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L.oi cam doan

Luan van nay dudc thuc hién dua trén sy tim toi, hoc hodi cua ca nhan t6i
dudi su huéng din cta TS. Lé Hai Yén. Moi su gitip d6 cho viéc thuc hién
luan vin nay da dudc cdm on va cdc thong tin trich dan trong luan vin déu

dudc ghi 10 nguon goc. Toi xin chiu trach nhién vé 16i cam doan.

Ha Noi, thang 10 nam 2024

Hoc vién

/X/W“/h

Tran Thi Thanh Tuoi
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L.oi cam on

Dau tién, to6i xin bay té long biét on tdi Trung tam dao tao sau Pai hoc,
Vién Toan hoc va Hoc vién Khoa hoc va Cong ngh¢, Vién Han 1am Khoa hoc
va Cong nghé Viét Nam da tao diéu kién cho t6i dugc tham gia cac hoat dong
nghién ctfu va dudgc huéng dan nghién citu ngay ca khi chua tt nghiép bac cli
nhan va sau khi tét nghiép cti nhan. Em xin giii 13i tri 4n sdu sic t6i cac thay
cd da chi day, huéng din em ciing nhu cdc hoc vién khac ctia 16p Toan Ung
dung 2022B.

Dic biét, em xin gti 16i cAm on chan thanh nhét t6i TS. Lé Hai Yén, Vién
Toan hoc, Vién Han 1am Khoa hoc va Cong nghé Viét Nam. Em cam on c6
da luon bao dung, nhin nai dé€ dong hanh va chi day em moi liic. Em ciing
xin gui 16i cam on t6i TS. Nguyén Hoang Thach, GS. TSKH. Poan Thai Son
da huéng dan, chi bao va truyén dong luc cho em trong sudt qua trinh em hoc
tap tai Vién Toan hoc.

To6i xin cdm on Quy Do6i mdéi sang tao Vingroup (VINIF) da tai tr¢ hoc
bdng Chuong trinh hoc béng dao tao Thac si, Tién si trong nuéc. Pay 1a su
hé tr¢ va dong luc to 16n, cho phép t6i tap trung hoc tap, nghién ctiu va sang
tao.

Do thdi gian ¢6 han va kién thic con han ché nén luan vin nay khong tranh
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khoi con sai sot. Tac gia rat mong nhan dudc gop y, nhan xét cua cac thay co

dé€ hoan thién luin vin t6t hon nita. Tac gia xin chan thanh cAm on.

Ha Noi, thdang 10 nam 2024
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M6 dau

Tur thé ki XVIII, Cauchy da dé xuét thuat todn huéng gidm gradient dé
giai bai todn tdi uu khong rang budc. Tt d6 dén nay, thuat toan nay da dugc
nghién ctiu va md rong bdi nhiéu nha todn hoc. Thuit todn dao ham gan ké
c6 thé dudc coi 1a dang md rong cla thuat todn hudng gidm gradient cho bai
toan t6i uu véi ham muc tiéu c6 dang tng. Y tudng cla thuit todn nay da
xuat hién tlf nhitng nim 1970 va dudc goi 12 thuat todn forward-backward.

Thuat toan dao ham gan ké c6 vu diém vé tinh don gian va do d6 phu hop
v6i viéc gidi cdc bai todn v6i sd chiéu 16n nhung téc do hoi tu clia thudt todn
cham. Nim 2009, Beck va Teboulle ([1]) da dé xuat dang ting toc cho thuat
todn dao ham gan ké dua trén y tudng ctia Nesterov ([2]) va ho di chitng minh
dugc rang tbc do ctia thuat toan dudc cai thién dang ké ca vé mit ly thuyét va
thuc hanh. Trong dé tai nay, ching tdi nghién cifu thuit todn dao ham gan ké

va cac phién ban ting tc clia né.
Tong quan tinh hinh nghién ciu

Trong linh vuc tdi uu, thuat toan huéng gidm gradient (Gradient Descent)
12 mot trong nhitng thut todn cd ban va lau ddi nhat. T nhitng nim 1950,

v6i su phét tri€n clia mdy tinh va nhu cau gidi quyét cic bai todn toi uu hda
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phuc tap trong ky thuat va khoa hoc, thuat toan huéng giam gradient va céac
bién thé ctia n6 da tré nén cuc ky quan trong. Phuong phdp nay dic biét quan
trong trong linh vuc 1y thuyét thong tin va hoc mdy, noi ma kich thudc va do
phiic tap ctia mo hinh 1am cho viéc tim kiém khong gian tham s6 tré nén khé
khian. Tuy vy, thuit todn nay ton tai mot nhude diém 1a né chi 4p dung dugc
cho cac ham kha vi.

Thuat toan dao ham gan ké ma ching tdi nghién ctiu trong dé tai nay c6
thé dudc coi 1a dang md rong cia thuat todn hudng gidm gradient 4p dung cho
bai toan tdi uu dang tdng ma & d6 ham muc tiéu cia bai toan c6 thé khong
kha vi.

Bai toan t6i uu véi ham muc tiéu dang tdng c6 dang nhu sau:

min{F(z) = f(z) + g(z)}, (1)

zeE

trong do,
£ 1a khong gian Euclid,
e g:E — (—00, 00| Ia ham 18i, chinh thudng va dong,

e f:E — (—o00, 00] dong va chinh thudng, dom(f) Ia tap 16i, dom(g) C
int(dom(f)), va f 1a Ls-tron trén int(dom( f)).

Thuét toan dao ham gan ké (ISTA) da xuét hién ti nhitng nim 1970 trong
cac cong trinh cua Bruck, Pastry, Lions va Mercier ([3, 4, 5]) véi tén goi thuat
toan forward-backward. Thuit toan nay cé uu diém vé tinh don gian, do dé6
dudc ap dung cho nhiéu bai toan thuc té v6i dit liu c6 sb chiéu 16n. Tuy
nhién, thuit todn nay c6 téc do hoi tu cham. Cac bién thé cta phuong phap

nay thudng tip trung vao viéc ting téc do hoi tu ciia thuat toan.



Nim 2009, mot phién ban ting tdc cho thuit todn dao ham gan ké (viét tit
la FISTA) dudc dua ra bdi Beck va Teboulle ([1]) da thu hit dude su quan
tam cda nhiéu nha todn hoc trén thé gi6i. Trong cong trinh ndy, dua trén y
tudng cta Nesterov, cic tac gia da cai tién téc do hoi tu clia thuat todn dao
ham gan ké c6 dién dua trén viéc tinh toan budc di t6i uu hon va thit nghiém
né trong bai todn khtt nhiéu anh.

FISTA khong phai la thuat toan don diéu, tic la thuat toan khong dam
bao rang ham muc tiéu khong ting sau mbi budc lip. Thuit toan MFISTA
(Monotone-FISTA) dudc nghién ciiu d€ gidi quyét van dé nay ([6]). Thuat
toan vira ddm bdo tinh don diéu, vira gitt dugc téc do hdi tu nhu thuit todn
FISTA.

Mot phién ban cai tién khédc clia thuit todn dao ham gan ké 1a thuat todn
Restarted-FISTA ([7]). Thuat toan nay dua trén y tudng khéi dong lai thuat
todn sau mot s6 budc lip nhit dinh (Nesterov, [8]) dé ting tdc dd hoi tu trong

trudng hop ham f 12 ham 16i manh.

Su can thiét tién hanh nghién ciu

Trong linh vuc t6i vu héa va hoc mdy, thuit toan dao ham gan ké va cac
dang ting téc ctia né déng mot vai trd quan trong trong viéc gidi quyét mot
loat cc bai todn phic tap, dic biét 1a nhiing bai todn c6 cau tric khong tron
hoic 16i. Su can thiét ctia cdc thuit toan nay nam & kha ning xd 1y hiéu qua
cac ham muc tiéu khé khin, gitip viéc tdi uu hoa tré nén kha thi ngay ca trong
nhiing trudng hop ma cac phuong phap truyén thdng khong thé ap dung dudc.

Thuét toan dao ham gan ké xuat phat tif nhu cau giai quyét cac bai todn t6i
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uu héa cé su hién di€n cua ham muc ti€u khong kha vi, vi du nhu ham chi
(ham dic trung) ctia mot tip 16i hodic ham chudn /; trong cdc phuong phap
chinh héa. Céc bai toan nay thudng xuét hién trong xu ly tin hiéu, t6i uu héa
thong ké, va hoc siu, noi ma viéc tinh toan dao ham khong luon ludn kha thi
hoic hiéu qua. Thuat todn dao ham gin ké giai quyét vin dé nay bang cach st
dung todn ti dao ham gan ké - mdt cong cu manh mé cho phép tdi tu héa mot
cach gidn tiép qua viéc cuc tiéu héa mot ham muc tiéu tuong duong nhung
dé xur 1y hon.

Céc dng dung thuc té ciia thuat toan dao ham gan ké va cdc dang ting toc
cia né xuat hién nhiéu trong linh vuc xi 1y tin hiéu va hoc mdy, dic biét véi
dit lidu c6 s6 chiéu 16n, cu thé c6 thé ké dén cac bai todn x{ ly nhiéu anh, xi
ly 4nh chup cong hudng tir (MRI). Nhiéu cdng trinh nghién citu 4p dung cac

thuat toan nay trong xu ly tin hiéu cho hiéu qua cao ([9, 10, 11]).

Muc tiéu cua de tai

Trong dé tai nay, tdi nghién citu vé thuit todn dao him gan ké cho bai todn
toi uu dang tdng trong trudng hop khong 16i, 16i, 16i manh va cac dang ting
toc da co cia thuat todn. Bén canh do, cdc phuong phdp cling dudc 4p dung

trong ng dung cu thé d€ so sanh hiéu qua thuat toan.

Pong gop cua luin van

Lu4n vin trinh bay thuat todn dao ham gan ké va su hdi tu cda thuit todn
trong trudng hop tdng quat, trudng hop 16i va trudng hop 16i manh. Bén canh

do, luan van ciing xem xét mot so dang tang toc cua thuat toan dao ham gan
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ké nhu FISTA, MFISTA va Restarted-FISTA. Thuat todn va su hoi tu cia
cac thuat toan nay dugc trinh bay dya trén cac tai li€u nghién cdu truéc do
[1,6,7].

Bén canh d6, luan vin trinh bay mot s6 bai toan ap dung nhu bai todn binh
phuong tbi thi€u chinh héa [;, bai todn khit nhiu anh st dung phuong phép

LASSO va thuc hién 1ap trinh dé thit nghiém thuc té cic thuat todn nay.

Bo cuc luan van

Noi dung chinh ctia luan vin gdm 4 chuong:

« Chuong 1: Kién thifc chuin bi. Chuong nay trinh bay cac khdi niém co
ban ctia ly thuyét tdi vu nhu dudi vi phan ctia ham 16i, todn ti gan ké,

16p ham kha vi v6i dao ham Lipschitz, .. ..

« Chuong 2: Thuat todn dao ham gan ké cho bai toan tdi uu dang tdng. O
chuong nay trinh bay thuét todn dao ham gan ké cho bai todn tdi uu dang
tong va xem xét su hdi tu clia thudt todn trong cac trudng hop khong 10i,

161 va 161 manh.

* Chuong 3: C4c dang ting tbc cia thuit todn dao ham gan ké. O chuong
nay, ta xem xét mot s6 dang ting toc ctia ISTA nhu: FISTA, MFISTA,
Restarted-FISTA.

 Chuong 4: Thit nghiém s6. Phan nay sé thuc hién thit nghiém va so sanh
thuét todn dao ham gan ké va cac dang ting toc cho cic bai todn tdi uu

dang tong trong cdc vi du cu thé.



Chuong 1

Kién thitc chuéin bi

Trong luan van nay, khong gian cd ban (thuong ky hiéu la ) 1a khong gian
Euclid - khong gian véc td hitu han chiéu dudc trang bi tich vo hudng (-, -) va

chuén || - ||. Chuén d6i ngiu trén E dugc xdc dinh nhu sau

I¥ll. = max{(y.x) : x| <1}, y€E.

Ham thuc md rong 1a mot ham dugc xac dinh trén toan bd khdng gian co
ban va c6 thé nhan bat ct gid tri thuc nao, ké cd —oo va oo. Véi mot ham thuc
md rong f : E — [—00, 00|, mién hitu hiéu dugc dinh nghia 1a

dom(f) ={x€E: f(x) < co}.

Ham f : E — [—o00, 00] dugc goi la ham chinh thudng néu n6 khong nhan

gia tri —oo va ton tai x € IE sao cho f(x) < oo, tic 1a dom(f) # 0.

1.1 Dudi vi phan

Trong phan nay, khai niém va mot s6 tinh chit ctia duéi vi phan, duéi dao
ham dudc trinh bay. C4c dinh nghia, két qua & phan nay déu 1a cac két qua co

ban va dudc trinh bay dua theo Amir Beck ([7], chuong 3).
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Pinh nghia 1.1 ([7]). Cho f : E — (—o0, 00| 1a ham chinh thudng va goi
x € dom(f). Véc to g € E dudc goi 1a dusi dao ham ciia f tai x néu
fy) = f(x) + (g, y —x) véimoi y € E. (1.1)
Bit dang thic (1.1) con dudc goi 1a bit dang thifc dusi dao ham.

Vidul2. Xét f:R = R, f(z) = |r+1|. Taco f khong kha vi tai z = —1.
Xét dudi dao ham cua f, theo dinh nghia, ta c6 g € R 1a dudi dao ham cua f

tai z = —1 néu
ly + 1| > 10| + (9,y — (—1)) véimoi y € R,

hay
ly + 1] > g(y + 1) véi moi y € R.

Xét dau ctia y + 1 tacé

e Néuy + 1 = 0, diéu kién nay ding v6i moi g.

e Néuy +1>0,diéukiénnaylay +1> g(y+1),suyrag < 1.

e Néuy +1<0,diéukiénnayla —(y +1) > g(y +1),suyra g > —1.
Do d6, moi g € [—1, 1] déu la mot dudi dao ham cda f tai z = —1.
Dinh nghia 1.3 ([7]). Tap hop tit ca cic dudi dao ham clia f tai x dudc goi
la dudi vi phan cua f tai x, ky hiéu 1a 0 f(x):

f(x)={gek: f(y) = f(x) + (g y —x) véimoiy € E}.

Néu x ¢ dom(f), ta quy uéc 0 f(x) = 0.

Dudi day 1a vi du téng quat hon Vidu 1.2, vi du vé dudi vi phan ctia chuin

tai O.
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Vidu 14. Cho f : E — R dugc dinh nghia bdi f(x) = ||x||. Ta sé chiing
minh dudi vi phan cta f tai x = 013 qua ciu don vi ctia chuin d6i ngau.
0f(0) = By.[0,1]={gcE:[g]. <1}. (1.2)
D€ ching minh (1.2), lvu y ring g € Jf(0) khi va chi khi

f(y) = f(0) + (g,y — 0) véimoiy € E,
tuong duong voi
lyll = (g, y) véimoiy € E. (1.3)
Chiing ta sé chiing minh ring diéu nay ding khi va chi khi ||g||, < 1. That

viy, néu ||g||. < 1, thi theo bat dang thiic Cauchy-Schwarz t&ng quat, ta c6

(&, y) < lgll:llyll < [lyll véi moiy € E,
suy ra (1.3). Nguoc lai, gia st (1.3) ding. Liy cuc dai c4 hai vé& cta (1.3) véi

tht cd y théa man ||y|| < 1, ta dugc

|gll« = max (g,y) < max |ly[|=1.
yillyll<1 yillyll<t

Do d6, chiing ta da thiét 1ap dudc su tuong duong giita (1.3) va bét dang thiic
Ig|ls < 1, tit d6 thu dugc (1.2).

Tiép theo, ta xem xét mot sb tinh chit ctia tap dudi vi phan, dau tién 1a tinh
161, d6ng.
Pinh 1i 1.5 ([7]). Cho f : E — (—o00, 00| la ham chinh thuong. Dudi vi phdn
Of(x) la tdp 16i dong vdi moi x € E.
Chiing minh. V6i moi x € [E, tap dudi vi phan c6 thé dudc bi€u dién dudi
dang

of(x) = m Hy,

yeE
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trong d6 Hy, = {g € E: f(y) > f(x)+ (g, y —x)}. Vi céac tap Hy la céc
nita khong gian dong va 16i, nén 9 (x) 1a dong va 1. ]

Tap dudi vi phan clia mot ham tai mot diém c6 thé 1a tap rong. Tir do, ta
c6 khai niém dudi kha vi duéi day.

Pinh nghia 1.6 ([7]). Ham chinh thuong f : E — (—o0, 0o] dudc goi la
dudi kha vi tai x € dom(f) néu df(x) # 0.
Tap hop cic diém duéi kha vi dugc biéu thi bing dom(Jf):
dom(0f) = {x € E: 0f(x) # 0}.

O b6 d tiép theo, ta sé chi ra rang néu mot ham dudi kha vi tai moi diém
trong mién x4c dinh véi gia thiét mién xac dinh 12 16i thi ham d6 13 ham 16i.
BG dé 1.7 ([7]). Cho f : E — (—o00,00] la ham chinh thudng va gid sit
dom(f) la tdp 16i. Néu O f (x) # ) vdi moi x € dom(f) thi f la ham l6i.

Chitng minh. Ly x,y € dom(f) vaa € [0,1]. Xétz, = (1 — a)x+ay. Do
tinh 16i ctia dom(f),z, € dom(f), nén ton tai g € Jf (z,), suy ra hai bét
dang thiic sau:

f(y) = f(2a) + (&Y = 2a) = [ (2a) + (1 — a){g,y — %),

f(x) = [ (2a) + (8:x — 24) = [ (2a) — a(g,y — x).
Nhén bat dang thic thi nhét véi a, bt dang thic thd hai véi 1 — o va tinh

tong ching ta ducc két qua

fll—a)x+ay) = f(2.) < (1—-a)f(x) +af(y).

Vi bit ding thic trén ding v6i moi x,y € dom(f), két hop véi dom(f) 1a

tap 161, nén ta c6 f 12 ham 16i. ]
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Tiép theo, ta xem xét mdt s6 két qua dé chi ra su ton tai diém thudc dom (f)

ma tai d6 dudi vi phan khac rong.

DPinh i 1.8 ([12]). Cho 0 # C C E la tdp loi va 'y & int(C). Khi do, ton tai
0 # p € E sao cho

(p,x) < (p,y) vdimoix € C.

Pinh i 1.9 ([7]). Cho f : E — (—o00, 00| la ham chinh thuong 16i va goi
x € int(dom(f)). Khi do, O f(x) dong va khdc rong.

Chitng minh. Nhic lai rang tich vo huéng trong khong gian E x R dudc dinh

nghia la

(y1, 1), (y2, 82)) = (y1,¥2) + Bif2,  (y1,51), (¥y2,52) € E xR,

Vi (X, f(X)) ndm trén bién cta epi(f) C E x R, theo Dinh ly 1.8 thi ton tai
mot siéu phiang phan cich gitta (X, f(X)) va epi(f), nghia 12 ton tai mot véc

td (p, —«) € E x R khac khong ma
(p,x) — af(x) = (p,x) — ot v6i moi (x, ) € epi(f). (1.4)

Luu y rdng o > 0 vi (X, f(X) + 1) € epi(f), va do do thay x = X va
t = f(x)+ 1vao (1.4)tacd

(p,x) —af(x) = (p,X) —a(f(x) + 1),

suy rariang a > 0. Vi X € int(dom(f)), nén theo tinh chét lién tuc Lipschitz
dia phuong cta cac ham 16i, ton tai ¢ > 0 vd L > 0 sao cho B||.||[5<, e] C

dom(f) va

|f(X) — f(i)‘ < LHX — 5(“ v6l moi x € B||.|| [)~(,8]. (1.5)
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Vi B [x,¢] € dom(f), nén (x, f(x)) € epi(f) v6i moi x € By [x,¢]. Do
do, thay t = f(x) vao (1.4), ta dugc

(P.x —x) < a(f(x)— f(x)) véimoix € B [X,e]. (1.6)
Két hop (1.5) va (1.6), ta thiy ring véi moi x € By X, €],
(p.x—x) < a(f(x) - f(x)) < al|x—x]|. (1.7)

Liy p' € E théaman (p,p') = ||p[. va ||p!|| = 1. Vix + ep’ € B|[x,¢],

ching ta c6 thé thay x = X + ep' vao (1.7) va thu dudc
elplls = e (p,p") < aLe||p'|| = aLe.

Do d6, o > 0, vi néu khong thi ta sé ¢c6 o = 0 va p = 0, diéu nay la khong
thé bdi véc to (p, o) khong phai 1a véc to 0. Liy ¢t = f(x) trong (1.4) va chia

cho « thu dudc két qua sau
f(x) > f(x) + (g,x — x) v6i moi x € dom(f), (1.8)

trong d6 g = p/a. Do d6, g € df(x), dam bao tinh khéc rong cia 0 f(x).
D€ chitng minh tinh bi chin cta 0 f (x), dit g € Jf(x), nghia la (1.8) ding.
Ditgl € Ema |g|, = <g,gT> va HgTH — 1. Sau d6 thay x = X + g’ vao

(1.8) ta thu duodc

(

1.5)
cllgll. == (g.8") = (g.x — %) < f(x) — [(%) < Llx—%| = Le,

suy ra rang 9f(x) C By, [0, L], va tit d6 ching minh dugc tinh bi chin ctia
f (x). O
Két qua ctia Dinh 1y 1.9 ¢6 thé dugc phat biéu dudi dang quan hé bao ham

Sau.

int(dom(f)) C dom(9f).
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Hé qué 1.10 ((7]). Cho f : E — (—o0, 00 la ham 16i. Khi d6 f dudi khd vi
trén K.

Tinh dudi kha vi c6 thé dudc ddm bio cho cic diém khong nhat thiét phai
nam trong mién trong ctia tip xac dinh ma nam trong mién trong tuong dbi,
ttic 12 mién trong cla tap x4c dinh ng véi bao affine cia né.

Vi phén trong tuong ddi ctia dom( f) ludn khac réng nén ta c6 thé két luan

rang ludn ton tai mot diém trong mién ma tai d6 tap dudi vi phan khac rong.
Hé qua 1.11 ([7]). Gid st f : E — (—00, 00| la mét ham chinh thuong 16i.
Khi dé ton tai x € dom(f) ma O f(x) khdc réng.
Pinh 1i 1.12 (Dudi vi phan tai diém khé vi, [7]). Cho f : E — (—o0,00] la
mot ham chinh thuong 16i va goi x € int(dom(f)). Néu f khd vi tai x thi
Of(x) = {V f(x)}. Nguoc lai, néu f cé mét duéi dao ham duy nhdt tai x thi
no khdavitai x va 0f(x) = {Vf(x)}.

Tir cac dinh nghia va két qua trén, ta c6 thé phat biéu mot s diéu kién tbi
uu nhu sau.

Dinh Ii 1.13 (Diéu kién tdi wu Fermat, [7]). Cho f : E — (—o0, o] la mét

ham chinh thuong 16i. Khi do,
x" € argmin{ f(x) : x € E},
khi va chi khi 0 € O f(x*).
Chiing minh. Ta c6 x* € arg min{ f(x) : x € E} khi va chi khi
f(x) > f(x*) 4+ (0,x — x*) v6imoix € dom(f).

Diéu nay tuong duong véi diéu kién 0 € O f (x*). O
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Dinh li 1.14 (biéu kién tdi uu cho bai todn téi wu ham téng, [7]). Cho f :
E — (—o00, 00| la mét ham chinh thuong, va g : E — (—o0, 00| la mot ham

chinh thuong 16i sao cho dom(g) C int(dom(f)). Xét bai todn sau:
min {£(30) + 9(x)}. ®)
(a) (Piéu kién cdn) Néu z* € dom(g) la nghiém t6i uu dia phuong ciia (P)
va f kha vi tai x* thi
—Vf(x") € dg(x"). (1.9)
(b) (Diéu kién cdn va dii cho bai todn 10i) Gid sit f la ham 16i. Néu f khd vi
tai x* € dom(g) thi x* la nghiém toi wu toan cuc ciia (P) khi va chi khi
—Vf(x*) € 0g(x").

DPinh nghia 1.15 (Piém dung, [7]). Cho f : E — (—o0c, oo 1a ham chinh
thudng va g : E — (—o0, co| 1a mdt ham chinh thudng 16i sao cho dom(g) C
int(dom(f)). Mot di€ém x* ma tai d6 f khé vi dugc goi 1a mot di€m diing cta
(P) néu
V() € dg(x).
Ta ciing nhac lai mot dinh 1y quan trong vé su ton tai duy nhét diém cuc
tiéu cho ham déng 15i manh. Trudc tién, ta nhic lai mot sb kién thiic co ban

veé ham 161 manh.

Dinh nghia 1.16 ([7]). Ham f : E — (—o0, 00] dudc goi la o-16i manh
v6i 0 > 0 néu dom(f) la tap 16i v bit dang thiic sau ding véi moi x,y €

dom(f) va A € [0,1]:

O+ (1= Ny) S M)+ (1= V() = A0 = V]x -y
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Dinh Ii 1.17 ([7]). Ham f : E — (—o00, 00] la ham o-16i manh (o > 0) khi
va chi khi f(x) — %||x||* la ham [oi.

Pinh li 1.18 ([7]). Gid su f : E — (—o00, 00] la ham chinh thuong dong va

o-10i manh (véi o > 0). Khi do:
(a) f cé duy nhdt mot diém cuc tiéu;

(b) f(x) — f(x*) > §|lx — x*||* véi moi x € dom(f), trong do x* la diém

cuee tiéu duy nhdt cia f.

1.2 Lodp ham kha vi véi dao ham Lipchitz

O phan nay, ta xem xét 16p ham kha vi v6i dao ham Lipschitz véi hé sb L s
hay con goi 1a L-tron. Céac két quéa hau hét dugc trinh bay theo Amir Beck
([7], chuong 5).

Pinh nghia 1.19 ([7]). Ham f : E — (—o0, oo] dugdc goi la L s-tron trén mot

tap D C E v6i Ly > 0 néu nd kha vi trén D va thoa man
IVi(x) = VW < Lyllx -yl véimoix,y € D.

Hé s6 L; dugc goi 1a hé 56 tron. Theo céch khdc, ham f con dugc goi 1a ¢6

dao ham Lipschitz v6i hé s6 L.
Ta xét mdt vi du don gian nhu sau.

Vidu 1.20. Xét f : R — R véi f(z) = 2% — 1. Khi d6, diéu kién & dinh

nghia tr§ thanh
20 —2y| < Ly|lx — y| vé6imoi z,y € R.

Do do6, f laham L-tron v6i Ly > 2.
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Mot két qua quan trong c6 dudgc tii tinh chat L s-tron dudc trinh bay dudi
day. B6 dé nay dudc goi 1a bd dé giam, chi ra mot chin trén cho f bang mot

ham toan phuong.
Bo dé 1.21 (B6 dé giam, [7]). Cho f : B — (—o0, 00| la mét ham L s-tron

trén mot tdp 16i D cho trude. Khi do, voi moi x,y € D,

Fy) < F60+ (VHGy =)+ Llx -yl (110)

Chiing minh. Theo dinh ly co ban cua vi tich phan ta c6

Fy) — f(x) = / (VF(x +tly — %)),y — x)d.

fly)—f(x) = (Vf(X),y—x>+/0 (Vix+tly—x))—Vf(x),y —x)dt.

Suy ra
[f(y) = f(x) = (VF(x),y = %)|
= /01<Vf(x +i(y —x)) = Vf(x),y —x)dt
< [ Vst -+t =) - VI -l
< / VSt — %)) — TF)Ly — e
< [ tn sy <l
—Lylly x|
trong d6 (*) ta st dung bat dang thiic Cauchy-Schwarz tdng quat. [

Tiép theo, ta c6 mot s6 tinh chit ctia ham L -tron.
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Pinh li 1.22 ([7]). Cho f : E — R la mot ham 16i, khd vi trén E va Ly > 0.

Khi do cdc ménh dé sau la twong duong:
(i) f la Ly-tron.
(ii) F(y) < F(x) + (VF(x),y = %) + Z|x — y||? véi moi x,y € E.
(iii) f(y) = f)HVI ), y=x) 457 IV x) =V [ (y)l2vdimoix,y € E.
(v) (Vf(x) = V(¥), x —y) = £.[IVf(x) = Vf(y)|Z vdimoi x,y € E.
(v) FOX+ (1= N)y) = Af(x) + (1= A f(y) = FAL = N)]x =y vdi

moi x,y € Eva X € [0, 1].

1.3 Anh Xa gﬁn ké
Céc khai niém va két qua vé anh xa gan ké trong muc nay dudgc trinh bay
theo Moreau ([13]).
Dinh nghia 1.23 ([13]). Cho ham f : E — (—o00, 00, 4nh xa gan ké cla f
la toan ti dudc dinh nghia bdi
: 1 9 e
prox(x) = argmin,cg ¢ f(u) + EHU —x||* ¢ v6imoix € E.

V6i mdi véc to x € E, anh xa gan ké xdc dinh tuong ing v6i x mot tip con
ctia E. Tap nay c6 thé rdng, c6 thé 12 tap don (c6 mot phan ti duy nhat) hodc
gdm nhiéu véc to. Tiép theo, ta xét mot s6 vi du cu thé vé dnh xa gan ké.
Vidu 1.24. Xétham f(z) = Mz| véiz € Rva A > 0. V6i moi x € R, anh

xa gan ké ctia f dugc x4c dinh 12

1
prox;(z) = argmin,cg {)\\u\ + §\u — x\2} = argmin, g h(u).
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Xét diu cta u, ta ¢

h(u) =M+ 3(u—2)% u>0,
h(u) =

ho(u) = =M+ 3 (u— )%, u<0.

Néu gia tri cuc ti€u dat dugc tai v > 0, thi 0 = A} (u) = A+ u — x, suy ra
u =z — \. Do d6, néu x > )\ thi prox, (z) = z — \. Tuong tu, néu z < —\
thi prox;(z) = x + A Néu |z| < X, prox;(x) phéi la di€ém duy nhét khong
kha vi cuaa h, chinh 1a 0.

Vi du 1.25. Xét g : R™ — R dugc dinh nghia béi g(x) = A||x][1, v6i A > 0.
Khi do: .

900 = 3 p(x),
trong d6 ¢(t) = A|t|. Theo Vi du 1.221,1ta 6 prox,,(y) = Tx(y), trong d6 T,

dudc dinh nghia nhu sau:

.

y_)‘a yz)‘a

T(y) = [lyl — Al sgn(y) = 1 o, ly| < A,

LY +A y< =\
Ham 7, con dudc goi 12 hAm ngudng mém.
Theo dinh 1y vé 4nh xa gan ké cia ham tach (Pinh 1y 6.6, [7]), ta c6:
prox,(x) = (prox,(z;))is; = (Ta(z:))izy-
Dinh ly tiép theo dudc goi 1a dinh ly dau tién vé 4nh xa gan k&, chi ra ring
néu f 12 ham chinh thudng, déng va 16i thi anh xa gan ké ton tai va duy nhét.

Pinh 1i 1.26 ([13]). Cho f : E — (—00, 00| la mdt ham chinh thuong, dong

va 1oi. Khi do prox ;(x) cd duy nhdt mot phan tit véi moi x € E.
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Chitng minh. V6i moi x € [E,

prox;(X) = argmin,cg f(u,x), (1.11)

trong d6 f(u,x) = f(u) + 1|lu — x||%. Ham f(-,x) 1a mot ham déng va 15i
manh. Tinh chinh thudng ctia f(-, x) truc tiép suy ra tif tinh chinh thudng ctia
f. Do do, theo Pinh 1y 1.18(a), ton tai mot va chi mot diém cuc ti€u cho bai

toan trong (1.11). [

Khi f 12 ham chinh thudng, déng va 101, két qué trén cho thy rang prox ;(x)
la mot tap don voi moi x € K. Trong cac trudng hgp nay, chung ta s€ coi
prox y nhu mét anh xa don tri tit E dén E, do d6 ta c6 thé viét prox,(x) =y
thay vi prox,(x) = {y}.

Dinh ly tiép theo, ta néi 1dng cic gia thiét trong Dinh Iy 1.26 ma vin ddm

bao prox ;(x) khac rong. Trudc tién, ta nhic lai dinh nghia vé diéu kién bic.
Pinh nghia 1.27 ([13]). M4t ham chinh thudng f : E — (—o0, oo duge goi
12 thoa man diéu kién bic néu

lim f(x) = oc.

[[x[| =00
Pinh 1i 1.28 ([13]). Cho f : E — (—o00, 0] la mdt ham chinh thuong dong,
va gid sit ham u — f(u)+ 3||u—x||* thda man diéu kién biic véi moi x € E.

Khi do prox(x) la khdc rong vdi moi x € E.

Chiing minh. V6i moi x € E, ham chinh thuong h(u) = f(u) + 1|lu — x|?
1a d6ng do 12 tdng ctia hai ham déng. Theo gia thiét ctia dinh 1y, n6 ciing thdéa
man diéu kién biic, suy ra prox(x) bao gom céc di€m cuc tiéu cia i va do

d6 khéc rong. O
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Dinh Ii 1.29 ([13]). Gid s f : E — (—00, 00| la ham chinh thuong, 16i va
dong. Khi do, véi moi x,u € E, ba ménh dé sau la tuong duong:

(i) u = prox(x).

(ii) x —u € df(u).
(iii) (x —u,y —u) < f(y) — f(u) vdimoiy € E.
Hé qua 1.30 ([13]). Cho f : E — (—o00,00] la ham chinh thuong, 16i va
dong. Khi do, x la diém cuc tiéu ciia f khi va chi khi x = prox;(x).

Dinh li 1.31 ([7]). Cho f : E — (—o0, 00| la ham chinh thuong, 16i va dong.
Khi do, véi moi x,y € E, ta co

(a) (x —y,prox;(x) — prox;(y)) > || prox;(x) — prox,(y)|*

(b) || prox;(x) — prox,(y)|| < [[x —y.
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Chuong 2

Thuét toan dao ham gan ké cho bai toan

toi uu dang tong

Trong chuong ndy, ta sé xem xét bai todn t6i vu dang téng va thuat todn
gan ké dé€ gidi bai toan nay. Pong thdi, ta cling xem xét su hdi tu cia thuat
toan dao ham gan ké véi cac gia thiét khac nhau vé tinh 16i va 16i manh cda

ham muc tiéu.

2.1 Bai toan t6i uwu dang tong

Xét bai toan t6i uu dang tong:
min{F(x) = [(x) + g(x)}, @
V6i céac gia thiét duéi day.
Gia thiét 2.1 ([7]).

(A) g : E — (—o0, 00| la ham chinh thuong, dong va l6i.

(B) f : E — (—00,00] chinh thuong dong, dom(f) la tdp 16i, dom(g) C
int(dom(f)) va f la ham L-tron trén int(dom( f)).
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(C) Tép nghiém toi wu ciia Bai todn (2.1) khdc rong va duoc ky hiéu la X*.

Gid tri toi uu ciia bai todn dugc ky hiéu la F,,.
Vi du 2.2 (Ba truong hgp dac biét cia Bai toan (2.1)).

« Bai todn tbi uu tron khdng rang budc. Néu ¢ = 0 va dom(f) = E, thi

(2.1) trd thanh bai todn cuc tiéu héa ham tron khong rang budc:

min f(x),

trong d6 f : £ — R 1a ham L j-tron.

* Bai todn cuc tiéu héa véi rang budc 16i. Néu g = ¢, v6i C' 1a tap 16i
dong khac rong thi (2.1) trd thanh bai todn cuc tiéu héa mot ham kha vi
trén mot tap 16i déng khac rong:

min f(x
xeC f( )’

trong d6 f 1a ham L s-tron trén int(dom(f)) va C' C int(dom(f)).

e Bai todn chuan hoa l;. Chon g(x) = A||x||; v6i A > 0, (2.1) tré thanh

bai todn chuan héa l;:
min { f(x) + Allx[|1},
xc€E
vGi f la ham L-tron trén E.
2.2 Thuét toan dao haim gan ké

Pé tim hiéu y tudng thuit toan dao ham gan ké gidi Bai todn (2.1), ta nhin

lai thuat todn chiéu gradient giai Bai todn (2.1) trong trudng hop g = d¢ véi
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C 1a tap 16i dong khéc réng. Khi d6, ta cé bai toan sau:

min f(x). (2.2)

xeC
Cong thiic tdng quat tai budc cap nhat thii k clia thuat toan gradient chiéu

d€ giai (2.2) nhu sau
x" = P, (Xk — 1V f (Xk)) ,

trong do t; 1a do dai budc tai vong lap thu k.

Cong thiic tai budc cap nhat nay con c6 thé dugc viét lai thanh

xM 1 = argming - {f (Xk) + <Vf (Xk) X — xk> + — HX — kaQ} :

Trd lai v6i bai todn tong quat hon 1a Bai toan (2.1), mot cach tu nhién ta
cing c6 thé nghi t6i viéc dp dung y tudng trén d€ xac dinh gi4 tri & vong lip

tiép theo nhu sau:

x"*! = argmin,_ g {f (Xk) +(Vf (xk) X — Xk> + g(x) + % HX — kaQ} :
k
(2.3)
Biéu thic (2.3) c6 thé dudc viét lai thanh:
x"* = argmin, g {tkg(x) + % HX — (X’f — 4,V f (Xk)) HQ} .
Va véi dinh nghia 4nh xa gan ké, ta c6

xM 1 = proxy, , (Xk — VS (Xk)) .

Thuat todn trén dudc goi 1a thuét toan dao ham gan ké (ISTA).
bat ¢, = Lik 1a cac do dai bu6c trong mdi vong lip, ta c6 thuit todn dao

ham gan ké.
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Thuét toan 2.2.1 (Thuit todn dao ham gan ké (ISTA), [7]).
Khdi tao: Chon x° € int(dom( f)).
V6i k =0,1,2,..., thuc hién cac budc sau:
(a) Chon L; > 0;
(b) Tinh x**! = ProxX L <xk — Lika (Xk)>

Cong thiic cap nhat ctia thuit todn dao ham gan ké c6 thé ducc viét lai
thanh

N T{f (Xk) :

trong d6 79 : int(dom(f)) — E(L > 0) con dugc goi 1 toan tit dao ham

gan ké, dudc xac dinh bdi

1
T{ﬂ(x) = proxi, (X — ZVf(x)) :
Trong trudng hgp da xac dinh 16 f va g, ta ¢ thé st dung ky hiéu T (-) d€
thay thé cho T}(-).

2.3 Anh xa dao ham va tinh giam ciia thuét toan

2.3.1. Tinh giam cua thuat toan

P& phan tich su hdi tu ctia thuit toan dao ham gan ké, ta sé chiing minh

mdt két qua sau v6i ham dang tdng, dudc goi 1a b dé giam du.

B& dé 2.3 (BS dé giam du, [7]). Gid sit ring f va g théa man diéu kién (A)
va (B) cila Gid thiét 2.1. Bat F = f + g va Ty = T19. Khi dé, véi bt ky
. N L A 2 .
x € int(dom(f)) va L € <7f, oo) ta co bat dang thiic sau:
Ly

L—5
F(x) = F(Tu(x)) = —

2
, (2.4)

GIo(x)]
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trong dé G57 - int(dom(f)) — E la todn tit duge xdc dinh bdi G49(x) =

L (x —T1(x)) vdi moi x € int(dom(f)).

Chiing minh. D€ don gian, ta ky hiéu x' = Ty (x).
Theo B6 dé 1.21, ta ¢6

£ (x") Sf(X)—I—<Vf(X),XT—X>+%HX—XTHQ. (2.5)

Chi y ring ta ¢6 x' = proxi, (x — Vf(x)) . Si dyng dinh ly thi hai vé
anh xa gan ké, thay x := x — %Vf(x), y = X, u := X' vao biéu thic é DPinh
ly 1.29(iii), ta dudc

(x= 19760~ xx = x ) < Jolx) = 7o (),

tuong duong voi
1 i i i

L X—ZVf(X)—X x—x ) <g(x)—g(x).
Tu do suy ra

<Vf(x),xJr — x> +g (XT) < —L HXJr — XH2 + g(x).
Cong vé véi vé bat dang thic trén véi (2.5) ta dudc

i i LY st — 12

f(x)+g(x) < f(x)+g9(x) + —L+7 Hx —XH .

Suy ra diéu phai chiing minh. ]
2.3.2. Anh xa dao ham

Toan tu G{’g xuat hién trong vé phai ctia bi€u thiic (2.4) 1a mot 4nh xa quan

trong, c6 thé dudc coi l1a su khdi quat hoa khai niém dao ham.
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Dinh nghia 2.4 (Anh xa dao ham, [7]). Gia st f va ¢ thoa man diéu kién (A)
va (B) ciia Gia thiét 2.1. Anh xa dao ham 1a todn t& G4 : int(dom(f)) — E
dinh nghia bdi

GP'x) = L (x - T*(x))
v6i moi x € int(dom(f)).

Trong ngit cdnh da xac dinh o rang f va g, ta sé dung ky hiéu G, thay thé
cho GJ7. Khi d6, budc cap nhat cia thudt todn dao ham gin k& c6 thé dugc
viét lai thanh

Lk L%GL’“ (x") .

Dic biét, trong trudng hgp L = L, bat dang thic (2.4) c6 mot dang don gian

hon dudc trinh bay trong hé qua dudi day.

Heé qua 2.5 ([7]). Vdi cdc diéu kién ciia B6 dé 2.3, véi méi x € int(dom(f))

ta co:

Két qua tiép theo cho thdy anh xa dao ham 1a dang tong quat clia toan td
dao ham thong thuong x — V f(x) theo nghia l1a ching trung nhau khi g = 0
va dbi v6i ¢ tong quat, diém ma tai d6 anh xa dao ham bing khong chinh 1a
cac diém diing cta bai toan cuc tiéu héa f + g. Nhac lai ring mot diém x* €
dom(g) 1a diém diing cia Bai toan (2.1) khi va chi khi —V f (x*) € g (x*)

va day 1a diéu kién can cho cdc nghiém tbi uu dia phuong.

Dinh 1i 2.6 ([7]). Cho f va g théa mdn diéu kién (A) va (B) cia Gid thiét 2.1
va L > 0. Khi do:

(a) Gi’go(x) = Vf(x) vdi x € int(dom(f)) bdt ky va go(x) = 0;
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(b) Vi x* € int(dom(f)), ta c6 G1 (x*) = 0 khi va chi khi x* la mot diém
dung cua Bai todn (2.1).
Chitng minh.
(a) Vi prox%go(y) =y véimoiy € E, suy ra
T/%(x) = prox, x—lVf(X) =X—lVf(X)
L PEO a0 L L |

Tu do ta co

1

G{’go(x) =L <X — Tg’go(x)) =L (x — (X — ZVf(X)>> =V [f(x).
(b) Ta c6 G (x*) = 0 khi va chi khi x* = proxs, (x* — $V f (x)). Theo
Dinh ly 1.29, diéu nay x4y ra khi va chi khi

X" — — x") —x" € =0g (x
L L g Y
tuong duong véi
—Vf({x') edgx),

hay x* 1a mot di€ém diing ctia Bai todn (2.1). O]

Néu c6 thém f 13 ham 16i, diéu kién diém diing 1a diéu kién can va di cla
nghiém t6i vu.
Heé qua 2.7 ([7]). Cho f va g théa man diéu kién (A) va (B) ciia Gid thiét 2.1

va L > 0. Gid thiét thém rang f la ham 16i. Khi do, véi x* € dom(g), ta cé
G119 (x*) = 0 khi va chi khi x* 1 mot nghiém t6i wu ciia Bai todn (2.1).

Ta c6 thé coi dai lugng |Gz (x)|| nhu mét "dd do t6i wu" khi n6 ludn khong
am va bang khong khi va chi khi x 1a mot diém diung. Két qua dudi day thiét

lap tinh chit don diéu quan trong clia 4nh xa dao ham ||G7(x)|| theo L.
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Dinh 1i 2.8 ([7]). Gid sii rang f va g thod mdn diéu kién (A) va (B) cia Gid
thiét 2.1 va dat G = G139, Cho Ly > Ly > 0. Khi d6 ta cé

G, () = [|GL, (%) (2.6)

va

G, I G ()]

2.7
L = I, 2.7)

vdi moi x € int(dom(f)).
Chitng minh. Theo Dinh ly 1.29, v6i moi v, w € E va L > 0, ta c6 bét dang
thuc sau
S 1
<V — prox1,(v), proxs,(v) — W> 2 79 <proxig(v)) — Zg(w).

Thay L = L, v =x — %Vf(x) vaw = T17,(x), tacod

1 1
> 79 (T(x)) = 79 (T1.(x))
1 1
suy ra
TG, (%) — VL), -G (x) — G, (%
i Li(X L X’LQ Ly\X I Li\X
1 1
> — — :
> 70(T1,(x) = 79 (T1,(x)
Nhan ca hai vé clia bat dang thiic trén v6i L; > 0 ta dugc
L
(G1(0) = V). 1 61.03) = 61,30 ) 2 (T2, () ~ 9 (T, ().

Hoén d6i vai tro ctia Ly va Lo ta ¢6 bat dang thiic sau

<GL2 (%) - VI(x), 22, (x) - GL2<x>> > g (T (%) — g (T1, ().
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Cong vé v6i vé hai bit dang thiic trén ta dugc

<@4@—Gmwxibewaiamm>za

Piéu nay tuong duong vdi
1 , 1 ) 11
— |G — |G < G G )
FIGL O + 1G4 1) (61,60, 6o
Ap dung bét dang thiic Cauchy-Schwarz, ta c6
LGP+ 1GL®IP < [+ — ) 16L @ GL. 28)
L, L, ke =\, "L, I LA A&

Chu ¥ rang néu G, (x) = 0 thi tir dy ta suy ra G, (x) = 0, khi d6 d4u bing

& ca (2.6) va (2.7) déu xay ra. Gia st rang G, (x) # 0 va dit t = H Gr, ()l

1GL, ()1
Tu (2.8), ta co
Ly U P <0.
Ly Ly Ly Lo
Do nghiém ctia vé trdi 1a 1 va él nén ta co
1<t
sts7
tu do suy ra
Ly
1G, ) < G, GO < TG
ta ¢ diéu phai chitng minh. ]

Mot hé qua cia Pinh ly 1.31 va tinh Ls-tron ctia f trén int(dom(f))
12 G(-) lién tyuc Lipschitz v6i hé sb6 2L + L;. That vay, v6i moi x,y €
int(dom( f)), ta co

IGL(x) = Gr(y)l

=L |x— proxi, <X - %Vf(X)> — Y T proxi, (y B %Vf(Y)) H
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1 1
< Ll =yl + L jroxy, (x - 19760 = proxy, (v - 195))|

1 1
< L=yl + 2 (x- 19r60) - (v - 19500 )|
<2L|x =yl + [IVf(x) = V¥l
< 2L+ Ly) [Ix =yl
Dic biét, khi L = Ly, ta ¢6 bat dang thiic sau

|G, (%) = G, (y)| <3Lsllx =yl

Céc két qua trén dudc tdng hop lai trong b dé vé tinh lién tuc Lipschitz cia

anh xa dao ham duéi day.

BG dé 2.9 ([7D. Cho f va g thod man diéu kién (A) va (B) ciia Gid thiét 2.1.
Dt G, = G49. Khi dé ta cé

(@) |Gr(x) = GLy)ll < L + Ly) [[x — y| vdi moi x,y € int(dom(f));
(b) ||Gr,(x) — Gr,(y)|| < 3Lyl|x — y|| vdi moi x,y € int(dom(f)).

Két qua tiép theo cho thAy mot tinh chit don diéu khéc ctia chuin anh xa

dao ham.
B6 dé 2.10 ([7]). Cho f la ham 16i va Ls-tron (Ly > 0), g : E — (—00, o0

la ham 16, dong va chinh thuong. Khi do véi moi x € K,

|Gz, (e, G0) || < [|G, ()

trong do G, = G'}i’f valy, = Tg}g.
Chiing minh. Xétx € E va dit x' = Ty, (x). Theo Dinh ly 1.22, ta c6

IV () = VI <Ly (Vi () = Vix),x —x). (29
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bita = V[ (x') — Vf(x) va b = x' — x, bt dang thic (2.9) ¢6 thé dugc
viét lai thanh ||a||* < Ls(a, b), tuong dUOng véi

Ly

L2
b <—fb2
<=Lip|?

hay
1 1 1
—a — -b|| < S[b]|.
Lo 2 2
St dung bit dang thic tam gidc, ta c6

—a—>b

1
L

f
Thay cac biéu thiic ctia a va b vao bat dang thiic trén, ta thu dugc

1
—|Ib|| < ||b]|.
b|| + 5Bl < ]

.

1 1
—a—b+—b‘
Ly

1 1
X — L—fo(x) —x! +L—fo (x")

< I,
Két hop bét déing thic trén véi Dinh Iy 1.31(b), ta dugc
|G, (T2, () |
=[G, (N = Lg [|x" = To, (x| = Ly | T2, () = T, (X7

f

1
=Ly proxﬁg (X—L—fo(X)>—proxL1fg< ——Vf XT )H

<Ly X——fo( )—XT—FLifo (XT)H

<Ly [ = ]| = Ly |73, (0 = x]| = |61, ] .
Day 1a diéu can ching minh. [
2.4 Su hdi tu cua thuat toan

2.4.1. Truong hop khong 16i

Ching ta sé& phan tich su hoi tu clia thuat todn dao ham gan ké dudi diéu

kién ctia Gia thiét 2.1. Luu y riang & phan nay, chiing ta khong gia dinh ring f
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12 16i. Hai chién Iugc chon do dai budc sé dudc xem xét 1a do dai budc khong
d6i va do dai budc duge chon biang phuong phap quay lui.

« P dai budc khong déi: L, = L € (% oo) v6i moi k.

e Quy trinh quay lui B1: Quy trinh nay yéu cau ba tham s6 (s, ~,7), v6i

s> 0,7 € (0,1) van > 1. Cach chon L; nhu sau: dau tién, L, dudc dit

bang gia tri ban dau s. Sau d6, néu
ol 2
F () = F (T () < =[G, 6
ta cAp nhat L;, := nL;. N6i cach khdc, gid tri L, dudc chon 1a L, = sn'’,
trong d6 7. 12 s6 nguyén khong 4m nho nhét sao cho

F () = F (T () 2 2 G ()]

Nhén xét 2.11. Quy trinh quay lui 12 hitu han theo Gia thiét 2.1. That vay,

thay x = x* vao (2.4), ta c6

PP ¢) 2 Tt e’ @0

> ~. Do d6, theo (2.10), ta c6 bét dang thiic

L
4 Ly L=t
Néu L > 5T—) thi 7

2

Y

F (<) = F (71 () = |6 ()

diéu nay chi ra rang quy trinh quay lui phai két thiic khi L;, > ﬁ
Chiing ta ciing c6 thé tinh mot chin trén cho Lj: hoic L, bang s, hoic quy

trinh quay lui dudc thuc hién, c6 nghia la % khong thoéa man diéu kién quay

. « X < A , N X A Lz L'f e 77Lf
lui. Diéu nay theo phén tich trén dan dén < 30— do do L < 5=

Tém lai, trong quy trinh quay lui B1, tham s6 L, thda man

nLy
LkémaX{S’Q(l—y)}' (2.11)
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Su hdi tu cia phuong phap dao ham gan ké trong trudng hop khong 16i
cht yéu dua vao bd dé giam (B& dé 2.12). Chiing ta bat diu véi bd dé sau
day, chi ra rang cac gid tri hAm muc tiéu lién tiép cta diy dudgc tao ra bing
phuong phap dao ham gan ké giam it nhat mot hiang s6 nhan véi binh phuong

cta chuin 4nh xa dao ham.

B6 dé 2.12 ([7]). Gid st Gid thiét 2.1 dugc thod man. Xét thudt todn dao ham
gan ké vdi do dai budc khong déi dwoc xdc dinh bdi Ly, = L € (%, oo) hodc
la dé dai budc dugc chon bdi quy trinh quay lui BI véi cdc tham s6 (s, 7y, n),
vdi s > 0,y € (0,1) van > 1. Khi dé déi véi moi k > 0,

2

F(x") = F ") > MGy (x")]]", (2.12)
trong do
- L
o d6 dai budc khong ddi,
M= (2.13)
{ g o }’ quy trinh quay lui,
maxy 8,51y
va

L. do dai budc khong doi,
d= (2.14)
s, quy trinh quay lui.
Chiing minh. Két qua d6i v6i do dai budc khong d6i dudc suy ra bang cach
thay L = L vad x = x”* vao B3 dé 2.3. Ddi véi trudng hop quy trinh quay lui,

ta co

F () = F () 2 6, ()| 2 — |G ()
max {3, 2(1—_@)}
Bit dang thic cudi cing dudc suy ra tif chin trén cia L, dd néu & (2.11). Két

qua ddi véi trudng hop quy trinh quay lui dugc suy ra tif tinh chét don diéu
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clia 4nh xa dao ham (Pinh ly 2.8) cung véi chin duéi L;, > s, diéu nay dan
dén bat dang thic ||Gr, (x)| > ||G, (xF)]. O
Dinh li 2.13 (Su hoi tu ctia thuit todn dao ham gan ké trong trudng hop khong
161, [7]). Gid sit Gid thiét 2.1 dugc thod mdn va cho {x*},>¢ la ddy duoc sinh
ra bdi thudt todn dao ham gan ké dé’ gidi Bai todn (2.1) vdi hodc la do dai
budc khong doi dwoc xdc dinh béi L, = L € (%, oo> hodc la do dai budc
dugc chon bdi quy trinh quay Iui BI véi cdc tham sé (s,~y,n), vdi s > 0,
v € (0,1) van > 1. Khi do:

(a) Day {F(x*)}1>0 la khong ting. Thém vao do, F(x"1) < F(x*) néu va

chi néu x* khong phdi la diém dirng ciia Bai todn (2.1).
(b) ||Ga(x*)|| — 0 khi k — oo, trong dé d dugc dinh nghia & (2.14).

(c)

\/F (x%) — Fopr
M(k+1)

min |G (x")]] <

2.1
n=0,1,..., ’ 2.15)

voi M duoc dinh nghia trong (2.13).

(d) Tét cd cdc diém gidi han ciia ddiy {x"}1>0 déu la diém ditng ciia Bai todn

@2.1).

Chiing minh.
(a) Theo B8 dé 2.12, ta c6

F(x*) = F (x"1) > M||Gq (9| (2.16)

Do d6, {F(x*)} x>0 12 khong ting. Néu x* khong phi 1a diém diing ctia Bai
toan (2.1), thi G4(x*) # 0 va do dé, tit (2.16), F(x*) > F(x**1). Néu x*

la diém dung ctia Bai todn (2.1), thi G, (x*) = 0, din dén x**! = x* —
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G, (x") = xF vado d6 F(x") = F(x"1).

(b) Vi day {F(x*)};>0 12 khong ting va c6 chin dudi. Nén né hdi tu. Do do,
F(xF) — F(x**1) — 0 khi k& — oo, diéu nay két hop véi (2.16) chi ra ring
|G a(x*)|| = 0khi k — oo.

(c) Cong bat dang thiic

F(x") = F (x"") > M ||Gq (x")|I",
véin =0,1,...,k,tadudc

k
F(x) = F (1) 2 M3 Ga )* 2 M(k+1) min [[Ga ()]

n=0
Két hop véi F(xF1) > Fy, bat ddng thic (2.15) dugc chiing minh.
(d) Goi X 1a mot di€m gidi han ctia {x*};¢. Thi ton tai mot day con {x"} ;-
hoi tu téi X. Db véi batky j > 0,
1Ga®)|| < [|Ga () = Ga®)|| + [|Ga (x")]]

2.17)
< (2 + Ly) [ = + G ()

trong d6 B dé 2.9(a) dugc st dung trong bat dang thiic thi hai. Vi vé phai
clia (2.17) tién t6i 0 khi j — oo, diéu ndy cho thdy G4(X) = 0. Theo Dinh ly

2.6(b), ta c6 X 1a di€ém ding ctia Bai toan (2.1). O]

2.4.2. Truong hop 16i

Dé phan tich thuat toan dao ham gan ké trong trudng hop f 10i, ta dua trén
bét dang thifc dao ham gin k&. O bit ding thiic nay ta khong can gia st ring
13161,
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Dinh li 2.14 ([7]). Gid sit f va g théa mdn cdc diéu kién (A) va (B) cia Gid

thiét 2.1. Véi moi x € E, y € int(dom(f)) va L > 0 théa man
F(Tuy)) < F3) + (V). Toly) ~ ¥) + 5 I Tely) ~¥I*. @18)
Khi do
L , L ,

F() = F(Ty) 2 5 = Tuy)IF = 5% =yl + £r0cy), 219

VOi
li(x,y) = f(x) = f(y) = (Vf(¥),x —y).
Chitng minh. Xét ham s
o) = F(y) + (VA (). u—y) + gw) + Zu— |

Vi ¢ 1a ham 16i manh véi hé s6 L va T;(y) = argmin, g ¢(u), tit Dinh ly
1.18(b) suy ra

o)~ ¢ (Tuly)) = & |x — Tuly) 2.20)
Chu ¥ rang theo (2.18), ta c6:
e (Tu(y)) = f(y) +(Vf(y), Te(y) —y) + g ITe(y) = yII* + 9 (To(y))
> f(TL(y)) +9(TLly)) = F(TL(y)) -
Két hop véi (2.20), ta suy ra rang d6i véi moi x € E,
o)~ F(T3(y)) > 5 I~ To(y)

Thay biéu thiic ctia ((x) vao bit dang thiic trén, ta c6

F9)+ (V1) x—¥) +000 + 5 Iy P~ F (Te(y)) > % [hx ~ To(y)]
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Piéu nay tuong duong vdi két qua mong mudn:

F(x) ~ F (To(y) > [x ~ Te(y) | — 2 lx — vl

+ f(x) = fly) = (Vf(y),x—y)
0

Nhan xét 2.15. Theo B3 dé 1.21, bat dang thic (2.18) dudc thda man khi
L = L;. Do d6, v6i moi x € E vay € int(dom(f)), bat dang thuc

2

Fx) — F (T5,(v) 2 2 [lx = 7,0~ 2l =y 4 £5y),

dudc thda man.

Mot hé qua truc tiép cta Pinh 1y 2.14 12 mot phién ban khac ctia BS dé
2.3. Biéu nay c6 dudc bang cach thay y = x vao bit dang thiic dao ham gin
ké.

Hé qua 2.16 ([7]). Gid sit f va g théa man cdc diéu kién (A) va (B) ciia Gid

thiét 2.1. Vi moi x € int(dom(f)) thda mdn
L
F(Tu(x) = f(x) +(Vf(x), Ti(x) —x) + 5 | To(x) - x||”

thi
F(x) ~ F(T3(x)) > o o)

Vé viéc chon do dai budc, ta s& xem xét gidng nhu trong trudng hop khong
16i, c& hai chién lugc do dai budc ¢ dinh va quay lui . Quy trinh quay lui, goi
la "quy trinh quay lui B2", s€ khac mot chut so v6i quy trinh da xem xét trong
truong hop khong 16i. Quy trinh nay tim mot hang sd L; thda man

Dbt k|2, 221)

f (Xk-i-l) S f (Xk) T <vf (Xk:) 7Xk‘—i—l . Xk> + 5
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Trong trudng hop dic biét khi g = 0, thuat toan dao ham gan ké chinh 1 thuat

todn gradient x"*' = x* — LV f (x*) va diéu kién (2.21) trd thanh
f (Xk) . f (Xk+1)

diéu nay tuong tu nhu diéu kién giam di dudc trinh bay trong BS dé 2.3 va

1 B 112
> o 19 61
day 1a ly do tai sao diéu kién (2.21) ciing c6 thé dudc xem nhu mdot "diéu kién
giam da".
« P dai budc khong déi: L, = L cho tit ca k.
e Quy trinh quay lui B2: Quy trinh yéu cau hai tham sb (s, 7), v6i s > 0
van > 1.bat L_; = s. Tai vong 1ap k(k > 0), viéc chon L;, dudc thuc

hién nhu sau. Trudc tién, L; dugc dit bang L;_;. Sau d6, néu

I (Tr, (7))
L
> 1 () + (V1 () T, () — )+ 2 |, () — ]
ta cap nhat L; := nLj. Noi cach khac, L; dudc chon theo cong thuc
Ly, = Lj_1n™, trong d6 4 12 s6 nguyén khong 4m nhd nhit théa mén
F Ty () < F (55) + (VS (57) Ty (57) =) +

L 2
By )

Ta c6 nhén xét sau vé chin trén va chin dudi ctia L.

Nhan xét 2.17. Theo Gi4 thiét 2.1 va B§ dé 1.21, ta thiy ring c4 hai phuong
phap chon do dai budc déu ddm bao diéu kién gidm du (2.21) dugc théa min
tai moi vong lip. Thém vao d6, cac hing s6 L;, ma quy trinh quay lui B2 tao

ra thda man cic gidi han sau cho tit cd k > 0:

s < Lp <max{nLy, s}. (2.22)
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Hién nhién ta c6 s < L. Xét bt dang thic Ly < max{nL,s}. Luuy
rang c6 hai lua chon: L, = s hoiic L, > s va trong trudng hop thi hai, ton
tai mot chi s6 0 < k' < k sao cho bét dang thic (2.21) khong dugc théa man
voi k = K va % thay thé cho L;. Theo dinh ly giam dq, ta c6 thé suy ra rang
LTI’f < Ly, tit d6 ching minh dugc Ly < max {nLy, s}. Ta c6 th€ viét lai chin

trén va chan dudi cho L dudi dang
BLy < Ly < aly,
trong do

1, cb6 dinh, 1, c6 dinh,
o= va [ = (2.23)

max {17, Lif} . quay lui, 7, quay lui.
Tiép theo, ta c6 nhan xét sau vé tinh don diéu cda thuat toan dao ham gan
ké.
Nhan xét 2.18. Vi diéu kién (2.21) dudc théa man cho ca hai phuong phap
chon do dai budc, véi moi k > 0, chiing ta c6 thé dp dung bit dang thiic dao

ham gan ké (2.19) véi y = x = x*, L = L;, va nhan dugc bit dang thiic

F (Xk) _F (Xk:+1> > % ka o XkHH?'

Tir d6 suy ra F' (x*) > F (x"™!), c6 nghia la phuong phdp dao ham gan ké

cho ta mdt day gia tri ham muc ti€u don diéu khong tang.

Tiép dén, ta sé xem xét su hdi tu cta thuat toan dao ham gan ké trong
truong hop gia thiét thém rang f 12 ham 16i. Ta bit dau biang viéc thiét 1ap toc
do hoi tu O(1/k) cta diy céac gia tri hAm muc tiéu dudc sinh ra dén gia tri tdi

uu. Toc d6 hoi tu nay dudc goi 12 toc do hdi tu dudi tuyén tinh.
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Dinh 1i 2.19 ([7]). Gid sv rang Gid thiét 2.1 dugc théa mdn va f la ham loi.
Cho {Xk}k>0 la ddy sinh ra béi thudt todn dao ham gan ké dé’ gidi bai todn
(2.1) vdi do dai budc cé dinh L;, = L voi moi k > 0 hodc dé dai budc duogc

chon béi quy trinh quay Iui B2. Khi dé véi bdt ky x* € X* va k > 0 thi

aly HXO — X
2k ’

J dé o = 1 trong truong hop do dai budc cé dinh va oo = max {77, Lif} néu

F(x") = Fop < (2.24)

quy trinh quay lui duoc su dung.

Chitng minh. V6in > 0batky, thay L = L,,x = x* vay = x" vao bit dang
thiic dao ham gan ké trong Dinh 1y 2.19 va két hop vdi (2.18). Trong ca hai
chién lugc chon do dai budc, ta cé

2

2
T (F (x*)—F (X”H)) > HX* ”HH ||x* —X”H -+ L—ff (x*,x")

> [ = x| = = X7

& d6 tinh 15i ctia f dudc st dung & bat dang thiic cudi. Cong bat dang thiic

trén véin = 0,1,...,k — 1 va su dung chén trén L, < aL; v6i moin > 0,
ta co

9 2 2

e F(x*) - F n+1 > * Uk . * 0 '

1 2 (P P () 2 ]
Do do,

Pt ol 2 al 2

S (F () = Fa) < 22 x| — 2L |

n=0

i

Ta lai c6 day {F' (x")}, -, la ddy don di¢u khong ting, tif d6 suy ra

o~

~1
(F ()~ Fon) € 30 (F () — B ) < 227 [l 0]

n

I
o
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Do do ta co
X" —x

2k

I

aly|

F (Xk) - Fopt S
[]

Nhan xét 2.20. Trong ching minh cta Dinh ly 2.19, ta khong st dung di
kién ring day do dai budc {L;} r>o dudc tao ra béi quy trinh quay lui B2 1a
day khong giam. Piéu nay cho thiy tinh don diéu ctia ddy nay khong phai 1a
diéu kién thiét yéu va ta c6 thé chiing minh téc d6 hdi tu nhu nhau cho bat ky

quy trinh quay lui ndo dém bao thoa man diéu kién (2.21) va Ly, < aLy.

Tiép theo, ta sé ching minh ring day {x’“} 150 dudc tao ra boi thuat toan

dao ham gan ké sé& hoi tu dén mot nghiém tdi vu.

Dinh 1i 2.21 ([7]). Gid sv rang Gid thiét 2.1 dugc théa méan va f la ham loi.
Cho {Xk} 1> la day dugc tao ra bdi thudt todn dao ham gan ké dé gidi Bai
todn (2.1) vdi do dai budc cé dinh trong do Lj, = Ly voimoi k > 0 hodc quy

trinh quay lui B2. Khi do vdi moi x* € X* va k > 0,
ka+1 — X*H < ka — X*H . (2.25)

Chiing minh. Ching ta sé lip lai mot s6 1ap luan di st dung trong ching
minh ctia Pinh 1y 2.19. Thay thé L = L;,x = x* vi y = x* vao bét dang
thifc dao ham gan ké (2.19) va xét dén viéc trong ca hai quy tic chon do dai
budc, diéu kién (2.18) dugc thda man, ching ta c6:

2

Z (76 - F () 2 [ P

X — XkHZ + —Ly (x*,xk)

2

Y

> [l =[x -
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trong dé tinh 13i ctia f dudc st dung trong bit dang thic cubi cling.
Miit khéc, ta ¢6 F (x*) — F (x*™) < 0, tit d6 suy ra diéu phai ching minh.
[

Dinh 1i 2.22 ([7]). Gid sv rang Gid thiét 2.1 dugc théa mén va f la ham loi.
Goi {Xk}k>0 la ddy duwoc tao ra bdi thudt todn dao ham gan ké dé’ gidi Bai
todn (2.1) vdi dé dai buéc ¢ dinh L, = L s vdi moi k > 0 hodc quy trinh
quay lui B2. Khi do day {xk} 10 1O tu dén mot nghiém toi wu cua Bai todn

@2.1).

Chiing minh. Tt Pinh ly 2.21, d€ chi ra su hoi tu dén mot diém trong X*,
chi can chiing minh ring bat ky di€m gidi han nao cta day {x"} _ déu phai
nam trong X*.

.o 2.~ N A P « so P ~ . . X . A ~ k
Gia su x la mdt diém gidi han cua day. Khi do ton tai mot day con {X i }jzo
hoi tu dén x. Theo Pinh Iy 2.19, ta ¢6 F (x"7) — Fyp khi j — oc.

Vi F' 1a ham dong nén no6 ciing 1a ham nta lién tuc dudi, do do

F(x) < lim F (x") = Fop,

J—00
suyrax € X*. [

Xét do phiic tap clia thuat todn dao ham gan ké, ta gia st HXO — X" H <R
v6i mot vai x* € X* vi mot hang s6 R > 0. Theo bat dang thic (2.24), dé c6

dugc nghiém e-tdi vu clia Bai todn (2.1), ta can c6

ol R?
€
2k — 7
diéu nay tuong duong véi
OszR2
k > :

- 2
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Do d6, d€ c6 dugc nghiém e-tdi uu, cAn mot s6 bac 1 vong lip. Tom it lai, ta

coO dinh ly sau.
Dinh li 2.23 ([7]). Dudi diéu kién gid thiét ciia Dinh Iy 2.19, vdi moi k théa

2
k S [oszR —‘ 7
- 2¢e

ta co F (Xk) — F,pr < ¢, trong do R la chdn trén cua ‘

man

X" — XOH VOi mot vai

x*e X*.

Trong trudng hop khong 16i (nghia 12 khi f khong nhét thiét phai 15i), toc
d6 hoi tu O(1/v/k) ctia chudn 4nh xa dao ham da dugc phat biéu trong Dinh
1y 2.13(c). Chiing ta sé chiing minh ring véi gia thiét b6 sung vé tinh 1i ctia

f, tbc do nay c6 thé dugc cai thién thanh O(1/k).

Dinh li 2.24 ([7]). Gid sv rang Gid thiét 2.1 duoc théa méan va f la ham [oi.
Goi {xk} 1> la day dugc tao ra bdi thudt todn dao ham gan ké dé’ gidi Bai
todn (2.1) véi dé dai budc cé dinh L, = L § vdi moi k > 0 hodc quy trinh
quay lui B2. Khi do vdi moi x* € X*va k > 1,

2041'5Lf HXO — x*
Vv Bk

0 ddy, néu do dai buéc cé dinh thi o = 3 = 1 va néu quy trinh quay lui dugc

min_|[Gar, (x")[| < (2.26)

n=0,1,...,

S

dp dung thi o = max {77, Lif} 0= I

Chiing minh. Theo HE qua 2.16, v6i moi n > 0, ta co

F(x") — F (x™) = F(x") - F(Ty, (x")) > —— |G, ()2. 2.27)

- 2L,

Theo Pinh ly 2.8, két hop v6i BLy < L, < aLy, tasuy ra
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! o2 = LalCr GNP | Ly [[Gas, )
e 2.28)
B ny |12
= garg; IGar, GO

Két hop (2.27) va (2.28) ta c6

B
202L;

Goi p 12 mot s6 nguyén duong bat ky. Tinh téng (2.29) véi n = p,p +

F(X") = Fopt > F (x"*1) = Fopy + =5 ||Gar, x)|]°. (2:29)

1,...,2p — 1tadudc

2p—1
F(x) = Fopt > F (x2) — Fopy + —=— a2 I 2 Z |Gz, )| (2:30)

2
aLfo —X*H

Theo Dinh ly 2.19, ta c6 F (xF) — Fop < . Mat khac ta c6

< 5
F (x*) — Fope > 0, két hop véi (2.30), suy ra
Bp ny |2 5 = n |12
202 L ¢ n= 0 2p 1 HGaLf )H = 202L¢ nz:; HGC*Lf (x )H
< o
Do do, ta co
w2 o @I [ — x|
n—o,rf,l.%p HGaLf (x )H2 < ! 2 (2.31)
va g )
min _ |G M| < L | =] (2.32)
n=0,1,....2p O‘Lf Bp? :
Ta két luan ring véi moi k > 1 thi
S

min HGaLf (X")H

n=0,1,... ~ Bmin{(k/2)% ((k+1)/2)*}
B 4043L§c HXO —x*
— e
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[]

Khi gia st thém rang f 1a L-tron trén [, ta c6 thé stt dung B dé 2.10 dé

thu dugc két qua cai thién hon trong trudng hop do dai bude cd dinh.

Dinh li 2.25 ([7]). Gid sit rang Gid thiét 2.1 dugc théa man va f la ham 16i
va L;-tron trén E. Goi {Xk} >0 la day duoc tao ra bdi thudt todn dao ham
gan ke dé’ gidi Bai todn (2.1) vdi do dai budc co dinh trong do Ly, = L f VOI

moi k > 0. Khi do voi moi x* € X*vak > 0, ta co

(@) [|Gr, ()| < |Gy (xF)

b) [|G, (x) || < 22l

b

Chitng minh. Ap dung B dé 2.10 véi x = x*, ching ta thu dudc (a). Phan
(b) suy ra tif viéc thay o = 3 = 1 trong két qui cta Pinh ly 2.24 va luu y
Grp (M) = mimao,.p |G, ()] m

ri“mg theo phan (a),

2.4.3. Truong hop 16i manh

Trong trudng hop f dudc gia thiét 1a 0-16i manh véi o > 0, téc do hoi tu
dudi tuyén tinh c6 thé dudc cai thién thanh téc do hoi tu tuyén tinh, nghia 1a
tdc do O (¢*) véi ¢ € (0,1). Trong muc nay, ching ta ky hiéu nghiém t6i uu

duy nhét ca Bai toan (2.1) 1a x*.

Dinh li 2.26 ([7]). Gid sv rang Gid thiét 2.1 dugc théa man va f la ham o-16i
manh (o0 > 0). Goi { Xk} 1o la ddy dugc tao ra bdi thugt todn dao ham gan

ké dé gidi Bai todn (2.1) véi do dai budc cé dinh trong do Lj, = L ¢ vdi moi
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k > 0 hodc quy trinh quay lui B2. Ddt

1, do dai budc cé dinh,
o =
S

max {77, L—f} . quay lui .

Khi do voi moi k > 0, ta co

@ [ < (1 ) [

(b) ka_x*H2 < (1 _ L)kHXO—X* 2,

OéLf

(c) F (Xk+1) . Fopt < QTLf (1 B L)kJrl HX() — x* 2

Chitng minh.

(a) Thay L = L;,x = x* vi'y = x* vao bit dang thiic dao ham gan ké
(2.19) va xét dén viéc trong ca hai phuong phdp chon do dai buéc, diéu kién
(2.18) dudc thoa man, ta co

Ly,

* L * 2
F(X)_F(Xk+1) ZEkHX _Xk;+1H -5

Hx* — XkH2 + U (x*,xk) .

Vi f 1a 0-16i manh, ta cé

2

Uy (X*,Xk) =fx)—f (Xk) — <Vf (Xk) X — Xk> > % ka —x*
Do do,

. L . 2 Lp—o
F(x)—F(x“l)Z?kHX — xkt]| _kT

[ — x|, (2.33)
Vi x* 1a mot di€m cyc tiéu clia F nén F (x*) — F (x*1) < 0. Tir (2.33) va
két hgp v6i Ly < Ly, ta c6

2 _i ko ox 2
§<1 Lk> HX X

it
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(b) suy ra ngay tu (a).
(c) Tu (2.33), taco

L,—o a2 L 112
P ) = e B0 o - L g

2

aLf UHk "
-

Ly
ST(“E) —x*||” (theo (b)).

[]
Dinh ly 2.26 cho thiy ring trong trudng hop 16i manh, thuét todn dao ham
gan ké yéu cau mot sd bac log (%) vong lap dé dat dudc nghiém e-tdi vu.

Dinh li 2.27 ([7]). Dudi diéu kién ciia Dinh Iy 2.26, véi moi k > 1 théa man

1 LR?
k > arklog <g>—|—omlog (a 5 ),

Ly

ta co I (xk) — F,r < ¢, trong do R la chdn trén cua HXO — X*H va k= —*.
Chiing minh. Cho k > 1. Theo Pinh ly 2.26 va dinh nghia cta &, diéu kién
du dé bat dang thic F (x*) — Fyy < e duge thda méan la
L 1\"
ans (1——) R2§5,
2 K

diéu nay tuong duong véi

1 2e
k1 1—— | <1 ) 2.34
oo (1- ) < () @34

Vilog(1 — z) < —2 véi moi x < 1, suy ra riang diéu kién da dé (2.34) dudgc

thoa man la

L <1 2
[ — O —
ak & aLfR?)’
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1 LR?
k > arklog (—)—%a&log (a 5 )
€

tuc la

Ta c6 diéu phai ching minh.
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Chuong 3

Cac dang ting toc caa thuit toan dao

ham gan ke

3.1 FISTA

3.1.1. Phuong phap

Thuét toan dao ham gan ké dat dudc toc do hoi tu O(1/k) dbi véi gid tri
ham muc tiéu t6i gia tri t6i vu. Trong phan nay, ching ta sé trinh bay cach
ting tdc phuong phap nay dé dat dugc tdc do hoi tu O (1 / kQ). Phuong phap
nay dudc goi 12 "thuat todn dao ham gan ké dang ting tdc", hay con dudgc
goi 1a "FISTA", viét tat ctia "fast iterative shrinkage-thresholding algorithm".
Phuong phdp nay dudc phat trién va phan tich b&i Beck va Teboulle trong [1].

Chung ta s gia st rang f 12 ham 16i va L -tron trén [E. Ta tap hop tit cd

cac tinh chét can thiét trong gia thiét sau.
Gia thiét 3.1 ([1]).
(A) g : E — (—o0, 00| la ham dong, 16i va chinh thuong.

(B) f:E — Rla ham Ly-tron va 16i.
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(C) Tép nghiém toi wu ciia Bai todn (2.1) khdc rong va duoc ky hiéu la X*.

Gid tri toi uu ciia bai todn dugc ky hiéu la Fy.
Duéi day 1a mo ta cua thuat toan FISTA.

Thuat toan 3.1.1 (Thuét toan FISTA, [1]).

Pau vao: ( f, 9, XO), trong d6 f va g thda man cac diéu kién (A) va (B) trong
Gia thiét 3.1 va x" € E.

Khéi tao: Paty = x" vaty, = 1.

Budc tong quat: Vi moi k = 0,1,2, .. ., ta thuc hién cdc budc sau:
e Chon L; > 0;
 Cap nhat x*+! = ProX.L ( b L%Vf (yk));

, 144/ 1+4t2
e Tinh ¢, = —5—;

e Tinh y*+ — xk+ 4 <M> (x+1 — xF).

Ukt
Nhu v6i thuat todn dao ham gin ké ISTA, chiing ta sé xem xét hai phuong
phap chon do dai budc Lj: cb dinh va quay lui . Quy trinh quay lui d€ chon
dd dai bude dugce goi la "quy trinh quay lui B3". Quy trinh nay tucong tu nhu
quy trinh B2 véi su khac biét duy nhit 1a né dudc dp dung cho y* thay vi vdi

x",

« Pj dai budc co dinh: L;, = L; v6i moi k.

¢ Quy trinh quay lui B3: Quy trinh nay yéu cau hai tham s6 (s, ), trong
d6s>0van > 1.Dit L_; = s. Tai lan lidp k, viéc chon L, dugc thuc

hién nhu sau:
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Pau tién, L;, dudc dit bang Ly, ;.

Sau do, néu

F(Tr (") >f (") +(VF(y") Tr (v°) =¥

L
+7kHTLk ") =",

ta cap nhat L, := nLy.
Noi cach khdc, do dai budc dude chon 1a Ly, = Lj_1n', trong do ij, 1a sO

nguyén khong Am nho nhét sao cho
F(Tee 7)) <FOF) +(VF ) T (97) = 97)

L
S T () =4I

3

Trong ca hai quy tic chon do dai budc, bat dang thic sau day dudc thda

man v6i moi k£ > 0:

(T () < F )L () To (07) = v+ 28 |7 (0F) = ¥

Nhan xét 3.2. Vi quy trinh quay lui B3 gidng hét quy trinh B2 (chi khdc 1a
dudc dp dung trén y*), cac 1ap luin ctia Nhan xét 2.17 van ding va ta ¢
trong d6 « va 3 dudc dinh nghia trong (2.23).

B& dé tiép theo chi ra chin dudi cia day {#;} k0" Két qua nay sé duogc st

dung dé chiing minh su hdi tu thuat ton.

B6 dé 3.3 ([1]). Goi {tk} o la day dugc dinh nghia boi

1+ /1+4t; L > g
2 T

tO = 17 t/ﬂ-l—l -

Khi dé t, > 2 véi moi k > 0.
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Chiing minh. Ta s& chiing minh bang phuong phap quy nap theo k.

RO rang, véi k = 0, taco tg = 1 > 2. Gid sit ring ménh dé ding véi £,

nghia la ¢, > k+2 . Ta s& chitng minh ring ¢, > k+3

That vay, theo gia thiét quy nap, ta co:

1+\/1+4t% 1+ /1+ (k+2)? 1+\/k:+2 _k+3
; .

2 2

lhy1 =

Theo nguyén ly quy nap, ta c¢6 diéu phai ching minh. [

3.1.2. Su hoi tu caa FISTA

Pinh li 3.4 ([1]). Gid sit rang Gid thiét 3.1 dugc théa man. Goi {x"}, _ la
ddy dugc tao ra béi FISTA dé’ gidi Bai todn (2.1) vdi do dai budc cd dinh
trong do Ly, = Ly vdi moi k > 0 hodc quy trinh quay Iui B3. Khi do, vdi moi
x*e X*vak>1,

2oLy HXO — x*H2

F (Xk) — Fopt S (k n 1)2 )

trong dé o = 1 vdi do dai budc cé dinh va @ = max {77, Lif} VUi quy trinh
quay lui.
Chiing minh. Chok > 1. Thay x =t 'x*+ (1 — ;') x*,y = y"va L = L,
vao bét dang thic dao ham gan ké (2.19), két hop véi bat dang thiic (3.1) dudc
thda méan va f 12 ham 13i, ta c6
Ft'x + (1 -t ") x") - F (x*")

Ly k1 —1 NN T —1 —1\ kY[
27|‘X+ = (X + (=) x| __H = (X + (=) x|

zz_éuth’f“—(x + (t — 1)xN)|° —2t2 syt — (" + (8 — 1) x|
(3.2)
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Do tinh 16i ctia F, ta cé
Fti'x+(1-)x") <t,'F(x)+ (1-#") F(x").

Do do, dat v, = F (x") — Fop Vi moi n > 0, ta ¢

lty™ = (" + (8 = D)%)
— |t + (tr — 1) (=) = (x + (= DXD)|[T G
= [t = (" + (e = DX

Két hop (3.2), (3.3) va (3.4), taco

2
)

L L
(5~ ) v~ thur = 2 1 2

trongdou” =t, X" — (x* + (tp—1— 1) x”_l) v6i moi n > 0. Theo quy tic

cap nhat ¢y 1, taco t2 — t =2, do d6

2 2 2 2
Sttt = [
Vi Ly > Ly_q,tacésuyra
Ttk ke 2 [

L1 Ly,
Do do,

[+ s < |+ o
k k—1
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Tu do, véimoi k > 1, tacod

2 2 2
[ = ey I LR

- 9 (3.5)

— Hx1 — X*H2 + I (F (Xl) — Fopt) .

Thay x* = x*,y = y’ va L = L, vao bat dang thic dao ham gan ké (2.19),
két hop vdi tinh 16i clia f, ta c6

2
Ly

(F(x) = F () 2 [Jx! =" = [y’ =

Vigy? =29 suyra

2
I =P - (F () = Fap) < [0 ="

Két hop bit dang thiic cudi cung véi (3.5), ta cd

2 2
e < [u® || + Tt < [ — x|

Do d6, tir L1 < aLy, dinh nghia cta vy, va BS dé 3.3,

Lo [0 x| _ 20l x|

F(xM) - Fy, <
O = o s g S T Gy

[]

Nhin vao thuat toan FISTA, cong thic cap nhat ¢; kha dac biét. Cau hoi
dit ra 1a ngoai cong thiic do, cé thé c6 cong thic cip nhat khac cho ¢, ma van

dam béo tdc do hoi tu cla thuat toan hay khong.

Nhan xét 3.5. Tir ching minh ctia Dinh ly 3.4 cho thiy ring két qua 1a diing

néu {t;},-, 1a bat ky day nao thoa man hai tinh chét sau véi moi k > 0:
(a) ty > 52

(b) 17,y — tr1 <t
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Day ¢;, = %12 thoa man hai tinh chat nay. Tinh ding ddn cta (a) la hién nhién;

dé chiing minh (b), ta ¢6

k+3 k+1 Kk +4k+3

i — tier = tepr (tpr — 1) =

2 2 4
K4+ 4k+4  (K+2)%2
S5 T~ W

Nhan xét 3.6. FISTA c6 tdc do hoi tu O (1 / k2) ddi vé6i gid tri hAm muc tiéu,
trong khi ISTA ¢6 tdc dd hdi tu O(1/k). Su cai thién nay dat dudc mic di
cac budc tinh toan tai mbi 1an Iip ciia c4 hai phuong phdp vé co ban 1a gidng

nhau: mot 1an tinh dao ham va mot 1an tinh toan ti dao ham gan ké.

3.2 MFISTA

FISTA khong phai 1a mot phuong phap don diéu, c6 nghia la day cac gia
tri ham ma né tao ra khong nhét thiét 13 diy khong ting. Trong phan nay, ta
xem xét phién ban don di€u cua FISTA, goi la MFISTA, day 1a mot phudng
phdp gidm va dong thdi gilt nguyén toc do hoi tu nhu FISTA.

Thuat toan 3.2.1 (MFISTA, [6]).

bau vao: (f,g,x"), trong d6 f va g thoa man cic diéu kién (A) va (B) trong
Gia thiét 3.1 vax’ € E.

Khéi tao: Pty = x" vaty, = 1.

Budc tong quat: V6i moi k = 0,1, 2, .. ., thuc hién cac budc sau:
e Chon L > 0;
° 1 k _ k1 k .
Tinh z —proxleg< Lka(y )),

 Chon x*! € E sao cho F’ (Xk—H) < min {F (zk) ,F (Xk) };
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o 14++/1+4t2
e Ditty 1 = —5—;

5
e Tinh y#*+! = xF+1 4 t;fkl (Zk _ Xk+1) I (%) (Xk+1 _ Xk).
Nhan xét 3.7. Lya chon x**! € argmin { F(x) : x = x",z"} 1a mot phuong
phép rit don gidn ddm bao diéu kién F (x**!) < min {F ("), F (x*)}.
Chung ta ciing luu y rang su hoi tu dugc thiét 1ap trong Dinh ly 3.2 chi yéu
cau diéu kién F (xk“) < F (z’“)
Su hoi tu cia MFISTA dudc chiing minh bang viéc diéu chinh mot chut

chiing minh ctua Dinh ly 3.4.

Dinh li 3.8 ([6]). Gid sii rang Gid thiét 3.1 dugc théa man. Cho {xk} ko la
ddy dwoc tao ra béi MFISTA dé’ gidi Bai todn (2.1) véi do dai budc cé dinh
trong do L, = Ly vdi moi k > 0 hodc quy trinh quay lui B3. Khi do, vdi moi
x*e X*vak>1,

200Ly HXO — X*H2
(k+1)? ’

F(Xk) _Fopt S

trong do o = 1 trong truong hop dé dai budc co dinh va o = max {77, Lif}

VOi quy trinh quay lui.

Chiing minh. Cho k > 1. Thay x = t,;lx*—l— (1 — t;l) xF,y=y*valL =L,
vao bit dang thifc dao ham gin ké (2.19), bat dang thic (3.1) dugc théa man

va f 12 ham 16i, ta c6
Pt + (1= 67 x5 = F () > 2|28 — (5% + (1— ) <) ||
gy (w4 06

i ’tkzk — (Xﬂ< + (tk — 1) Xk)‘ 2

= — ey — (X" + (tr — 1)x
T [ty — (x"+ (8 — 1) xF) ||

(3.6)

2t2 ’
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Do tinh 16i ctia F, ta ¢6
Fti'x+(1-")x") <t,'F(x)+ (1-#") F(x").
Do d6, dit v, = F (x") — Fop v6i moi n > 0 va két hop véi F (x1) <
F (2%, suy ra riing
F =+ (11—t x") -
< (L-6) (F () -

= (1 — tlzl) Vg — Vkt1-

“ij —
/\
\_/
~—
—~
B
—~
el
+
[
~—
g
N
»
*
N—
~—
—_
W
Q
~

Mit khac, tu y* = x¥ + t" (2 —xF) + (t""l_l) (xF —x""1), taco
tey® — (X* + (t, — 1) Xk) =t 17" — (X* + (tp—1 — 1) xk_l) . (3.8)

Két hop (3.6), (3.7) va (3.8), ta c6
Ly,

|
2

trong d6 u" = t,_1z"' — (x* + (t,-1 — 1)x"~!) vdi moi n > 0. Theo quy

L
(5~ ) vt > 2

tic cap nhat cla ty,q, taco 12 — tp = 12|, do d6

2 2 2 2
Tt = ot > ot -t
Vi L, > Lj_1, ta c6 thé suy ra ring
2
mt%_lvk — L—ktzkarl > HukHHQ - HukHQ

Do do,

2 2
4 ot < [+ o,

suy ra véimoi k > 1,

20 (F (x) - Fop) -

(3.9)

2 2
HukH -I—k—tk 1k < HulH —|——t01)1 HZ — X H +
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Thay x = x*, y = y” va L = L vao bt dang thiic dao ham gin ké (2.19), vi
tinh 16i cua f, ta c6

2

2 (b ()= P () 2 [ - x| - Iy -
Thém vao d6 y* = x" va I/ (Xl) < F (zo), suy ra
120 — [P+ 2 (F (x) — Fapr) < |50 — x°|.

Ly
Két hop véi (3.9), ta ¢

2 2 2 2
zti_lvk S HukH + mt%_lvk S HXO — X*H .
Do d6, tir L1 < aLy, dinh nghia cta vy, va B& dé 3.3, ta c6

L4 on —x* 2 2Ly HXO —x* 2

262 - (k+1)2

F (Xk) o Fopt S

3.3 Restarted FISTA

Gia st ngoai Gia thiét 3.1, f con la ham o-16i manh véi o > 0. Nhd lai
rang theo Pinh ly 2.27, thuit toan dao ham gan ké dat dudc nghiém e-tbi uu
sau sd vong lap c¢6 bac O (K;log (%)) Vvéi Kk = % Cau hoi dit ra 13 két qua
do phiic tap niy c6 dudc cai thién khong néu ta st dung FISTA thay vi ISTA.
O phan nay, ta s& xem xét mot phién ban FISTA cho két qua do phic tap cai
thién hon nhd tich hop viéc khdi dong lai sau mot sd vong lip nhit dinh, goi
la Restarted-FISTA.

Thuat toan 3.3.1 (Restarted FISTA, [7]).

Khdi tao: chon z=! € E va mot s6 nguyén duong .
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bit z° = T, (z‘l).
Budc tong quét (k > 0):

e Thuc hién N vong ldp ctia FISTA véi kich thudc budc cb dinh (L, = L 7)

N
n=0°

va dau vao (f, g, zk) va thu dugc day {x"}
e bt zM = xV.

Thuat toan ndy vé co ban bao gdm céc vong lip ngoai va mdi vong st dung
N vong 1ip ctia FISTA. D€ tranh nham 14n, cic vong 1ip ngoai sé dudc goi
1a cac chu ky. Dinh 1y 3.9 dudi ddy cho thdy rang mot s6 bac O (y/klog (1))

vong lap FISTA 12 di d€ dam bao dat dugc mot nghiém e-tbi vu.

Pinh 1i 3.9 ([7]). Gid sit rdng Gid thiét 3.1 dugc théa mdn va f la ham o-16i
manh vdi (o > 0). Goi {zk} 1> la day dugc tao ra bdi thudt todn Restared-
FISTA véi N = [v/8x — 1], trong do k = % Cho R la chdn trén cua

! , trong do x* la nghiém téi wu duy nhdt ciia Bai todn (2.1). Khi

Hz* —x*
do:

(a) Voi moi k > 0,

L/R? (1"
F(2") = Fop < =5 <§> .

(b) Sau k vong ldp cua FISTA vdi k thoa man

E> Van <log (%) N log (LfR2)> |

log(2) log(2)

ta dwoc mot nghiém e-toi wu & cudi chu ky cudi cung, tiic la,

F (ZU\C’J> — Fop < e,

Chitng minh.
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(a) Theo Dinh ly 3.4, v6i moi n > 0,

F n+1 F < 2Lf Hzn _ X*HZ 3 10
(Z )_ opt = (N—|-1)2 (3.10)
Vi f la ham o-16i manh, ta cé
o *
F (") = Fop = 2 12" = x'|]*.
Két hgp v6i (3.10) va k = Ly /o, suy ra
4k (F (2") — F
F (Zn+1) . Fopt S H( (Z ) Pt) (3.11)

(N +1)2

Vi N > 8k — 1, suy ra £ < 1 vado d6 theo (3.11) tacé
1

1

(N+1)2 = 2
F(2") = Fop < 3 (F (2") — Fop) -

Ap dung bt dang thic trén chon = 0,1,...,k — 1, tasuyra

1 k
F (") — Fou < <§> (F (2") — Fop) - (3.12)
Miit khdc ta c6 z° = T}, (z™'). Ap dung bat dang thic dao ham gan ké
(2.19) véix = x*,y =z"', L = Ly va f 1a ham 10i, ta ¢6
Fx) = F () > 2 lx 2P~ 2 =
do dé

2
< i

5 (3.13)

L
F () = Fo < 2 =2

Két hop (3.12) va (3.13), ta ¢6
LR (1\"
F(2") = Fop < f2 (5)

(b) Néu k vong lip ctia FISTA dudc thuc hién, thi L%J chu ky da hoan thanh.

Theo phan (a), ta c6

F (ZL’H) — Fop < Lf2R2 (%) - < LyR? (%) ; .
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Do d6, didu kién di d& bat ding thic F <zU3J> — Fyp < ¢ dudc thda

L+R? (1>ﬁ <
I 2 > &,

diéu nay tuong duong véi bat dang thiic

e N <log () | log (LfR2)> |

log(2) log(2)

do N = [v8k — 1] < V/8k.

man la
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Chuong 4
Mot so wng dung va thé nghiém so6

Trong chuong nay, ta thit nghiém va so sdnh toc do hdi tu clia thuat todn
dao ham gan ké va cic dang ting téc clia nd trong bai todn va ting dung cu

thé.

4.1 Bai toan binh phuong t6i thiéu chinh héa [

Xét bai toan:
!
min —~||Ax — b||5 4+ A||x||1, 4.1)
x€Rm 2
trong d6 A € R™" b e R™, va > 0.

Bai todn nay chinh 12 bai todn tbi uu ham tdng vdi
1 X
f(x) = SlAx =Dl va g(x) = Allx]:.

Ham f la L;-tron véi
Ly = Anax(ATA).

Cong thic tai budc cap nhat ctia phuong phap dao ham gan ké nhu sau:

x =T, (Xk — iAT(Axk — b)) :
Ly Ly,

Buéc cap nhat cua phuong phap FISTA c6 dang nhu sau:
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(a) Tinh
1

Lk k

(b) Tinh

14 /1 +4t;
2 )

lhs1 =

(c) Cap nhat

tr— 1
xFH =yt ( t ) (" — yh).
k+1

Budc cap nhat dbi v6i thuit toan MFISTA nhu sau:
(a) Tinh
1
k k
-7 _
R (y i

(b) Cap nhat x*™! = argmin{F(s) : s € {z",x"}};

AT(Ay" - b)> :

2
(c) Tinh ty,, = —Y 1.

2 b

(d) Tinh

yk—H — x4 t_k (Zk: _ xk“) 4 (tk — 1) (Xk+1 . Xk;) .

Tt Tyt

Vi du 4.1. D€ minh hoa su khic biét vé& hiéu suét clia cic thudt todn, ta xét

mot vi du cua bai toan (4.1) v6i A = 0.1. Ma tran A c¢6 kich thuéc 150 x 200

v6i cac phan tif duge chon ngiu nhién theo phan phdi chuin. Ta gia st X¢rue =

e13 — €4 va chon b = AxX¢ye. Ta 1an luct thit cac thuit toan dao ham gﬁn ké

ISTA va hai dang ting toc 1a FISTA va MFISTA cho bai toan nay. Ta ky vong

rang cac thult todn nay s€ dan t6i nghiém tdi uu gan véi Xgpue Ma ta xét.

Hinh 4.1 12 két qua chay céc thuét toan trong 400 vong lip dau tién, trong

do6 ta dit F,;y = F(Xtrue)- Ta c6 thé nhan thiy su khdc biét 16 rang vé toc
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10°
— ISTA
FISTA

4
10 —== MFISTA

103 .
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k

Hinh 4.1: K&t qua thuc nghiém vdi bai toan binh phuong t6i thiéu chinh héa Iy

do hoi tu gitta FISTA va MFISTA so véi thuét todn dao ham gan ké (ISTA).
Pong thdi, & vi du ndy, ta cling c6 thé thiy dudc su khac biét gitta FISTA va
MFISTA vé su don diéu khong ting cla gia tri hAm muc tiéu qua cic vong

lap.

4.2 Khi nhiéu anh

Khtt nhiéu anh 12 qua trinh loai bd nhiéu khoi hinh 4nh ma van giii lai dudc
cac dic trung cta anh gbc cang nhiéu cang tot. Nhiéu trong hinh 4nh c6 thé
do nhiéu nguyén nhan giy ra, bao gom nhiéu nhiét trong cdm bién mdy anh,
16i truyén dit liéu hodc céc tac dong khac.

Mot sb phuong phap kht nhiéu nh:

1. Khit nhiéu bing bo loc trung binh: B loc trung binh thay thé mbi pixel

trong anh bing gid tri trung binh cla cic pixel xung quanh no.
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 Uu di€ém: Don gian va nhanh chéng.
 Nhuogc diém: Lam md cdc chi tiét va canh trong anh.

2. Kht nhiéu biang bo loc trung vi: Bo loc trung vi thay thé mdi pixel véi
gia tri trung vi cua cac pixel xung quanh n6. B9 loc nay hiéu qua véi
nhiéu dém (salt-and-pepper noise).

e Uu diém: Hiéu qua v6i nhiéu dom ma khong 1am md canh.
e Nhudc diém: Hiéu qua giadm khi gdp nhiéu gauss hodc nhiéu phtc
tap.

3. Bo loc Gauss: Bo loc Gauss st dung ham phan phdi Gauss d€ 1am mo
anh. N6 gitip 1am min 4nh va loai b nhiéu nhung giif lai nhiéu chi tiét
hon so v6i bd loc trung binh.

e Uu diém: Giif lai dugc nhiéu chi tiét hon, 1am min 4nh mot cach tu
nhién.
« Nhudc di€ém: Van c6 thé 1am md cdc canh.

4. Bién d6i séng nho: Bién ddi song nhd phan tich 4nh thanh cic thanh
phan tan sb thap va cao. Nhiéu thudng xuit hién trong thanh phan tan s6
cao, do do, cé thé loai bd hodc gidm cudng do cla chiing trude khi tai
tao lai anh.

« Uu diém: Hiéu qua trong viéc giam nhiéu va giil lai chi tiét.

5. Phuong phap LASSO: LASSO c6 thé dugc st dung dé khi nhiéu bing

cach st dung ham phat /; d& gidm thiéu cdc hé sb séng nhé tuong ting

v6i nhiéu.
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Trong phan nay, ta sé x{ Iy khti nhiéu anh bang Phuong phap LASSO dua
trén bién ddi séng nho.
Céc budc kht nhiéu anh bang phuong phap LASSO:
1. Bién ddi séng nhé. Anh bi nhiéu dudc bién ddi séng nho roi rac dé biéu

dién anh theo céc thanh phan tan s6 khac nhau.

* Bién ddi song nho sé phan tich 4nh thanh céc thanh phan tan sb thap
va cao.
« Céc thanh phan tuong ting v6i tan s6 thip chita thong tin chinh clia

anh, trong khi cdc thanh phan tan sb cao thudng chia nhiéu.

2. Xay dung md hinh LASSO. Sau khi c6 bién d6i séng nhd, ta sé ap dung
LASSO d€ giam thiéu nhiéu anh. M6 hinh LASSO dudc dinh nghia nhu
sau:

min{F(x) = [[Ax = b||* + Allx]1}, (4.2)

trong d6, A = RW, véi R la ma tran lam md, W chia c¢6 s6 song nho
(viéc nhan v6i W cho két qua bién ddi séng nho ngudc). Véc to x chifa
hé sb bi€u dién cho anh chua biét va véc td b biéu dién anh can khi

nhiéu.

Bai todn 4.2 12 mot bai todn tbi uu 16i, diic biét hon, day 1a bai toan quy
hoach nén bac hai va c6 thé dudc giai biang cac phuong phap diém trong. Tuy
nhién, trong hau hét cic ung dung, cu thé & ddy 1a khit nhiéu anh, thi van dé
gip phai khong chi 12 dif liéu dau vao 16n (cac anh c6 thé cé kich thude rat
16n, 1én t6i hang triéu di€m dnh) ma con lién quan t6i dit liéu ma tran day dic

va do d6 kho c6 thé st dung cac phuong phap di€ém trong. Khi do, wu diém
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vé tinh don gidn clia thuat todn dao him gan ké ISTA ciing nhu c4c dang ting
toc clia n6 c6 thé dudc phat huy tac dung.

Vi du 4.2. Anh gbc dudc quan sit 1a anh xdm véi kich thude 64 x 64. Pau
tién, ta sé thuc hién 1am md anh gdc va sau d6 sé& khit nhiéu 6 4nh mo dé thu
dugc anh rd va cang gidng vdi anh gbc nhat cang tot.

Céc bude 1am md anh gbc dudc thuc hién nhu sau:
e Scale céc diém anh ctia anh gdc vé [0, 1].

e Anh sau d6 dugc bién ddi qua mot kernel Gauss c6 kich thuée 3 x 3 va

d6 1éch chudn 2 va cong thém nhiéu trang v6i do léch chuin 1073,

Tiép theo, ta sé 4p dung thuit toan FISTA dé tim nghiém clia bai todn
LASSO.

Két qua thu dudc nhu sau:

(a) Anh géc (b) Anh 1am mo (©) Anh sau xir ly

Hinh 4.2: Thuc nghiém khi nhiéu dnh bang FISTA
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Két ludn va kién nghi

Két ludn

Céc két qua nghién citu chinh ctia luan vin bao gom:

« Trinh bay mot s6 kién thiic co ban ctia 1y thuyét téi vu nhu duéi vi phan,

toan tif gan k&, 16p ham kha vi v6i dao ham Lipschitz.

« Tim hiéu vé thuat todn dao ham gin ké cho bai todn tdi uu dang téng va
su hoi tu ctia thudt todn véi cac gia thiét khac nhau vé tinh 16i cia ham

muc tiéu.
* Xem xét moOt sO dang tang toc cua thuat toan dao ham gan ke.

e Thit nghiém céc thuat todn cho vi du cu thé va so sanh hiéu qué cta cdc
thuat toan, dong thdi thi nghiém 4p dung mot dang ting tdc clia thuat
toan dao ham gan ké 1a FISTA cho ing dung kht nhiéu 4nh biang phuong
phap LASSO.

Kién nghi

Mot sb huéng phit trién clia luan viin nhu sau:
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 Xem xét thuit toan dao ham gan ké cho bai toan t6i vu dang téng véi cac

gia thiét n6i 16ng hon.

« Tiép tuc nghién cifu cic phuong phdp cai tién thuat todn.
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