiéu b&i Po(X) 1a ma
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trdn m x n véi cdc phan t quan sat cia X dudc bao toan trong khi cdc phan
t khong dudc quan sat dugdc thay bang 0. Tuong tu nhu vay, ta ki hiéu Py la
phép chiéu 1&én phan bu ctia tap €.

Bai todn khoi phuc ma trin c6 thé dudc mo hinh héa thanh bai toan tdi uu

sau day:
minimize rank(M)

(3.1)

Bai todn (3.1) 12 bai todan NP-kho, vi vay thay vi giai truc tiép bai toan nay,
ngudi ta thudng gidi bai todn v6i hAm muc tiéu 1a ham chuin nguyén tif clia
ma tran (xem trong [8, 9]):

minimize | M ||«

(3.2)

Ngoai ra, dua trén md hinh ctia bai todn (3.2), Mazumder va cic dong tic gia

([10]) da dua ra bai todn quy hoach 15i sau dé€ khoi phuc ma tran X:
1
minimize H(M) = 5 | Po(X — M)||7 + M| M. (3.3)

Bai todn (3.2) 12 bai toan t6i uu 16i va do d6 chiing ta c6 thé giai n6 bang cic
phuong phap tdi uu cd dién: phuong phap chiéu gradient, phuong phap diém
trong, .... Tuy vay, khi bai todn c6 sb chiéu 16n, cac phuong phap nay td ra
khong hiéu qua vé mit thdi gian tinh toan.

Bai toan khoi phuc ma tran cting dudc xem xét nhu mot bai toan phan tich
ma tran thda man rang budc béi Rennies va Srebro ([11]). Cu th€ hon, ho xem

xét bai toan sau:

1 A
minimize F/(A, B) = - | P (X — ABT) H? +5 (|AI1Z + |BlI7) . (3.4)
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trong d6 A 1a ma trn ¢ m X r v B lama trdn ¢ n x r v6i r cho trudc. D€
giai bai toan ndy ta thudng st dung céc thuit toan t6i thi€u luan phién (ALS)
dé giai quyét (3.4). D€ tim 18i giai cho B, ta ¢ dinh A va giai (3.4). Cu thé,
ta can di gidi bai todn:

1 ~ 2 A~
B = argmin — HPQ (X — ABT) H + = B|I%
5 2 F 2

- 1 ~ 2 AN~ 112
:argm»BinZ 52 (AiTBj_Xij) +§HBng :
=1

ierj

(3.5)

Trong d6 Q; = {i : (i,) € Q}. Quan sét thiy ring, mbi ham thanh phan thi
4 trong ham muc tiéu dang tong trong bai toan (3.5) chi phu thudc vao bién
B; nén ta c6 thé t6i wu doc 13p tiing ham thanh phan j d€ tim B;. D& thiy cic
ham thanh phan nay 1a ham 10i nén ta c6 cac hang B; clia ma tran B lan lugt
thda man:

B; = argmgin% Z (AZ-TEJ- — Xz_j>2 + % Hész

J ’L'EQOJ‘

1
= Z A AT 40T Z Xij A

1€ 1€
Tuong tu, néu B dudc cd dinh, viéc gidi cho A sé tuong ting v6i m bai todn
con riéng biét. Thuat toan t6i thiéu luan phién nhu mo ta & trén dudc trinh
bay trong Thuat todn (5). D€ ding thuat toan, ching tdi st dung sai so gitta

hai 14n lip lién tiép:

0 = ||Ar — As—1||r + || Bt — Bi-1]| - (3.6)

Trong phan tiép theo, chiing tdi sé trinh thuat todn softImpute ALS [7], mot
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Thuit toan 5 Thut todn tdi thiéu luan phién

1: Pau vao: Po(X), gid tri khdi tao A, B va e

2: Lip lai dén khi nao 6, < ¢

3: for i=1 to m do

s A (Sjeo BB +AI) (S jen, XiiBs)
5: end for

6: for j=1 ton do

7 By (S, 4AT A1) (Sico, XiyAi)

8: end for

phién ban nhanh ctia thut todn tbi thi€u luan phién véi chi phi tinh toin mbi

vong 1dp s€ dudc giam di.

3.2 SoftImpute-ALS: Phién ban nhanh cta thuét toan ti thiéu luin

phién

Gia st X € R"*" la ma tran c6 cac gia tri khong quan sat dugc va tap cac

chi s6 phan t dugc quan st 1a tp . Xét bai todn (3.4):
. 2
mlrill%nzeF(A, B) = ||Pa (X — AB") |-+ A (1AIE + 1Bl7) -

trong d6 A € R™*" va B € R"*" v6i r < min(m, n) cho trudc.

Thuat todn softImpute-ALS dudc xem nhu 12 mot thuét toan kiéu tdi thiéu
"majorization minimization"(MM). Gié st can t6i thi€u héa ham f(z), thuat
toan MM gidi quyét bai todn thong qua hai budc chinh: Majorization va Min-
imization. O buéc Majorization, tai mbi diém hién tai (), thuat toan xdy
dung moét ham chin trén g(x | z®) sao cho g(z® | 2®) = f(z®) va
g(xz | ®) > f(z) véi moi z. Tiép theo, & budc Minimization, ham chin

trén dugc t6i thiéu héa dé tim diém méi 20*+) = argmin, g(x | ). Qua
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trinh nay 1ip lai dén khi hoi tu, gitp tdi vu héa ham muc tiéu mot cach hiéu
qua thdng qua cac bai toan don gian hon. Cu thé, quay lai bai to4an bai toan

(3.4) ta c6 ham muc tiéu:

F(A,B) = —HPQ(X ABT|[:

A A
I+ S1Az + SUB1E.

Ta dinh nghia cac ham thay thé

Qu(Z1 | A, B) ——HPQ(X Z1BT) + Py (ABT — 2,B7)|’.
3.7)
+—H21HF+—HBHF
Qp (Z: | A, B) = —HPQ(X AZL) + Py (ABT — AZ])|[>.
(3.8)

+ —HAHF +5 ||Z2HF -

Ta xem xét ham ¢ (ABT) 3 HPQ (X ABT) ;

|- Néudat Z = AB”  ta

quan sat thay rang véi moi Z, batky Z, ta cé

—_

9(2) < = ||Pa(X = 2) + Py (Z - 2|,
(3.9)

[l \V)

5 1(Pa(X) + P (2)) - 2]

trong d6 dang thifc x4y ra khi Z = Z. Piéu nay dan dén diéu don gidn nhung

quan trong sau:
A(Zl ’AaB)ZF(ZlaB)a QB(ZQ|A7B)ZF(A7ZQ) (310)

goi y ring Q4 (Z; | A, B) 1a mot chin trén cta F(Z), B), tuong tu ta c6
Qp(Zy | A, B) 1amot chin trén cta F'(A, Z,). Hon nita, ddu bang xay ra khi
Zl = A, ZQ = B, tuc la
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Ta thay ring thuit todn softimpute-ALS c6 thé miéu ta nhu thi tuc lip sau:
Ap € al"meiHQA (Z1 | Ak, Br) (3.12)

Bry1 € armeinQB (Z2 | Aps1, By) - (3.13)
2

Thuat toan 6 softimpute ALS ([7])
Pau vao: Ma tran X, khdi tao Ay va By, va k = 0.

Pau ra: (A*, B*) 1a udc lugng cuc tiéu ciia bai todn 3.4.

Lip lai dén khi nao 6; < e
I k< k+1
2. X*+ Po(X)+ Py (ABT) = Po (X — ABT) + ABT
3. A« X*B(BTB+AI) "' = argming, Q4 (Z | A, B)
4. X* « Po(X) + Py (ABT)

5. B+ X*TA(ATA+ M)~ = argming, Qg (% | A, B)

Thuét toan khai thac dudc su phan tach
Po (X — AB") = Po(X) + Py (AB") — AB". (3.14)

Gia st rang ta c6 wdc ludng & vong lip hién tai cho ca A va B, ta mong mudn
tinh gia tri B mdi. PAu tién, thuat todn sé thay su xuAt hién 1an dau cia AB”
trong vé phai cta (3.14) v6i udc luogng hién tai, ddn dén mot ma tran dy da

X* = Po(X) + Py (ABT), sau d6 giai theo B trong bai todn
112 -
mini;nize”X* —ABHF—i—/\HBH%. (3.15)
B
Ta c6 thé viét lai X* thanh

X* = Po(X) + Py (AB") = (Po(X) — Po (AB™)) + AB™;  (3.16)
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Pay 1a cach biéu dién thira vdi hang thdp hiéu qua cho bai toan nhiéu chiéu:

hi€u qua trong viéc luu trtt va phép tinh tich ma tran.

3.3 Phan tich su hdi tu cua thuit toan SoftImpute-ALS

Trong phan nay, chiing ta s& nghién ctiu céc tinh chét ctia diy lip sinh bdi
thuat toan SoftImpute-ALS va danh gid tbc do hdi cla todn. Trube tién, ta sé
chi ra rang ham muc tiéu F cla bai todn (3.4) khong bao gid ting sau mdi
vong lap cua thuat toan softimpute-ALS.

Dinh ly 3.1. ([7]) Cho (A}, By) 1a cic lan lap dudgc tao bdi softimpute-ALS.

Gia tri ham muc tiéu 1a don diéu giam theo quy tac cip nhap nay, nghia 1a
F(Ag, Br) 2 F (Aps1, Br) 2 F (Api1, Br) s k>1

Chiing minh. Theo quy tac cap nhit A;_ 1, khi d6 ta c6

Qa (A | Aw, By) = min Qa (21 | A, By)

< Qa(Ay | Ay, Br) = F (A, By) .
Talai c6 Q4 (Ari1 | A, Br) > F (Aj11, By). Tu nhitng diéu trén ta thu dugc
F (A, By,) > F (Aj,1, By). Tuong tu nhu trén ddi v6i viée cap nhat B ta c6:
F (Ags1, Br) = Qp (B | Aks1, Br)
> QB (Bry1 | Aky1, Br) = F (Aky1, Brya) -

Diéu nay chi ra ring F (A, Br) > F (Aji1, Bry1) v6i moi k dan t6i diéu

phai ching minh. ]

Trong phan tiép theo, ta sé dua ra mot vai két qua dé€ néi 1én tdc do hdi tu

ctia thuat toan softimpute-ALS tién dén mot diém ding.
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B6 dé 3.2. ([7]) Cho (Ag, By) 1a uéc lugng tim dudgc ctia thuat toan & 1an 1dp
tha k. Khi do ta co:

F (Ag, Br) — F (Akt1, Bey1) >

1 2 2

B <H(Ak: — Ap1) B || + HAk+1 (Bry1 — Bk)THp) (3.17)
A 5 )

+ 5 (14 = A3+ 1Boss — Billp), Wh > 1,

Pé chitng minh bd dé nay ta can st dung mot két qua co ban lién quan dén

bai todn hdi quy ridge nhu sau:
B& dé 3.3. ([7]) Xét bai toan hdi quy ridge
1 2, Aa2
H(B) = 5lly = Ml + 5118112 (3.18)
v6i 3* € argming H(B3). Khi d6 dang thic sau ding:
X 1 X *
H(B) = H (87) = 5 (8= 8" (M"M + 1) (5 - 8")

1 A
= 1M (8= 85+ 5118 = Bl

Chiing minh. Quay lai b6 dé (3.2), ta c6:

F (43 Bi) = 9 (ABT) + 5 (Al + 1B:2) (3.19)
= Qa (Ar | Ay, By) (3.20)
> Hélln Qa (21| Ak, Br) (3.21)
= Qa (Ars1 | Ax, Br) (3.22)
> g (A BD) + 5 (JAalB +IBE)  323)

— F (Ags1, By). (3.24)
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Tir (3.24) va (3.19) ta c6:

F (A, B) — F (Ags1, Br) > Qa (Ai | A, Br) — Qa (Akt1 | Ak, Bi)
(3.25)
:—H A1 — Ax) B, H2 |\Ak+1—z4kH§,
(3.26)

trong d6 (3.26) dudc suy ra tir (3.25) sit dung bd dé 3.3. Tuong tif budc trén

vGi viéc cap nhat B ta co:

F(Ay, Br)—F (Ag+1, Bri1) > HAk+1 (Brs1 — By) H +— | Bies1 — Byl -
(3.27)
Tir (3.26) va (3.27) ta suy ra dugc diéu ching minh. [

V6i ma tran A va B bat ky 1an ludt dinh nghia A*, B+ nhu sau:

AT € argminQ4 (71 | A,B), BT € argminQp (Zg | A+,B) (3.28)
Z1

Z2

Tu do ta dat:
A((A, B), (A*, BY)) = (H (A— A% BTHF+HA+ (B — BY) H )

+3 (114 = A% + 1B - B*})
(3.29)

Pinh Iy 3.4. ([7]) A ((A, B), (A*, BT)) = 0 khi va chi khi (4, B) 1a diém

bat dong cia softimpute-ALS.
Chiing minh. Pau tién, dé thiy néu A, B 1a diém bat dong thi

A((A, B), (A*,B*)) =0
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Ta xét trudng hop ngudc lai nghia 1a A = 0. Chd y ring néu A = 0 thi méi

thanh phan cta tong xuat hién trong dinh nghia cia A 13 phai bang 0. Ta c6:
1 A
Qa(A| A, B) = Qu (A" | A,B) = S [|(47 = 4) B[, + 5 A7 - Al

Vi vé phai bing 0 nén ta suy ra duoc Q4(A | A,B) = Q4 (A" | A, B). Tu
détacé F(A,B) = F(A,, By), hay (A, B) la diém bat dong. O

Ta st dung ki hiéu sau:

e = A ((Ag, Br) , (Ak+1, Biy1)) - (3.30)

Vi vay 1, ¢6 thé sit dung d€ xac dinh khi nao (A, By) gan dén diém ding.
Nhu 12 hé qua ctia b6 dé 3.2 va tinh don diéu giam ctia chudi gid tri ham

muc tiéu F (A, By), tacé n, — 0 khi k& — oo. Dinh ly sau mo ta téc do ma

i hoi tu vé 0.

Pinh ly 3.5. ([7]) Cho (Ay, Bx),k > 0 1a chudi dudgc tao ra bdi thuat toan

softimpute-ALS. Khi d6 chudi gid tri muc tiéu F' (A, By) gidm va hoi tu vé

F>*>0van, — 0.

Hon niia, ta c6 téc do hdi tu clia thuit todn softimpute-ALS nhu sau:

- (£ (Ay, By) — F~)
<
1Shek K

(3.31)

Chiing minh. Tii bd dé 3.2 ta c6:

]

K K
) (F (A B) = (A, Ben)) 2 ;nk > K (Krg,glnk> (332)
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Vi vay F (Ay, By,) 1a chudi gidm bi chin dudi, tif d6 né hoi tu vé F°°. Ta c6
thé suy ra rang:
K
> (F (A, By) = F (Ap, Ben)) = F (A", BY) — F (AR BRH)
=1

7

< F(A'B") - F>~.

(3.33)
St dung (3.33) cling vdi (3.32) ta c¢6 téc do hoi tu sau:
i < (F(A',B") — F (A~ ,B®)) /K 34
min . < (F (AL BY) = F(A%, B¥)) /K, (3.34)
tir d6 ta c6 diéu phéi chiing minh. ]

Dinh Iy trén chi ra rang tbc do hodi tu ctia thuit todn softimpute-ALS O(%);
néi cach khac, v6i mot s6 € > 0. ta chi can nhiéu nhit K = O(%) dé dat dudc
diém (Ay., Bi.) sao cho mp- < ¢, trong d6 1 < k* < K.

Chi y rang Dinh 1y 3.5 chi ra tbc do hoi tu cta thuit todn v6i moi gid tri
A > 0. Trong hé qua sau, ta néu ra vai tro cu thé ctia A anh hudng tdi toc do

hoi tu cua thuét toan.
Hé qua 3.6. ([7]) Cho (A, By),k > 1 dugc dinh nghia nhu trong Dinh ly
3.5. Gia st rang véi moi k > 1 thi:

(V1= BB, = ("1, (V1= AL A, = 01, (3.35)
trong d6 ¢V, /% 1a cac hiang s6 doc 1ap véi k. Khi dé ta co:

min_(11(Ax = Axe) I3 + |1 Bx = Bel})

1<k<K
2 (F (A1, By) — FOO) (3.36)
<

— (F+ ) K
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min (H Ay — Ap1) By, HF+HA1§+1 By, — Bj41) H )

e (3.37)
2 (F(Al,Bl)—FOO)
T A+l K
min (IIVaf (Ae B + Vs (A, BOIP)

2(") (F(Ay, By) — F> (3-38)
<@y ()

trong d6 V4 f(A, B) (tuong tng Vi f(A, B)) ki hiéu 1a dao ham riéng cta
F(A, B) theo bién A(tuong tng B).

Chitng minh. Nhic lai dinh nghia ctia 7,
2
Mk (H (Ax — Aps1) B HF + HAk+1 By, — Biy1) HF>
2 (14 = Avalls + 1B — B |2)
Theo gia thiét thi
(1= BIBy, = 0*1, (1= Al A, = ("1, Vk
Ta lai co
2D\ 5 2D\ :
M = (5 + 5) [Ax — Apiallz + (5 + 5) | Br — Bl -
Ap dung diéu nay vao (3.32) va gia st £ > 0, ta co:

min (11(Ae = Awe)l+ 1By = Byl

1<k<K
o (F(A,BY) - F> (3.39)
<@ (")

Thay vi st dung phép khoang céch:

<\|(Ak — Ap)|| 7+ || B — B,MH%) 7



52
ta s€ su dung phép dé khoang cach mdi:
(1A% = Aa) Bl + 14w (Br = Brs)lly)
Quan sat thiy rang:
(A = Al > | (A~ Avi) B
V|| By, — By ||z > HAk+1 (Br — Bi+1) HF

Ta co:
A T
me= | 5+ (H Ay — Aj1) By, HF + || A1 (Br — Bt I3 )
Két hop vdi (3.32) ta thu dugc :

min ([|(4 = Ae) B[+ 1A (B — B %)

1<k<K

20" (F(A!,B') — F*® (3.40)
< ’ :
A+l K

V6i gia thiét (VT = B By, va (VT = AL A c6 thé hi€u nhu cén trén cta hé
s6 Lipschitz clia cac gradient ctia Q4 (Z | Ay, Br) va Qp (Z | Api1, By) v6i

moi £ :
IVQa (Aps1 | Ak, Br) — VQua (Ag | Ar, Br)|| < V|| Apsr — Al

IVQp (B, | Ait1, Br) — VQ5 (Bit1 | A1, By)|| < €9 || Bir — By -
(3.41)

Tu d6 dan tSi chidn trén toc do hdi tu trén cac gradient cia ham F(A, B),

nghia la
min_ (IVaf (Ae, BOI +11V5f (Avir, Bo)l)

1<k<K

_2(¢) (F(Al,Bl)FOO).
— (F+ ) K
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3.4 Thay doi softImpute-ALS cho bai toan (3.3)

Chudi (Ay,, Bi) dudc tao bdi thuat todn (6) hudng t6i viée toi uu bai todn
(3.4). Tiép theo, ta sé xem xét mdi lién hé ctia chudi d6 voi (3.3). Ta biét rang
chudi F(Ay, By) 1a chubi gidm, vay liéu n6 c6 suy ra dugc chudi H(A;B])
1a chudi giam? Trong phan nay, ta sé chi ra rang c6 thé dat dudc mot chudi
giam H(A;BI') v6i mot sy thay d6i nhd. Thuét todn méi dugc miéu td nhu
trong thuat toan (7) vdi su thay doi & budc 3 trong thuit todn nay. Cu thé, thay
vi 14y truc tiép B 1a gid tri cAn tim ciia B nhu phién ban trudc do, ta sé cap
nhét B nhu trong dong budc sb 3. Y tudng nay dua trén bé dé sau:

B6 dé 3.7. ([10]) Cho trudc ma trdn Z ¢d m X n va rank(Z) < r <
min(m, n). Khi d6, gid tri t6i uu clia bai toan
minimize s(IAlE + 1BII7),
thoan man A € R"™*" B € R™*" (3.47)
ABT = Z.

chinh 1a || Z||, v6i nghiém c6 dang la:
A=UD, B=VD (3.48)

trong d6 U,,x,, Vox, 12 ma tran truc chuan, D, 1a ma trin dudng chéo.

Tir b6 dé (3.7) ta thay riang
F (Ax, By) > H (AyBy) .

Viéc diéu chinh tham s6 trong buéc 3 ctia thuat todn (7) khong 1am thay

d6i phan sai s6 cia ham muc tiéu F (A, By) nhung lam gidm phan chinh
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Thuét toan 7 softmpute-ALS thay ddi [7]

1. Khéitao A = UD trong d6 U, «, 12 ma tran truc chuan dudc chon ngiu nhién and D = I,., I,

la ma tran don vi kich thuéc r x r,va B=V D v6i V = 0.
2. Cho A = UD va B = VD, ta giai quyét bai toan
1 ~ T A~
minimize= HPQ (x - aBT) H + 2B|1% (3.42)
B 2 F o2

dé cap nhat B. Ta dat dugc diéu nay véi cac budc sau:

(a) Pit X* = (Po(X) — Po (ABT)) + AB”, dugc luu trit dudi dang thita va hang thdp.

(b) Giai quyét bai toan

1 |2 ~
nmmmmeX*—ABTH—+§Mﬂ%, (3.43)
B 2 F 2
c6 nghiém
BT = (D*+AI) "' DUT X* (3.44)
— (D?+ )" DUT (Po(X) — Pa (ABT)) (3.45)
+(D?+ A1) D2BT. (3.46)

(c) Capnhat VvaD:
i. Tinh SVD BD = UD*VT;
ii. V< U,vaD <« D.
3. Cho B = V D, Giai theo A, bdi tinh ddi xiing, thay X7 bang X, va B véi A dudc di chd cho
nhau.

4. Lip lai bude 2 va 3 dén khi §; < e.

5. Tinh M = X*V, va sau d6 tinh SVD: M = UD,RT. Tadvara U,V « VR va D, =
diag [(01 —/\)+,...,(0T—)\)+]
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hoa, vi viy dan dén toan bd ham muc tiéu giam khi so sanh véi thuét toan

softimpute-ALS dudc mo ta trong (6). Vi vy ta c6 bé dé sau:

B& dé 3.8. ([7]) Cho chudi (Ag, Br) dudgc sinh ra bdi thuat toan softimpute-
ALS thay d6i. Diéu nay din dén mot chudi giam gid tri hAm muc tiéu ctia bai
toan (3.3):

H (ArBY) > H (ApaBL.y) .

v6i H (AkBg) = F (A, Br) v6i moi k. Vi vay chudi H (AkB,{) hoi tu vé
e,

Chii y riang, F™ khong cin 1a gid tri cuc ti€u ctia bai todn (3.3), ¢6 thé thiy
dé thay diéu nay bang viéc liy r nho hon hang ctia nghiém tdi wu bai toan 15i

(3.3).

3.5 Do phic tap tinh toan

Chi phi tinh to4n cua thuat toan softImpute-ALS ¢6 thé dudc chia thanh 3
budc. Pau tién xét chi phi cip nhat A. Budc dau tién ta hinh thanh ma tran
X* = Py (X — AB")+AB? yéu cau O(r|Q|) phép tinh cho phan Po(ABT),

trong khi phan con lai khong cin tinh todn cu thé. Ma tran B (BTB + Al ) -

yéu cau O(2nr? + r?) phép tinh. Phép nhan ma tran X*B (BT B + AI) va
AB"B (B"B + )\I)_l yéu cau O (r|Q| + mr? 4+ nr?) phép tinh bang viéc
st dung cAu tric thua va hang thap cia X*. Tong chi phi cia mot vong Lip
O (2r|Q] + 4mr? + 4nr? 4 2r%).

So sanh véi thuat toan ALS véi cong thic cap nhat duge cho thuat toan 5:

moi hang cua A va B dudc cap nhat mot cach riéng biét thong qua cac bai



56

todn con. Chi phi tinh toan d€ gidi mdi bai todn con nay 1a O (|Q;|r? + r?),
vi vay chi phi cho mot vong 1ap ciia ALS can O (2|Q|r* + mr?® + nr®) nhiéu

phép tinh gip r 1an mot vong Lip cia softimpute-ALS.

3.6 Thi nghiém s6

(200, 200), A =20, r=20, |Q| =30% 1e6 (1500, 1500), A =20, r=40, |Q| =30%
70000 =
—— softimpute-mc —— softimpute-mc

69000 4 —— ALS-mc 1.88 4 — ALS-mc

68000
1.86 1

éu

67000

£ 65000

Gia tri ham muc ti
o
(=
o
o
o
Gid tri ham muc tiéu
=
=]
IS

1.824
64000

63000

62000 - L

T T T T T T -—
0.0 0.5 1.0 15 2.0 2.5 0 5 10 15 20 25
Thi gian (s) Thai gian (s)

1.80 1

Hinh 3.1: Két qua so sanh hai thuét todn trong bai toan khdi phuc ma tran.

Trong phan nay, chiing t6i thuc hién so sanh vé thdi gian ctia thuat todn t6i
thi€u luan phién va phién ban nhanh SoftImpute-ALS trén dit liéu md phong.
Hinh (3.1) thé hién két qua thuc nghiém ctia hai thuét todn trong bai toan khoi
phuc ma tran khi chay & 10 lan khdi tao khac nhau v6i mbi mot dudng 1a mot
1an chay. Mdi hinh sé dugc gan nhan véi kich thudc ma tran (m, n), tham sb
A, sb chiéu r dudc st dung va sd Iugng phan tif quan sat dudc || clia ma
tran can khoi phuc. Ma tran can khoi phuc M & mdi thi nghiém tao ra bang
cach lay M = AAT 4 E trong d6 A 1a ma tran kich thudc m x r, E ¢6 kich
thudc m x m, cdc phan ti trong cidc ma tran dugc rit doc 1ap va ngiu nhién
tif phan phdi déu /[0, 1]. Quan sat thiy ring, & moi 1an khdi tao, thuit todn

SoftImpute-ALS & céc 1an chay trong thi nghiém déu hoi tu nhanh hon so véi
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cac 1an trong thuat todn tbi thiéu luan phién.
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Két ludn va kién nghi

Trong luin vin ndy, ching t6i nghién cttu va trinh bay phuong phap tbi
thi€u luan phién, mot k§ thuat phd bién trong 1y thuyét téi vu vdi nhiéu ting
dung thuc tién. Chung t6i dua ra cdc khdi niém cd ban va phan tich cach hoat
dong cua thuat todn trong trudng hop tong quat. Ching tdi cling da nghién
cfu va trinh bay dng tng ctia thuit todn trong cac bai toan thuc té vao gom
bai toan phan cum K-Trung Binh va bai toan khoi phuc ma tran. Viéc ap dung
phuong phap vao céc bai toan thuc tién di chiing minh tinh hiéu qua va tiém
ning ctia n6, md ra nhitng huéng nghién ctiu méi nham cai tién thuat todn va

md rong pham vi ting dung trong cac linh vuc.
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