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LOI CAM POAN

To1 xin cam doan dé tij nghién ciu trong luan vin nay 1a cong trinh nghién
ctfu cua t6i dua trén nhiing tai liéu, sé liéu do chinh t6i tu tim hiéu va nghién
cifu. Chinh vi vy, cac két qua nghién ciu dam bao trung thuc va khéch quan
nhét. Pong thdi, két qua nay chua tiing xuat hién trong bét cit mot nghién citu
nao. Céc s6 lidu, két qua néu trong luan vin 1a trung thuc néu sai t6i hoan chiu
trach nhiém trudc phat luat.

Ha Noi, thang 11 nam 2024

Hoc vién

\

Nguyén Thi Vién
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LOI CAM ON

Pau tién, toi xin gii 18i cdm on chin thanh va sau sic nhit dén céc thiy co
tai Vién Toan hoc, dac biét 1a cac thdy c6 ciia phong Dai sé va phong Ly thuyét
s0, nhiing ngudi da luén tan tam gidng day va hé trg ching toi rat nhiéu trong
subt chuong trinh Thac si khéa K2022B.

Toi ciing chan thanh cam on céc ban hoc cing 16p Thac si Dai s6 va Iy thuyét
s0 vi da ludn dong hanh va nhiét tinh gitip d3 toi trong sudt hai nam hoc vita
qua.

Toi xin bay t6 su tran trong va 1ong biét on dén Hoc vién Khoa hoc va Cong
nghé, Vién Han 1am Khoa hoc va Coéng nghé Viét Nam, cung Trung tim dao
tao sau Pai hoc - Vién Toan hoc, vi da tao moi diéu kién thuan 1gi cho tdi trong
qua trinh hoc tap va hoan thanh luin van.

Toéi ciing xin gt 18i cAm on chan thanh dén Quy P&i mdi sang tao VINIF
da tai tr¢ hoc béng Thac si cho t6i trong hai nam hoc véi ma s6 hoc bong
VINIF.2022.ThS.098 va VINIF.2023.ThS.144. Su hd tr¢ ctia Quy da gitp toi
c6 diéu kién tbt nhét d€ tap trung vao hoc tap va nghién citu.

Cuéi ciing, toi xin gii 16i cam on va tinh yéu sdu sac dén gia dinh va ban bé
clia toi. Su quan tim, yéu thuong va ung ho cua moi ngudi chinh la dong luc va

ngudn c6 vii 16n nht dé t6i hoan thanh ching dudng hoc tép va nghién citu nay.

Ha Noi, thang 11 nam 2024

Hoc vién

"

Nguyén Thi Vién
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MO PAU

Trong chuyén nganh Pai s6, mot trong nhitng phuong phap thudng xuyén
dugc st dung dé thiét ké ra cc loai dai s6 méi d6 1a phuong phap xoan di
cAu tric nhan cia mot dai sd ban dau. Mot s 16p dai sé quan trong nhu dai
s6 nhém, dai sb da thic 12 nhiing vi du dién hinh ma ta c6 thé thu dugc bing
phuong phéap nay. Nam 1991, M. Artin, J. Tate va M. Van den Bergh vG6i cong
trinh [1] ndi tiéng da 1an dau tién dé xuat y tudng xoan cu tric nhan ciia mot
dai s6 Z-phan bac cho trudc bdi mot tu dfmg cAu phan bac, tif d6 thu dudc mot
loai dai s6 Z-phan bic méi c6 pham trit mddun phan béc tuong duong v6i pham
trt mddun phan bic ctia dai s6 ban dau. Sau d6, J. J. Zhang [2] d2 md rong cach
xdy dung ctia M. Artin va cdc cdng su bing viéc dua ra khai niém hé xoin clia
mot dai sd phan bac, va dinh nghia mot dai s6 phan bic méi trén nén khong
gian vecto clia dai s6 ban dau cuing v6i mot phép nhan dudc dinh nghia thong
qua hé xoan. Pai s6 méi nay dudc goi 1a xodn Zhang cla dai sb ban dau. Zhang
da chi ra rang, pham tru cic moédun phan bac ciia xoan Zhang va cia dai sb
ban dau 12 tuong duong. Manh hon nita, trong pham vi cic dai sd phan bac lién
thong thi hai dai s6 A va B ¢6 pham tri cdc mddun phan bac la tuong duong
khi va chi khi B dang cau v6i mot xoan Zhang ctia A. Khong nhitng vay, theo
[2], trong trudng hop dai s6 ban dau 13 phan bic lién thong va hitu han sinh
(hosic Noether) thi xoan Zhang clia n6 con giif nguyén rat nhiéu tinh chit quan
trong clia cau tric vanh, nhu tinh chinh quy Artin-Schelter, tinh Noether, s6
chiéu Gelfand-Kirillov, s6 chiéu toan cuc, sd chiéu Krull. B&i nhiing két qua
néu trén, xoan Zhang ludn 14 mot trong nhiing ddi tudng rat dudc quan tim
trong ly thuyét vanh phan bac.

Dai s6 Leavitt kiéu (1,n) trén trudng K, ki hiéu 1a L (1,n), dugc W. G.
Leavitt gidi thiéu 1an dau tién trong [3] vao nim 1962, trong muc dich xay dung
ra cdc cAu tric dai s6 khong c6 tinh chét IBN. Sau nay, dai s6 Leavitt Lz (1, n)

dudc téng quat hoa 1én thanh cic dai s6 dudng Leavitt lién két v6i cac do thi



c6 huéng, dugc gidi thi€u doc 1ap bsi G. Abrams va G. Aranda Pino trong [4],
va P. Ara, M. A. Moreno va E. Pardo trong [5]. Trong nhiing nim gan day, dai
s6 dudng Leavitt n6i chung va dai s6 Leavitt kiéu (1, ) néi riéng 1a mot trong
nhiing linh vuc nhin dudc rit nhiéu su quan tAm nghién ctiu cia cac nha todn
hoc. Chiing ta c6 thé tham khao thém tai liéu [6] d€ hi€u sau hon vé lich st phat
trién, nhitng ¥ng dung va cac van dé md cia dai s6 dudng Leavitt. Dic biét, bai
todn mo ta cac dai sd tuong duong Morita phan bac véi dai sd duong Leavitt
van con 1a vin dé ma.

Mt khac, nhu di néi & trén, xoan Zhang cho ching ta mdt phuong phap
dé xay dung cac dai s6 tuong duong Morita phan bac v6i dai sd da cho. Vi
thé, trong ludn vin nay, ching tdi khao sit xoan Zhang clia cic dai s6 Leavitt
L (1,n), nhu mot bude dau tién d€ nghién ciu xodn Zhang cho céc dai sb
duong Leavitt tong quat.

Luén vin nay bao gdm hai chuong:

Chuong 1: "Xoan Zhang ctia dai sd phan bac", dudc trinh bay dua theo tai
liéu [2]. Trong hai muc dau ctia chuong nay, ching tdi trinh bay dinh nghia va
cdc tinh chét co ban ctia xoan Zhang ctia mot dai s6 phan bac. Trong muc 3,
chiing t6i chiing minh su dang ciu gitta pham trii cic moédun phai phan bic cla
xoan Zhang va cta dai s6 ban dau (Pinh 1y 1.3.8), va sau d6 chi ra ring trong
pham vi ctia cic dai s6 phan bac lién thong thi hai dai s6 A va B c6 pham tru
cac moédun phai phan béc tuong ducng khi va chi khi B dang cu véi mot xoin
Zhang cua A (Pinh 1y 1.3.19).

Chuong 2: "Xoan Zhang ctia dai s6 Leavitt" gdm 2 muc. Trong muc 1, chiing
toi trinh bay xay dung ctia dai s6 Leavitt L (1, n) va di md tad nhém cic tu ding
cau phan béc clia dai s6 Leavitt Ly (1,n) (Pinh ly 2.1.12 va Hé qua 2.1.15).
Ngoai ra, ching toi con chi ra ring nhém cic tu dang ciu phan bac ctia L (1, n)
chita mot s6 nhém con dic biét, vi du nhu 12 nhém tuyén tinh tdng quat bac n
trén truong K (Hé qua 2.1.13 va 2.1.14). Trong muc 2, chiing tdi tién hanh khao
sat xodn Zhang ctia dai s6 Leavitt Lz (1,n) lién két v6i tu dang cAu phan bac
da xay dung & muc 1. Cu thé, chiing t6i di xay dung mot phép nhing tir dai s6

L (1,n) vao moi xodn Zhang ctia né (Pinh ly 2.2.2) va thiét 1ap cac diéu kién



can va di dé cho phép nhing nay la dang ciu (Pinh ly 2.2.4). Sau dé, chiing
t6i dua ra mot sb 16p cu thé d€ phép nhiing néi trén 13 dang ciu (Hé qua 2.2.5-
2.2.9). Pong thdi, ching t6i chi ra ring phép nhing nay néi chiing khong phai
la dang cu (Vi du 2.2.10 (3)).

Céc két qua chinh trong luan vin nay dudc dua theo cong bd [7] cua tac gia,

cong tac véi T. G. Nam va Ashish. K. Srivastava.



Chuong 1

XOAN ZHANG CUA PAI SO PHAN BAC

Trong chuong nay, muc tiéu chinh cta ching tdi 12 gidi thiéu vé xoan Zhang
ctia mot dai s6 phan bic, c4c tinh chit co ban ctia n6 va chi ra su tuong duong
gitfa pham tri cac mddun phan béc clia xoan Zhang va ctia dai s6 phan bac ban

dau. Tai liéu tham khéo chinh ctia chuong nay 1a [2].

1.1 He xoan cua dai so phan bac

Trong muc nay, ching t6i sé trinh bay vé hé xoan ctia mot dai s6 phan bac -
cong cu nén tang gitp ta dinh nghia xoan Zhang cia dai s6 phan bac trong muc
tiép theo.

Chung ta bat dau bang viéc nhac lai cac khai niém vé dai s6 phan bac, modun

phan bac va dong cau phan bic.

Dinh nghia 1.1.1. [2] Cho K 12 mot trudng, G 1a mot vi nhém véi phan ti don

vi e va A 1a mot K-dai s6 c6 don vi 1. Pai s6 A dudc goi 1a G-phdn bdc néu
(D) A=A, trong d6 moi A, 1a mot K -moddun con ctia A,
(2) AjA, € Ay, v6imoi g, h € G, va
3) 1 € A..

Mot phan tit cia A, dugc goi 1a thanh phdn thudn nhdt bdc g cia A.

Vi du 1.1.2. (1) Mot truong K 12 mot K -dai s6 Z-phan bac vdi

K:@Ki

1EZL



trong d6 Ky = K va K; = 0 v6i moi 7 # 0. CAu tric phan bac nay dudc goi 1a
cdu triic phdn bdc tam thuong trén K .

(2) Pai s6 da thiic Laurent K [z, z!] 1a mot K -dai s6 Z-phan bac véi

Kz, 27! = @ Kz, 2™ Y,

meZ
trong d6 K[z, x|, == {ka™ | k € K}.
(3) Vanh da thic n bién K|xq,...,,] trén trudng K la mot K-dai sb N-
phan bac vé6i
K[Zlfl,...,.fl,‘n] = @K[l’l,---;xn]m

meN
trong d6 K|x1,...,Z,|m 12 K-khong gian vectd gdm céc da thic thuan nhat
bac m.

(4) Ngoai ra, K[z1, ..., x,] con cé cau tric Z"-phan bac
Klxy, ..., x,] = @ Kz, ..., x5q
aczZm™
) Kzt ... 2% néua=(ay,...,a,) € Z",
trong d6 K[zy, ..., 2], =
0 vGi cac truong hop khac.

Chi y 1.1.3. Trong cac ndi dung tiép theo, néu khong chd thich gi thém ta luon
hiéu mot vi nhém G dugc xét dén 1a vi nhém cé don vi e va moi dai sd déu 1a

dai so ¢6 don vi 1.

DPinh nghia 1.1.4. [2] Cho K la mét truong, G 1la mot vi nhom va A la mot
K -dai s6 G-phan bac. Mot A-modun phai M dudc goi 1a G-phdn bdc néu

(1) M = @QGG M, trong do moi M, 1a mot K-modun con cua M, va
(2) MyA; € Mg, véimoi g, h € G.

Vi du 1.1.5. (1) Mbi dai s6 phan bac 12 mot mddun phai phan bac trén chinh
no.

(2) Cho K 1a mdt truong. Khi dé mot K -dai s6 Z-phan bac bat ki hién nhién



12 mot K -modun phai Z-phan bac (ing v6i cAu triic phan bac tAm thudng trén

DPinh nghia 1.1.6. [2] Cho K 1a mét truong, G 1a mot vi nhom, A 1a mot K -dai
s6 G-phan bac va M, N la hai A-modun phai G-phan bac. Mot dnh xa K -tuyén
tinh f di tr M vao N dugc goi la phdn bdc néu f(M,) C N, véi moi g € G.
Hon nita, néu 4nh xa f nhu trén 1a A-tuyén tinh thi f dudc goi 1a mot dong cdu
A-méddun phdn bdc.

Sau day ta sé dinh nghia hé xoan ctia mot dai s6 phan bac.

Pinh nghia 1.1.7. [2] Cho K 1a mét truong, G lamét vinhémva A = @ 4,
1a mot K-dai s6 G-phan bac. Mot tdp hop 7 = {7, | g € G} gdm cdc ty dang

geG

ciu K -tuyén tinh phan bac cta A dudc goi 12 mot hé xodn cia A néu

7y (Ymn(2)) = 74(y) Tgn(2) (1.1.1)
véimoi g, h,l € Gvamoiy € Ay, z € Aj.

Vidu 1.1.8. [2] (1) Cho K lamét trudng va A = €@, _, A,, 1a mot K -dai s6 Z-
phan bac, va f 12 mot tu ddng cAu dai s6 phan bac ctia A. Khi d6, {f" | n € Z}

nez

12 mot hé xodn ciia A vi v6i moi n € Z, f" van la tu dang cau dai s6 phan bac

ctia A, va do do ta ciing c6

[ (afm ) = (@) f"(f7(®b) = f"(a) f"(b)

véimoin,m,l € Zvaa € A,,,b € A,

(2) Cho K 1a mot trudng, G 1a mot vi nhém, va mot K -dai sé6 G-phan bac
B = @geG B,. Gid stt a € B, la mot phan t kha nghich. Véi moi g € G, ta
dinh nghia anh xa:

T, B — B, X — ax.

Khi d6, v6i mdi g € G, 7, 1a mot anh xa K -tuyén tinh vi

(z+y) =alx +y) = ar+ ay = 75(z) + 1,(v),



7y(kx) = a(kz) = (ak)r = (ka)x = k(ax) = k7y(z)

v6i moi z,y € B, vamoi k € K. Mat khac,doa € B, nénaxr € B.B;, C
By, = By, v6i moi x € By, nao d6, hay 7,(B),) C Bj, v6i moi g,h € G. D&
thiy 7, 12 toan dnh vi véi moi = € B, tacé r = 7,(a 'x). Bay gid taxéty € B
sao cho 7,(y) = 0. Khidétacé ay = 0,suyra 0 = a 'ay = y, do d6 7,
la don anh v6i moi g € G. Nhu vay v6i moi g € G, 7, 1a cac tu dang ciu
K-tuyén tinh phan bac cta B (nhung nhin chung 7, khong phai dong cu dai
s0 Vi 7,(zy) = azy, con 7,(x)7,(y) = azay véi x,y € B batki). Cung véi d6
ta co,

T, (273(t)) = azat = 7,(2)7yn(1),

véimoi g, h,l € G vamoi z € By, t € B;. Do vay, v6i 7, dinh nghia nhu trén
thi {7, | g € G} 1a mot hé xoin cta dai s6 B.

Dé thuan tién cho cdc chitng minh sau nay, chiing to6i néu ra sau day cdc dang

thic tuong duong véi (1.1.1).

B dé 1.1.9. [2] Cho K la mét truong, G la mét vi nhém, A =
K-dai s6 G-phdn bdc va 7 = {1, | g € G} la mgt hé xodn ciia A. Khi do, vdi

4eG Ay la mot

moi g, h,l € Gvamoiy € Ay, z € Ay, ding thiic (1.1.1) tuong dwong vdi cdc

ddng thitc sau dady:

T,(yz) = Tg(y)TghTh_l(Z), (1.1.2)
7 (yrgn(2)) = 7, () (2), (1.1.3)
7, (yz) = 7, ()T, (2). (1.1.4)

Chitng minh. Pau tién can luu ¥ rang véi moi g € G vamoin € N, T, vaT, "
ludn 1 céc ty dang cdu K -tuyén tinh phan bac cia A cho nén bic clia cic phan
t thuan nhét trong A ludn dugc bo toan qua cic 4nh xa nay. Bay gio thay z
bdi 7, *(2) trong (1.1.1) ta thu dugc (1.1.2). Thay y béi T;Q(y) trong (1.1.1),



sau do tac dong 7, ! vao hai vé ctia dang thifc méi ta thu dudc

7 W)(2) = 7,7 (75 (W) 7n(2),

Thay 7, L(y) bdi y vao ding thiic trén ta c6

7, (W) h(2) = 7, (ymen(2)),
hay chinh 1a (1.1.3). Pang thic (1.1.4) thu dugc bang céch thay 7,,(2) béi 2
trong (1.1.3). ]

Tiép theo ching tdi trinh bay mot s6 tinh chét quan trong ctia hé xoan. D&

lam diéu nay, ching tdi can b dé ky thuat duéi day.

B6 dé 1.1.10. [2] Cho A la mét vanh ¢6 don vi 1. Mot phdn tit a ciia vanh A la
khd nghich khi va chi khi a la chinh quy phdi (tiic la, az # 0 vdi moi z # 0,
z € A), vaaA = A

Chiing minh. Gia st a € A 1a kha nghich. Néu az = 0 véi 2 € A nao do6 thi
2 = atazr = 0. Mit khiac, 1 = aa! € aA nén A C aA, va hién nhién
aA C A, do dé aA = A. Ngudc lai, gid sit a € A 1a phan t thod man a 1a
chinh quy phéi, va aA = A. Vi aA = A nén ton tai phan ti b € A, sao cho
ab = 1. Biy gid ta sé chi ra ba = 1, va do d6 suy ra a 13 phan ti kha nghich.
Trudc hét, ta khang dinh ba 13 phan ti chinh quy phai. That vay, gia si tdn tai
z € Asaochobaz = 0.Khid6 0 = a(baz) = (ab)(az) = l.az = az. Maala

chinh quy phai nén z = 0. Bén canh do, ta c6
ba = b(ab)a = (ba)(ba),

din dén
ba(l — ba) = 0.
Do ba la chinh quy phai nén 1 — ba = 0, hay ba = 1. []

Ménh dé 1.1.11. [2] Cho K la mét truong, G la mot vi nhom, A la mot K -dai
s6 G-phdn bdc, va {1, | g € G} la mét h¢é xodn ciia A. Khi dé nhiing khdng



dinh sau la dung:

(1) Vdi moi phan ti thudn nhdt a cia A va moi g € G, 7,(a) la khd nghich
khi va chi khi a khd nghich.

(2) Véimoig € G, 7,1 (1) = 7,1(1) = (7.(1)) .

(&

(3) Vdimoiy € A, 1.(y) = T.()yvay = 7, (1)7e(y). Do do, néut.(1) = 1
thi 7,(1) = 1 vdimoi g € G, va 1.(y) = y vdimoi y € A.

Chitng minh. (1) Gia stt deg(a) = h. Ta c6 hai khang dinh sau day:
(i) @ la chinh quy phai khi va chi khi 7,(a) la chinh quy phai.
(i) aA = A Kkhi va chi khi 7,(a)A = A.

That viy, véi khang dinh (i), gia st a 13 chinh quy phai, vi = € A la phin ti
thod man 7,(a)z = 0. Ta viét x thanh tng cdc phan t& thuan nhit thudc cac

thanh phan phan bac khac nhau:
T=2xq+ -+ T, Voix; € A, 1 €{d,... e}

Khi d6, 7,(a)(xq + -+ + x) = 0, hay 14(a)xg + --- + 14(a)z, = 0. Vi
0 € (0) va (0) la idéan phan bac cta A nén ta phéi c6 7,(a)z; = 0 v6i moi

x; € Aji € {d,. .., e}. T day, st dung dang thic (1.1.2) ta cé
0 = 7y(a)e; = my(a) Ty, (a7, (20)) = Ty(amnTyy (24)).

Vi 7, 1a song dnh nén a7,7,,'(x;) = 0 véi moi i € {d,...,e}. Mit khdc, a
la chinh quy phai nén Tth_hl(xi) =0,suyraz; = 0véimoiz; € A;, 1 €
{d,....,e}. Dodéx = x4+ --- + x. = 0, kéo theo 7,(a) la chinh quy phai.
Ngudgc lai, gia stt 7,(a) 1a chinh quy phai va y € A l1a phan tit thod méan ay = 0.
Tuong tu cdch lam trén, ta viét y thanh téng cac phan t thuan nhat thudc
céc thanh phan phan bac khic nhau: y = vy, + -+ +y, V6iy; € A;,j €
{m,...,n}. Khidé

O:ay:a(ym++yn>:aym+ayn
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Suy ra ay; = 0 véimoi y; € A;,j € {m,...,n}. Pang thic (1.1.2) cho ta

0 = 7y(ay;) = my(a)Tenm, ' (y;)-

Do 7,(a) 1a chinh quy phdi nén 7,7, '(y;) = 0, ddn dén y; = 0, v6i moi
y; € Aj,5 € {m,...,n}. Nhuvdy y = yp, + --- + y, = 0, dOng nghia véi
viéc a la chinh quy phai.

V6i khang dinh (ii), ta ¢6 aA = A khi va chi khi 7,(ad) = 7,(A). Mt
khédc, do 7, 1a ty ddng cAu K-tuyén tinh phan bac nén 7,(ad) = 7,(a)A va
7,(A) = A. Diéu nay din dén aA = A khi va chi khi 7,(a)A = A. Lai theo
B6 dé 1.1.10, a 1a kha nghich khi va chi khi a 1a chinh quy phdi va aA = A.
Két hop véi khdng dinh (i) va (ii) ta suy ra a kha nghich khi va chi khi 7,(a)
kha nghich.

(2) V6imoi g € Gtaco

L=1,(r(1)) = 7, (1 75(1))
=7 (D)7e (7." (14(1))) (theo déng thic (1.1.4))

=7, (1)7e(1)

Do d6, 7,'(1) = (7.(1))~"! v6i moi g € G. Dic biét, v6i g = e, ta suy ra

(1) = (r(1)

(3) Néu y 1a phan t thuan nhit ctia A, stt dung dang thiic (1.1.1) ta c6

Te(y) = e (1 771 (y) = 7e(D7ee (171(y) = 7e(L)y.

Vi 7. 1a 4nh xa K-tuyén tinh nén dang thdc trén ciing ding v6i moi phan ti
y € A. Theo phan (2), 7,1(1) 1a nghich déo ctia 7.(1), do d6 y = 7. 1(1)7.(y).

Cudi cing, gia stt 7.(1) = 1. Khi d6 tit phan (2) suy ra 7, ' (1) = 1, kéo theo
7y(1) = 7y(7,7'(1)) = 1 v6i moi g € G. Két hgp két quéa phan (3), ta suy ra
Te(y) = T(1)y = ly = y véimoi y € A. O
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1.2 Xoan Zhang cta dai s6 phan bac

V6i cédc két qua clia muc trudc vé hé xodn, bay gid ching ta da sin sang dé
dinh nghia xoan Zhang ctia mot dai s6 phan bac va tim hiéu cac tinh chét quan
trong cua no.

Meénh dé va Pinh nghia 1.2.1. [2] Cho K 14 mét trudng, G 12 mot vi nhém, A
1a mot K-dai s6 G-phan bac, va T = {7, | ¢ € G} 1a mot hé xodn ctia A. Khi
do, ton tai mot phép nhan phan bac "*" trén nén K -khong gian vectd phan bac
D, cc Ay dinh nghia béi

y* 2 =ymy(2)
v6i moi y € Ay, 2 € A;. Phan ti don vi cla phép nhan "+" 1a 1, := 7, 1(1).
Pai s6 phan bac (EB 4€G Ay, *, 1T> dudc goi 1a xodn Zhang ctia A bdi hé xoin

7, va dugc ki hicu la A™.

Chitng minh. V6i moi y,y1,y2 € Ap va 2z, 21,29 € Ajtacd

(Y1 +42) * 2 = (Y1 + y2)7(2) = y17(2) + ya7i(2)
=Y1*2+ Y2 %2,

y* (214 22) = ym(z1 + 22) = ym(z1) + y7u(22)
=Y *x2]+Y* 2.

Do d6, phép nhan "x" c6 tinh chit phan phdi v6i phép cong ctia A. Miit khac,
véimoix € Ay, y € Ay vaz € Aj, tacod

(xxy)* 2z = (275(y)) Ton(2) = 2 (74(y)7gn(2)) = 27, (y70(2)) = T * (Y * 2).

Do d6 phép nhan "x" ¢6 tinh chit két hgp. T dinh nghia ctia "*" va Ménh dé
1.1.11, ta co

Lxy =1 (Dn(y) =y,
va

yx1, = yTthl(l) =y.l=y.
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Do d6 1, 1a phan tif don vi ctia phép nhan "". Nhu vay (@g Ay, *, 17) la mot
K -dai s6 G-phan bac. ]

Vi du 1.2.2. [2] Cho K 1a mét trudng va A 12 mot K-dai sd Z-phan bac. Gia
st 12 mot phan ti chudn tic (tic 13, A = Ax), chinh quy va thuan nhét bac
1 cta A. Do xA = Az nén v6i moi a € A, ton tai a’ € A sao cho ar = zd'.
Dinh nghia anh xa

f:A— A ard.

Ta khang dinh anh xa f 12 mot tu dang ciu dai sd phan bic ctia A. That vy,
truSc hét f 1a dinh nghia t6t vi néu a;, a2 € A va a; = as thi a;x = asx, dan
dén xa| = xd), suy ra x(a) — ay) = 0, kéo theo a| — al, = 0 (do = chinh quy),
hay néi cach khic f(a;) = f(as). Cic phép kiém tra thong thudng chi ra ring
f 1a mot ty dong ciu dai s6 phan bac ctia A. Mit khac, hién nhién f 12 toan anh
do tinh chudn tic ctia . Néu a € A sao cho f(a) = a’ = 0 thi ax = xa’ = 0.
Do x chinh quy nén suy ra a = 0, kéo theo f la don anh. Nhu vay f qua that
12 mot ty dang cAu dai s6 phan bac ctia A nhu da khang dinh. Tir dinh nghia
cla f ta cé xx = xf(x), din dén z(x — f(x)) = 0. Vi x la chinh quy nén
x — f(z) =0, hay f(x) = x. Theo Vidu 1.1.8 (1), 7 = {f" | n € Z} la m{t
hé xodn ctia A. Xét trong xoan Zhang A", véi mdt phan ti thuan nhit a bac n

cua A" ta co
axxr=af"(r)=axr va zxa=xf(a)=ax.

Do d6, a * x =  * a v6i moi phan ti thuan nhit a ctia A”.

Cho B 1a mdt K-dai s6 Z-phan bac va o 1a mot tu dang ciu dai s6 phan bac
cua B. Khi d6, xét A 1a md rong Ore Blz, o], tic 1a A 1a mot vanh khong giao
hoan nhan dudc bing viéc trang bi mdt phép nhan méi trén vanh da thic B[z]

tuong ting véi dong nhét thiic b = o (b)x v6i moi b € B. Cu thé,

A= Blzx,0] = {szx’ | b; € B,n € Nvaxb;, = o(b;)z,Vb; € B}.
i=0

Khi d6 A ciing 12 mot K-dai s6 Z-phan bac va z 12 mot phan ti chinh quy,
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chuén tic va thuan nhét bac 1 cia A. Véi tu dang ciu dai s6 phan bac f ctia A

dudc dinh nghia nhu phia trén, ta co
zf(b) = br = o' (b)

véi moi b € B. Suy ra 2(f(b) — oc~1(b)) = 0. Do z chinh quy nén diéu nay
dan dén f(b) = o~ 1(b) véi moi b € B, tic 1a f |p= o !. Khi d6, xodn Zhang
AT = B[z, 0] clia A Gng véi hé xodn 7 = {f" | n € Z} dang cAu véi dai s6
B '[x], trong d6 B” ' 1a xoén Zhang ctia B bdi hé xodn {o~" | n € Z}. Pic
biét, néu B = By, thi B’ = B. Trong trudng hop nay, B[z, 0] = Blz].

Vi du 1.2.3. [2] Cho K 1a mot trudng va A = K[z, y] 1a vanh da thic hai bién
trén K. Theo Vi du 1.1.2 (3), A 1a mot K -dai s6 Z-phan bac. Ta nhic lai sau
day tinh chdt phé dung cta K-dai s da thic K[z, y]: Cho B 1a mot K-dai sb
c6 don vi va hai phan ti by, by € B. Khi d6 ton tai duy nhat mot dong ciu K -dai
s6 béo toan don vi ¢ : K[z, y] — B thod man ¢(x) = by va ¢(y) = bs.

(1) Cho ¢ € K 1a mot phan tif khac khong. Theo tinh chit phd dung cia
K|z, y|, ton tai duy nhat mot dong ciu K-dai s6 f : K[x,y] — K|z, y] thoa
man f(z) = x va f(y) = qy. Hién nhién f 1a mot ddng ciu phan bac. St dung
tinh chét ph6 dung cta K[z, y| ta cling thiét 1ap dudc mot dong chu K-dai sb
phéan bac f' : K[z,y] — K[z,y] thod man f'(z) = z va f'(y) = ¢ ly. D&
dang kiém tra dugc f o f' = idg,, va f' o f = idg,,). Do d6 f 1a mot tu
dang ciu K -dai s6 phan bac ctia A = K|z, ).

Theo Vidu 1.1.8, 7 = {f™ | n € Z} 1a mot hé xoén clia A. Goi "+" 1a phép

nhan cua xoan Zhang A". Ta ¢6

vxy=xf(y) =z(qy) = qvy = q(yx)
=q(yf(r)) =qly*v) =q*y*z.
Khi d6
K (z,y)

A" = Kz y|” = — 09
9] (zy — qyz)
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(2) Theo tinh chét phd dung clia K[z, ], ton tai duy nhit mot dong chu K-
dai s6 g : K[z,y] — K|z, y] thod man g(z) = z, g(y) = y — x. Hién nhién g
12 mot déng cAu phan bac. Tuong tu, ta cling thiét 14p dugc mot dong ciu K -dai
s6 phan bac ¢ : K[z,y] — K|z, y] thodman ¢'(z) = x va ¢'(y) = y + x. D&
dang kiém tra dugc go ¢’ = idgy, ) vag'og = idg[,,). Do d6 g la mot tu dang
cau K-dai s6 phan bac cia A = K|z, y].

Khi d6, theo Vidu 1.1.8, A = {g" | n € Z} 1a mdt hé xoén ctia A. Goi "«"

12 phép nhan ctia xodn Zhang A*. Trong A* ta cling dé dang chi ra quan hé
rxr+rrky—yxx =0,

va hon nua
K (z,y)

(v + 2y — yx)

AN = K[z, y]* =

Trong Ménh dé va Pinh nghia 1.2.1 ta thiy riang néu A" la xoan Zhang ctia
K -dai s6 G-phan bac A bdi hé xoan 7, va A, A7 ¢6 phan ti don vi 1an ludt 1a
1, 1, thi nhin chung, 1, # 1 vi cdc tu dang ciu 7, khong nhat thiét bién 1 thanh
1 trong A. Ménh dé sau day khang dinh rang thuc chit khi tim hiéu xoan Zhang,

ta hoan toan c6 thé chuyén vé nghién cifu cdc xoan Zhang A” ma 1, = 1.

Ménh dé 1.2.4. [2] Cho K la mot truong, G la mét vi nhom, va A la mét K -dai
56 G-phdn bdc. Khi do, véi moi hé xoin T = {1, | g € G} ciia A, ton tai mot

hé xoan 7' = {1/ | g € G} sao cho AT = A" valy =1,

Chitng minh. C6 dinh mot phan ti s € G va dit Ty = TegTs 1 véimoi g € G.
Khi d6, 7, cling la cdc ty dang ciu K -tuyén tinh phan bac ctia A véi moi g € G.
Ta co,

/(1) = 1o, H(1) = 77, 1 (1) = 1.

S

Ta khang dinh ring 7/ := {Tg’ | g € G} lamot hé xodn ctia A va 7, 1a mot ding

chu dai s6 phan bac di tit A” dén A7'. That vay, véi moiy € Ap, 2z € A, ti
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dang thic (1.1.1) va (1.1.3), ta c6

T (ymh(2)) = Teg7s ' (yTants ' (2)) = 7o (75 W)y N (2))
= TogTs (W) TsgnTs ' (2) = Ty (y) 70 (2)-

Do d6, 7’ = {Té | g € G} la mot hé xodn ctia A. Ki hiéu "x" 1a phép nhén cta

A™ . Phn t& don vi ctia A™ 1a

Lo =71 =7 Y1) = 1.

€ €

Véiy € A,z € Ay, tacd

yxz =yt (2) = yrat, (2).

Xét

ot AT AT,z T(x).
Pé ching minh 7, 12 mot dang ciu dai sd phan bic, ta chi can chi ra véi moi
y € Ap,z € A, Ts(y * 2) = 75(y) * 75(z) trong d6 "+" 1a phép nhéan trong A”.

That vay, ta co

Ts(y * Z) = Ts (yTh(z)) - Ts(y)Tsh(Z) = 7_s(y)TshTs_l (7‘5(2)) — Ts(y) *TS(Z)'
Do vay, A” = A" ]

Chu y 1.2.5. [2] Khi xodn Zhang A7 clia dai s6 A c6 1, = 1thi 7.(1) = 1. Béi
Ménh dé 1.1.11, 7, trong trudng hop nay 12 4nh xa dong nhat ctia A. Khi do, véi
moi a,b € A,

axb=ar.(b) = ab.

Do d6, vanh con A, clia A ciing chinh 12 vanh con (A7), ctia A”. N6i riéng, néu

A = A, thi moi xoian Zhang ctia A 14 chinh né.

Theo dinh nghia, A va A™ ¢6 cung nén K -khong gian vecto phan bac € g Ag-
Ménh dé sau ddy cho phép chiing ta dinh nghia mot loai quan hé tuong duong

trén cac xoan Zhang cua mot dai sO phan bac.
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Ménh dé 1.2.6. [2] Cho K la mét truong, G la médt vi nhom, va A la mot K -dai
56 G-phdn bdc. Khi do nhitng khdng dinh sau la diing.

(1) (Phdn xa) A la mot xodn Zhang ciia chinh no.

(2) (Poi xitng) Néu B la mot xodn Zhang ciia A, thi A la mot xodn Zhang clia
B.

(3) (Bdc cdu) Néu B la mot xodn Zhang ciia A va C' la mét xodn Zhang cua

B, thi C la mot xodn Zhang ciia A.

Chiing minh. (1) Pt 7 = {7, :=1ids | g € G}, § d6 id4 1a 4nh xa dOng nhit
ctia A. Hién nhién 7 12 mot hé xoan cia Ava A = A",

(2) Gia st B 1a xodn Zhang A" ctia A ting v6i mot hé xodn 7 = {7, | g € G}
nao do. Pinh nghia 7' = {7,! | g € G}. Tasé chiing minh 7' 12 mot hé xoan
cia B (hé xodn nay dudc goi 1a hé xodn nghich ddo cia Ty va A = B™ . Vi,
1a cac ty dang cAu K -tuyén tinh phan bac ctia A nén T, ! ciing vay. Ki hiéu "+"
1a phép nhan clia B = A™. Véimoi y € Ay, (= By), 2 € A; (= By), theo dang

thuc (1.1.4), taco

7 (e (2) = 7, (yz) = 1, ()my (2) = 7, (y) * 7 (2).

e _ N A A < 2 A . A N -1 - A
Do d6, 77! 12 mot hé xoan ctia B. Nhu viy, dai s6 A va B™  ¢6 chung nén

K-khong gian vecto P gei Ag- Bay gid ta chi can chi ra ching cé cing mot

phép nhan. Gia st "x" 12 phép nhan clia B™ . Véimoiy € A, z € A,

yxz=yx1, ' (2) =ymm, ' (2) = yz.

Do d6 A va B™ ' ¢6 cing mot phép nhan. Vivay A = B” .

(3) Gia stt B 1a xodn Zhang A™ ctia A iing v6i mothé xodn 7 = {7, | g € G}
nio d6, va C' 12 xodn Zhang B™ cta B ting v6i mot hé xoin 7/ = {Tg’ | g € G}
nao do. Ki hiéu phép nhan trong B va C' 1an lugt 1a "+" va "x". Hién nhién A, B
va C c6 chung nén K-khong gian vecto phan bac g Ag- Voimoi g € G, dat

"o IS M " ~ P . Y " o1s ne 1A g
Ty = TgTyVaT = {Tg | g € G}. Ta s€ chung minh rang 7" la mot hé xoan



17

clia A va A™ = C. That vay, b&i cach dit, véi moi g € G, 7/ 1a cic ty dén
y g p g

ciu K -tuyén tinh phan bac cia A. Hon nita, véi moiy € A;, 2z € A, tacod

7, (73, (2)) = 747, (YT (2)) = 77, (y * 74(2))
= 7y (15(y) * 75(2)) = 7y (7, (W) THT 0 (2))
= TyTy (N TonTo(2) = 7, (Y) 7o (2)-
Do d6, 7 12 mot hé xoén ciia A. Ki hiéu "o" 13 phép nhén trong A™" . V6i moi

y € Ay, z€ A tacd

yoz=ym(z) =ymmy(z) =yx7(2) =y*2.
Tir ddy suy ra A7 va C' ¢6 cing mdt phép nhan. Nhu vy, A” = C. O
Ménh dé 1.2.7. [2] Cho K la mét truong, G la mot vi nhom, va A, B la hai
K -dai s6 G-phdn bdc. Khi do nhitng khdng dinh sau la diing:

(1) Pai sé B ddng cdu vdi xodn Zhang cia dai s6 A khi va chi khi ton tai mot
tp cdc ding cdu K -tuyén tinh phdn bdc {¢, | g € G} di tir B vao A thod
man

¢g(ab) = ¢g4(a)ggn(b)

voi moi a € By, b € B,.

(2) Pai sé6 B ddng cdu véi mot xodn Zhang ciia dai s6 A khi va chi khi A déing

cdu vai mot xoan Zhang cua B.

Chiing minh. (1) Gia st B = A", v6i 7 = {7, | g € G} 1a mot hé xodn nao
d6 ctia A. Goi f la mot dang ciu dai s6 phan bac di tif B vao A”. V6i moi
a € By,be By, taco

7S (ab) = 74(f(a) x f(b)) = 74 (f(a)7nf (b)) = 7y (a)Tgn f (D).

Véi méi g € G, dat ¢, = 7,f. Khi d6, ta thu duge ¢4(ab) = ¢,(a)pyn(b) nhu
mong mudn. Ngudgc lai, gid st ton tai {¢, | g € G} 1a tap cdc song anh K -tuyén
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tinh phan bac di tt B vao A thoa man

Gg(ab) = dg(a)pyn(b) (1.2.5)

véimoi a € By, b € B. batT = {1, := ¢y¢," | g € G}. Hién nhién 7 1a
tap cdc ty dang cAu K -tuyén tinh phan béc cia A. Ta sé chitng minh 7 12 mot
hé xoin ctia A va ¢, chinh 1a mot dang ciu dai sd phan bac di tit B vao A7,
Trong dang thic (1.2.5), dity = ¢,(a) va 2 = ¢, (b). Khi d6, a = o, (1),
b = qﬁg_,g(z) Tac dong %‘1 vao hai vé ctia (1.2.5), va d6i sang bién v, z ta thu
dugc dang thic

Oy (V)b (2) = 5 (y2). (1.2.6)

Khi do

To(ymn(2)) = Gy, (yonde ' (2)) = by (62 (y)boy dnd; ' (2))  (theo (1.2.6))
= ¢y (6 (1)0: 1 (2)) = ¢y, (Y)Pgn; ' (2)  (theo (1.2.5))
= To(y)gn(2)

véimoiy € Ay, z € A;. Vivay 7 1a mot hé xoan cia A. Ki hiéu "+" 1a phép

nhan cua A”. Tu d.‘fmg thuc (1.2.5) ta co,

dc(ab) = ¢e(a)on(b) = de(a)pnd, ' de(b) = dc(a) * ¢c (D),

v6i moi @ € By, b € B;. Do d6, ¢, 1a mot dang ciu dai sb phan bac tif B vao
AT,

(2) Gia st dai s6 phan bac B dang ciu véi mot xoan Zhang nao d6 cia A.
Theo phén (1), ton tai mot tép cdc déng cAu K -tuyén tinh phan bac {¢, | g € G}
di tr B vao A thoa man

dg(ab) = dy(a)dau(b) va &, (y2) = ¢, (y)oy ()

v6i moi @ € Bj,b € B, vamoiy € Ap,z € A,. V6imdi g € G, dit
Ag = gb;lgbe. Khi do, A\, l1a cac ty dang ciu K-tuyén tinh phan bac ctia B véi
moi ¢ € G. Hon nita, A = {)\,; | ¢ € G} 1a mot hé xoén cla B vi v6i moi
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a € B,be Bjtacd

Ag(ary (b)) = ¢y delady, de(b)) = &, (¢e(a)pe(b))
= ¢y 0e(@) By 0e(b) = Ag(@)Agi (D).

Ta ki hiéu phép nhan trong xoan Zhang B* 1a "x". Xét song anh K -tuyén tinh
phan bac ¢ : A — B x + ¢, !(x). Thuc chit ¢, ' 1a mot dong ciu dai sb
bdi

0. (yz) = 6. (1), (2) = 6. (1)@, ' et (2) = @, H(y) * b, (2).

Nhu vay, A = B* nhu cic K-dai s6 G-phan bac. Chiéu ngudc lai ta ching
minh hoan toan tuong tu. [l

Bing cach 1am tuong tu nhu da dinh nghia xoin Zhang ctia mot dai s6 phan

béc, ta dinh nghia mddun xoan Zhang ctia mot mddun phai phan bac nhu sau.

Ménh dé va Pinh nghia 1.2.8. [2] Cho K 12 mot trudng, G 12 mot vi nhém, A
1a mot K-dai sb G-phan bac, va 7 = {7, | ¢ € G} 1a mdt hé xodn ctia A. Gia
st M =P
AT-mddun phai phan bac v6i phép nhan vo huéng ma ta ciing ki hiéu la

gec My 1amot A-mddun phai phan bac. Khi d6, ton tai mét clu tric

dugc dinh nghia trén nén K-modun g M, nhu sau
m* z = mt(2)

v6i moim € M, 2 € A;. Khi d6, A”-modun phéi phan bac (@g M,, *) dugc

goi 12 médun xodn Zhang ctia M béi 7, va ki hiéu 1a M.

Chitng minh. V6i moi m, mq, mo € My, va z, z1, 29 € Ajtacd

(my1 4+ ma) *x 2z = (my + ma)7(2) = mymr(2) + mati(2)
=Mmq* 2z + Mg * 2,
m* (21 + 22) = mmp(21 + 20) = m7p(21) + m7p(22)

=m * 21 +m * 2o.
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Do d6 phép nhan vo hudng "+" c6 tinh chit phan phbi v6i phép cong trong M
va phép cong trong A. Mat khac, véi moi m € My, y € Ay vaz € A tacod

(mxy)xz = (m7y(y)) Ton(2) = m (74(y) 740 (2)) = m7y (y70(2)) = m*(y*2)

vamxl, = m7y(1;) = mry(r; (1)) = m.1 = m.Dod6, M™ = <@g M,, *)

la mot A”-mo6dun phai phan bac. []
Cha y 1.2.9. Cach dinh nghia phép nhan v6 hudng "+" nhu trén sé€ khong ap
dung dudc véi cac mddun trai phan bic cia A. Thay vao do, ta s& can dinh
nghia mot "phién ban bén trdi" cta hé xoin dé tif d6 dinh nghia mdédun xoin

Zhang cua mot A-mddun trai phan bac (xem muc 4 tai liéu [2]).

Mot phién ban tuong tu ctia ménh d& 1.2.6 ciing ding cho cac modun xoin

Zhang cua mot modun phai phan bac.

Ménh dé 1.2.10. [2] Cho K la mét truong, G la mét vi nhom, A la mét K -dai
$6 G-phdn bdc va M la mot A-médun phdi phén bdc. Khi do nhitng khdng dinh

sau la dung:
(1) (Phdn xa) M la mét moédun xodn Zhang cua chinh ne.

(2) (Péi xing) Néu N la mot médun xodn Zhang cia M, thi M la mét modun

xoan Zhang cua N.

(3) (Bdc cdu) Néu N la mét mddun xodan Zhang ciia M va L la mot médun

xodn Zhang ciia N, thi L la mét modun xocdn Zhang ciia M.

Chiing minh. (1) Pt 7 = {7, :=1ids | g € G}, § d6 id4 1a 4nh xa dOng nhit
ctia A. Hién nhién 7 12 mot hé xoan cia A va M = M.

(2) Gia stt N 1a mddun xoan Zhang M7 ctia M ting v6i mot hé xoan 7 =
{7, | g € G} nao d6. Ta da biét hé xoan nghich dao 7' = {7, | g € G} ciing

12 mot hé xodn ctia A. By gid ta sé chita M = N7 . That vay, gid st "x" va

"x" 1an lugt 12 phép nhan vo hudng ciia N va N™ ' Véimoim € My, z € A,

mxz=mx*7, (2) =mnT, (2) =mz.
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Do d6 M va N7 ' ¢6 cung mot phép nhan vo hudng. Vi vay M = N7 .

(3) Gia st N 12 mddun xoin Zhang M7 ctia M tng v6i mot hé xoan 7 =
{7, | 9 € G} nao d6, va L 1a xodn Zhang N™ ctia N ting v6i mot hé xoin 7/ =
{T!; | g € G} nao d6. Véimoi g € G, dit T, =TT, Va7 = {7’; | g€G}.Ta
da biét rang 7 1a mot hé xodn ctia A. Bay ta ching minh M7 = L. That vy,
ta ki hiéu phép nhan v6 hudng trong N, L va M™ 14n lugt 1a "+", "«" va "o".
Véimoim € M,z € Aj, tacod

moz=mt(z) =mnm(z) =mx*71(2) =m*z.

Do d6 M7 va L c6 cing mot phép nhén v hudng, kéo theo M7 = L. []

1.3 Su tuwong duong cua cac pham tru médun phan bac

Trong muc nay, muc tiéu chinh cta ching t6i 1a chiing minh su dang ciu
gifa pham tri cac moédun phai phin béc cliia xoan Zhang va cia dai s6 ban dau
(Pinh ly 1.3.8), va sau d6 chi ra riang trong pham vi ctia cac dai s6 phan bac lién
thong thi hai dai s6 A va B c6 pham trii cic modun phai phan bic tuong duong
khi va chi khi B dang cAu v6i mot xoan Zhang ctia A (Pinh 1y 1.3.19).

Trude hét, ching tdi trinh bay lai sau diy mot s6 kién thiic co ban cda ly
thuyét pham tri.

Dinh nghia 1.3.1. [8] Mot pham tri C bao gdm ba thanh phan: mot 16p obj(C)
gdm cédc vdt, mot tap cdu xa Home(A, B) v6i mbi cip vat (A, B) (v6i mbi
cau xa f € Home(A, B), ta thuong viét f : A — B hoic A Iy B).,wa
phép hop thanh Home (A, B) x Home(B,C) — Home (A, C), ki hiéu béi
(f,g) — go f, v6i moi bo ba cac vat A, B, C. Nhiing thanh phan nay thod man

cac tién de sau day:

(1) Céc tap chu xa Homg 1a d6i mot rdi nhau, tiic 1a, méi ciu xa f € Home (A, B)

c6 duy nhit mot tap ngudn A va duy nhit mot tap dich B;

(2) V6i mbi vat A, ton tai mot cdu xa dong nhdt id, € Home (A, A) sao cho
foidy = fvaidgo f= fvéimoi f: A— B;
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(3) Phép hop thanh c6 tinh chit két hop, tic 13, v6i cac cau xa cho trudc
AL B4 o Do

ho(gof)=(hog)of.

Mot chu xa f : A — B trong C dudc goi la ding cdu néu tdn tai mot cu xa

g: B — AtrongCsaochogo f=idyva fog =idg.

Vi du 1.3.2. (1) Pham tru tép hop, ki hiéu 1a Set, gdm céc vat 1a céac tap hop,
cac cAu xa 1a cdc 4nh xa gilfa hai tAp hop va phép hop thanh 13 phép hop thanh
thong thuong gitia hai anh xa.

(2) Pham trit nhom, ki hiéu 12 Grp, gdm cic vat 1a cdc nhom, cic ciu xa 1a
cic dong cAu nhom va phép hdp thanh 13 phép hop thanh thong thudng gitta hai
dong cau.

(3) Cho R la mot vanh. Khi d6 ta ¢6 pham trit cdc médun phdi cia R, ki
hiéu 1a Mod , gdm céc vit 1a cac R-modun phai, cdc ciu xa 1a cac dong ciu R-
modun phéi va phép hop thanh 1a phép hop thanh thong thudng gitia cidc dong
cAu.

(4) Cho K 1a mot trudng, G 12 mot vi nhém va A 1a mot K-dai sé6 G-phan
bac. Pham trit cdc médun phdi phdn bdc ctia A, ki hiéu 1a Gr — A, gdm céc vat
12 cac A-mddun phai G-phan bic, cdc ciu xa 1a ciac dong ciu A-modun phai

phan bac va phép hop thanh 1a phép hop thanh thong thudng giiia cic dong cau.

Pinh nghia 1.3.3. [8] Cho hai pham trit C va D. Mot ham i (hiép bién) T
C — D la mdt phép cho tuong tng mot vat T(A) € obj(D) véi moi vat
A € 0bj(C), va mot anh xa

Hom¢(A, A") — Homp(T'(A), T(A"), f— T(f)

vGi moi cap vat A, A" € obj(C) sao cho:

(1) NéuA L A7 2 A wong €, ti T(A) 25 7 (4 Z9% 7 (A7) trong D
va

T(go f)=T(g)oT(f),
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(2) T'(14) = Lpa) v6i moi vat A € obj(C).

Dic biét, mot ham it dong nhdt ide : C — C dugc dinh nghia bsi id¢(A) = A

v6i moi vat A trong C vaide(f) = f v6i moi chu xa f trong C.

Ta cling c6 phép hdp thanh trén cac ham tit. Cu thé, v6i cac ham ti cho trudc
T ., 5 e . < s
C — B = A gitta cac pham tru A, B, C thi cac anh xa hgp thanh

C = 5(T(C),  f=S(T(f))

trén cac vat C' va cac ciu xa f ctia pham trit C dinh nghia mot ham ti ST :

C — A, dudc goi la hop thanh cia S va'T.
DPinh nghia 1.3.4. [9] Cho hai pham tru C va D. Khi d6

(1) Mot ham ti T : C — D dudc goi 1a mot ddng cdu néu va chi néu ton tai
mot ham td S : D — C sao cho ST = id¢ vaT'S = idp. Khi d6, ta cling

n6i hai pham tri C va D 1a ddng cdu.

(2) Motham ti T : C — D dudc goi 1a trung thanh néu phép tuong ing
Tecor : Home(C, C") — Homp(T(C), T(C")), f+— T(f)
la don anh véi moi C, C" € obj(C).
(3) Motham ti T : C — D dudc goi 1a ddy dii néu phép tuong ting
Tecr : Home(C, C") — Homp(T(C), T(C")), [+ T(f)
1a toan anh véi moi C, C" € obj(C).

DPinh nghia 1.3.5. [9] Cho trudc hai pham tru C va D, va cac ham t¢ S, T :
C — D. Mot phép bién déi tu nhién o : S — T la mot phép cho tuong ting
mbi vat C trong C mot chu xa o¢ : S(C) — T(C) trong D sao cho v6i moi

chuxa f : C — C' trong C thi so do sau giao hoan:
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S(C) —2< T(C)

sml lT(f)

[¥el

S(C") —— T(C)

Phép bién ddi ty nhién o nhu trén dudc goi 1a ddng cdu tw nhién (hoic tuong
duong tu nhién) néu véi moi vat C' € obj(C), chu xa o trong D 1a dang ciu.
Khi d6, taki hiéula S = T.

Pinh nghia 1.3.6. [9] Cho hai pham tru C va D. Mot ham td S : C — D
dudc goi 12 mot tuong duwong pham triv (hodc ham tit twong dwong) néu ton tai
mot ham t& 7 : D — C sao cho ta c6 cic dang ciu tu nhién ST = idp va

TS = ide. Khi do, ta néi hai pham tru C va D 1a tuong duong.

Hién nhién néu hai pham tru C va D 13 dang céu thi chiing ciing tuong ducng
v6i nhau. Ngoai ra, trong muc ndy, ching toi st dung tinh chit quan trong sau

day cia mot ham ti tuong duong.

B6 dé 1.3.7. [9] Cho hai pham trit C va D. Néu ham tit S : C — D la mot

tuwong duong pham tri thi S la ddy dii va trung thanh.

Chitng minh. Do S : C — D 1a mot ham ti tuong duong nén ton tai ham
t¢ T : D — C sao cho ST 2 idp, va T'S = ide. Khi d6, v6i mdi ciu xa

f:C — (' trong C, dang cAu tu nhién 6 : T'S = idc cho ta so d6 giao hoan

TS(C) s ©

()| lf
TSy L ¢

Do d6 f = 0 o TS(f) o 951, kéo theo S 1a trung thanh. Tuong tu, st dung
ST = idp ta suy ra T 1a trung thanh. D€ ching minh S 1a diy da, xét h :
S(C) — S(C") batki, vadit f = 0 o T(h) 0 0", Khi d6, néu thay S(f) bdi
h thi so do trén van giao hodn, va do d6 T'S(f) = T'(h). Do T trung thanh nén
S(f) = h, dan dén S 1a day du. O
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Bay gio ching ta da san sang dé khdo sit pham trui cdc modun phai phan bac
ctia xoan Zhang. Pinh ly sau day chi ra rang pham trii cdc mddun phai phan bac

cua xoan Zhang va cua dai so ban dau la dang cau.

DPinh ly 1.3.8. [2] Cho K la mot truong, G la mot vi nhom, A va B la cdc K-
dai s6 G-phdn bdc. Néu B ddng cdu véi mét xodn Zhang ciia A thi hai pham
trit Gr — A va Gr — B la ddng cdu.

Chitng minh. Néu B dang ciu véi xodn Zhang AT cia A tng v6i mot hé xoan
7 = {7, | g € G} nao d6 thi hi€n nhién hai pham trt Gr — B va Gr — A7 1a
dang ciu. Do d6 ta chi can ching minh Gr — A dang ciu v6i Gr — A™. That
vy, ta dinh nghia mét ham t& F' di tt Gr — A vao Gr — A” nhu sau: v6i moi
A-mddun phéi G-phan bac M thi F'(M) = M7, va v6i moi dong ciu phan bac
Y di tt M vao N, F(vp) = . Ham ti F' xac dinh nhu trén la dinh nghia t6t
néu ta c6 thé chi ra ¢ cling 1a mot dong cau phan bac di tit M7 vao N7. That
vay, vi M va M7 c6 ciing nén K-mddun phan béc (tuong tu véi N va N7) nén
1 cling 12 mot 4nh xa K -tuyén tinh phan bac tit M7 vao N7. V&i moi m € M,

vaz € Ajtacd

Y(m* z) =Y (mm(2)) = P(m)mh(2) = (m) * 2,

v6i "+" dugc dinh nghia nhu trong Ménh dé va Pinh nghia 1.2.8. Do d6 1 1a
mot dong cAu A™-modun phan bac tir M7 vao N™ néu (va chi néu) ¢ 1a mot
dong cAu A-mddun phan bac tir M vao N. Do viy, F 1a dinh nghia tét.

Theo Ménh dé 1.2.6 (2), A 1a xoan Zhang ctia A7 bdi hé xoan nghich dao
7-1. Do d6, ta c6 thé dinh nghia mdt ham ti G di tit Gr — A" vao Gr — A tuong
tu nhu cach da dinh nghia F. Theo Ménh dé 1.2.10, v6i moi A-modun phai
phan bac M, GF (M) = (]\47)771 = M, va v6i moi A"-modun phai phan bac
M, FG (M) = (M’T_l)T — M. Do dé, GF = idg_a va FG = idgy_ar,
kéo theo hai pham tra Gr — A va Gr — A" 1a dang ciu. ]

Cong viéc tiép theo clia ching toi 12 tim hi€u khi nao thi diéu ngudc lai cla
Pinh ly 1.3.8 xay ra. D& 1am dugc diéu nay, trudc hét ta can trang bi thém céc

khai niém vé mddun chuyén bac va todn tif chuyén bac.
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DPinh nghia 1.3.9. [2] Cho K la mét truong, G 1la mot vi nhom va A la mdot
K -dai s6 G-phan bac.

(1) V6i mot A-modun phai G-phan bac M =

G, ta dinh nghia médun chuyén bdc h cia M 12 mddun

gei My va mot phan ti h €

geG

trong d6 (M[h]), = M, v6i moi g € G. Nhu vdy, néu khong xét dén sy
phan bac thi M[h] 1a mét A-mddun con cua M.

(2) V6i h € G, mot ham ti dich chuyén s, di tt Gr — A vao chinh né dugc
cho nhu sau: v6i moi A-mddun phai G-phéan bac M, s,(M) = M[h], va
v6i mbi dong cau A-modun phai phan bac ¢ di tt M, s,(¥) = ¢ |arp-

Tt Pinh nghia 1.3.9, ta suy ra s, = idg;_4 va v6i moi g,h € G ta co,
S¢Sh = Spg- Néu G 12 mot nhém thi khi d6 ton tai ham t& dich chuyén sj,-1, va
ta c6 55,1 = idar—a = S5,-15p, kéo theo sj, 1a mot tu dang cau ctia Gr — A
v6i moi h € G. Tuy nhién, trong trudng hop G 12 mot vi nhém bat ki, mot ham
t s,-1 c6 thé khong ton tai. Sau dy ching ta sé xét dén vi nhém G v6i mot
tinh chét dic biét va tir do cho phép ta dinh nghia mdt ham ti dich chuyén kiéu
nhu s;,-1 trong truong hgp G 1a mot nhom.

Dinh nghia 1.3.10. [2] Mot vi nhém G 1a triét tiéu trdi néu ghy = ghs kéo theo
h1 = hy v6i moi g, hl, hy € G.

Vi du 1.3.11. (1) Hién nhién mdt nhém bét ki 1a mot vi nhém triét tiéu trdi vi
néu gh, = ghs thi g 'gh; = g 'ghs, kéo theo h; = hy v6i moi g, hy, hy € G.

(2) N 1a mdt vi nhém triét tiéu trai vi néu n + m; = n + mo thi bién ddi
dang thiic trong Z cho ta (—n) +n+my = (—n) +n+my, din dén m; = ma,

v6i moi n, my, me € N.

Dinh nghia 1.3.12. [2] Cho K la mdt trudng, G 1a mot vi nhom triét tiéu trai
va A 1a mot K -dai s6 G-phan bac.
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(1) V6i mot A-modun phai G-phén bac M = @, M, va mot phan ti h €

G, ta dinh nghia médun chuyén bdc h™! ciia M 1a moédun

geG

M; néu g = hl,
trong d6 (M [h71]), =
0  trong céc truong hop khac.
Nhu vay, néu khong xét dén su phan bac thi M[h~!] = M nhu céc A-

modun phai véi moi h € G.

(2) Vé6i h € G, mdt ham tit dich chuyén s, di tit Gr — A vao chinh né dudc
cho nhu sau: véi mbi A-modun phéi G-phan bac M, s, (M) = M[h™1],
va v6i mbi dong cau A-mddun phai phan bac 1, sp,-1(1)) = 1.

Luu y rang trong Dinh nghia 1.3.12, h~! chi 12 mot ki hiéu vi phan td h c6
thé khong c6 nghich d4o trong vi nhém G. Trong trudng hop A that su c6 phan
t& nghich déo h~! trong G thi M[h '] = P
bac h~! ctia M theo Pinh nghia 1.3.9.

geG Mpy-14 chinh 1a mddun chuyén

Vé sau chiing t6i s& thuc hién nhiéu phép bién d6i phiic tap trén tap cdc ham
th {s;,-1 | h € G} v6i s,-1 duge dinh nghia nhu trong Dinh nghia 1.3.12. D€
don gian ho4, tir nay ching t6i ki hiéu S}, := sj,-1.

Ham t& Sj, c6 mot s6 tinh chit co ban nhu sau.

B6 dé 1.3.13. [2] Cho K la mét truong, G la mot vi nhom triét tiéu trdi va A la
mot K-dai s6 G-phdn bdc. Khi do, véi h € G, ham t dich chuyén S, = sj,-1
trong Dinh nghia 1.3.12 c6 cdc tinh chdt sau day:

(D Se = idGrrfA;
(2) S,S; = Sy voi moi h,l € G,
(3) S}, la mét ham ti trung thanh va ddy dii véi moi h € G.

Chiing minh. (1) V6i moi A-modun phai G-phan bac M, ta c6

Se(M) = Mle ' = M.
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Miit khdc, theo dinh nghia, v6i mbi dong cAu A-modun phai phan bac 1, S.(¢) =
. Do do, S, = idgr_ 4.

(2) V6i mot A-mddun phai G-phan bac M = P, M, bat ki, ta co

geG

SpSi(M) = Sp(MI7Y) = M[1H[R 1) = MR,

geG

(M) néu g = hm,
trong d6 (M[I7Y][n71]), =
trong cac truong hop khac.
Lai co
. M, néu m = In,
(M= = o ,
0 trong cac truong hop khac.

Do d6, ta co

L1 M, néu g = hin, .
(M=) = o = (M[(hl)" ],
0 trong cac truong hop khac.

v6i moi g € G. Tu day suy ra, S,5;(M) = Sy (M). Mit khéc, v6i mbi dong

ciu A-modun phai phan bac v, ta cé

SpSi(¥) = Sp(¥) = ¢ = Su(¥).

Nhu vay S5, 5; = Sy v6imoi h, [ € G.
(3) Theo dinh nghia ctia S, hién nhién S, 1a trung thanh va day du. O

B6 dé 1.3.14. [2] Cho K la mét truong, G la mot vi nhom triét tiéu trdi va A la

mot K-dai s6 G-phdn bdc. Dt

I'(A) = @5 Home,—4 (Sy(A), A) .
geG
Khi do, T'(A) la mot K-dai s6 G-phdn bdc.
Chiing minh. Theo céch dit, 6 rang I'(A) c6 mot chu tric K-mddun G-phan
bac. V6i moi @ € Homg,—4 (S5(A), A), b € Homg,—a (Sh(A), A), ta dinh
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nghia phép nhan
ab = a o Sy(b).
Hién nhién phép nhan nay c6 tinh chat phan phdi véi phép cong ctia I'(A). Véi
a € Homg,—4 (S;(A), A),b € Homg,—4 (Si(A), A) vac € Homg,—4 (Si(A4), A)

bat ki, ta cé

(ab)e = (a0 S4(b))c = (a0 .54(b)) © Sgn(c) = (a0 S4(b)) 0 545h(c)
= a0 (Sy(b) 0 SgSh(c)) = ao Sy(bo Sp(c)) = ao Sy(be)
= a(bc).

Do d6 phép nhan dinh nghia nhu trén cta T'(A) c6 tinh chat két hap, kéo theo
I'(A) 1a mot K-dai s6 G-phén bac. O

DPinh ly 1.3.15. [2] Cho K la mét truong, G la mot vi nhom triét tiéu trdi va
A, B la hai K-dai s6 G-phdn bdc. Ta sit dung ki hiéu {S, := s, | g € G}
trong cd hai pham trit Gr — A va Gr — B. Khi do6, néu ton tai mét ham it trung
thanh va ddy di F di tit Gr — A vao Gr — B sao cho F(S,(A)) = S,(B) vdi
moi g € G, thi I'(A) ddng cdu véi mét xodn Zhang ciia T'(B) nhu cdc K-dai
56 G-phdn bdc.

Chiing minh. Ap dung Ménh d& 1.2.7, ta chi cin xdy dung mét tip cic dang
cu K -tuyén tinh phan bac {¢, | g € G} di ti T'(B) vao I'(A) thod man

¢(ab) = ¢(a)dgn(b)

v6i moi a € I'(B), b € T'(B),. That vay, véi mdi g € G, ki hiéu ¢, 1a déng cAu
di tt F(S,(A)) vao S,(B). Vi mbi g € G, ta dinh nghia anh xa ¢, di tit I'(B)
vao I'(A) nhu sau: véi mdi a € Homg,_p (S,(B), B) C T'(B),

dy(@) = (S, (F7 (8" Sy(a)ten)

Nhu vy, trén Homg,— g (Sp(B), B), ¢, 12 hgp thanh cta bon dnh xa K -tuyén

tinh sau:
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(ml1) Sy : Home,—p (Sn(B), B) — Homgr—p (Sgn(B), S4(B)),

(m2) t, " ()tgn : Homer—p (Sgn(B), Sy(B)) — Homar—p (F (Sgu(A)) , F (Sy(A))),
(m3) F~!: Homar—p (F (Sgn(A)) , F (S4(A))) — Homes—a (Sgn(A), Sy(A)),
(m4) S;* - Homer—a (Sgn(A), Sg(A)) = Homer—a (Su(A), A).

Vi cdc ham tit S, va [ 1a trung thanh va day di nén cac 4anh xa (m1), (m3) va
(m4) 1a song anh. Anh xa (m2) ciing la song 4nh vi ty va tgy la cac dang ciu.
Do do, ¢, 1a mot song dnh K -tuyén tinh phan bac di tx T'(B) vao I'(A). Véi
moi a € Homg,_p5 (Sp(B), B) ,b € Homg,_p (S;(B), B), tacd

¢g(ab) = (Sg)_l (F_l (tglsg(ab)tghl))

Nhu vay, theo Ménh dé 1.2.7, I'(A) ding ciu véi mot xoan Zhang cta I'(B)
nhu cic K-dai s6 G-phan bic. [l

Dinh ly tiép theo cung cip cho chiing ta diéu kién dé xdy ra chiéu ngudc lai

cua binh ly 1.3.8, trong truéng hdp vi nhom G la triét tiéu trai.

Pinh ly 1.3.16. [2] Cho K la mét truong, G la mot vi nhom triét tiéu trdi va
A, B la hai K -dai s6 G-phdn béc. Khi dé B ddng cdu véi mot xodn Zhang ciia
A khi va chi khi ton tai mot ham tit twong duong F di tit Gr — A vao Gr — B
sao cho F(A[g™']) = Blg™!] véi moi g € G.

Chitng minh. (=) Néu B dang ciu v6i mot xoan Zhang A cta A thi khi d6
hai pham trit Gr — B va Gr — A7 1a dang cdu. Khong mét tinh tdng quat, ta c6

thé gid stt B 1a xodn Zhang A™ clia A v6i mot hé xodn 7 = {7, | g € G} nao
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d6. Theo Pinh 1y 1.3.8, hai pham tru Gr — A va Gr — A7 1a tuong duong. Goi
F'la ham ti tuong duong di tut Gr — A vao Gr — A” dudc dinh nghia nhu trong
chiing minh cta Dinh Iy 1.3.8. Bay gid ta sé chira F' (A [g7']) = A [g_lr
dang ciu véi AT [gfl} v6i moi g € G. That vy, cac A”-mddun phai A [gfl} !
va A7 [9*1} ¢6 cung nén K-modun @, A [gfl}h trong d6 A [gfl}h = A
néuh = glva A [g_l] , = 0 trong cac truong hgp khac. Ki hiéu "-" va "o" lan
lugt 1a phép nhan vo huéng trong A" [g_l] va A [g_l]T. Vi 7, 1a cac ty dang
chu K-tuyén tinh phén béc ctia A nén 7, ciing la dang ciu K-tuyén tinh phan
bac di tir A” [g71] vao A [g7!]". Véimoiy € A, = A7 [g_l}gh vaz € A ta
co
oy - 2) = 74 (yn(2)) = 7y(y)Ten(2) = 7y(y) 0 2.

Do dé, 7, 1a mot dang cAu A™-modun phéan bac di tr A [gfl] vao A [gfl} " vé6i
moi g € G, chonén F (A [¢7']) = A" [¢7!] véimoig € G.

(<=) Gia st tOn tai mot ham tf tuong duong F di tt Gr — A vao Gr — B
sao cho F(A[g7']) = Blg '] v6i moi g € G. Theo BS dé 1.3.7, F la
trung thanh va ddy di. Do d6, 4p dung Pinh ly 1.3.15 ta suy ra I'(B) ding
ciu v6i mot xodn Zhang ctia I'(A). Bay gio ta s& chi ra I'(A) = A. That vay,
v6i moi a € Homg,—4 (A[h7Y],A) = T(A)p, do 1 € A, = A[h™!];, nén
a(l) € a(A[h7';) C A,. Ta dinh nghia énh xa f di tt T'(A) vao A béi
f(a) = a(1) v6i moi a € T'(A),. Céc phép kiém tra thong thudng cho thiy f

la mot drfmg chu K-tuyén tinh phan bac. Mit khac, f 12 mot dong cau dai s6 vi

f(ab) = f(asp-1(b)) = asp-1(b)(1) = a(b(1)) = a(1)b(1) = f(a)f(b)

v6i moi a € I'(A)y, b € T'(A);. Do d6, f 1a mot dang cu dai sb phan bac di
tit I'(A) vao A. Ching minh tuong tu, ta cing c6 I'(B) = B. Tit d6 suy ra B

dang cau véi mot xoan Zhang cia A. ]

Tt Dinh ly 1.3.16, ta thiy ring néu diéu kién F(A[g~!]) = Blg~!] tu dong
ding cho mot 16p dai s6 phan bic nao d6, thi khi d6 dai s6 A dang cu véi
mot xoan Zhang cia dai s6 B khi va chi khi pham tru Gr — A tuong duong vé6i

Gr — B. Va diéu nay thuc su x4y ra néu cac dai s6 ducc xét dén 12 phdn bdc
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lién thong trén truong K.

Dinh nghia 1.3.17. [2] Cho K la mdt truong va A = . _, A, 1amot K -dai s6
Z-phan bac. Pai s6 A dudc goi 12 phdn bdc lién thong néu Ay = K va A, = 0

nez

v6i moi n < 0.

Vi du 1.3.18. Cho K 1a mdt trudng va n 1a mot sé nguyén duong. Tir Vi du
1.1.2 (3), ta suy ra vanh da thiic n bién K[z, . . ., z,,] la mot K-dai s6 phan bac

lién thong.
Bay gid chiing ta da san sang dén véi dinh 1y cudi cling ctia chuong nay.

Dinh ly 1.3.19. [2] Cho K la mét truong va A, B la hai K-dai s6 phdn bdc
lién thong vdi Ay # 0. Khi dé, dai sé B ddng cdu vdi mot xodn Zhang ciia dai
56 A khi va chi khi pham trit Gr — A tuong duong véi pham trit Gr — B.

Chiing minh. (=) Chiéu nay la két qua ctia Pinh 1y 1.3.8.

(<=) V6i mot dai s6 phan bac lién thong, ta vita ¢6 thé xem né nhu mot dai
s6 Z-phan bac, vita c¢6 thé xem nhu mot dai s6 N-phan bac. Do d6, ta xét hai
truong hop sau.

Trudng hop 1: Xét A nhu mot dai s6 Z-phan bac. Khi d6, cac vat trong pham
tru Gr — A la cac A-modun phai Z-phan bac. Gia st F' 1a mot ham ti tuong
duong di tt Gr — A vao Gr — B. Khi d6, do A la phan bac lién thong va F
la mot ham ti tuong duong nén ton tai mot song anh f : n — f(n) trong Z
sao cho F'(A[n]) = B][f(n)]. Mat khac, trong trudng hgp nay, véi moi m € Z,
ham t dich chuyén s,,, 1a mot ham ti tuong duong trén Gr — B véi nghich dao
la ham td s_,,. Khi d6, s_ () F’ cling 1a mot ham o tuong duong di tt Gr — A

vao Gr — B, va do d6
s o F(A) = s_ g0 F(AD]) = s_o)(BIF(0)]) = BJ0] = B.

Nhu vy, bang cach thay F bdi S_ro)F, taco thé gia st rang F(A) = B. Hay
nodi céch khac, ta c6 thé gid st f(0) = 0. Bay gi6 ta chiing minh f chinh l1a dnh
xa dong nhat trén Z. That vay, v6i mbi n € Z, do I'(A) = A nhu cic dai sb
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phéan bac nén
Homg,—4(A[n], Aln + 1]) = Homg,—4(A[—1], A) = A; # 0.
Téc dong F vao A[n] va Aln + 1], ta cé

0 # Homg,—p(B[f(n)], BIf (n + 1)]) = Hom,_p(B[f(n) — f(n + 1)}, B)

= Bitnt1)-f(n)-

Do B la phan béc lién thong nén tasuy ra f(n+1) — f(n) > 0 v6i moi n € Z.
Mat khdc, f 1a song danh nén f(n + 1) # f(n). Nhu vay, f(n + 1) > f(n)
véi moi n € Z, kéo theo f(m) > f(n) v6i moi sb nguyén m > n. Ta khing
dinh ring f(n) = n, v6i moi s6 nguyén n > 0. That vay, ta tién hanh quy
nap theo n d€ chiing minh khing dinh nay. Véi n = 0, ta da c6 f(0) = 0.
Véin > 0, giast f(k) = kv6imoi 0 < k < n.Tacanchira f(n + 1) =
n + 1. Gia st nguge lai f(n +1) =:m # n+ 1. Tacé,n +1 > 0 nén
m = f(n+1) > f(0) = 0. Néum < n + 1 thi theo gi thiét quy nap ta c6
m = f(m),dan dn f(m) =m = f(n+1).Do flasonganhnénm = n+1
(mau thudn). Nlum > n+ 1, gid st a € Z thodman n + 1 = f(a). Khi
dotacd f(n+1) =m >n+1= f(a),din dénn + 1 > a. Mit khéc,
fla)=n+1>0= f(0O)néna > 0.V6i0 < a < n+ 1, ap dung gia
thiét quy nap ta ¢c6 a = f(a). T day suy ra a = n + 1 (méu thudn véi viéc
n+ 1> a). Dovay, m = n+ 1, hay f(n + 1) = n + 1 nhu mong mudn. Lap
luan tuong tu ciing cho ta f(—n) = —n véi moi s6 nguyén n > 0. Tu day suy
ra f(n) = n véimoin € Z, din dén F(A[n]) = B[n] v6i moi n € Z. Ap dung
Dinh 1y 1.3.16 ta suy ra dai s6 B dang ciu v6i mot xoan Zhang ctia dai s6 A.
Trudng hop 2: Xét A nhu mot dai s6 N-phan bac. Khi do, cac vat trong pham
tru Gr — A la cac A-modun phai N-phan bac. Gia st /' la mdt ham ti tuong
duong di tt Gr— A vao Gr— B. Khi d6 v6iméin € N, F(A[—n]) = B[—f(n)]
vGi f : n — f(n)la mdt song anh trong N. Lap lai 14p ludn cia trudng hop 1
ta suy ra song anh f c6 tinh chit f(m) > f(n) v6i moi s tu nhién m > n.

Khi d6, f(0) = 0. That vay, gia st nguge lai f(0) > 0. Do f la song danh nén
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ton tai mot s6 tu nhién a sao cho 0 = f(a). Do d6 f(0) > 0 = f(a), kéo theo
0 > a (vo ly). Ching minh quy nap theo n nhu trudng hgp 1 cho ta f(n) = n
v6i moi n € N, dan dén F(A[—n]) = B[—n] v6i moi n € N. Tu day, theo
Pinh ly 1.3.16, dai s6 B dang ciu v6i mot xoian Zhang ctia dai s6 A. ]



Chuong 2

XOAN ZHANG CUA PAI SO LEAVITT

Trong chuong nay, muc tiéu chinh cta ching t6i 1a di xay dung mot s6 16p tu
dang ciu phan bac dic biét trén dai sé Leavitt kiéu (1,7) dua vao cic phuong
phap dudc thiét 1ap bdi Cuntz [10] va Kuroda-Nam [11], va tir d6 ching t6i
phan loai (sai khac dang cAu) cic xoin Zhang ctia dai s6 Leavitt kiéu (1, n) lién
két v6i cdc tu dang ciu da dugc xay dung.

Céc két qua chinh trong chuong nay dudc dua theo cdng bd [7] cla tdc gia,

cong tac véi T. G. Nam va Ashish. K. Srivastava.

2.1 Ve dai s6 Leavitt kiéu (1,n)

Trong muc nay, chiing tdi sé trinh bay vé xiy dung cia dai sd Leavitt kiéu
(1,7n) cuing cac tinh chit co ban clia né va sau do chiing t6i di mo ta tudng minh
nhém cdc tu ding cAu phan bac ctia dai s6 Leavitt kiéu (1,7n).

Trong dai s tuyén tinh, chiing ta da biét rang hai khong gian vectd hitu han
chiéu 1a dang cu khi (va chi khi) chiing c6 cing s6 chiéu. Tuong tu, khi lam

viéc trén cac vanh, ching ta cling bat gdp nhi€u vanh c6 tinh chat sau.

DPinh nghia 2.1.1. [12] Mot vanh c6 don vi R dugc goi 1a ¢6 tinh chat IBN
(Invariant Basis Number) néu i, j 1a hai s6 nguyén duong thod man R = R/

nhu cac R-modun trai thiz = j.

Vi du 2.1.2. Mot trudng K bat ki ludn 12 mot vanh c6 tinh chat IBN. That vy,
v6i mot sd nguyén duong m cho trude, K™ 13 mot K -khong gian vecto chiéu
m. Khi d6, néu K’ & K7 nhu cac K-modun véi cac sb nguyén duong i, j nio

do6 thi 4p dung dinh ly chiéu cta khong gian vecto, ta ngay 1ap tic c6 i = ;.

35
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Trong chuong 1 cta tai liéu [13], T. Y. Lam da chi ra ring 16p cac vanh
c6 tinh chat IBN thuc té 1 rat rong, chiing bao gdm ca vanh chia, vanh dia
phuong, vanh giao hodn va vanh Noether. Bén canh d6, vin con nhiéu 16p vanh

quan trong khac khong c6 tinh chat nay, dién hinh nhu vi du sau day.

Vi du 2.1.3. [12] Cho K 1a mot trudng, V = K™ a mét K -khong gian vecto
chiéu vd han dém dugc va vanh R = Endg (V) gdm cac tu dong chu K-
tuyén tinh cta V. Khi d6, R khong c6 tinh chit IBN vi g R™ = pR" v6i moi
m,n € N. That vy, trudc hét ta c6 thé xem R nhu K-dai s6 RFMy(K) clia cac
ma trin M cap N x N trén K ma & d6 mdi hang ctia M chi c¢6 hitu han cac phan
tt khac 0. Khi d6, mot dang cdu R-mddun trai o : pR — pR? dé dang dudc
thiét 1ap, biang céch glii mot ma tran M € R 1én cidp ma tran (M, Ms) € R?,
trong d6 ma tran M, dudc xay dung tu cac cot 1é cia M, va ma tran M5 dudc

xay dung tlf cdc cot chin ctia M. Tit R R = R R?, ta tiép tuc md rong 1én
rR® = pR*®r R= zR & R = iR,

va do vay dé dang thu dudc Rk R™ = pR" v6i moi m,n € N.

Dinh nghia 2.1.4. [6] Cho R la mdt vanh khong c6 tinh chit IBN. Gia st
m € N la sb nhd nhit v6i tinh chit R™ = R™ nhu cic R-médun trai véi
m’ > m nao d6. V6i sd6 m nhu vdy, goi n gia tri nhé nhét trong cac sd m/. Khi

do, ta n6i rang R c6 kiéu médun (m,n).

Vidu 2.1.5. Cho K 1a mét trusng, V = K™ 1a mot K -khong gian vecto chiéu
vo han dém dudc va vanh R = Endg (V). Tir Vi du 2.1.3, dé thdy ring R c6

ki€u modun (1, 2).

Vao nim 1962, trong cong trinh [3] ndi tiéng, W. G. Leavitt da dua ra két

qué quan trong sau day vé mot loai dai s6 c6 ki€u modun (m, n).

Pinh ly 2.1.6. (Pinh ly Leavitt) [3] Cho m,n € Nvdin > m va K la mét

truong. Khi do, ton tai mot K-dai s6 cé don vi Li(m,n) sao cho:

(1) Lg(m,n) ¢ kiéu médun (m,n).
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(2) Li(m,n) la phé dung, theo nghia néu S la mét K -dai s6 cé don vi va cé
kiéu médun (m,n) thi khi do tén tai mét dong cdu K -dai s6 bdo toan don

vip: Lg(m,n) — S.

(3) Li(m,n) dugc mé td hoan toan théng qua cdc phdn tit sinh va moi quan
hé gitta chiing.
Mot dai s6 L (m,n) nhu vay dugc goi 1a dai s6 Leavitt kiéu (m, n).
Sau ddy chuing t6i sé trinh bay xdy dung clia dai s6 Leavitt kiéu (1,n). D&

lam dudc diéu nay, ching toi can két qua sau.

B6 dé 2.1.7. [12] Cho R la mot vanh co don vivan € N. Khi do rR = rR"

nhu cdc R-moédun trdi khi va chi khi ton tai cdc phdn th x1, ..., Tp, Y1, - - - Yn
cua R sao cho ;
inyi =1r va yix;=0;4lp (2.1.1)
i=1

vaimoi 1 < 1,7 < n, trong do d la ky hiéu Kronecker.

Chitng minh. Ta c6, pR = pR" nhu cic R-mddun trai khi va chi khi ton tai
cdc dang cu R-mddun ¢ € Homp (Rl, R”) va ) € Homp (R”, Rl) sao cho

1 o¢ =idg va ¢ o) = idp~. Diéu nay xay ra khi va chi khi ton tai hai ma tran

/yl\

Y2 ) <
<$1 To - xn> va v6i hé so trén R sao cho

m
<:z:1 To - a:n> 9:2 = (1g),

\v
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va

m (15 0~ 0)
Yo ( > 0 1p --- O
. Nxy 29 -0 x| = . ) :

L o 0 1y

Hay néi cach khiac rR = pR" véi n > 1 nao d6 khi va chi khi tdn tai 2n phan

tdx1,...,Tn, Y1, - -, Y, cia R sao cho
n
yirj = 0i;1,  va inyizla
i=1

véimoil < 1,5 < n. []

Tit BS dé 2.1.7, v6i mot s6 nguyén n > 1 va mdt trudng K cho trude, khong
khé dé xay dung dudc mot K -dai sd A c6 tinh chat A' = A" nhu cac A-mddun
trai. That vay, dat

S=K({Xy,...,.X,,,Y1,...,Y})

12 K -dai s6 tu do c6 don vi dudc sinh béi 2n bién X1, ..., X,,,Y:,...,Y,. Khi
d6. it

I = <ZX1Y%1,Y%Xj5i,j1 | 1<4,j <n>,
i—1

tiic 1a 7 12 idéan cta S sinh bdi cac phan ti S XY, —1va YiX; —0;;1, véi
1 <1i,5 <n.bit
A=5/1I.

Khi d6, ta co tap {z; = X; + I,y; = Y; + 1|1 <4,5 < n} gdbm cdc phan ti
clia dai sO A thod man cdc quan hé nhu trong (2.1.1), va do d6 4p dung BS dé
2.1.7, tasuy ra A' = A" nhu cac A-modun trai.

Khong nhiing viy, Leavitt [3] di chi ra ring K-dai s6 A v6i xdy dung nhu

trén chinh 1a mot dai s6 Leavitt kiéu (1, 7).

Dinh nghia 2.1.8. [3] Cho n > 2 1a mot s6 nguyén va K 12 mot truong. Khi do,
K-dai s6 Leavitt kiéu (1,n), ki hiéu 1a Ly (1,n), 1a K-dai s6 ¢6 don vi dugc
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sinh béi 2n bién x1, ..., T, Y1, . . ., Yn thod man cic diéu kién sau:
(D) Y iy =1
(2) yiz; = 041

v6i moi 1 < 7,7 < n vatrong do 0 la ky hi€u Kronecker.

Diic biét, Leavitt [3] ciing chi ra rdng dai s6 L (1,n) c6 tinh chdt phd dung
theo nghia: Néu A 1a mot K -dai s6 c6 don vi va ¢6 mot ho cac phan ti {a;, b; |
1 < i < n} thod man cdc quan hé tuong ty nhu (1) va (2) trong Dinh nghia
2.1.8, thi khi d6 ton tai duy nhat mot dong ciu K -dai s6 bao toan don vi ¢ :
Li(1,n) — Asaocho ¢(x;) = a; va p(y;) = b; v6imoi 1 < i < n.

Dé thiy ring anh xa cho b&i 1 — 1, x; — x} == y;, ¥; — Y = x; md

rong thanh mot phép tu ddi hop trén Ly (1,n). V6i mot sdb nguyén m > 1

va mot don thic v = x;, ... 7; batki (v6i 1 < 4y,...,4, < n), ta ki hiéu
u' = x] ...x] = Y, .. Vi, vakihiéu |u| = m la d dai cia don thic u.

Don vi 1 duge xem nhu don thiic c¢6 do dai 0. Ngoai ra, ta ki hiéu £ 1a tap tat

ca céac don thiic c6 dang tich hitu han ctia cac phan ti z; v6i 1 < i < n, tiic 1a

Bdi quan hé y;z; = 0; ;1 v6imoi 1 < 4,5 < n, ta suy ra moi don thic cua
dai s0 Leavitt L (1,n) déu c6 dang kuv* véi k € K vau,v € L nao dé. Do
d6, mot phan ti a € L (1,n) bat ki c6 dang

m
a= E kiuv;
i=1

voi k; € K vawu;,v; € L véi moi 1 < i < m. Hay n6i cach khac, Ly (1,n)
1a mot K-khong gian vecto sinh béi tap {uv* | u,v € £ }. Hon nita, ménh dé

sau day chi ra ring L (1,n) con 12 mot dai s& Z-phan bac.

Ménh dé 2.1.9. [6] Cho n > 2 la mot s6 nguyén va K la mot truong. Khi do,

dai s6 Leavitt L (1,n) la mot K -dai s6 Z-phdn bdc vdi su phdn bdc digc cdm
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sinh bdi
deg(l) =0, deg(z;)=1 va deg(y;)=—1

véi moi 1 < i < n. Tiic la, Lg(1,n) = ®nezLi(1,n)y, trong do véi moi
m € 7,

Li(1,n), = spang{uv™ | u,v € L}, |u| — |v| = m}.

Chiing minh. Goi S = K (x1,...,Zn, Y1, ..., Yn) 12 K-dai sb tu do c6 don vi
dudc sinh b&i 2n bién 1, ..., Zn, Y1, . . . , Yn. Khi d6 ta dinh nghia

deg(l) =0, deg(z;)=1 va deg(y;)=—1

v6i moi 1 < ¢ < m. V6i moi don thiic kuy ... u, trong do k € K vau; €
{1z, | 1 <i<n}véimoil < j <m,tadat

deg(kuy ... up) = Z deg(uy).
=1

Khi d6 S 1a mot K -dai s6 Z-phan bac, v6i thanh phan thuan nhat bic m € Z 1a
Sm =spang{uy...w |u; € {1,2;,y; | 1 <i<n}vadeg(u;...u) =m}.

Goi [ la idéan cta S sinh bdi cdc phan o >, z;y; — 1 va yixj; — 0; 1 Vi
1 < i,7 < n.Rorang I 1a mot idéan thuan nhat. Do do, Ly (1,n) = S/I la
Z-phan bac. [l

Ngoai ra, chung t6i c6 chu y sau day vé mdt so tinh chat khac cua dai so

Leavitt ki€u (1, n) sé€ dugc st dung trong ludn viin nay.
Chi y 2.1.10. Cho n > 2 12 mot s6 nguyén va K 1a mot truong. Khi do:

(1) Do Li(1,n) = Lg(1,n)" nhu céc L (1,n)-mddun trdi nén dé dang suy
ra Lg(1,n) = M,(Lg(1,n)) nhu cic K-dai s6. Pang ciu va dnh xa

ngudc ctia né dudc cho lan lugt 1a:

s> My = (yisxzj) va M = (mij) — Do icy, TiijYy-
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(2) Theo Leavitt [14], Lx(1,n) 1a mot K-dai s6 don, tdc 1a L (1,n) chi ¢6
duy nhét hai idéan hai phia 1a (0) va chinh no.

Sau day, dua theo cac phuong phap dugc thiét 1ap bsi Cuntz [10] va Kuroda-
Nam [11], ching tdi s& tién hanh m6 t4 hoan toan cac tu dong ciu phan bac va
tu ddng cAu phan bac cta L (1,7n) theo nhém tuyén tinh tdng quat bac n trén
Lk (1,n)o.

Ki hiéu 2.1.11. Trong mot vanh R, véi mot tu dong chu f € End(R) va mot
ma trdn X = (x;;) € M, (R), taki hiéu f(X) la ma tran (f(z;;)) € M,(R),
vaki hiéu X, lamatran X f(X) -+ f™ 1 X) € M,,(R) v6i moi m > 1, trong
d6 f0 := idg. Ki hiéu GL,, (R) 1a nhém cdc ma tran kha nghich (hai phia) ctia
vanh ma tran M,,(R). V6i moi K-dai s6 Z-phan bac A, ki hiéu End® (A) la
K -dai sb cta tit ca cac tu dong ciu phan bac (bao toan don vi) cia A, va ki
higu Aut®'(A) 1a nhém cic ty dang ciu phan bac (bao toan don vi) ctia A.
Dinh ly 2.1.12. [7] Cho n > 2 la mét s6 nguyén va K la mét truong. Gid sit
P = (pij) la mot ma tran cia GL,(Lg(1,n)y) véi P~! = (pgjl)). Khi do,
nhiing khdng dinh sau la diing:

(1) Ton tai duy nhdt mot tw dong cdu K-dai s6 phdn bdc bdo toan don vi

wp: Lg(1,n) — Lg(1,n) thod man
n n
. -1
op(e) = iy va op(y) =Y pi
k=1 k=1
voimoil <1 <n.

(2) Véi moi A\ € End® (L (1,n)), ton tai duy nhdt mét ma trén P = (p;;) €
GL,(Lk(1,n)0) sao cho p;jj = yi\(x;) vdimoi 1 <i,j <nva = pp.

(3) pp € Autt (L (1,n)) khi va chi khi ton tai mot ma trdan Q € GL,,(Lg(1,n))

sao cho P71 = p(Q). Khi do, gpl_gnll = ¢q,, Pn = op, (Q,}) va
Pl = ¢p (Qun) vdi moi m > 1. Ddc biét, néu pp(P) = P hodc
op(P™Y) = P7L, thi pp la mét tw dang cdu phdn bdc va ©'5 = @ pn Vi

moi s6 nguyén duong m.
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(4) Anh xa ® : (GL,(Lg(1,n)),*) — End®(Lg(1,n)), P — ©p, la

mot ddng cdu vi nhom, trong do phép nhan " duoc dinh nghia bdi

P*Q = Ppp(Q)
vdi moi P, Q) € GL,(Lk(1,n)p).

Chitng minh. (1) Su ton tai duy nhét ctia mot dong ciu K -dai s6 bao toan don

vipp : Lig(1,n) — Lg(1,n) thod man pp(x;) = > 1_; rppri va op(y;) =
> ey pggl)yk v6i moi 1 < i < n dudc suy ra truc tiép tir Hé qua 2.3 cua tai
liu [11]. Mat khdc, p;;, pf;j_l) € Lg(1,n)gvéimoi 1 <i,j < nnén pp(x;)
c6 bac 1 va pp(y;) 6 bac —1 véi moi 1 < ¢ < n. Do dé, ¢p la mot dong chu

Z-phén bac.

Dua vao y tudéng cua Cuntz [10] va Kuroda-Nam [11], ching t6i trinh bay
chiing minh c4c phan con lai cta dinh ly nhu sau.

(2) Goi A : Lx(1,n) — Lk(1,n) 1a mot tu dong cau K-dai sb6 phan bac
bao toan don vi ctia L (1,n). Gid st P = (p;;) va P’ = (p};) la hai ma tran
cia M,,(Lx (1,n)o) V6i pij = yiM(x;) vapi; = A(y;)z; v6imoi 1 < i, j < n.
Ta khang dinh ring P € GL, (L (1,n)y) véi P~ = P'. That vay, ta c6

> pikpiy = Y UM @) Ayn)z; = vid (Z xkyk:) zj = yiA(1)x; = 051
k=1 k=1

va

Zp;kpk] Z Ay zeyeA(@;) = Ay;i) (Z xkyk) Azj) = Myiz;) = 0,71
k=1

k=1

v6imoi 1 < i,j < n. T dé suy ra PP’ = I, = P'P nhu di khang dinh.
Bay gid ta chiing minh A = p bing céch chi ra rang \(z;) = ¢p(x;) va
AMy;) = pp(y;) véimoi 1 < i < n. Theo cach ddt ciia ma trAn P va dinh nghia

cua pp, ta co

x;) = Zxkykk(xl = (Z ::f;kyk> (z;) = LA(z;) = AMx)
k=1
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pr(yi) = " AYi)zeye = Ayi) (f: fEk?Jk) = Awi)-1 = Myi),

nhu mong mudn.

(3) (=) Gia st pp € Aut¥(Lg(1,n)). Khi d6, ton tai mot dong chu
A € Aut®(Lg(1,n)) sao cho opA = idp,(1,,). Mét khéc, theo phan (2),
ton tai mot ma tran @ € GL,(Lk(1,n)0) sao cho A = ¢q. Khi d6 ta c6
¢rpg = idf (1.0 DEchira P~! = ¢p(Q) ta cin hai khang dinh sau dy: V6i
hai ma tran A = (a;;) va B = (b;;) bat ki trong GL,,(Lx(1,n)p), ta co:

(i) ¢4 = p khi vachikhi A = B;
(1) paPB = ¥,p.(B)- Pac bilt, Y’} = 4, VO Moi s6 nguyén duong m.
That vay, gia st ma trin nghich dao ctia A va B tuong ting 1a A~ = (a(u_l))

ij
Ngudc lai, gia st ta c6 04 = pp. Khi do,

va Bl = <b( )) Vé6i khang dinh (i), hién nhién néu A = B thi p4 = pp.

Zxka/@ va(r;) = op(z;) Zﬂfkbkzg

v6imoi 1 < j < n.Suyra

n n
ij = Yi <Z xk%j) =Y <Z l“kbkj) = bjj
k=1 k=1

v6i moi 1 < 7,j < n.Piéu ndy din dén A = B.
Véi khang dinh (ii), ta c6

n n

papp(Ti) = pa (Z xk%) ZSOA vr)palbe) = > wappa(br)

k=1 k=1 I=1

— Z$z (Z argp A (bki ) = P ap,(B)(Ti)
=1
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va

papp(Yi) = pa (Z by yk) > pa(tl ) oalyr)
k=1

k=1
n n

ZZ‘PA zk akl Z(Zw ir akl )yz

k=1 l=1 =1

= PapaB)(Yi)

véimoi 1 < i < n. Do db, papp = @iy, (p). Tiép theo ching ta can chi ra

O = 4 vOi moi sb nguyén duong m. Trude hét, can luu ¥ ring

Am = Apa(A) -7 (A) € GLu(Lx(1,1)o)

voi AL = ot (A1) pa (A1) AL Ta s€ quy nap theo m d€ ching
minh ¢} = @4 v6i moi m > 1. Néum = 1, hién nhién diéu nay la ding. Vi

m > 1, theo gi thiét quy nap ¢’y ' = 4, vado do

OF = aPy = 0aPA, L = Cuoa(Amr) = Phns

nhu mong muén.

Bay gi0, dp dung khang dinh (ii) ta ¢6 @py,) = prYo = 1dp (1. TU
d6 kéo theo pp,,.() = @1, V6i I, 1a ma tran don vi ciia M,,(Lg(1,7n)o). Béi
khang dinh (i) ta thu dudc Pop(Q) = I,,, hay P~1 = pp(Q).

(<=) Giastt P! = ¢p(Q) v6i mdt ma tran Q € GL,,(Lx(1,n)o) nao do.
Khi d6, theo khang dinh (ii), ¢ ppg = ©pu, (@) = Ppp-1 = idL, (1), kéo theo
¢p 1a mot toan anh. Mit khac, do Ly (1, n) 1a K-dai s6 don nén ¢ p ludn 1a mot
don anh. Do dé6, ¢ p 1a dang cu véi gp}l = pg. Tu day ta cung co

dan dén 90]3:1 = ©q,, Va Pnyp, (Qm) = I, v6i moi m > 1. B&i vy, P, =
op (Q - va Pl = pp (Q,,) v6i moim > 1.

Bay gio néu gid st thém pp(P) = P thi khi d6, do pp la mdt dong chu
K-dai s6 nén Pop(P™Y) = ¢p(P)ep(P™Y) = pp(PP™) = ¢p(I) = In,
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suy ra P71 = pp(P71). Tuong tu, néu P! = @p(P~!) thi ta thu dugc P =
©p(P). Nhu vay, du bit dau véi gia thiét pp(P) = P hay pp(P~1) = P!
thi ta cling déu thu dugc pp(P) = P va pp(P~!) = P71, vado d6 vp 1a mot

dang ciu vdi cp]}l = pp-1. Khi dé6 ta cling co
P = Pop(P) - g5} (P) = P™,

va kéo theo 5 = op = @pm Vi Mol M € Z.

(4) Trudc hét ta can kiém tra (GL, (Lk(1,n)0),*) 1a mot vi nhém véi phan
ti don vi la I,,. That vay, v6i moi P,Q € GL,(Lk(1,n)y), theo phan (1),
op(Q) € GL,(Lk(1,n)0) vado dd P+ Q = Pyp(Q) € GL,(Lk(1,n)0).
Vé6i cac ma tran P, Q, M € GL,,(Lk(1,n)o) bat ki, ta c6

(P*Q)*M = (Pop(Q)) * M = Ppp(Q)ppypq)(M)

= Pop(Q)pppq(M) = Pop(Qpq(M))
= Pop(Q+rM)=Px(Q+M).

Hon ndia, Px I, = Pop(I,) = PI, = P,va I« P = Lyp; (P) = I,P = P,
Do d6 (GL, (L (1,n)p),*) 1a mot vi nhém véi phan i don vi 1a ,,.
Anh xa ® : (GL,(Lx(1,n)),%*) — End(Lg(1,n)), P — ©p la mot

dong cau vi nhom vi

D(P*Q) = ¢prug = PPup() = PPro = P(P)P(Q)

v6i moi P,Q € GL,(Lk(1,n)o). Tinh don anh ctia ® dudc suy ra truc tiép ti
khang dinh (i) trong phan (3) va tinh toan anh dudc suy ra tif phan (2). O

Hé qud sau day chi ra rdng nhém tuyén tinh téng quat GL,,(K) trén trudng
K ¢6 thé dudc xem nhu mot nhém con ctia nhém cic tu dang ciu phan bic

Aut®(Lg(1,n)) cua Lg(1,n).

Heé qua 2.1.13. [7] Chon > 2 la mét s6 nguyén va K la mot truong. Khi do, ton
tai mot don cdu nhém @ : GL,(K) — Aut¥(Lg(1,n)) sao cho ®(P) = ¢p
vdi moi P € GL,(K).



46
Chitng minh. B6i Dinh 1y 2.1.12 (4), anh xa
¢ (GL,(Lk(1,n)0),*) — End® (Lg(1,n))

cho bdi P — ¢p, 1a mot dang cAu vi nhém, véi phép nhan "x" dudc dinh
nghia béi
PxQ = Ppp(Q)

v6i moi P, Q € GL,,(Lk(1,n)p). Do @ € GL,(K) nén pp(Q) = @, dan dén
PxQ = PQ. Do d6, GL,(K) la mot nhém con ctia nhém cac phan t kha
nghich trong vi nhém (GL,,(Lk(1,7n)g), *). Hon nita, vi op(P) = P véi moi
P € GL,(K) nén theo Dinh ly 2.1.12 (3), pp € Aut®"(Lg(1,n)) véi moi
P € GL,(K). Tu d6 suy ra ®|ar,, (k) : GL,(K) — Aut¥(Lg(1,n)) la mot

don ciu nhém. ]

Cic ty dang ciu loai Anick ctia L (1, n) dudc Kuroda va Nam gidi thiéu 1an
dau tién trong [11]. Sau day chiing tdi sé thiét 1ap lai cdc tu dang cAu nay. Cu
thé, v6i moi s6 nguyén n > 2 va trudng K bét ki, ta ki hiéu Ay, (z2,y1) 1a K-
dai s6 con ¢6 don vi cia L (1,n) sinh bdi cac bién x1, 23, ..., 20, Y2, - - . , Yn.
Theo [15] va [16], nhitng phan ti sau dy tao thanh mot co s& ciia K-dai sb
Ap (z2,y1): (D)1, Q) p = xp, -+ -, , rong d6 k; € {1,3,...,n}, B) ¢* =

Tf e Tf = Yy Yr ttong do t; € {2,3,...,n}, (4) pg*, trong d6 p va ¢*

Uk

dudc dinh nghia nhu 6 (2) va (3).
Kihiéu Ay (z2,11)NLk(1,n)0 = Ar, (x2,y1)0. V6 imobip € Ar, (22, y1)o,

dat
(1 p 0 ... O\

010 ... 0
Up = € Mn<LK(1, TL)())

\0 00 ... 1)

Nhan thiy U, € GL,,(Lg(1,n)o) v6i U, ' = U_, va

UpUq - Up+q
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v6i moi p, q € Ay, (w9, y1)o. Cung v6i do, v6i moi p € Ay, (x2, 41 )0, theo Dinh
1y 2.1.12 (1), ta thu dugc ty dong cu K-dai sb6 phan bac béo toan don vi ¢y,
cia L (1,n) cho bdi x; — x; véimoii € {1,3,...,n}, y; —> y; v6i moi
2 <j<na—— x+aipvay — y1 — pye. T day suy ra oy, (q) = ¢
véi moi ¢ € Ay, (22,y1)0, kéo theo oy (U,) = U, v6i moi g € Ar, (22, y1)o.
Bdi Pinh ly 2.1.12 (3), ta ¢6 ¢y, € Aut®(Lg(1,n) va cp’f}p = ¢y,,, V0i moi
p € Ar (x2,y1)0 vam € Z. Tu d6 ta c6 két qua thi vi sau day.

HE qua 2.1.14. [7] Cho n > 2 la mét s6 nguyén va K la mot truong. Khi do,

ton tai mot don cdu nhom
D . (ALn<LU2, y1>0, —I—) — Autgr(LK(l, TL))

cho bdi p — @y, véimoi p € Ar, (x2,91)o.

Chuing minh. Theo Dinh ly 2.1.12 (4), anh xa
¢ : (GL,(Lg(1,n)q),*x) — End®(Lg(1,n)), P — ¢p
12 mot dang cAu vi nhém, trong d6 phép nhian "x" dudc dinh nghia bdi

PxQ = Pyp(Q)

véimoi P, () € GL,(Lx(1,n)o). Vigy (U,) = Uy v6imoip,q € Ar, (22, Y1)os
ta co

Up*U; = UPSOUP(Uq) = UpUy = Upyy

véi moi p,q € A (x2,y1)o. Do d6 anh xa di tit nhém (Ay (x9,y1)o, +) vao
nhém céc phan td kha nghich cta vi nhém (GL, (L (1,n)),*), bién p —
U, 12 mdt don cau nhém. Do d6, ta c6 thé xem nhém (A, (9, 41 )o, +) nhu mot
nhém con clia nhém cac phan ti kha nghich trong vi nhém (GL, (L (1, 1))g, %).
Khi d6, ®[4; (241), @ (AL, (T2,91)0, +) — Aut¥"(Lg(1,n)), p = ¢y, l1a
mot don cAu nhom nhu khang dinh. ]

Ap dung Dinh 1y 2.1.12 va Chd y 2.1.10 (1), sau dy ching t6i sé mo ta

nhém cdc ty ddng cAu phan bac ctia L (1, n) theo nhém céc phan ti kha nghich
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U(Lx(1,n)) cla Lg(1,n). Két qua nay da dudc nghién ctu bi Cuntz trong
[10].

HE qua 2.1.15. [7] Chon > 2 la mét s6 nguyén, K la mét truong, U(Lg (1,n))
la nhém cdc phdan t khd nghich ciia Li(1,n)o, va u la mot phdn tit ciia

U(Lg(1,n)0). Khi dé nhitng khdng dinh sau la diing:

(1) Anh xa f, : Li(1,n) — Lg(1,n), cho bdi 1 — 1, x; — ux; va
yi — yiuw "t vdi moi 1 < i < n, la mot don cdu K-dai s phén bdc, va
fu=@p, trong do P = (yux;) € GL,(Lk(1,n)0) va op la mot t dong
cdu phdn bdc ciia Ly (1,n) nhu da gidi thiéu é Dinh Iy 2.1.12.

(2) Voimoi A € End® (Lg(1,n)), A = fo,vdia=>" 1 Mz;)y; € U(Lg(1,n)o).

(3) fu € Auwt¥(Lg(1,n))néuvachinéuu=" = f,(w)véiw € U(Lg(1,n)p)
nao do.
(4) Anh xa ® : (U(Lg(1,n)),*) — End®(Lg(1,n)), u — f,, la mot

ddng cdu vi nhém, & do phép nhdn "«" duoc dinh nghia bdi
uxw = fy(w)u

véi moi u,w € U(Lk(1,n)p).

Chiing minh. (1) Véi u € U(Lx(1,n),), theo Chd ¥ 2.1.10 (1) ta ¢6 P :=
(yiuz;) € GL,(Lg(1,n)0) v6i P71 = (y;u~'x;). Ap dung Dinh 1y 2.1.12
(1), ta thu dugc don ciu K-dai s6 phan bac pp : Lg(1,n) — Lg(1,n) véi
pr(l) =1 = fu(1), pp(x:) = D - mryrux; = uz; = fu(z:) va op(y;) =
Sy gy = yiumt = fu(y) véimoi 1 < i < n,vadodd f, = ¢p, kéo
theo f, : Lx(1,n) — Lk (1,n) ciing 1a mot don ciu K -dai s6 phan bac.

(2) Ly \ € End® (L (1,n)) bat Ki. Theo Dinh Iy 2.1.12 (2), A = ¢p, & d6
P = (yi\(z;)) € GL,(Lk(1,n)). Mit khéc, bdi phan (1) va Chi y 2.1.10 (1),
op = fa VoL@ =310 iy TilyiN (@) y; = > imi M@i)yi € U(Lk(1,n)o). Do
do, A\ = f, nhu mong mudn.

(3) Ta c6 f, € Auts"(Lg(1,n)) khi va chi khi pp € Auts"(Lg(1,n)),
v6i P = (ysux;) € GL,(Lk(1,n)o), khi va chi khi P7! = (yu'z;) =
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or(Q) = fu(Q), v6i Q = (¢;;) € GL,(Lk(1,n)p) nao dd, khi va chi khi
Q = f, (yiulz)) = (yiwz;), rong d6 w = f, ' (u™') € U(Lk(1,n)) (vi
£, ludn 1a don 4nh). Khi d6, béi phan (1) va Dinh Iy 2.1.12 (3), f; ! = ¢3! =
0o = fu- Do Vvay, f, € Aut®(Lk(1,n)) néu va chi néu v = f,(w) véi
w € U(Lg(1,n)p) nao do.

(4) Pau tién ta khang dinh rang f, f,, = ftuwyu vV6imoiu, w € U(Lg(1,n))o.
That vay, ta ¢6 fufu = ©PYQ = Pprep) 0 46 P = (yuxr;) va Q =
(yit023) € GLa(Lic(1,)o). Cing v61 46, Pop(Q) = PFu(Q) = (yifulw)uy)
Va Y1 icn Tilifu(w)uzyy; = fu(w)u. Do d6, dp dung phan (1) va Chad y
2.1.10 (1) ta suy ra ©py,(Q) = S, (w)u> va nhu vy dan dén f, f, = S Fo(w)u-

Bay gio ta kiém tra (U(Lx(1,n)g), %) 1a mot vi nhém véi phan ti don vi 1.
That vay, véi moi u,w € U(Lg(1,n)y), theo phan (1), f,(w) € U(Lk(1,n)o)
vido d6 uxw = f(w)u € U(Lg(1,n)). V6i cac phan td u,w,v €
U(Lk(1,n)0) batki, ta cé

(1w w) k0 = (fulw)) 0 = fr,g00(0) fulw)u
— Fuful) fulw)u = ful fulv)w)u

= fulw*v)u =ux (w*v).

Hon ntta, ux1 = f,(1)u = u,valxu = fi(u).1 = u.Dodd (U(Lg(1,n)), *)
12 mot vi nhém véi phan ti don vi 1.
Anh xa @ : (U(Lg(1,n)0), %) — End®(Lg(1,n)), u — £, 1a mot

dong cau vi nhom vi

v6i moi u, w € U(Lg(1,n)). Tinh toan anh ctia ® dudc suy ra truc tiép phan
(2) va tinh don 4nh dugc suy ra tit phan (1) va Pinh 1y 2.1.12 (4). O

Chi y 2.1.16. [7] Cho n > 2 12 mot sd nguyén va K 1a mot trudng. V6i u €
U(Lk(1,n)9) va P = (yuz;) € GL,(Lg(1,n)0), gid st f, 1a tu dang chu
phan bic cia Lk (1, n) nhu da dinh nghia 6 Hé qua 2.1.15. Khi d6
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fu(P) = P khi va chi khi f,(u) = u.

That vay, gia st f,(P) = P, tic la, f,(yiuz;) = yuxr; véimoi 1 < i,j < n.
Diéu nay kéo theo y;u ' f,(v)ux; = yyuz; vazyut fu(u)uzy; = viyu;y;

véi moi 1 < ¢, 5 < n. Khi do,

n n
sziyiu_lfu w)ur;y; = Zszylu:ﬁjy]

i=1 j=1 =1 j=1

Do do

n n n
(Z :mi%) ~fulu) ijyj = <Z $2y2> u ijyj ,
i-1 i-1 =1

1

nén v ! f,(u)u = uva f,(u) = vuu! = u. Piéu ngudc lai la hién nhién.

Chiing t6i két thiic chuong nay vdi vi du sau day.

Vidu 2.1.17. [7] Cho K la mdt trudng.

01
(1) Xét P = € M5(Lk(1,2)). Hién nhién P 1a ma trAn kha nghich

10

v6i P71 = P.Dita = x1y; + 2991 € Lx(1,2)0. Vi a 1a anh cta P dudi
dang cu cho & Chd y 2.1.10 (1) nén a tu dong la mot phin ti kha nghich
cla Lg(1,2)p véi a=! = a. Khi d6, béi Hé qua 2.1.15 (1), ta thu dugc tu
dong cu phan bac f, cia Lx(1,2) cho bdi f,(1) = 1, fu(71) = ax; = o,
fal@o) = axy = x1, foltn) = ma™" = ya va fo(y2) = yoa™ = yy. Hién
nhién la f,(P) = P, vado d6 f,(a) = a (theo Chi y 2.1.16). Tit d6 suy ra
fu(a™') = a~!, cho nén f, 1a mot tu dang cAu phan bac bio toan don vi clia
L(1,2) theo HE qua 2.1.15 (3).

(2) Cho Ay, (w2, 1) la K-dai s6 con c6 don vi clia L (1,2) sinh béi x1, 2,
tuc la,

AL2 $27y1 {ZH

'EK, ml,lZZO},
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L p
trong d6 ) = 1 = ¢Y. Pt p = x1y2 € Ap,(w2,51) va U, = €

01
Ms(Lg(1,2)0). Nhu da chi ra, U, 1a ma tran kha nghich vé6i (U,) ™1 = U_,,. Dit
b= 1+z3y3 € Lk(1,2)o. Viblaanh ctia U, dudi ding ciu cho 6 Chu y 2.1.10
(1), b tu dong 1a phan ti kha nghich ctia L (1,2)g v6i b~! = 1 — 23y3. Khi d6,
bdi Hé qua 2.1.15 (1), ta thu dugc ty dong cu fj, of Ly (1,2) véi f(1) = 1,
fo(x1) = bry = x1, fy(x2) = bxa = 29 + 2iya, fo(y1) = yib™' = y1 — 2193
va fy(y2) = Yoy~ = yo. BSi Hé qud 2.1.15 (1), ta ¢6 f, = ¢y, trong d6
v, 1a ty ding chu cia L (1,2) dudc gi6i thiéu & HE qua 2.1.14. Luu ¥ rdng
fo(a) = ¢u,(q) = q véi moi g € Apr,(w2,1), va do dé fy(b) = b. Dieu nay
kéo theo f,(b~') = b~!, cho nén f, 1a mot ty dang cAu phan bac bio toan don

vi clia Lk (1,2) béi HE qua 2.1.15 (3).

(3) Xétu = ab = (z1y2 + To11)(1 + 233) = 21y2 + Toy1 + 232y Khi
d6, u 1a mot phan i kha nghich cta Ly (1,2)q voi

ut = (1 - :c%y%)(xlyg + 56’2y1) = 1Yo + Tay1 — x2x1y§-

Theo Hé qua 2.1.15 (1), ta c6 tu dong chu phan bac f, cia Lx(1,2) cho béi
fu(1) =1, fu(z1) = ury = 2o+23ys, fu(ze) = uzs = 21, fu(yr) = y1u™t =

Y2 va fu(yz) = yzu‘l =Y — xlyg. Suy ra

fu($1y2 + 2oy — lfg?hyz) = (5’?2 + x%yg)(yl - ﬂflyg) + Z1Y2 — 35%?J2(y1 - xlyg)
= T2Y1 — szl’ﬂ/g + I‘%?Jﬂ/l + T1Y2 — 95%92591

2 —1
= T1Y2 + T2Y1 — T2T1Ys = U .

Theo Hé qua 2.1.15 (3), f, 12 mot ty dang ciu phan bac bao toan don vi cla
Li(1,2) v6i f;1 = fu, trong d6 w = T1ys + Toy1 — T3y1y2 € U(Lx(1,2)0)

Vol wt = 21ys + Toy1 + T2y
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2.2 Vé xoan Zhang cta dai s6 Leavitt kiéu (1, n)

Cho n > 212 mot sd nguyén va K 12 mot trudng. Theo Ménh dé 2.1.9, dai sd
Leavitt Lz (1,n)1a mot K-dai s6 Z-phan bac, v6i L (1,n) = ®pnezLi(1,1n)m,

trong d6 véi moéi m € Z,
Lk (1,n)y = spang{uv” | u,v € L, |u| — |v| = m}.

Véi A € Aut® (L (R,)) bat ki, theo Vi du 1.1.8 (1), {\™ | m € Z} la mot hé
xodn cta L (1,n). Khi d6, dua theo Pinh nghia va Ménh dé 1.2.1, ta c6 dinh
nghia xodn Zhang ctia dai sb Leavitt L (1,n) lién két véi tu dang cAu A nhu

sau.

Dinh nghia 2.2.1. Cho n > 2 la mot s6 nguyén, K 1a mot trudng va A €
Aut® (L (1,n)). Khi d6, xodn Zhang cia Ly (1,n) lién két v6i ), ki hiéu 1a
Li(1,n)*, 1a K-dai s6 Z-phan bac @,,czLx(1,n),, v6i phép nhan "x" dinh
nghia bdi

axb=a\"(b)

véimoia € Lg(1,n),,b € Lg(1,n);,m,[ € Z.Phantd don vicda L (1,n)?
aly=(\)"'(1) =L

V6i mbi A € Aut® (Lg(1,n)), theo Dinh 1y 2.1.12, ton tai duy nhat mot cdp
(P, Q) gébm cac ma tran P va @ cta GL,(Lx(1,n)o) sao cho P~ = ¢p(Q),
A= ppva Al = pg. Do do, d€ nghién ctu xodn Zhang ctia Lk (1, 1) bdi mot
ty dang ciu K-dai s6 phan bac A bit ki, ta chi cin quy vé khio sat xoin Zhang
Li(1,n)¥P cla Lg(1,n) lién két v6i tu ding cAu phan bac pp da dugc dinh
nghia trong DPinh 1y 2.1.12. D€ thuén tién, v6i moi cip (P, Q) nhu trén, ta ki
hiéu

LK(LTL)P’Q = LK(l,n)SDP = LK(LTL))\.

Mot két qua ngac nhién ma chiing tdi thu dudc d6 1a L (1, n) 1a mot K -dai

s6 con ctia moi xoan Zhang L (1,n)7C.
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Dinh ly 2.2.2. [7] Cho n > 2 la mot s6 nguyén va K la mot truong. Gid su
P = (pij) va Q = (gi;) la cdc ma trén ciia GL,,(Lk (1,n)0) vdi Pep (Q) = I,
va Q! = (q” )). Khi do, ton tai mét don cdu K-dai s6 phdn bdc bdo toan

donvi0p : Lg(1,n) — Lg(1,n)59 thod man

Op(zi) =z va 0p(y:) qu Yk

voimoi 1 <1 < n.
Chitng minh. Ta da biét
n N n -1
er(1) =1, ¢ple) =0 mw VA op(y) =S5 05w

véimoil <7 < n,va gp}l = . Bay giodat T,,, = x;, T, = > 14 qgl)yk
v6i moi 1 < 4 < n. Takhang dinh rang 7' = {T},,T,, | 1 < i < n} 1a mot

ho cac phan ti ctia Lx (1,n)"¥ thod min cic quan hé tuong t nhu (1) va (2)
trong Dinh nghia 2.1.8. Thét vay, ta co

T, *T,, = x;pp (Z ql-(kl)yk> = X Z SOP(C]Z(;))WP(?M)

= Zpik (Zp;(gtl)yt> (do pp(Q~' = P)
=T Z (Z pzkpkt ) Yt = X <Z pz’kp/(gil)> Yi = wi. Ly, = 2.
k=1

t=1

Do do6
n n
ZT:@ * T, = szyz =1,
i=1 i=1

suy ra ho 7' thoa man quan hé (1). Mat khac, véimoi 1 < ¢,7 < n,taco

=1 =1
n n n
1 1
= Z Zqi(k )5k,11QZj = Zqz(k )ij = 0;,;1.
=1 =1 =1

Do d6, ho T ciing thod man quan hé (2). Khi d6, theo tinh chit phd dung cia
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Lx(1,n), ton tai mot dong chu K -dai s6 bdo toan don vi 0p : L (1,n) —
Lg(1,n)P9, glii x; — T, va y; — T,,. Theo cédch dit, hién nhién T}, va
T,, cobac lan luot1a 1 va —1 v6i moi 1 < ¢ < n. Nhu vy, 0p 12 mot dong ciu
Z-phan bac. Mit khac, theo Chi y 2.1.10 (2), Lx(1,n) 1a mot K-dai sb don,
do d6 #p 1a don cau. n

Tiép theo chiing tdi sé trinh bay cdc tiéu chuan dé€ dong ciu 0p trong Pinh
ly 2.2.2 1a dang cAu. D€ lam diéu nay, chiing tdi can bd dé ky thuat dudi day.
B6 dé 2.2.3. [7] Cho n > 2 la mét sé nguyén va K la mot truong. Gid sit P =
(pij) va Q = (gi;) la cdc phan 1 ciia GL,, (L (1,n)o) sao cho Pop (Q) = I,.
Véi mot so6 nguyén dwong m, ddt P, = (pz(-;-n)), Pl = (pw ) Qm =
<q7 ) > va Q1 = (q7 i >). Khi do, nhitng khdng dinh sau la diing:

(D) @ = ¢ (Z :ckq,iT)) ,
k=1
2) yi = (Z 0 m)yk> ,
k=1
(3) yi = pp" (Z o m)yk> ,
k=1
voimoil <1 <nvam > 1.

Chiing minh. Vi Ppp (Q) = I, nén theo Pinh Iy 2.1.12 (3), vp' = ¢,
Py = ¢p, Q) va P, = ¢p, (Qn) véimoim > 1. Tudé suyrapq, (P,') =
00, (2P, (Qm)) = ¢p (2P, (Qm)) = Qm v6i moi m > 1. Khi d6 ta c6

" (z xkq,i?) n, (z m;i?) =3 n (o en, (4)
k=1 k=1 =

= Z (Z wﬁ?) P (do wp, (Qu) = Py
B th (Z P Pl ) = i (Z p%n)p/(fim)>
t=1 k=1

= Ill = Ty,
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va

o (Z q§k’”>yk) = ¢r, (Z quk) = en, (d™) er. (00)
k=1 1

pf (Z Pre yt> (o ¢p, (@) = Pu)
me pl ) Y = (Z pﬁ}f)p,iim)) Ui
k= k=1

Yi = Y,

MﬁIIM

t=1

I
—_

va
pp" (Z Pl m)yk> = %5 (Z i m)yk> = $Q, (Z Pl m’w)
k=1 k=1 k=1

= va. (Ph™) ea. )
k=1

= Z ai” (Z q;&%) (do ¢q,, (Pn') = Qu)

- Z (Z qzk: qkt ) Yt = (Z qf,?)qéim)> Yi
t=1 \k= k=1

::iji::y%

v6imoi 1 < ¢ < nvam > 1. Do d6 ta da thu dudc cac két qua (1), (2) va
3). ]

Bay gio ching tdi sé thiét 14p céc tiéu chuin dé dong ciu 0p trong Dinh ly
2.2.2 1a dang cAu.

Dinh ly 2.2.4. [7] Chon > 2 la mét s6 nguyén va K la mot truong. Gid sit P =
(pij) va Q = (qi;) la cdc ma trdn cia GL,(Lk(1,n)0) vdi Pop (Q) = I,,. Vdi
moi sé nguyén dwong m, ddt P, = (pz(;n)> Pl = (pw ) Qm = (qm )>
Q! = (q27 )>. Khi do, dong cdu K-dai s6 0p : Li(1,n) — Lg(1,n)7¢,
duogc dinh nghia trong Dinh Iy 2.2.2, la mot dcfng cdu khi va chi khi pl(.j_m) , qi(;l),
g™ € Im(0p) voi moim > 1val<i,j <n.
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Chitng minh. (=) Hién nhién.

(<=) Béi Pinh 1y 2.2.2, 0p 1uén la don anh, do do6 ta chi can ching minh
fp 1a toan anh. PAu tién ta khang dinh ring o va o € Im(fp) v6i moi o €
L. Ta quy nap theo || d& chiing minh khing dinh nay. Néu |a| = 1, thi do
xr; = Op(x;) € Im(0p) v6imoi 1 < ¢ < n nén o € Im(fp). Mit khdc, vi

n
Op(y;) = Z qgk_l)yk véimoi 1 < ¢ < nnéntaco
k=1

(5=, )
Op(y1) ;qlk vk Y1

Op(yn) \Z qflgl)yk / Yn
k=1

va do do

Diéu nay din dén
n n
vi= > afp(yr) = Y qir * Op(yr)
k=1 k=1

véimoi 1 < i <n(vigy; € Lg(1,n)y v6imoi 1 < 4,5 < n). Theo gia thiét,
n

qi; € Im(fp) véimoi 1 < i,5 < n,chonény; = qu;k x Op(yr) € Im(fp)
=1
véimoi 1 < ¢ < m, tic 1a, o* € Im(fp). Bay gio ta tién hanh quy nap, tic 13,

gia st a va o € Im(Ap) véimoi o € L} v6i 1 < |a] < m. Véia € L ma
la| =m+ 1, taviéta = Bx;,, v6i 8 € L nao do, |B| =mvavéil <ig<n

nao d6. Theo gia thiét quy nap, 8 € Im(fp). Ap dung B& dé 2.2.3 (1), ta c6
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n
= o (Z xmé??) , kéo theo
k=1

a = fxi, = Pop (Z Wzi??) =[x <Z xkg&?) -
k=1 k=1
Mt khac, vi gpél = pp, nén

Qm = Qpa(Q) -~ ¥4 Q) = ¢r(pe(Q)py(Q) - ¥5(Q)) = ¢r(Q™ Q).

Suy ra q/l(CZ ™ = op (Z e t;? ! )) . biéu nay din dén
t=1

. (zxm (qut m>>) _ 5. (Z (m S ))

k=1

= B3 % (Z (mk * (Z QG * qmmJrl ))) € Im(0p) (bdi gi thiét quy nap).

k=1

Viét a* = Yxf =y, v6i 1 < tg <nvay € L, |y| = m nao do. Theo

gia thiét quy nap, v* € Im(fp). Lai c6, theo B dé 2.2.3 (3) thi

=¢p" (Z pﬁokm)yk> :
k=1
va do do

o =7y, =R (Z pi yk> = 7" % (Zpiokm)yk>
k=1 k=1
* (Z pgo_km) * yk> € Im(0p) (bdi gid thiét quy nap),
k=1

tif d6 khang dinh dugc ching minh.

Tiép theo ta chi ra rang o3* € Im(fp) v6i moi o, 3 € L. Gid st m =
la| > 1vas = || > 1. Ta quy nap theo do dai |3| d€ chiing minh diéu nay.
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Néu |8 = 1, do «, yx € Im(0p) v6imoi 1 < k < n, cho nén

af’ = az! = ay; = aQ? (Z g\ m)yk> (theo BS d& 2.2.3 (2))

k=1
* <Z qfkm)yk> = ax (Z ay ™ yk> € Im(6p).
k=1 =1

By gid ta tién hanh quy nap. Ta cin chi ra ring a8*2} = afB*y; € Im(fp),
véi moi 1 < i < n. Luu y ring, theo gia thiét quy nap, a3* € Im(fp). Néu
m—s=0,tacéafy; = (af*) *y; € Im(0p). Néum — s > 0, ta cé

af’y; = af pp (Z ) ) (") * (Z 0t m+8)yk>

k k=1

(Z ) )mm(ep)

k

Néum — s < 0, tacéd

afy; = afpp ( pﬁ?‘”%) = (af") * (Zzﬁ,ﬁ“’w)
k=1 k=1

n

= (af") * < Py yk) € Im(0p),
k=1

ti d6 suy ra diéu can chiing minh. Nhu vy, ta da thu dugc a8* € Im(0p) véi

moi o, 3 € L*. Mit khic, vi Lg(1,n)P? cling 12 mot K-khong gian vecto

sinh bdi {aB* | a, 3 € L} nén tasuy ra Im(0p) = Lg(1,n)79, hay 0p 1a

toan anh, tir d6 két thic ching minh. []

Trong trudng hop wp(P) = P, ching ta ¢6 tiéu chuan don gian sau day dé

dong cau Op 1a mot dang cau.

Heé qua 2.2.5. [7] Cho n > 2 la mot sé nguyén va K la mét truong. Gid si P =
(pij) la mét ma trdn ciia GLy, (Lk(1,n)) vdi pp (P) = Pva P~ = (pgj )).
Khi do, dong cdu K-dai s6 bdo toan don vi 0p - Li(1,n) — Li(1,n)P"

thoda man
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Op(z;) = x; va Op(yi) = > p_y Py vdimoil < i <mn,

(-1)

la mot dang cdu khi va chi khi p;;, pi; - € Im(0p) véimoi 1 <i,j < n.

Chitng minh. (=) Hién nhién.
(<=) Vi pp(P) = P vatheo Pinh ly 2.1.12 (3), ¢p l1a mot tu dang ciu
phan bac clia Lk (1,n) thod man ¢p (P~1) = P~ va ¢ = ¢pn v6i moi s6

nguyén m. Diéu nay suy ra
PEP) =P va (P =P
v6i moi m > 0. Do d6 ta co
P = Pop (P)-gp™' (P) = P"
va

Pl=Plopa (PY) ot (P =P
(=1)

véi moi m > 0. Vipij,p;; € Li(1,n)o nén tacd

P"=PxPx---xP va P™m=pP ' 'xPly...xpP!
m 1an m 1an

12 hai phin tit ciia M,, (L (1, n)PF "), tic 1a, P™ va P~™ tuong tng 12 luy thita
(—1)
ij

moi 1 < i, < n, do vdy tit ca cdc phin t clia ma tran P™ va P~ déu nim

bac m cta P va P~ trong M,, (L (1,7)7F"). Lai ¢6, pij, py; € Im(fp) véi
trong Im(0p) v6i moi m > 1. Tt Pinh 1y 2.2.4, ta ngay 1ap tic thu dugc 0p 1a
mot dang ciu. [

Ung dung d4u tién ctia Hé qua 2.2.5 cho ta thiy ring xoin Zhang Ly (1,n)PF

dang ciu v6i L (1,n) v6i moi ma tran P € GL,,(K).

Hé qua 2.2.6. [7] Cho n > 2 la mét sé nguyén va K la mot truong. Khi do, véi
moi P € GL,(K), dong cdu K-dai s6 0p : Lg(1,n) — L (1,n)"F"", dinh

nghia trong Hé qud 2.2.5, la mot ddng cdu.

Chitng minh. V6i mot ma tran P bat ki cia GL,,(K), theo Hé qua 2.1.13, ¢p
12 mot tu dang cAu phan bac ctia L (1,n) v6i ¢p(P) = P. Hon nita, vi tit ca
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cdc phan tt cia ma tran P va P~! nam trong trudng K nén hién nhién ching
cling nam trong Im(#p). Khi d6, theo Hé qua 2.2.5, fp 1a mot dang chu.  [J

Ung dung thi hai ctia Hé qué 2.2.5 chi ra ring xoin Zhang ctia L (1, n) bsi
cic tu dang ciu phan bac loai Anick dé cap trong Hé qui 2.1.14 dang ciu véi
LK(I, n)

Hé qua 2.2.7. [7] Cho n > 2 la mét s6 nguyén va K la mét truong. Voi moi
p € ALn(.’L'Q, yl) N LK(l, n)o, xet

(1p0... O\

010..0
U, = € GLa(Lx(1,n)).

\0 00 ... 1)

Khi do, dong cdu K -dai s bdo toan don vi
Qp : LK(l,n) — LK(l,n)(’DUP
cho bdi
Op(zi) = i, Op(y;) =y va O,(y1) = y1 + pyo
voimoil <1 <nva2<j<n, ldmétdcfngccfu.

Chiing minh. Ly p € Ap (w2,y1) N Lk (1,n)o bat ki. Theo Hé qua 2.1.14,
@y, 1a mot tu dang cAu phan bac ctia L (1,n) véi wu,(q) = q v6i moi q €
Ar, (x2,11) N Lg(1,n)p, trong d6

(150 .. 0)

010 .0 o
Up: o . - EGLn(LK(l,n))O va Up :U_p.

\0 00 ... 1)

Béi Dinh ly 2.2.4, 0, := 0y, 1a mot dong cau K-dai s6 bao toan don vi thod




61

man 0,(x;) = x;, 0p(y;) = y; vaOy(y1) = y1 +pya véimoi 1 < i < n va
2<j<n.

Ta khang dinh rang 0,(p) = p. That vay, viét p = > a3*, trong d6 |a| =
1Bl =tvaa = xpxp, - Tk B = Ys,Ys, -+ - Ys, VOL g, € {21, T3, .. 2, ) va
Ys; € 1Y2,93, - Un}- Vi (q) = qvéimoiq € A, (22,91) N L (1,1n), ta
6 oy, (7r,) = o1, va oy, (Ys,) = ys, v6imoi 1 < i < ¢. Khi do,

Op(af”) = Op(a) % 0,(8%) = Op (xiy2py - - - k) * Op (YsyYsy -~ Ys,)
= Op (x1,) % Op (T,) % -+ % Op () % Op (ys,) % Op (Ys,) * -+ % 0y (ys,)
= g, K Tpy k + ok Th, k Ys, * Ysy K+ 00 % Y,
= TpyThy - Tkl Ysy Y, (VE@w,(Tr) = Ty 0, (Ys,) = Ys,)

= af’,

vado d6 p = 6,(p) € Im (0p). Diu nay chiing t6 rang tit ca cac phan t{ trong
ma tran U, va U,"! déu ndm trong Im(fp). B&i Hé qua 2.2.5, 6, 1a mot dang

cau. []

Theo Hé qua 2.1.15, v6i mot phan tii v € U(Lg(1,n)0) bat ki, ton tai duy
nhét mot tu dong cau phan bac f, ciia Ly (1,n) sao cho f,(1) = 1, f.(x;) =
uz; va fu(yi) = y;u~! véi moi 1 < i < n. Hon nita, f, 12 mot tu dang cu
phan bac khi va chi khi v = f,(w) v6i w € U(Lg(1,n)o) nao dé. Trong
trudng hop nay, theo Hé qua 2.1.15 va Pinh 1y 2.2.2, ton tai mot don cAu K -dai

s6 phan bac bio toan don vi
Qu = Qp : LK(l,n) — LK(l,n)f“

thod man 0, (z;) = x; va 0,(y;) = yaw ! véi moi 1 < i < n, trong do

P = (y;ux;). Vi mot sd nguyén ducng m, ta ludn cd

= 0 ) fo () w € U(Lie(Lm)o) vy = u ! fuu) - 10 ).

Ngoai ra ta c6 két qua sau day.

B6 dé 2.2.8. [7] P, = (yiumz;) va P = (yu,tz;) véi moi m > 1.
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Chiing minh. Dau tién ta khang dinh rang

f;”(yiu:cj) = yz‘uﬁilumﬂxj va fﬁ(yiw%) = yiw;ﬂblmerlxj
véimoim > 1val < i,j < n. Ta quy nap theo m dé thu dugc khang
dinh trén. V6i m = 1, khi d6 f,(y;uz;) = yiu ' fu(u)uz; = yl-ufluij va
folyiwz;) = yw ™t f,(w)wz; = yaw wor; véi moi 1 < 4,5 < n. Bay gid,
gid st véimoi 1 < m < k, taco f7'(yuz;) = yiu,, umi12; va [ (ywax;) =

Yiw, w12, Véim =k + 1, ta c6

M yiuay) = [ () = fu(f (yiua;))
= fu(yiuglukﬂwj) = yiu_lfu(uil)fu(ukﬂ)wj
= y; (u " fului ")) (fuluprr)u) z;

~1 ~1
= Yilp U225 = Yillyy Um+1L -

Tuong ty, ta cling ¢6 f7(y;wz;) = y;w,, ' Wy17;, do d6 khang dinh dugc
chuing minh.

Tiép theo ching ta quy nap theo m dé€ chitng minh bd dé. Néu m = 1,
két qué hién nhién ding. Gié st P, = (yium;) va P = (yu,,'z;) véi moi
1<m<k.Véim=k+1,tacé Py, = Ppy1 = Pf(P)-- fFYP)fHP) =
Py.f¥(P). Theo gié thiét quy nap, P, = (y;ux;). Cing véi d6, khang dinh trén
cho ta

fE(P) = (fi(yiuzy)) = (yiug, " upsrz;) -

Viét P, = (p"). Tut day ta c6

n n
pz(';'n = > (yiunry) (yrug " ukas) = yiug (Z xtyt) g g1

-1
= YiupUy Uk1T5 = YiUp+1T5 = YiUnT;
2,0 . . . A . N —1 . —1 Iz .
véimoi 1 < i,j < n,dovay P, = (viunz;) va P," = (yu,, x;) v6i moi
m > 1. []

Nhu mot hé qua cta Dinh 1y 2.2.4, ta thu dudc sau ddy mot tiéu chuan dé
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xoin Zhang Lz (1,n)/» cda L (1, n) lién két véi tu dang cAu phan bac f, dang

cau véi Ly (1,n).

Hé qua 2.2.9. [7] Cho n > 2 la mét s6 nguyén va K la mot truong. Gid sit u la
mét phdn tit cia U(L(1,n)o) thod man u™' = f,(w) véi w € U(Lg(1,n)p)

nao do. Khi do nhiing khdng dinh sau la diing:

(1) Péng cdu K-dai sé phén bdc bdo toan donvi 0, : L (1,n) — L (1,n)f
cho bdi x; — x;va y; — y;w  vdi moi 1 < i < n, la ding cdu
khi va chi khi yiu,'x;, yiwnz;, yiw, z; € Im(0,) vdi moi m > 1 va

1<i,j<n.

(2) Néu f,(u) = u, thi khi dé 0,, la mét dang cdu khiva chi khi y;ux;, yu™'z; €
Im(6,,) véimoi 1 < 4,5 < n.

Chiing minh. (1) Pt P = (yux;) va Q = (y;wx;). Theo BS deé 2.2.8, ta ¢6
Pt = (yiu,)' ), Qm = (yiwmz;) va Q. = (yw,,'x;) véi moi m > 1. Khi
d6, ap dung Pinh ly 2.2.4, 6, 1a mot dang ciu khi va chi khi Yilly T, YW T,
yiw, ey € Im(6,) véimoim > 1val <i,j < n.

(2) Gia st rang f,(u) = u. Theo Chi y 2.1.16, ta ¢6 f,(P) = P. Ap dung
Hé qué 2.2.5, 0, 1a dang cAu khi va chi khi y;uz;, yiutx; € Im(6,) v6i moi
1<, <n. []

Chiing t6i két lai chuong nay bang vi du sau ddy d€ minh hoa cho Hé qua
2.2.9. bic biét, trong vi du nay ching toi chi ra ring mot dong ciu 6, nhin

chung khong phai mot dang cau.

Vi du 2.2.10. [7] Cho K la mdt trudng.

(1) Pat a = x1ys + xoy1 € Li(1,2). Trong Vi du 2.1.17 (1), ta da chi ra
ring a 12 mot phan tif don vi cia Lx(1,2)g véi a~! = a. Ta ciing c6 tu dang
cau phan bac f, cta L (1,2) thodaman f,(1) = 1, fu(x1) = 29, fo(x2) = 21,
faly1) = v2, fo(y2) = y1, va fu(a) = a. T day ta thu dugc dong cau K-dai sb
phan bac bao toan don vi , : Lx(1,2) — Lg(1,2)% thod man 6,(z1) = z1,

0,(x2) = 29, 04(y1) = y1a = y2 va 0,(y2) = yoa = y;. Ta cod
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y1ary = ysaxs = 0 € Im(0,) va yraxs = yoax; = 1 € Im(6,).

Theo Hé qua 2.2.9 (2), ngay lap tiic ta suy ra 6, 13 mot dang ciu.

(2) Véi b =1+ 22y3 € Lx(1,2),6 Vidu 2.1.17 (2) ta dd c6 b 1a mot phan
ti don vi ctia L (1,2)o v6i b1 = 1—22y32. Cling véi d6, ta c6 ty dang cAu phin
bac f, cia Lx(1,2) thod man f,(1) = 1, fy(x1) = 1, f(xs) = 12 + 230,
folyr) = y1 — 2193, fo(y2) = y2 va fy(b) = b. Tix ddy ta thu duge dong clu
K-dai s6 phan bic bio toan don vi 6, : Lg(1,2) — Lg(1,2)/* cho béi
Op(21) = 1, Op(x2) = 22, Op(y1) = b = y1 + 21y3 Va Op(y2) = yob =
yo. Hon niia, ta ¢6 y1bx; = yobrs = y1blwy = b oy = 1 € Im(6y),
yobry = btz = 0 € Im(6y), yibry = 21y = Oy(21y2) € Im(6;) va
b ey = —x1y0 = Oy(—2132) € Im(6,). Khi do, theo HE qua 2.2.9 (2), 0, 1a
mot dang cau.

(3) Xétu = ab = x1y2+x2y1 +23y2y1 € Li(1,2)o. Trong Vidu2.1.17 (3),
ta da chi ra « 1a mot phan ti kha nghich ca L (1,2)g v6i u™t = 212+ 29y —
wox1y3. Ta cling c6 tu dang cAu phan bac f, ctia Lx(1,2) thod man f,(1) = 1,
ful@r) = zo+atys, fulz2) = 21, fulyr) = Yo, fuly2) = y1—2193 va fu(w) =
u™L, trong d6 w = 1Yo + Toy1 — T3Y1Y2 VA WL = Ty + Toyy + T120y3. TU
day ta thu dugc dong ciu K -dai s6 phan bac bdo toan don vi 0, : Ly (1,2) —
L (1,2)7 cho bdi 0,(z1) = 1, Ou(x9) = 29, 0,(y1) = 1w ™ = yo + T29°
va 0,(y2) = yow ™ = y1.

Ta khang dinh ring 6, trong trudng hdp nay khong phai la dang cau. That
vy, ta sé chi ra yjwexy ¢ Im(6,). Luu y ring y;woxo chinh 13 phan ti & vi tri

(1,2) cia ma tran Q2 = Qp,(Q), trong d6 Q) = (y;wz;) = oo . Ta
1 —zon

c6 fu(1) = 1, fu(21) = wry = @, fu(@2) = wre = 21 — 2391, fu(y1) =

yrw !t = yo + 2owi? va fi,(y2) = yow ! = 1. T day ta thu dugc

0 1 0 1
fw(Q) :fw = )

1 —xoyy I —2y2 — 33151329% + -Tgyl?ﬂ
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cho nén

1 —T1Yg — :U1$2y% + x%ylyQ
Q2 = Qfuw(Q) =
— Tl 1 + 2oy2 + x%y%

Diéu nay chi ra ring
Y1woky = —T1Y2 — $1xzy% + f%?h?h € Lk(1,2)o.

Gid st —z1ys — 2129y5 + 23y1y2 € Im(0,), tic 13, —z1ys — T120Y3 +
z3y1y2 = 0,(2) v6i 2 € Li(1,2)g nao do. Ta c6 thé viét z duéi dang:

z = w1ty + Tty + xot3yr + Tolayo,

trong d6 t; € L (1,2)o v6imoi 1 < i < 4. D€y rang f,(0u(v1)) = fu(y2 +
Toy?) =y va fu(0u(y2)) = fulyr) = y2 v6imoi 1 < j < 2. Do d6, ta ¢

Ou(xisy;) = Ou(:) * Ou(s) * 0,(y;) = ;% 04() * 0u(y;) = @i fu(Ou(s)) * Ou(y;)

véimoi s € Li(1,2)gval <1i,5 < 2.Piéu nay dan dén

eu(z) = xlfu(gu(tl))yl + Ilfu(eu(t2))y2 + x?fu(HU(t?)))yl =+ ngu(ﬁu(t4))y2,

va do do

—xay1 = Y1(—T1y2 — $1af2y% + x%y1y2)x1 = y10u(2)21 = fu(0u(t1)),
—1 =y (=212 — 112207 + 25y1Y2) T2 = Y10u(2)22 = fu(0u(t2)),
0= ya(—z1y2 — 331332y% + x§y1y2)$1 = 1y20u(2)x1 = fu(Ou(t3)),
Ty = Yo —T1y2 — T1T2Y; + T31Y2) T2 = Yobu(2) T2 = fu(fu(ts)).

Nhu vay, 2oy1 = fu(0u(—t1)) = fu(0u(t4)). Vi f, va 0, 1a don chu, ta suy ra
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—tl = t4 =:1, tQ = —1va t3 = 0. Do dé,
z = —x1Yo — T1ly1 + Totys.

Nhu & trén ta da chi ra xoyy = f,,(6,(t)). Mat khac, ta lai c6

xo = fulz1) — 2iye = fulz1) — ful(@3) fulyn) = fulz1 — 2301)
1 = fulye) + 2193 = fu(y2) + ful@2) fu(yi) = fulye + m237).

Do d6 woy1 = fu(z1y2 + 112997 — 239192) = fu(—0u(2)) = fu(0u(—2)).
Diéu nay kéo theo f,(0,(t)) = fu(0.(—2)). Vi tinh don 4nh cta f, and 0,,, ta
suy rat = —z, hay,

= x1y2 + 11ly1 — Taolys.

Dé dang nhan thdy y"tz" = t véimoim > 1. Dot € Lk(1,2)o, ta viét t =
k+2?:1 k?ZOdZBZ*, trong dod >0, k, k; € K va Oéi,ﬁi € £§ v6i |Oél| = ‘6@‘ >1

v6i moi 1 Sigd.Tacé,yixll =1v6imoil > 1va

|

| ol 1 néu ;=0 =a",
o el =
0 khac

véi moi 1 < i < d. Do d6, v6i m = max{|«;| | 1 <i < d}, ta thu dugc

d
t=yi'te =y (k+ ) kiiff)at = c
i=1
vGi ¢ € K nao d6, va do d6 yitxe = yicry = c(y1x2) = 0. Mat khac, ta ciing
co

yitre = y1(x1y2 + 21ty — Totys)re = 1,

suy ra 1 = 0 (mau thuan!). Vi vy, —21ys — 11223 + 235192 ¢ Im(6,,), va do

d6 6, khong phai mot dang cu.



KET LUAN

Trong ludn van nay, chung t61 da hoan thanh cac ndi dung sau day:

1. Dua vao tai liéu [2], ching t6i da trinh bay lai c4c tinh chit co ban cia
xoan Zhang va su tuong duong pham tru cic mddun phin bic ctia xoan

Zhang va ctia dai s6 phan bac ban dau (Dinh ly 1.3.8 va Pinh 1y 1.3.19).

2. Trinh bay vé dai s6 Leavitt L (1,n) va md ta tudng minh nhém céc tu
dang cAu phan bic cta ching (Pinh 1y 2.1.12 va Hé qua 2.1.15). Ngoai ra,
chiing t6i chi ra nhém céc tu dang cAu phan bac ctia L (1, n) chifa mot sb

nhom con dac biét (HE qua 2.1.13 va 2.1.14).

3. Xay dung dugc mot phép nhing tir dai s6 L (1,n) vao moi xodn Zhang
ctia n6 (Pinh 1y 2.2.2) va thiét 1ap cac diéu kién can va da d€ cho phép
nhing nay 1a dang ciu (Pinh Iy 2.2.4). Khi d6, ching t6i dua ra mot sb
16p cu thé dé phép nhing néi trén 1a dang ciu (Hé qua 2.2.5-2.2.9). Pong
thdi, chiing tdi chi ra rang phép nhiing nay néi ching khong phai 12 dang
cu (Vi du 2.2.10 (3)).
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automorphism group of a noncommutative algebra is, in general, an extremely difficult
problem with very little progress till date. In 1968, Dixmier [18] described the group of
automorphisms of the first Weyl algebra. For higher Weyl algebras, to find the group of
automorphisms is a long standing open problem. In [13], Bavula described the group of
automorphisms for the Jacobson algebra A,, = K{(z,y)/(xy—1) as a semidirect product of
the multiplicative group K* of the field K with the general linear finitary group G'Lo(K)
using some deep arguments. The same result was later obtained by Alahmedi, Alsulami,
Jain and Zelmanov in a remarkable work [5] where they approach this problem from
another perspective noting that the Jacobson algebra A,, is isomorphic to the Leavitt
path algebra of Toeplitz graph and then they describe the group of automorphisms of
this Leavitt path algebra.

Leavitt path algebras were introduced independently by Abrams and Aranda Pino
in [3] and Ara, Moreno and Pardo in [8]. These are certain quotients of path algebras
where the relations are inspired from Cuntz-Krieger relations for graph C*-algebras (see
[20,24]). For a graph E that has only one vertex and n loops, Leavitt path algebra turns
out to be the algebra of type (1,7n) proposed by Leavitt as an example of a (universal) ring
without invariant basis number (see [22]). Leavitt path algebras have deep connections
with symbolic dynamics and the theory of graph C*-algebras. For example, the notion of
flow equivalence of shifts of finite type in symbolic dynamics is related to Morita theory
and the Grothendieck group in the theory of Leavitt path algebras, and ring isomorphism
(or Morita equivalence) between two Leavitt path algebras over the field of the complex
numbers induces, for some graphs, isomorphism (or Morita equivalence) of the respective
graph C*-algebras. As remarked by Chen in [14], Leavitt path algebras capture the
homological properties of both path algebras and their Koszul dual and hence they form
an important class of noncommutative algebras. Moreover, by Smith’s interesting result
([25, Theorem 1.3]), the Leavitt path algebra construction arises naturally in the context
of noncommutative algebraic geometry. We refer the reader to [1,2] for a detailed history
and overview of these algebras.

Unfortunately, there are not many constructions known yet for automorphisms of
Leavitt path algebras. In [12,19], motivated by Cuntz’s idea [17], Szymanski et al. gave
a method to construct automorphisms of Leavitt path algebras Ly (E) of finite graphs
E without sinks or sources in which every cycle has an exit over integral domains K of
characteristic 0. In [21, Section 2], Kuroda and the first author gave construction of auto-
morphisms fixing all vertices of Leavitt path algebras L (F) of arbitrary graphs E over
an arbitrary field K, and gave construction of Anick type automorphisms of Leavitt path
algebras. Anick automorphisms have an interesting history. For a free associative algebra
F < z,y,z > over a field F' of characteristic zero, the question about the existence of a
wild automorphism was open for a long time. Anick provided a candidate for a wild auto-
morphism in the case of free associative algebra on three generators (cf. [15, p. 343]). In
[27], Umirbaev proved that the Anick automorphism 6 = (v+z(zz—2y), y+(xz—2y)z, 2)
of the algebra F(z,y, z) over a field F' of characteristic zero is wild. In this paper, based
on Kuroda and the first author’s work [21, Section 2] and Cuntz’s beautiful paper [17],
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we give a construction for graded automorphisms of Leavitt path algebras. We describe
(graded) automorphisms fixing all vertices of Leavitt path algebras of arbitrary graphs
in terms of general linear groups over corners of these algebras (Theorem 2.2 and Corol-
lary 2.3). Consequently, this yields a complete description of all (graded) automorphisms
of the Leavitt path algebra Lk (R,,) of the rose graph R,, with n petals in term of general
linear group of degree n over Lk (R,,) (Propositions 2.6 and 2.7). Moreover, we show that
the group of all graded automorphisms of Lx(R,,) contains some special subgroups, for
example, the general linear group of degree n over K (Corollaries 2.8 and 2.9). We also
provide a complete description of all (graded) automorphisms of L (R,,) via the group
of units U(Lk(Ry)) of Lx(Ry) (Corollary 2.11).

As the first application of these constructions for graded automorphisms, we study
twists of Leavitt path algebras. One of the most frequently used tools to construct new
examples of algebras and coalgebras is twisting the multiplicative structure of original
algebra. Classic examples of algebras constructed by twisting multiplicative structure
include skew polynomial rings and skew group rings. The twist of Leavitt path algebras
that we study here is a twist in the sense of Artin, Tate and Van den Bergh. A notion
of twist of a graded algebra A was introduced by Artin, Tate, and Van den Bergh in
[10] as a deformation of the original graded product of A with the help of a graded
automorphism of A. Let o be an automorphism of the graded algebra A = ®A,,. Define
a new multiplication x on the underlying graded K-module ®A,, by axb = ac™(b) where
a and b are homogeneous elements in A = G A,, and deg(a) = n. The new graded algebra
with the same underlying graded K-module ®A,, and the new graded product * is called
the twist of A and is denoted as A°.

This notion of twist of a graded algebra was later generalized by Zhang in [28], where
he introduced the concept of twisting of graded product with the help of a twisting
system. Let 7 = {7, | n € Z} be a set of graded K-linear automorphisms of A = ©A,,.
Then 7 is called a twisting system if 7,(y7m(2)) = T (Y)Tntm(2) for all n,m,l € Z
and y € A, z € A;. For example, if o is a graded algebra automorphism of A, then
7 ={0o" | n € Z} is a twisting system. Thus, the twist of a graded algebra in the sense
of Artin-Tate-Van den Bergh can be viewed as a special case of the twist introduced by
Zhang. Such a twist of a graded algebra is now known as Zhang twist.

Zhang twist of a graded algebra has played a vital role in the interaction of non-
commutative algebra with noncommutative projective geometry. The fundamental idea
behind the noncommutative projective scheme defined by Artin and Zhang [11] is to give
up on the actual geometric space and instead generalize only the category of coherent
sheaves to the noncommutative case. In the case of commutative algebras, Serre’s the-
orem established that studying the category of quasi-coherent sheaves on a projective
variety is essentially the same as studying the quotient category of graded modules. The
definition of noncommutative projective space is motivated by Serre’s result.

Let A be a right noetherian graded algebra. We denote by Gr —A the category of
graded right A-modules with morphisms being graded homomorphisms of degree zero.
An element = of a graded right A-module M is called torsion if zA>, = 0 for some
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s. The torsion elements in M form a graded A-submodule which is called the torsion
submodule of M. The torsion modules form a subcategory for which we use the notation
Tors(A) := the full subcategory of Gr — A of torsion modules. We denote QGr — A := the
quotient category Gr —A/ Tors(A). We will use the lower case notations gr —A, qgr —A
to indicate that we are working with finitely generated A-modules. Since qgr—A is a
quotient category of gr —A, it inherits two structures: the object A which is the image
in qgr —A of A4, and the shift operator s on qgr —A, which is the automorphism of the
category qgr —A determined by the shift on gr —A. The triple (qgr —A, A, s) is called
the noncommutative projective scheme associated to A, denoted as proj —A. We refer
the reader to [11] for more details on noncommutative projective scheme.

One of the main features of the study of Zhang twist of a graded algebra is that if an
algebra B is isomorphic to the Zhang twist of an algebra A, then their graded module
categories Gr —A and Gr —B are equivalent. If the algebra A is noetherian, then this
equivalence restricts to the subcategories of finitely generated modules to give an equiva-
lence gr —A = gr — B. Moreover, the subcategories of modules which are torsion (that is,
finite-dimensional over K) also correspond, and so we have an equivalence between the
quotient categories qgr —A and qgr —B. As a consequence it follows that their noncom-
mutative projective schemes proj —A and proj —B are equivalent. Since Zhang twist of a
commutative graded algebra by a non-identity automorphism yields a noncommutative
graded algebra, this gives us a tool to construct examples of noncommutative graded
algebras whose noncommutative projective schemes are isomorphic to commutative pro-
jective schemes. It is known that many fundamental properties like Gelfand-Kirillov
dimension and Artin-Schelter regularity are preserved under Zhang twist whereas some
ring-theoretic properties such as being a prime ring or being a PI ring are not preserved
under Zhang twist.

In this paper we initiate the study of Zhang twist of Leavitt path algebras with a larger
goal to develop the geometric theory of Leavitt path algebras. In Section 3, we twist the
multiplicative structure of Leavitt path algebras with the help of graded automorphisms
constructed in Section 2. In a rather surprising result we show that the Leavitt path
algebra Lg (E) of an arbitrary graph E may be embedded into the Zhang twist Ly (E)®*
by any graded automorphism @ p introduced in Corollary 2.3 (Proposition 3.2), and the
embedding is not an isomorphism in general (Examples 3.11 (3)). Geometrically, this
means that any noetherian Leavitt path algebra always embeds in another algebra with
the same projective scheme. We also characterize Leavitt path algebras Lx(R,) of the
rose graph R, with n petals that are rigid to Zhang twist in the sense that L (R,)
turns out to be isomorphic to its Zhang twist with respect to graded automorphisms
constructed in Section 2 (Theorem 3.5 and Corollary 3.10).

Automorphism of an algebra helps in constructing new twisted irreducible represen-
tations. It is not difficult to see that if M is an irreducible representation of an algebra A
and o is an automorphism of A then M? is also an irreducible representation where M
is the same vector space as M with the module operation given as a.m = o(a)m for any
a € A. This new irreducible representation M7 of A is called a twisted representation.
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In another application to our constructions of automorphisms, we study the irreducible
representations of the Leavitt path algebra of rose graph R, with n petals in the last
section of this paper.

In a seminal work [14], Chen constructed irreducible representations of Leavitt path
algebras using infinite paths. For an infinite path p in F, Chen constructed a simple
module Vj,) for the Leavitt path algebra L (E) of an arbitrary graph E where [p]
is the equivalence class of infinite paths tail-equivalent to p. Later, in [9], Ara and
Rangaswamy characterized Leavitt path algebras which admit only finitely presented
irreducible representations. In [7], Anh and the first author constructed a new class of
simple Ly (E)-modules, S/ associated to pairs (f,c) consisting of simple closed paths
¢ together with irreducible polynomials f € KJ[z]. We should note that Ara and Ran-
gaswamy [9] classified all simple modules over the Leavitt path algebra of a finite graph
in which every vertex is in at most one cycle. Their result induces our investigation of
simple modules for Leavitt path algebras of graphs having a vertex that is in at least
two cycles. The most important case of this class is the Leavitt path algebra of a rose
graph with n > 2 petals.

For Leavitt path algebra Lg(R,) of the rose graph R,, with n petals, in [21] Kuroda
and the first author constructed additional classes of simple L x (R,,)-modules by studying
the twisted modules of the simple modules S under Anick type automorphisms of
Lk (R,) mentioned in Corollary 2.9. In Section 4, we define a new simple left Lx (R,,)-
module V[f] = (Vg )‘P;’l which is a twist of the simple L (R,,)-module Vi, by the graded
automorphism @;1 mentioned in Proposition 2.7, where « is an infinite path in R,, and
P € GL,(K), and classify completely these simple modules (Theorems 4.2 and 4.5). Also,
in Theorem 4.2, we show that V[S] ~ Li(Ry)/ D, _o Lk (Rn)(op(em) — ¢p(€ms1)) for
all irrational path o = e;, ---e;,, -+, where € := v, €, = €, ---€;,.€

i weeep for all
m > 1, and the graded automorphism ¢p is defined in Proposition 2.7. Consequently,
V[S] is not finitely presented. Moreover, we show that there are infinitely many isomorphic
classes of these simple modules (Corollaries 4.3 and 4.4). For a simple closed path ¢ in
R, we show in Theorem 4.5 that the twisted module V[foo] is finitely presented for all
P € GL,(K) and V[CPOO] > Lig(R,)/Lk(R,)(v — ¢p(c)). Furthermore, we obtain that
there are infinitely many isomorphic classes of these simple modules (Corollary 4.6). We
conclude this paper by giving a list of some classes of pairwise non-isomorphic simple
modules over L (R,,) in Theorem 4.7.

Throughout the paper, all algebras are associative over a field, not necessary with
identity but having local units. Modules are considered with respect to algebras, that
means, they are also at the same time vector spaces over a field. Modules are unitary
in the sense that each of their elements is fixed by an appropriate idempotent. Algebra
homomorphisms are defined in the standard manner. Homomorphisms between algebras

with identity are algebra homomorphisms having the identity-preserving property.
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2. On graded automorphisms of Leavitt path algebras

Cuntz [17] showed that there is a one-to-one correspondence between unitary elements
of the Cuntz algebra O,, and endomorphisms of O,, via u — A\, where A\, (S;) = uS;,
and provided criteria for these endomorphisms to be automorphisms. In [16], motivated
by Cuntz’s results, Conti, Hong and Szymanski introduced a class of endomorphisms
fixing all vertex projections \, of C*(E) corresponding to unitaries in the multiplier al-
gebra M (C*(E)) which commute with all vertex projections. Then, they studied localized
automorphisms of the graph algebra C*(E) of a finite graph without sink (i.e., automor-
phisms A, corresponding to unitaries u from the algebraic part of the core AF-subalgebra
which commute with the vertex projections), and gave combinatorial criteria for localized
endomorphisms corresponding to permutation unitaries to be automorphisms.

Szymanski et al. [12,19] studied permutative automorphisms and polynomial endo-
morphisms of graph C*-algebras C*(FE) and Leavitt path algebras Lx(FE), where E is
a finite graph without sinks or sources in which every cycle has an exit, and K is an
integral domain of characteristic 0. Kuroda and the first author [21, Section 2] gave a
method to construct endomorphisms and automorphisms fixing all vertices of Leavitt
path algebras Ly (E) of arbitrary graphs E over an arbitrary field K, by using special
pairs (P, Q) consisting of matrices in M,,(Lk (EF)) which commute with all vertices in F,
where n is an arbitrary positive integer.

The first aim of this section is to completely describe endomorphisms introduced
in [21], and give criteria for these endomorphisms to be automorphisms. Before giving
these constructions for automorphisms of Leavitt path algebras, we begin this section
by recalling some useful notions of graph theory.

A (directed) graph is a quadruplet E = (E°, E', s,7) which consists of two disjoint sets
E° and E', called the set of vertices and the set of edges respectively, together with two
maps s,7 : B! — EY. The vertices s(e) and r(e) are referred to as the source and the
range of the edge e, respectively. A vertex v for which s~1(v) is empty is called a sink; a
vertex v is reqular if 0 < [s71(v)| < oo; a vertex v is an infinite emitter if [s71(v)| = oo;
and a vertex is singular if it is either a sink or an infinite emitter.

A finite path of length n in a graph E is a sequence p = e --- e, of edges eq,..., e,
such that r(e;) = s(e;j41) for i = 1,...,n — 1. In this case, we say that the path p starts
at the vertex s(p) := s(e1) and ends at the vertex r(p) := r(e,), we write |[p| = n for the
length of p. We consider the elements of E° to be paths of length 0. We denote by E*
the set of all finite paths in E. An edge f is an exit for a path p = e; -+ - e, if s(f) = s(e;)
but f # e; for some 1 < i < n. A finite path p of positive length is called a closed path
based at v if v = s(p) = r(p). A cycle is a closed path p = €1 -- - e,,, and for which the
vertices s(e1), s(e2), . .., s(en) are distinct. A closed path ¢ in F is called simple if ¢ # d™
for any closed path d and integer n > 2. We denoted by SCP(F) the set of all simple
closed paths in E.
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Definition 2.1. For an arbitrary graph E = (EY, E',s,7) and any field K, the Leavitt
path algebra Ly (E) of the graph E with coefficients in K is the K-algebra generated
by the union of the set E° and two disjoint copies of El, say E' and {e* | e € E'},
satisfying the following relations for all v,w € E° and e, f € E':

1) vw = 6y pw;

(1)

(2) s(e)e =e=er(e) and e*s(e) = e* = r(e)e*;
(3) e"f = de.sr(e);

(4) v =2 ces-1(y €€ for any regular vertex v;

where ¢ is the Kronecker delta.

If E% is finite, then L (E) is a unital ring having identity 1 = > _po v (see, e.g. [3,
Lemma 1.6]). It is easy to see that the mapping given by v — v for all v € EY, and
e — e*, e* — e for all e € E', produces an involution on the algebra Ly (E), and
for any path p = ejes - - e,, the element e} ---ejef of Lx(F) is denoted by p*. It can
be shown ([3, Lemma 1.7]) that Lx(FE) is spanned as a K-vector space by {pq* | p,q €
E*,r(p) = r(q)}. Indeed, Lk (F) is a Z-graded K-algebra: Li(E) = ®,czLx(E)n,
where for each n € Z, the degree n component Lk (F),, is the set spang{pq* | p,q €
E*,r(p) = (@), Ip| — lg| = n}.

The Leavitt path algebra Li (F) of a graph E over field K has the following universal
,€e €
E'} satisfying the relations analogous to (1) - (4) in Definition 2.1, then there exists a

property: if A is a K-algebra generated by a family of elements {a,, b, Ce

unique K-algebra homomorphism ¢ : Lg(E) — A given by ¢(v) = ay, ¢(e) = b, and
p(e*) = cex. We will refer to this property as the Universal Property of Lk (E).

As usual, for any ring R, for any endomorphism f € End(R) and for any A € M,,(R),
we denote by f(A) the matrix (f(a;;)) € My(R), and denote by A,, the matrix
Af(A)--- fm=1(A) € M,(R) for every m > 1, where f° := idg. For any Z-graded
algebra A over a field K, we denote by End?"(A) the K-algebra of all graded endo-
morphisms of A, and denote by Aut9"(A) the group of all graded automorphisms of
A.

We are now in a position to establish the main result of this section providing a
method to construct endomorphisms and automorphisms fixing all vertices of Leavitt
path algebras of arbitrary graphs over an arbitrary field in terms of general linear groups
over corners of these algebras.

Theorem 2.2. Let K be a field, n a positive integer, E a graph, and v and w vertices in
E (they may be the same). Let eq,ea, ..., e, be distinct edges in E with s(e;) = v and
r(e;) = w for all 1 < i < n. Let P be an element of GL,(wLk(E)w) with P = (p; ;)
and P71 = (p;j) Then the following statements hold:

(1) There exists a unique injective homomorphism pp : Lg(E) — Lk (E) of K-
algebras satisfying
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*

op(u)=u, pple)=e and pple’)=c¢

for allu € E° and e € E'\ {e1,...,e,}, and

pp(ei) =Y expri and @p(e]) =Y p}per
k=1 k=1

foralll <i<n.

(2) For every Q € GL,(wLk(E)w), ¢p = @q if and only if P = Q. Consequently,
op =idp,.(p) if and only if P is the identity matriz of My (wLk(E)w).

(3) ¢PYQ = Cryp(@) for all Q € GL,(wLk(E)w). In particular, o5 = pp,, for all
positive integer m.

(4) pp is an isomorphism if and only if P~1 = pp(Q) for some Q € GL,(wLk (E)w).
In this case, cp;i = ©0,., Pm = op, (Q}) and P;' = ¢p, (Qn) for allm > 1. In
particular, if p(P) = P or pp(P~1) = P~1, then pp is an isomorphism and ©'% = @ pm
for all integer m.

If, in addition, |s~1(v)| = n, then we have the following:

(5) For every K -algebra homomorphism A : L (E) — Lk (E) with AMu) = u, A(e) =
e and \(e*) = e* for allu € E° and e € E*\ {e1,...,e,}, there exists a unique matriz
P = (p;;) € GL,(wLk(E)w) such that p; j; = efA(e;) for all1 <i,5 <n and A = ¢p.

(6) We denote by End,.(Lk(E)) the set of all endomorphisms A\ of Li(E) with
Au) = u, Me) = e and Me*) = €* for allu € E° and e € E* \ {e1,...,e,}. Then,
the map @ : (GL,(wLk(E)w),*) — End, (Lx(E)), P — @p, is a monoid isomor-
phism, where the multiplication law “x” is defined by

PxQ = Pyp(Q)
for all P,Q € GL,(wLk(E)w).

Proof. (1) The existence of a unique homomorphism ¢p : Lx(F) — Lg(FE) of K-
algebras with the desired property follows from [21, Theorem 2.2 (i)]. For the sake of
completeness, we give a sketch of the proof. We define the elements {Q,, : u € E°} and
{T.,T.« : e € E'} by setting Q, = u,

T > h | €kPki ife=e; forsome1<i<n
¢ e otherwise.

and

*

T Yore Diger if e=e; for some 1 <i<n
N e otherwise.

and show that these elements form a generating set for L (F) with the same relations
as defining relations for Leavitt path algebra (see [21, Theorem 2.2 (i)] for details).
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Therefore, by the Universal Property of Leavitt path algebras, there exists a unique
homomorphism ¢p : Lg(E) — Lk (F) of K-algebras satistying ¢p(u) = Qu, pp(e) =
T., pp(e*) = T.- for all u € E° and e € E*. Consequently, we have ¢p(u) = u, pp(e) =
eand gp(e*) =e* forallu € E® and e € E* \ {e1,...,e,}, and

n n

eple)) =Y expri and op(e]) =Y pjier
k=1 k=1

forall1 <i<n.

We next prove that pp is injective by following the proof of [21, Theorem 2.2 (ii)].
To the contrary, suppose there exists a nonzero element x € ker(¢p). Then, by the
Reduction Theorem (see, e.g., [2, Theorem 2.2.11]), there exist a,b € Li (E) such that
either axb = u # 0 for some u € E°, or axb = p(c) # 0, where c is a cycle in E without
exits and p(x) is a nonzero polynomial in K[z,z~!].

In the first case, since axb € ker(pp), this would imply that u = ¢p(u) = 0 in Li (FE);
but each vertex is well-known to be a nonzero element inside the Leavitt path algebra,
which is a contradiction.

So we are in the second case: there exists a cycle ¢ in E without exits such that
arb=3" | kict # 0, where k; € K, [ and m are nonnegative integers, and we interpret
¢t as (c*)~* for negative i, and we interpret ¢? as u := s(c). Write ¢ = g1 g2 - - - g, where
gi € E' and t is a positive integer. If g; € E' \ {e1,...,e,} for all 1 < i < ¢, then
pp(c) = cand pp(c*) = ", 50 0 # 30 ket = 330 kipp(c') = pp(axb) = 0 in
Lk (FE), a contradiction. Consider the case that there exists a 1 < k < ¢ such that g, = e;
for some ¢. Then, since c is a cycle without exits, we must have n = 1 and k is a unique
element such that g, = e1. Let o := g1+ geg1 - - gr—1€1. We have that a is a cycle in
E without exits and s(a) = w. Since n = 1, P = py; and P~! = p} | are two elements
of wLk (E)w with p1 1p} ; = w = pj 1p1.1, 80 p11 is a unit of wLg (F)w with pf} =Pl
By [2, Lemma 2.2.7], we have

h
wli(B)w={Y ki’ |k € K, <hhleZ}=K[z,a""]

i=l

via an isomorphism that sends v to 1, @ to = and ao* to z—!

pi1 =a 'a~® for some a € K\ {0} and s € Z. If s > 0, then

, and so p1,1 = ac® and

op(c) =@pr(91-  gr—1€1Gk+1 - gt) = (91 gr—1)e1P1,1(Gk+1 - gt) =

= (91" gk—1€1)ac’(grt1 - gt) = a(gr -+ gr—1€1)0°(Gr+1 - G) = acs+17

and

op(c") = ep(gf - Gh1€195-1 - 91) = (97 - Gry1)P12€1 (51 - 91) =

=a g/ gi)a (g gt) = (95 e (@) (€lgh_y - g1) =
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_ a—l(c*)s-&-l.

If s <0, then

ep(c) =op(91- gr—1€19k+1" - 9t) = (91 Gr—1)e1P1,1(Grs1 -~ g¢) =
= (g1 gr—1€1)aa’(grr1 -~ g¢) = a(gr -+~ gr—1e1)(@”) " *(grs1 - 9t) =

_ a(c*)—s—l _ a(c*)—s—l _ acs-&-l?
and

ep(c") = op(g9i - grp1€19k—1 - 91) = (95 -~ Grp )P €1 (ghor - 01) =
=a g, gr)a (€ gt) = (95 grp) (@) TP (elgh s o gt) =

_ a—l(c*)—s—l _ a—lcs-i-l.

Therefore, we obtain that pp(c!) = a'c!**tY for all | € Z, and

0 # Z kialc'5tD) = Z kipp(c') = pplaxb) =0

i=—1 i=—1

in Li(F), which is a contradiction.

In any case, we arrive at a contradiction, and so we infer that ¢p is injective, as
desired.

(2) Assume that Q@ = (¢;;) € GLnp(wLg(E)w) and ¢p = ¢g. We then have
Soriexpr; = or(ej) = pole;) = > n_, erqr,; for all 1 < j < n, and so

pij =wpij = e; (Y erpry) = € (O entn ;) = waij = qi
k=1 P

for all 1 <4,j < n. This implies that P = Q). The converse is obvious.

(3) Suppose Q is an element of GL,(wLk(E)w) with Q@ = (¢; ;) and Q™" = (g} ;)
We then have Pop(Q) € GL,(wLk(E)w) and (Ppp(Q))~! = pp(Q~1)P7L.

We claim that pppg = ¢4, (q)- It suffices to check that

ePeq(€i) = Prup(@)(ei) and ppeg(€;) = @rop(@)(e;) forall 1 <i < n.
For each 1 < i < n, by definition of g, po(e;) = 22:1 erqr, and pg(el) =
2 k1 G,k€%» 5O

n

preqler) =op(> exari) = Y ppler)pr(ari) = Zzelpz kP (Qk,i)
k=1 k=1

k=11=1

= Zez Zplksﬁp le = Pper(@Q )(ei)
=1 =
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and

n n

n
ereqle;) = ‘PP(Z q§ kL) Z YP qz wer(er) Z Z @P(qg,k)pz,zef

k=1 k=1 E=11=1
n n
=> O er(@p)rh)er = Copn@(€))
=1 k=1
proving the claim.
We show that ¢ = ¢p, for all positive integer m. First, note that P, €

GL,(wLk(E)w) with Pt = o~ (P71) - pp (P71) P71 We use induction on m
to establish the fact ¢p = ¢p,, for all m > 1. If m = 1, then the fact is obvious. Now

we proceed inductively. For m > 1, by the induction hypothesis, go}?_l =@p,_,,and so

OB = PP = 0PPP, L = Prop(Pr1) = PP

as desired.

(4) (=) Assume that @p is an isomorphism, that means, there exists a matrix Q €
GLn(wLk(E)w) such that pppq = idp, (). Then, by item (3), ¥, (Q) = idL (E), and
so Ppp(Q) is the identity of M, (wLx(E)w) by item (2). This shows that P~! = op(Q).

(<) Assume that P~! = ¢p(Q) for some Q € GL,(wLk(E)w). Then, by item (3),
OPPQ = Prop(Q) = Ypp-1 = idp, (), and so @p is surjective. By item (1), pp is
always injective, and hence ¢p is an isomorphism with npl_pl = @q. This implies that
iy (m) = PPPE = PPuPQn = Prnop @my 5O PPy = PQn a0d Pupp, (Qm) = wl,
for all m > 1. Consequently, P, = pp, (Q.}) and Pt = pp (Qy,) for all m > 1.

In particular, suppose ¢p(P) = P. Since ¢p is a K-algebra homomorphism,
Pop(P~Y) = ¢p(P)pp(P~Y) = op(PP™Y) = pp(wly) = wly, so P~1 = p(P7Y).
Similarly, we obtain that if P~1 = pp(P~!), then P = pp(P). Hence, in any case, we
have that P = pp(P) and P~! = ¢p(P~!). We then have P"pp(P™) = wl, for all
m € Z, so pp is an isomorphism and ¢p = ¢pm for all m € Z.

(5) Assume that |s~1(v)| =n and let X : Lg(E) — Lk (F) be a K-algebra homomor-
phism with A(u) = u, A(e) = e and A(e*) = e* for all u € E® and e € E* \ {e1,...,e,}.
We then have

Ale;) = AMesw) = Ale) A(w) = Aey)w

and

for all 1 <1i <mn, so efA(e;) and A(e})e; € wLg(E)w for all 1 <1i < n.

Let P = (pi;) and P' = (p; ;) € Mu(wLi(E)w) with p;; = ejA(e;) and p} ; =
Aef)e; for all 1 < 4,5 < n. We claim that P € GL,(wLk(E)w) with P! = P’. Indeed,
since |s7!(v)| = n, we must have s~*(v) = {e1,e2,....e,} and v =7, e;e}, and so
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n
Zpi’kp;CJ Ze Aeg)A = el \( Z@k@k =e;ANv)ej = 0; ;w
k=1

and

n
Zp;,kpkﬂ Z)‘ JererAle;) = Zekek = Aeiej) = dijw
k=1

for all 1 < 4,5 < n, where § is the Kronecker delta. This implies that PP’ = wl, = P'P,
showing the claim.
We show that A = pp. It suffices to check that A(e;) = pp(e;) and A(el) = ¢p(e))

for all 1 <7 < n. For each 1 < ¢ < n, by definition of pp, we have

(e;) = ZekeZ)\(ez Zekek (e;) = vA(e;) = A(ve;) = A(e;)
k=1

and

n

pler) =Y Mefener = Ale Zekek = AMei)v = Aejv) = Ale;),

k=1 k=1

as desired.

(6) We always have that (GL,(wLg(E)w),*) is a monoid with identity element wl,.
Then, the statement immediately follows from items (1), (2), (3) and (5), thus finishing
the proof. O

Consequently, we obtain a method to construct graded endomorphisms and graded
automorphisms of Leavitt path algebras of arbitrary graphs over an arbitrary field in
terms of general linear groups over corners of these algebras.

Corollary 2.3. Let K be a field, n a positive integer, E a graph, and v and w vertices in
E (they may be the same). Let eq,ea,..., e, be distinct edges in E with s(e;) = v and
r(e;) = w for all1 <i < n. Let P be an element of GL,(wLk(E)ow) with P = (p; ;)
and P~1 = (p! j)- Then the following statements hold:

(1) There exists a unique graded homomorphism pp : Lg(E) — Lg(E) of K-
algebras satisfying

op(u) =u, ¢ple)=e and pp(e*)=c"

for allu € E° and e € E*\ {ey,...,e,}, and

pp(e Z expr,i and pp(e sz k€L
k=1
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foralll <i<n.

(2) wp is a graded isomorphism if and only if P~* = ¢p(Q) for some Q €
GL,(wLk(E)w). In this case, @}i = ©Q,., Pm = <ppm( ;1) and Pt = op, (Qm)
for all m > 1. In particular, if op(P) = P or pp(P~') = P~ then pp is a graded
isomorphism and ¢'% = @pm for all integer m.

(3) Assume that |s~1(v)| = n and we denote by EndJ", (Lk(E)) the set of all graded
endomorphisms A of Lx (E) with A(u) = u, Me) =e and Ae*) =e* for allu € E° and
e € E'\{e1,...,en}. Then, the map ® : (GLn(wLg(E)ow),*x) — Endy,,(Lk(E)),
P +— pp, is a monoid isomorphism, where the multiplication law “x” is defined by

PxQ=Ppp(Q)
for all P,Q € GLy(wLk (E)ow).

Proof. (1) By Theorem 2.2, there exists a unique homomorphism ¢p : Lig(E) —
Lk (E) of K-algebras satisfying pp(u) = u,pp(e) = e and pp(e*) = e* for all u € EY
and e € B\ {ey,...,e,}, and

op Z expri and  @p(e sz ke

k=1

for all 1 < i < n. It is obvious that pp(u) has degree 0 for all u € E°. Since ps,; and
pij € L (E)o for all 1 <14,j <n, pp(e) has degree 1 and pp(e*) has degree —1 for all
e € E'. Therefore, pp is a Z-graded homomorphism.

(2) It immediately follows from Theorem 2.2 (4).

(3) We note that for all P,Q € GL,(wLg(E)ow), we obtain that ¢p(Q) €
GL,(wLk(E)ow) (by item (1)) and P x Q = Ppp(Q) € GL,(wLk(E)ow), and so
GL,(wLk(F)w) is a submonoid of the monoid (GL,(wLk(F)w),x). Then, by Theo-
rem 2.2 (6), the map ® : (GL,(wLk(E)ow),*) — Endy", (Lx(E)), P — ¢p, is a
monoid injection.

We claim that @ is surjective. Indeed, let A € End’,,(Lx (E)). Then, by Theorem 2.2
(5), there exists a unique matrix P = (p; ;) € GLn(wLK(E) ) such that p; ; = efA(e;)
for all 1 <1i,5 <n and A = pp. Since X is a graded homomorphism, A(e;) has degree 1
forall 1 <j <n, and so p;; = efA(e;) € Lx(E)o for all 1 <4,j < n. This implies that
P e GL,(wLg(E)ow) and ®(P) = pp = A, showing the claim. Therefore, we have that
® is a monoid isomorphism, thus finishing the proof. O

For clarification, we illustrate Theorem 2.2 and Corollary 2.3 by presenting the fol-
lowing example, which describes completely all (graded) endomorphisms and (graded)
automorphism of the Levitt path algebra of the rose graph R; with one petal.



202 T.G. Nam et al. / Journal of Algebra 654 (2024) 189-23/

Examples 2.4. Let K be a field and Ry be the following graph.

€

-~

R1= o’

Then Li(R1) & Klr,z™!] via an isomorphism that sends v to 1, e to = and e* to
x~!. We then have that the group U(Lx(R1)) of units of Li(R;y) is exactly the set
{ae™ | a € K\ {0},m € Z}. For any P = ae™ € U(Lk(R;)), by Theorem 2.2 (1), we
have the endomorphism ¢p defined by: v — v, e — ae™*! and e* — a~le™™ 1. By
Theorem 2.2 (6), End(Lk(Ry)) is exactly the set {¢p | P € U(Lk(R1))}. We note that
a~le™ = P71 = pp(be!) if and only if m =l =0and b =a~!, or m = = —2 and
b = a. By Theorem 2.2 (4), the automorphism group Aut(Lx(R;)) of Lx(R;) is exactly
the set {@q, Ype—2 | a,b € K\ {0}}.

We have that Lx(R1)o = K, and so End9" (Lk(Ry)) is exactly the set {¢, | a €
K\ {0}} (by Corollary 2.3 (1)), which is isomorphic to the group K \ {0}. We also have
that Aut9"(Lg(Ry)) is equal to End?" (Lk (R1)).

The next aim of this section is to completely describe (graded) endomorphisms and
(graded) automorphisms of the Leavitt algebra of type (1;n) in terms of the general
linear group of degree n over this algebra.

Let K be a field and n > 2 any integer. Then the Leavitt K -algebra of type (1;n),
denoted by Lk (1,n), is the K-algebra

n
K<x17"'7xn7y17-~'7yn>/<zxiyi - 17yi$j 761‘,]'1 | 1 S Z7j S TL>
=1

Notationally, it is often more convenient to view L (1,n) as the free associative K-
algebra on the 2n variables x1,...,Zn, Y1, ..., yn subject to the relations > ., z;y; = 1
and y;z; = 0; ;1 (1 < 4,75 < n); see [22] for more details.

For any integer n > 2, we let R,, denote the rose graph with n petals having one vertex
and n loops:

Rn = OU €1

Then Lg(R,) is defined to be the K-algebra generated by v, e1,...,en, €5, ..., €5,
satisfying the following relations

n
v? = v,ve; = e; = ev,ve] = e} =ejv,efe; = J; jv and g eief =0
i=1
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for all 1 <4,j <n. In particular v = 17, (r,)-

Remark 2.5. By [2, Proposition 1.3.2] (see, also [21, Proposition 2.6]), Lx(l,n) =
Li(R,) as K-algebras, by the mapping: 1 — v, 2; — ¢; and y; — e} for all
1 <@ < n. With this fact in mind, for the remainder of this article we investigate (graded)
automorphisms of the Leavitt algebra L (1,n) by equivalently investigating (graded) au-
tomorphisms of the Leavitt path algebra Ly (Ry,).

The following proposition describes completely endomorphisms and automorphisms
of Lk (Ry) in terms of the general linear group of degree n over Li (R,).

Proposition 2.6. Let n > 2 be a positive integer, K a field and R, the rose graph with n
petals. Let P be an element of GL,(Lk(Ry)) with P = (p; ;) and P~* = (i ;). Then
the following statements hold:

(1) There exists a unique injective homomorphism ¢p : Lx(R,) — Lk (R,) of K-
algebras satisfying op(v) = v, pp(e:) = Y i_y expri and wp(e;) = Y0_, P} pep for all
1<i<n.

(2) YPPQ = Ppopq) for all Q € GL,(Lk(Ry)). In particular, 95 = pp,, for all
positive integer m.

(3) wp € Aut(Lx(Ry,)) if and only if P~ = ¢p(Q) for some Q € GL,(Lx(Ry,)).
In this case, 901371 = 90,., Pm = ¢p, Q1) and P;' = ¢p, (Qn) for allm > 1. In
particular, if p(P) = P or pp(P~1) = P71, then pp is an isomorphism and ©'f = o pm
for all integer m.

(4) The map ® : (GL,(Lg(R,)),*x) — End(Lx(R,)), P — ¢p, is a monoid
isomorphism, where the multiplication law “x” is defined by

PxQ = Pyp(Q)
for all P,Q € GL,(Lk(Ry)).
Proof. It immediately follows from Theorem 2.2. 0O

The following proposition describes completely graded endomorphisms and graded
automorphisms of Lk (R, ) in terms of the general linear group of degree n over Lx (Ry,)o.

Proposition 2.7. Let n > 2 be a positive integer, K a field and R, the rose graph with n
petals. Let P be an element of GLy(Lk(Ry)o) with P = (p; ;) and P~' = (p; ;). Then
the following statements hold:

(1) There exists a unique graded homomorphism ¢p : Lg(R,) — Lk (R,) of K-
algebras satisfying op(v) = v, op(ei) = > p_y €kPr,i and op(ef) = > 1, pi ey for all
1< <n.

(2) pp € Aut"(Li (R,)) if and only if there exists a matriz Q € GL,(Lk(Ry)o) such
that P~ = ¢op(Q). In this case, w;i = 0q,,, Pm = ¢p, Q) and Pt = op (Qm)
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for all m > 1. In particular, if op(P) = P or op(P~') = P71, then pp is a graded
isomorphism and B = @pm for all integer m.

(3) The map @ : (GL,(Lk(Rpn)o),*x) — End9"(Lk(R,)), P — wp, is a monoid
isomorphism, where the multiplication law “x” is defined by

PxQ=Pop(Q)
for all P,Q € GL,(Lx(Ry)o).
Proof. It immediately follows from Corollary 2.3. O

The following corollary gives that the general linear group GL,(K) of degree n
over a field K may be considered as a subgroup of the graded automorphism group
Aut9" (Lg (Ry)) of Lr(Ry).

Corollary 2.8. Let n > 2 be a positive integer, K a field and R,, the rose graph with n
petals. Then, there exists an injective homomorphism ® : GL,(K) — Autd"(Lk(Ry))
of groups such that ®(P) = ¢p for all P € GL,(K).

Proof. By Proposition 2.7 (3), the map ® : (GL,(Lk(Rn)o),*x) — End?" (Lk(R,)),
defined by P — ¢p, is a monoid isomorphism, where the multiplication law “x” is
defined by

PxQ = Pyp(Q)

for all P,Q € GL,(Lk(Ry,)o). For all P and Q@ € GL,(K), since pp(Q) = Q, we
must have P x Q = PQ, so GL,(K) is a subgroup of the group of units of the monoid
(GL,(Lk(Rp)o),*). Moreover, since ¢p(P) = P for all P € GL,(K), and by Proposi-
tion 2.7, op € Aut9"(Lk (R,,)) for all P € GL, (K). From these observations, we obtain
that ®|qr, (k) : GLn(K) — Aut9"(Lg(R,)) is an injective homomorphism of groups,
thus finishing the proof. O

In [21, Corollary 2.8] Kuroda and the first author introduced Anick type automor-
phisms of Lg(R,). We reproduce here these automorphisms. Namely, for any integer
n > 2 and any field K, we denote by Ag, (e1, e2) the K-subalgebra of L (R,,) generated
by

*

*
Uy €1,€3,...,En, €0y . .

We should note that by [6, Theorem 1] (see, also [23, Theorem 3.7]), the following
elements form a basis of the K-algebra Ag (e1,e2): (1) v, (2) p = ek, -+ €k,,, where
ki € {1,3,...,n}, (3) ¢* = e}, ---¢},, where t; € {2,3,...,n}, (4) pg*, where p and ¢*
are defined as in items (2) and (3), respectively.
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For any p € Ag, (e1,e2), let

1 p O 0

010 0
U, = ,

00 0 1

We then have U, € GL,(Lk(R,)) with U, ' = U_, and
UpUq = Up+q

for all p,q € Ag, (e1,e2). Also, for any p € Ag, (e1,e2), by Theorem 2.2, we obtain the
endomorphism ¢y, of Li(Ry) defined by: v — v, e; — ¢; for all i € {1,3,...,n},
ej—ej forall 2 < j<n, e ez+epand e] — e] —pes. We note that oy, (¢) = ¢
for all ¢ € AR, (e1,e2), and so ¢y, (Uy) = Ug for all ¢ € Ag, (e1,e2). By Theorem 2.2,
¢y, is an automorphism and e, = Pu,,. for all p € Ag, (e1,e2) and m € Z. Moreover,
if p € Ag,(e1,e2) N Lg(Ry)o, then oy, is a graded automorphism by Proposition 2.7.
From these observations, we have the following interesting note.

Corollary 2.9. Let n > 2 be a positive integer, K a field and R,, the rose graph with n
petals. Then, there is an injective homomorphism ® : (AR, (e1,e2),+) — Aut(Lx(Ry))
of groups such that ®(p) = py, for all p € AR, (e1,e2), and

(I)|ART,, (e1,e2)NLk (Rn)o * (ARn (617 62) N LK(RW)(% +) — AUtgr(LK<Rn))
s an injective homomorphism of groups
Proof. By Proposition 2.6 (4), the map ® : (GL,(Lx(Ry)),*x) — End(Lx(Ry)), de-
fined by P — @p, is a monoid isomorphism, where the multiplication law “x” is defined
by
PxQ = Ppp(Q)
for all P,Q € GL,(Lk(Ry)). Since ¢y, (Uy) = U, for all p,q € Ag, (€1, e2), we have
Up x Uy = Uppu, (Ug) = UpUg = Upsg
for all p,q € AR, (e1,e2). This implies that the map from (Ag, (e1,e2),+) to the group
of units of the monoid (GL,(Lk(Ry)),*), defined by p — U, is an injective homomor-

phism of groups. Hence, the group (Ag, (e1,€e2),+) may be viewed as a subgroup of the
group of units of the monoid (GL,(Lx(R,)),*), and so

Dl ap, (e1,e0) * (AR, (€1,€2),+) — Aut(Li(Rn))
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is an injective homomorphism of groups satisfying the desired statements, thus finishing
the proof. O

Next, we give a complete description of all automorphisms of Lx(R,) via the group
of units U(Lk(Ry)) of Lx(Ry,). To do so, we need the following useful remark.

Remark 2.10. Let n > 2 be a positive integer, K a field and R,, the rose graph with
n petals. Then, since Lx(R,) = Lg(R,)" as left Lx(R,)-modules, we immediately
obtain that L (R,) = M,(Lk(R,)) as K-algebras. The isomorphism and its inverse
are, respectively, easy to write down explicitly:

s+— (ejse;) and M = (m; ;) — Z eim; je;.
1<i,j<n

Using Theorem 2.2, Proposition 2.6 and Remark 2.10, we obtain the following inter-
esting corollary, which was studied by Cuntz in [17].

Corollary 2.11. Let n > 2 be a positive integer, K a field, R,, the rose graph with n petals,
U(Lk(Ry)) the group of units of Lix(Ry), and u an element of U(Lk(Ry)). Then the
following statements hold:

(1) The map f, : Lx(Ry) — Lk (Ry), defined by v — v, e¢; — ue; and ef —
efu™t for all 1 < i < n, is an injective homomorphism of K-algebras, and f, = ¢p,
where P = (efue;) € GL,(Lk(R,)) and pp is the endomorphism of Lk (R,,) introduced
in Proposition 2.6.

(2) For every A\ € End(Li(R,)), X = fu, where x =Y i ANe;)ef € U(Lk(Ry)). In
particular, if 7, s the inner automorphism of Lx(Ry) generated by u, then 7, = fa,
where x = u= (37| ejuel).

(3) fufw = [ft,(wyu for allw € U(Lk (Rn ))

(4) fu € Aut(Lk(Ry)) if and only if u=" = f,(w) for some w € U(Lk(Ry)). In this
case, fi;1 = fu,. Consequently,

Aut?" (L (Rp)) = {fu € Aut(Lk (Rn)) | u € U(Lk(Rn)o)}-

(5) The map @ : (U(Lg(Ry)),*) — End(Lk(Ry)), u+— fu, is a monoid isomor-
phism, where the multiplication law “x” is defined by

uxw = fu(w)u

for all u,w € U(Lk(R,)).

(6) Let Inn(Li (Ry,)) be the inner automorphism group of Lk (R,,). Then the canonical
homomorphism T : U(Lk(Ry)) — Inn(Lk(Ry)), u — Ty, is surjective with ker(T) =
K 11, (r,)- Consequently, Z(U(Lk(Ry,))) = K - 11, (r,)-
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Proof. (1) Since u € U(Lk(R,)) and by Remark 2.10, P := (efue;) € GL,(Lk(Ry))
with P~1 = (efu~'e;). By Proposition 2.6 (1), ¢p is an injective K-algebra endo-
morphism of Lk (R ) Also, we have pp(e;) = d0_, exefue; = ue; = fu(e;) and

op(e}) = Sp_jefuteger = eju ! = fu(ef) for all 1 < i < n, and so f, = ¢p
and consequently, f,, is an injective K-algebra endomorphism of Lk (R,,).

(2) Let A € End(Lk(Ry)). By Theorem 2.2 (5), A = ¢p, where P = (ef\(ej)) €
GL,(Lk(Ry)). On the other hand, by Item (1) and Remark 2.10, pp = f;, where
T =301 jenCiCiAeg)es =200 Mei)ef € U(Lk(Ry)). Therefore, A = f;, as desired.

(3) Let w € U(Lk(R,)). We then have f,fu, = ¢ppq = ©pyp(q), Where P = (ejue;)
and Q = (ejwe;) € GLp(Lk(Ry)). Also, Pep(Q) = Pfu(Q) = (e fu(w)ue;) and
Doi<ij<n €i€] fu(w)ueje; = fu(w)u. By Item (1) and Remark 2.10, ©pyp(Q) = fr.(wyus
and 5o fufu = ff,(w)yu, as desired.

(4) We have that f, € Aut(Lk(R,)) if and only if pp € Aut(Li(R,)), where P =
(efuej) € GL,(Lk(Ry)), if and only if P! = (eju~'e;) = pp(Q) = fu(Q) for some
Q = (¢;j) € GL,(Lk(Ry)), if and only if Q = (f, '(eju~te;)) = (efwe;), where w =
fol(u™t) € U(Lk(Ry)) (since f, is always injective). In this case, by Proposition 2.6 (3)
and Item (1), ;! = Lp}_pl = ¢g = fu. From these observations, we immediately obtain
that f, € Aut(Lk(R,)) if and only if u=! = f,(w) for some w € U(Lk(Ry))-

(5) It immediately follows from Items (1), (2), (3) and Proposition 2.6 (4).

(6) Let 7, be the inner automorphism of Lg(R,) generated by u, for which 7, =
tdr . (R,)- We then have u le;u = e; for all 1 < i < n. Equivalently, u = efue; for all
1 < ¢ < n. This implies that u = (e})™uel™ for all 1 < i < n and for all m > 1. Since
Lx(R,) is a Z-graded algebra, u may be written in the form: u = $.°

j——1 Uj, where
[,t >0and uj € Lg(R,); for all = < j <t. We then have

t

t
Youp=u= Y () e

j=—1 j=—t

forall 1 <4 <nandm > 0. By Z-grading in Lk (R,,), we must have u; = (e} ) ujel for
all -1 <j<t,1<i<mandm > 1. Forevery —I < j <t, we write u; = Zk:l aroy By,
where h > 0, a; € K and ag, B € (R,)* with |ag| — |Bk| = j. Let m := max{|ag| | 1 <
k < h}. For each 1 < i < n, we obtain that

=

uj = (e;)™u Zakakﬁk = E ke MagBlel = bie{

k=1

for some b; € K, where ¢ = v and ¢! = (e})~7 if j < 0. By Z-grading in L (R,,), uj = 0

for all j # 0, and so u = kv for some k € K\ {0}. Therefore, we have ker(7) = K11, (g,)
and Z(U(Lk(Rn))) = K - 11, (R,), thus finishing the proof. O

It is worth mentioning the following note.
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Remark 2.12. (1) We should note that Propositions 2.6 and 2.7 immediately follow as a
consequence of Corollary 2.11 and Remark 2.10.

(2) Let K be an arbitrary field, n > 2 a positive integer, and R,, the rose with n petals.
Let v € U(Lk(Ry)) and P = (efue;) € GL,(Lk(R,)). Let f, be the automorphism of
Lk (R,) introduced in Corollary 2.11. Then

fu(P) = P if and only if f,(u) = u.

Indeed, assume that f,(P) = P, i.e., fy(ejue;) = ejue; for all 1 <4, j < n. This follows
that eju™" fu(u)ue; = ejue; and e;efu™" fu(u)uejel = eiejueje; for all 1 < 4,5 < n.
Hence,

n n n n
E E eiefuflfu(u)ueje;fzg E eie; ueje;.

i=1j=1 i=1j=1

Equivalently,

n n n n

* —1 * * *
g eiel |u™ fulu)u E eje; | = E eel | u g eje; |
i=1 j=1 i=1 j=1

1

so u” L f,(uw)u = u and f,(u) = uuu—! = u. The converse is obvious.

We close this section with the following example.

Examples 2.13. Let K be a field and Ry the rose graph with 2 petals.

(1) P = (8 8) € My(Lk(R2)). It is obvious that P is an invertible matrix with

P l=P Letz = eres+esef € L (Ry)o- Since z is the image of P under the displayed
isomorphism given in Remark 2.10, z is automatically a unit of Lx (Rs)o with 271 = .
Then, by Corollary 2.11 (1), we have the graded endomorphism f, of Lg(Rz) such
that f.(v) = v, fu(e1) = zer = ea, folea) = wea = ey, fo(el) = efxz™! = e} and
fz(e3) = esx™! = e}. It is obvious that f,(P) = P, and so f.(z) = z (by Remark 2.12
(2)). This implies that f.(z7!) = 27!, and so f, is an automorphism of Lx(Ry) by
Corollary 2.11 (4).

(2) Let Ag,(e1,e2) be the K-subalgebra of L (Rs) generated by v, e1, €3, that means,

TZZ ]-a TiGK, mi,li Zo}a

n
Ap,(er,e2) = {>_miel" (e3)"
i=1

where e = v = (e5)". Let p := eje} € Ag,(e1,e2) and U, = (8 g) € My(Lk(R2)).

As introduced prior to Corollary 2.9, U, is invertible with (U,)~! = U_,. Let y =
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v+ e?(e3)? € Lg(Rz)o. Since y is the image of U, under the displayed isomorphism
given in Remark 2.10, y is automatically a unit of Lx(R2)o with y=! = v — e3(e3)?.
Then, by Corollary 2.11 (1), we have the graded endomorphism f, of Lk (R2) such that

fu(0) = v, fyle1) = yer = e, fy(e2) = yea = e2 + efej, fy(e]) = efy™" = ef —e1(e3)?
and fy(e3) = esy~' = e5. By Corollary 2.11 (1), we have f, = @u,, where @y, is
the automorphism of Lx(R2) introduced prior to Corollary 2.9. We note that f,(¢) =
¢u,(q) = q for all ¢ € Ag,(e1,ez), and so f,(y) = y. This implies that f,(y~") =y~ ",

and so f, is an automorphism of Lk (Rz) by Corollary 2.11 (4).

(3) Let u := (e1e3 + eael)(v + e2(eh)?) = ered + eae} + elese;. We have that u is a
unit of Ly (Ra)o with u=! = (v — e2(e3)?)(e1eh + exe}) = ereh + eael — egeq(es)?. By
Corollary 2.11 (1), we have the graded endomorphism f, of Lk (R2) such that f,(v) = v,
fuler) = uer = ea+eies, fulea) = uez = e1, fu(e}) = eju™" = e and fi(e3) = esu™' =
e} — e1(e3)?. We then obtain that

fuleres + eze] — e3ejes) = (ea + efe)(e] — er(e3)?) + eres — efes(e] — en(e3)?)

= ege} —egeq(eh)? +edesel +erel — elesel
=e1ej +exe; —egeq(eh)? =ut.
By Corollary 2.11 (4), f, is a graded automorphism of Ly (Rz) with f; ! = f,, where
w = eres + ege; — edejes € U(Li(Rg)) with w™! = ejes + ezef + erea(e})?.

We note that f,(u) = fu(eie} —|—€2€1+616261) (ea+edes) (e —er(es)?)+eres+(ea+
efes)? (et — 61(62) Jes = e1es +ege +efese] +efefes —eser(e3)? +esefes —ede(es)’ +
esedeserels — e3(es)3. Therefore, by the Z-grading in Ly (Ry), we must have f,(u) # u.

The above examples show that the set
{u e U(Lk(R2)) | fu(u) = u}
is not a subgroup of U(Lk (R2)).
3. Application: Zhang twist of Leavitt path algebras

In this section we study Zhang twist of Leavitt path algebras. More precisely, we twist
the multiplicative structure of Leavitt path algebras Lg (FE) over any graph E with the
help of graded automorphisms constructed in the previous section.

Definition 3.1. Let o be a graded automorphism of Leavitt path algebra Lx (F) over any
arbitrary graph F. We know that Lk (F) has a Z-graded structure as Lx(E) = &, L.
We twist the multiplicative structure of ®,,L,, as axb = ac™(b) for any a € L,,,b € L,,
The same underlying graded vector space @L,, with this new graded product « is called
the Zhang twist of Lx (F) and denoted as L (F)°.
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In a rather surprising result we note that the Leavitt path algebra Ly (F) of an
arbitrary graph E is always a subalgebra of the Zhang twist Lx(E)%* by any graded
automorphism pp introduced in Corollary 2.3.

Proposition 3.2. Let K be a field, n a positive integer, E a graph, and v and w vertices
in E (they may be the same). Let ey, ea, ..., e, be distinct edges in E with s(e;) = v and
r(e;) =w foralll <i < n.Let P = (p;;) and Q = (g;;) be elements of GL,(wLk (E)ow)
with Pop(Q) = I,, P! = (pg;l)) and Q7! = (qf{l)), Then, there exists a graded
injective homomorphism 0p : L (E) — Lk (E)¥" of K-algebras satisfying

forallu € E°, e € E* and f € E*\ {e1,...,en}, and

n
Op(ci) =Y iy e
k=1
for all 1 < i < n, where the graded automorphism pp is defined in Corollary 2.35.

Proof. We first note that ¢p(u) = u,pp(e) = e and gp(e*) = e* for all u € E° and
e€ E'\ {e1,...,e,}, and

n n

* —1) x

pp(ei) =Y expri and @p(e]) = sz('k lei
k=1 k=1

for all 1 <i <n, and 4,0;1 = Q.

We define the elements {Q,, | u € E°} and {T,,T.- | e € E'} of Li(E)¥" by setting
Q. =u, T, = e and

. — > orey qgk_l)e,’; ife=e; for some 1 <i<n
e* otherwise.

We claim that {Q,,T.,Tex | u € E% e € E'} is a family in Ly (E)?" satisfying the
relations analogous to (1) - (4) in Definition 2.1. Indeed, we have Q, * Qu = QuQuw =
utt = 6yt = 8y Qy for all u,u’ € E°, showing relation (1).

For (2), we always have Q) * Te = Qge)Tc = Te = TeQpie)y = Te * Qr(e) for all

e € E' and Ty % Q) = Tr-9p (Qu(p) = Tp+ Qs(py = Ty = Qup) T+ = Qupy + Ty for
all f€ E*\ {e1,...,e,}. For each 1 <i < n, since

~1 -1
vep = epw = ex, wey = erv =er, and wqg,~c ) = qgk )

for all k, we have
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Qw*T*—QwT*_quzkl) i Zw%k ek Zqzkl)eZ:Tef’

k=1

_ 1)
Tef*Qu: ef@Pl(Q’U T Q'u quk ek’U—Zqzk )ek_ e;-*-

For (3), we obtain that Ty« * Ty = e*¢p'(f) = e*po(f) = e*f = 6. r(e) for all
e, f € EY\ {e1,...,en}. For each f € E'\ {ey,...,e,} and 1 < i < n, we have

Te: # Ty = Tez ¢ (Ty) = Ter po(Ty) qukekf =0

and
T % Te, = Tp-op' (Te,) = Typq(T. Zf expri = 0,
since ejf = f*er, = 0. For i,j € {1,...,n}, we have
_ 1)
Te: 5 To, = Terpp (Te,) = Terpo(Te)) = D > aty, Verew
k=1 I=1
-1
=> Zq 61 1wpi; Z a3y, ok = 01w = 6, Qu,
k=1 I=1 k=1

since eje; = 0w and wpy; = piy.

For (4), let u be a regular vertex in E. If w # v, then Eeerl(u) T, « T.. =
Pecs—1(u) Lepp(Tex) = X cs-1(u) €€ = u = Q. Consider the case when u = v, that is,
v is a regular vertex. Write

sfl(v) ={e1,-.-,€n,€ntls---sm}

for some distinct e,q1,...,€, € E' with n < m < oo. We note that Tep * Tey =
Te,pp(Ter) = exey for all n +1 < k < m, and

1) % —1 *
T., *Te: = eiop( Zq( ey =Y wrlay V)epler)
k=1 k=1

= e szk Zpkt l)ef (since p(Q™ 1) = P)

n n n

_ * (1) % _ *

= € E E pzkpkt 6t = ei(E DPikDy; )ei = ejwe;
t=1 k=1 k=1

e;e;

(since e; = e;w)
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for all 1 <14 < n, and so, we have

m

m
.
E To s T = E Te, * Ter = eie; =V =Qy,
i=1

e€s—1(v) =1

thus showing the claim. Then, by the Universal Property of Lx(FE), there exists a K-
algebra homomorphism 0p : Lg(E) — Lk (F)¥?, which maps u — Q., e — T,
and e* — T,«. It is obvious that @, and T, have degree 0 and 1 respectively for all
uw € E° and e € E'. Since qffl) € Lg(E)g for all 1 < 4,5 < n, T, has degree —1 for
all e € E'. This implies that ¢p is a Z-graded homomorphism, whence the injectivity
of 0p is guaranteed by [26, Theorem 4.8], thus finishing the proof. O

The remainder of this section is to investigate Zhang twists Lx (R, )* of Leavitt path
algebras Lk (R,) by their graded automorphisms A where R,, is the rose graph with
n petals. We first note that for any A € Aut9"(Lk(R,)), by Proposition 2.7, there
exists a unique pair (P, Q) consisting of elements P and @ of GL,(Lk(R,)o) such that
P7t = 0op(Q), N = ¢p and A7 = ¢g. In light of this note and for convenience, we
denote

Lig(R,)P? = Li(R,)?" = Lg(R,)*

for any such pair (P, Q). As a corollary of Proposition 3.2, we obtain that Lx(R,) is a
K-subalgebra of all Zhang’s twists Lx (R,)"%.

Corollary 3.3. Let n > 2 be a positive integer, K a field and R, the rose graph
with n petals. Let P = (p;;) and Q = (qi;) be elements of GLy,(Lk(Ry)o) with

Pop(Q)=1, and Q7! = (ql(;l)). Then, there exists a graded injective homomorphism
0p : L (R,) — Lg(R,)"? of K-algebras satisfying

Op(v) =v, Op(e;)=e; and Op(el) = qukfl)ez
k=1

foralll <i<n.
Proof. It immediately follows from Proposition 3.2. O

Next we give criteria for the homomorphism 6p in Corollary 3.3 to be an isomorphism.
In order to do so, we need the following useful fact.

Lemma 3.4. Let n > 2 be a positive integer, K a field and R, the rose graph with n
petals. Let P = (p;j) and Q = (g;5) be elements of GL,(Lk(Ry)o) with Pop (Q) = I,.

For a positive integer m, let P, = (pz(;n)), P,;l = (pgj_m)); Qm = (qz(;n)) and Qq;bl =
(qgfm)>. Then, the following statements hold:
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foralll<i<nand m>1.

Proof. We first note that since Ppp (Q) = I, and by Proposition 2.7 (2), we obtain
that 5! = ¢q,., Pm = ¢p, (@) and P! = ¢p, (Qn) for all m > 1. Consequently,

00 (Pn') = €0, (9P, (Qm)) = ¢p. (¢P,(Qm)) = Qm for all m > 1. Then, for all
1 <i<nandm>1, we have

o (Z €kq,(€T)> = $Pn (Z ekql(cT)> = ZWPM (ex) op,, (Q;(CT))
k=1 Pt —
n n
= Z <Z etptk >ka m) (since wp,, (Qm) — Pgl)
n
et <Zptk pkl ) (szk pkz >
1

=e;v = €,
and
P (i qgkm)ezi) = ¢p, (i g\ e ) Zsop (qzk )cppm (e})
k=1 k=1
= En: (Zpkt ey ) (since ¢p, (@) = Pm)
k=1 -
; (Zpgg)pkt ) (ZPE?)Pm ) e
= vef = ¢},
and

<Zp( " k) =05 <Zp(_ i ) = ©Q,, (Zp( "”632)
= va. (Ph™) v (0)

3



214 T.G. Nam et al. / Journal of Algebra 654 (2024) 189-23/

=> i (Z ag el ) (since ¢q,, (Pr') = Qm)

1

= Z <Z qz(;cn)qkt m)> e = (Z qz(;cn)qkz ) €;
t=1 \k=1

—ve;‘ = f,

thus proving items (1), (2) and (3). This completes the proof of the lemma. 0O

We are now in a position to characterize when is Ly (R,) rigid to Zhang twist in the
sense that its twist by graded automorphism developed in the previous section turns out
to be isomorphic to Lk (Ry,).

Theorem 3.5. Let n > 2 be a positive integer, K a field and R, the rose graph with n
petals. Let P = (p;;) and Q = (g;;) be elements of GL,(Lk(Rn)o) with Pop (Q) = I,.

For a positive integer m, let Py, (pgn)) Pl = (PEJ m))’ Qum (qz(J )) and Q- =
(ql(]_m)), Then, the K-algebra homomorphism 0p : Li(R,) — Li(R,)"?, defined

in Corollary 3.3, is an isomorphism if and only if pm m), qz(jm), qf] ™ ¢ Im(0p) for all
m>1and1<i,j <n.

Proof. (=) It is obvious.

(«<=) By Corollary 3.3, 0p is always injective, and so it suffices to show that 0p is
surjective. We first claim that o and o € Im(6p) for all o € (R,,)*. We use induction on
|| to establish the claim. If |oz\ = 1, then since ¢; = 0p(e;) € Im(fp) for all 1 < i < n,

a € Im(fp). Since Op(e qu e;, for all 1 <7 < n, we have
k=1

Z qlk ek

Op(ei) el

Z an ek "

and so
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n n

This follows that ef = Zqiwp(e’,;) = Zqik * Op(ey) for all 1 < ¢ < n (since ¢;; €
k=1 k=1

Li(Ry)o for all 1 <4,j <n). By our hypothesis, ¢;; € Im(fp) for all 1 <i,j <n, and

so ef = Z qir. * 0p(ey) € Im(0p) for all 1 < i < n, that means, o* € Im(0p).

k=1
Now we proceed inductively, that means, we have o and o* € Im(fp) for all @« € (R,,)

with 1 < |a| < m. For a € (R,,)* with |a] > m+1, we write o = fe;, for some § € (R,)*
with |8] = m and for some 1 < iy < n. By the induction hypothesis, 8 € Im(0p). B

n
Lemma 3.4 (1), we have e;, = ¢'B (Z ekq,(c?z)>, and so

*

a = Pe;, = Bop Zekqmo == Zequm -

k=1

On the other hand, since goél = @p, we have

Qm = Qve(Q) 05 1(Q) = vr(Pe(Q)¥y(Q) - 95 (Q)) = ep(Q™ ' Qmi1),

so gy = qut (m+1)) This shows that

tlo

n n
+1 +1
Z erpp Z g a0 = 8 O (er # Y gy Ve
k=1 t=1

n

(er * qut b thmH ))) € Im(fp) (by our hypothesis).
k 1

Write a* = y*e;, for some 1 <ty <n and v € (R,)* with |y| = m. By the induction
hypothesis, v* € Im(fp). By Lemma 3.4 (3), we have that ef = <Z Pin ek>

and hence

n
at =9l = v*wﬁm(zpﬁgk’")ek =" % Zpt e
k=1

n
* (Z pi;km) xey) € Im(0p) (by our hypothesis),
k=1

thus showing the claim.
We next prove that af* € Im(6p) for all « and § € (R,)* with m := |a] > 1 and
= |B| > 1. We use induction on |3| to establish the fact. If || = 1, then by the above
claim, o and e} € Im(0p) for all 1 < k <n, and so
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n
af* = ae; = apP(D gl ™er)  (by Lemma 3.4 (2))
k=1

Z 9k m)ez =ax* Z QG ) x e;) € Im(0p) (by our hypothesis).

Now we proceed inductively. We need to show that af*ef € Im(fp) for all 1 < i < n.
We should note that by the induction hypothesis, a«8* € Im(0p). If m — s = 0, we have

afB*ef =af* xef € Im (0p).

If m — s > 0, then we obtain that

* % * m 5 —m+s) m+s) *
affe; = af e g qlk er) = af” quk )

k=1

qu ")y ep) € Im(6p).

If m — s < 0, then we receive that

o€l = oB (3 pVe) = af" me Ve

k=1

proving the fact. From these observations, we immediately get that a8* € Im(0p) for
all @ and B € (R,)*. It is obvious that Lx(R,)"% is spanned as a K-vector space
by {aB* | o, € (R,)*}. This implies that Im(fp) = Li(R,)"¥, that means, fp is
surjective, thus finishing the proof. O

Consequently, we provide a simpler criterion for the homomorphism 6p be to an
isomorphism in the case when ¢p(P) = P.

Corollary 3.6. Let n > 2 be a positive integer, K a field and R,, the rose graph with n

petals. Let P = (p; ;) be an element of GL,, (Lk(Ry)o) with op (P) = P and P~ =
(pgj 1)). Then, the K -algebra homomorphism 0p : Lk (R,) — LK(Rn)P’Pfl, defined by

Op(v) =v, Op(e;) =¢; and Op(e meek forall1 <i<mn,
k=1

is an isomorphism if and only if p;;, pggl) € Im(0p) foralll <i,j <n.
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Proof. (=) It is obvious.
(«<=) Since ¢p(P) = P and by Proposition 2.7 (2), ¢p is a graded automorphism of
Lk (R,,) such that ¢p (Pfl) = P~ ! and ¢'% = ppm for all integer m. This implies that

PE(P) =P and  pp (P =P
for all m > 0, and so
P = Ppp (P)--- g~ (P) = P™
and
Pyt =P lpp (Pt (P = P

iy

for all m > 0. Since pij,pZ(; € Lk (Rn)o, we must have

P"=PxPx---xP and P ™m=P 's«P lx...x P!
N—_——

m times m times

in M, (Lx(R,)T), that means, P™ and P~™ are exactly the mth powers of P and P!
in M, (Lxk(R,)T), respectively. Then, since pl-j,pgj_l) € Im(fp) for all 1 < 4,j < n, all
entries of both P™ and P~ lie in Im(p) for all m > 1. By Theorem 3.5, we immediately
obtain that #p is an isomorphism, thus finishing the proof. 0O

)P

The first consequence of Corollary 3.6 is to show that the Zhang twist Ly (R,)" is

isomorphic to Li(R,) for all P € GL,(K).

Corollary 3.7. Let n > 2 be a positive integer, K a field and R,, the rose graph with n
petals. Then, for every P € GL,(K), the K-algebra homomorphism 0p : Li(R,) —
LK(Rn)P’P_l, defined in Corollary 3.0, is an isomorphism.

Proof. Let P be an arbitrary element of GL,(K). By Corollary 2.8, ¢p is a graded
automorphism of Li(R,) with ¢p(P) = P. Moreover, it is obvious that all entries of
both P and P~! lie in Im(6p). Then, by Corollary 3.6, fp is an isomorphism, thus
finishing the proof. O

The second consequence of Corollary 3.6 is to show that the Zhang twist of L (R,,) by
Anick type graded automorphisms mentioned in Corollary 2.9 are isomorphic to L (R,,).

Corollary 3.8. Let n > 2 be a positive integer, K a field and R,, the rose graph with n
1 p 0 ... 0
010 ... 0

petals. For every p € Ap, (e1,e2) N Lix(Ry)o, consider U, = .. . ] €
000 ... 1

GL,(Lk(Ry))o- Then the K-algebra homomorphism
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0p : L (R,) — L (Rn)%7»
defined by
Op(v) =v, Op(e;) =€, Op(ef) =€ and Op(e1) = e + pe;

foralll <i<nand2 < j<mn, is an isomorphism.

Proof. Let p be an arbitrary element of Ag, (e1,e2) N Lk (Ry)o. By Corollary 2.9, oy, is
a graded automorphism of Lx(R,) with ¢y, (q) = ¢ for all ¢ € AR, (e1,e2) N Lx(Ry)o,
where

1 p O 0
o1 0 ... 0

U,=1. . . . .| € GL,(Lk(Rn))o and Up_le,p.
000 ... 1

By Theorem 3.5, 6, := 0, is a K-algebra homomorphism satisfying 0,(v) = v, 0,(e;) =
ei, Op(e}) = e} and Op(e7) = ej +pes forall 1 <i<nand2<j<n.

We claim that 0,(p) = p. Indeed, write p = > af* where |a| = |f| =t and o =
ChiChy - - Cky, B = €5 €5, --eh with ey, € {e1,e3,...e,} and e}, € {e3,€5,... ¢}
Since ¢y, (q) = q for all ¢ € Ag, (e1,e2) N Lx(Ry)o, we must have oy, (ex,) = ex, and

pu,(es,) = e;, for all 1 <i <t. Then, we have that

01)(045*> = HP(O‘) * Gp(ﬂ*) = 9]9 (eklekz o '67%) * 0]9 (6:1622 o 'G:t
=0p (er,) *Op (er,) *--- %0y (er,) * 0, (6:1) * 6 (ejz) koo k0 (e:t)

_ * *
—6k1*€k2*---*6kt*681*652

K o+oe e 3k e:t
= €k Chy """ €k €5, €y, €, (since oy, (e,) = ek, pu,(€5,) = eg,)

=af’,

and so p = 0,(p) € Im (6p). This shows that all entries of both U, and U, " lie in Im(6p).
By Corollary 3.6, 6, is an isomorphism, thus finishing the proof. O

By Corollary 2.11, for any u € U(Lk(R,)o), there exists a unique graded endomor-
phism f,, of Lx(R,) such that f,(v) = v, fu(e;) = ue; and f,(ef) = efu~? for all
1 < i < n. Moreover, f, is a graded automorphism if and only if u=! = f,(w) for some
w € U(Lk(R,)o). In this case, by Corollary 2.11 and Theorem 3.5, there exists a graded
injective homomorphism

0, :=0p : Li(R,) — Li(Rn)’™

of K-algebras satisfying 6,(v) = v, 0,(e;) = e; and 0,(e}) = efw™! for all 1 < i < n,
where P = (efue;). For a positive integer m, we always have
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=ou " (W) fu () u € ULk (Ra)o) and ' = u™" fu(u™) - f' 7 (u™).

We denote

Povi= Pop(P) - g~ (P) = Pf(P)--- [\ (P).
Moreover, we have the following useful fact.

Lemma 3.9. P, = (€fume;)i1<ij<n and Pt = (efu,tej)1<ij<n for allm > 1.

Proof. We first claim that
* *, —1 * *,0—1
fu'(efuej) = €5y, umqre; and fi(ejwe;) = ejw,, Wmy1€;

for allm > 1 and 1 < 4,5 < n. We use induction on m to establish the claim. If m =1,
then f,(efue;) = efu'f,(w)ue; = efuj'use; and f,(efwe;) = efw™ ! f,(w)we; =
efwflwgej forall 1 <i,j <n.

Now we proceed inductively, that means, we have f(efue;) = efu, ty+1€e; and
M (efwe;) = efwy, wyqe; for all 1 <m < k. For m = k + 1, we have

fil(ejuey) = fat(efues) = fulfl(efuey))
= fu(efuglulﬁrlej) = e;‘ku_lfu(ulzl)fu(ukJrl)twj
= ef (u_lfU(ulzl)) (fu(uk+l)u) €;

% —1 L %, —1 .
=€ uk+1uk+ge] =€, Uy, Um+1€5.

Similarly, we also have f(efwe;) = efw,, wp+1e;, showing the claim.

We next show the lemma by using induction on m. If m = 1, the statement is
obvious. Now we proceed inductively, that means, we have P, = (efume;)i<ij<n
and P! = (efu:nlej)lgi,jgn for all 1 < m < k. For m = k + 1, we obtain that

P, = Pyy1 = Pfy(P)--- fF=Y(P)fk(P) = P.f*(P). By the induction hypothesis,
P, = (efure;j)i<ij<n. By the above claim, we have

k k -1
fu (P) = (fu (e?ue]’))lgi,jgn = (6Z<uk; uk+1ej)1§i,j§n .

Write P, = (pl(-j;-l)hgi,jgn- We then have

n n
pw E efuget) etuk uk_He]) = ejug (g €t€t> Uy, uk+1e]

t=1 t=1

* —1 * *
=€, UrUp Uk4+1€5 = €; Uk4+1€5 = €; Um€j

for all 1 <4,j < n, and so Py, = (efume;)i<ij<n and Pt = (eju,,'e;)1<ij<n for all
m > 1, thus finishing the proof. O
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As a corollary of Theorem 3.5, we obtain a criterion for the Zhang twist Lz (R,,)/ of
Lk (R,) by a graded automorphism f,, to be isomorphic to Lk (Ry,).

Corollary 3.10. Let n > 2 be a positive integer, K a field and R, the rose with n petals.
Let u be an element of U(Lk(R,)o) such that u=t = f,(w) for some w € U(Lx(Rn)o)-
Then the following statements hold:

(1) The K-algebra homomorphism 0, : Lk (R,) — L (R,)', defined by v — v,
e; — e; and ef — efw™! for all 1 <i < n, is an isomorphism if and only if eju, e;,
efwmej, efwte; € Im(6,) for allm > 1 and 1 <i,j <n.

(2) If, in addition, f,(u) = u, then 8, is an isomorphism if and only if efue;, efu~
Im(6,) for all1 <i,j <n.

1,
e; €

Proof. (1) Let P = (efue;)i<ij<n and Q = (efwe;)i<i j<n. By Lemma 3.9, we have
Pt = (efuy'ej)icij<n, @m = (€jwmej)i<ijen and Qnl = (efwy'ej)1<ij<n for all
m > 1. Then, by Theorem 3.5, 6, is an isomorphism if and only if efu,'e;, e;wpne;,
efw;lej € Im(8,) forallm > 1 and 1 <i,j < n.

(2) Assume that f,(u) = u. We have f,(ejue;) = efu " uue; = efue; for all 1 <
1,7 < n, and so f,(P) = P. By Corollary 3.6, 6,, is an isomorphism if and only if
efuej,efute; € Im(6,) for all 1 <i,j < n, thus finishing the proof. O

We end this section by presenting the following example which illustrates Corol-
lary 3.10. Particularly, we show that homomorphisms 6, are not an isomorphism in
general.

Examples 3.11. Let K be a field and R, the rose graph with 2 petals.

(1) Let * = e1e5 + esef € Li(Ry,)o- It is shown in Examples 2.13 (1) that x is a
unit of Lg(Ry)o with 271 = 2. We also have the graded automorphism f, of Lx(R>)
such that f,(v) = v, f.(e1) = ea, fa(ea) = e1, fu(ef) = €5 and f.(x) = x, which yields
a graded K-algebra homomorphism 6, : Li(R2) — Lg(Ry)?» such that 0.(v) = v,
0:(e1) = e1, Oy(e2) = €2, O,(e]) = efz = e} and 0,(e3) = e = e]. We then have

ejxe; = esres =0 € Im(0,) and ejzes = ejxe; = v € Im(6,,).

By Corollary 3.10 (2), we immediately obtain that 6, is an isomorphism.

(2) Let y = v+e2(e3)? € L (Ra)o. It is shown in Examples 2.13 (2) that y is a unit of
Lk (R2)o with y=' = v — e?(e})?. We also have the graded automorphism f, of L (R2)
such that f,(v) = v, fy(e1) = e1, fylea) = €2 + eles, fylef) = €5 — e1(€3)?, fyled) =
e5 and fy(y) = y, which yields a graded K-algebra homomorphism 6, : Lx(R2) —
L (R2)'v such that 0, (v) = v, O,(e1) = e1, O,(e2) = ez, Oy(e}) = ejy = €} + e1(e3)?
and 0,(e3) = eby = e;. Moreover, we have ejye; = elyes = efy ey = eby ley =
v € Im(0,), esyer = esy~ter = 0 € Im(6,), ejyes = eres = Oy(ere3) € Im(6,) and
ety les = —ejes = 0,(—eres) € Im(6,). Then, by Corollary 3.10 (2), we immediately
obtain that 6, is an isomorphism.
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We should note that 6, is exactly the automorphism 0., c; of L (R2) introduced in
Corollary 3.8.

(3) Let u = erel + eael + edese; € Li(Ra)o. It is shown in Examples 2.13 (3) that
w is a unit of Lx(Ra)o with u™! = ejel + ese} — eaer(e3)?. We also have the graded
automorphism f, of Lx(Ry) such that f,(v) = v, fu(e1) = ea + e3es, fulea) = e
fuler) = eb, fules) = et —ei(e3)? and f,(w) = u™!, where w = ejeb + ese} — e2ejes
and w™! = eje} + eae} + erea(e})?. This yields a graded K-algebra homomorphism

0. : L (Ry) — Ly (R2)%* such that 6,(v) = v, Ou.(e1) = e1, Ou(ea) = ez, Ou(el) =

-1 _ 1

efw™! = e} +ea(el)? and O, (eh) = esw™! = ef.

We claim that 6, is not an isomorphism. Indeed, it suffices to show that ejwqes ¢
Im(6,). We note that ejwqes is exactly the (1,2)-entry of Q2 = Qv (Q), where Q =

" 0 1
e = (1 )
1

We have f,,(v) = v, fu(e1) = wer = ea, fu(e2) = wes = e —ede}, fu(e}) =ejw™! =
es + egei? and fy,(€3) = esw™! = e}. We then obtain that

(0 1\ (o 1
fu(@Q) = fu (1 626T> - <1 —eleg—eleg(e’{)Q—Fe%e’{e;)’

and so

Q= QhlQ = (L TG el i),

—egel 1+ eges +e3(e})?
This implies that
efwoes = —erey — erea(e})? + esefes € L (Ra)o.

Assume that —ejel — ejea(e})? + elejes € Im(6,,), that means, —ejes — ejea(e})? +
e3etes = 0,(a) for some a € L (Rz)o. Then, a may be written of the form:

a = ertie] + ertael + eatsel + eatqel,

where t; € Li(Rg)o for all 1 < i < 4. We note that f,(0,(e})) = fules + ea(e})?) = e}
and f,(0.(e3)) = fu(er) = eb for all 1 < j < 2. Therefore, we have

Ou(eise;) = Ou(es) * 0u(s) ¥ Ou(e]) = e * 0u(s) * Ou(€]) = eipu(0u(s)) * Ou(e])
= eifu(0u(s)) fu0u(e])) = €ifu(Ou(s))e]

for all s € Lix(R2)p and 1 < 4,5 < 2. This implies that

Gu(a) = elfu(eu(tl))é{ + elfu(au(tQ))eg + e2fu(0u(t3))eT + egfu(ﬁu(t4))e§,
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and so
—ege} = ef(—eres — ereaei? + eseies)er = ef0u(a)er = fu(0u(t1)),
—v =ej(—eres — 616261 + 626162)62 = ejbu(a)es = fu(0,(t2)),
0=ec5(—eres — 616’261 + 62616 ser = 629 (a)er = fu(0u(t3)),
ese] = e5(—erey — 616261 + 626162)62 Ou(a)es = fu(0u(ts)).

Hence, ezel = fu(0u(—t1)) = fu(Bu(ts)). Since f,, and 6, are injective, we must have
—t1 =t4 =: t, ts = —v and t3 = 0. Therefore,

a = —ere; — erte] + egtes.
As above we have shown eszef = f,,(0,(t)). On the other hand,
ez = fuler) — efes = fuler) — fule3) fulel) = fuler — e3eq)
ei = fuled) +ere5® = fules) + fule) fulei®) = fu(es + eaei?).

So eze = fuleres + ereae;? — edetes) = fu(—0u(a)) = fu(0u(—a)). It follows that
fu(0u(t)) = fu(6u(—a)). By the injectivity of f, and 6, t = —a, i.e.,

t = e1e5 + erte] — eates,
which yields that (ef)™te]* =t for all m > 1. Since t € Lx(Rs2)o, we write t = kv +

Zle ki Bf, where d > 0, k,k; € K and «;, 8; € (R2)* with |a;| = |8;] > 1 for all
1 <i<p. We have (ef)le! =v foralll > 1 and

(el (o B>|1al\ {v if a; =37 =el lovil

0 otherwise
for all 1 <4 < d. Hence, for m = max{|o;| | 1 <i < d}, we obtain that
d
t=(e})"te]" = (e})" (kv + Y kieiB})el" = cv
i=1

for some ¢ € K, and so eftes = ef(cv)ea = c(ejes) = 0.
On the other hand, we have

eltes = ej(e1e5 + erte] — eatel)es = v,

and so v = 0, a contradiction. Therefore, we must have —eje3—ejezei?+eieies ¢ Im(6,),
thus 60, is not an isomorphism.
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4. Application: irreducible representations of L (R,,)

The study of irreducible representations of Leavitt path algebras is still in its early
stage. Chen in his remarkable paper [14] initiated the study of simple modules over
Leavitt path algebras. To understand his construction of simple modules, let us first
recall some terminologies. Let E be an arbitrary graph. An infinite pathp :=e1---¢e, - --

in a graph F is a sequence of edges e, ..., ey, ... such that r(e;) = s(e;41) for all i. We
denote by E°° the set of all infinite paths in F. For p:=e;---e,--- € E*® and n > 1,
Chen ([14]) defines 7, (p) = enq1€nt2---, and 7<,(p) = e1ez - - - e,. Two infinite paths

p, q are said to be tail-equivalent (written p ~ q) if there exist positive integers m, n such
that 75, (p) = T>m(q). Clearly ~ is an equivalence relation on E*° and we let [p] denote
the ~ equivalence class of the infinite path p.

Let ¢ be a closed path in E. Then the path ccc--- is an infinite path in E, which we
denote by ¢*°. Note that if ¢ and d are closed paths in E such that ¢ = d™, then ¢* = d*°
as elements of £°°. The infinite path p is called rational in case p ~ ¢* for some closed
path c. If p € E* is not rational we say p is irrational. We denote by E;S. the set of
irrational paths in F.

Given a field K and an infinite path p, Chen ([14]) defines V], to be the K-vector
space having {q € E* | ¢ € [p]} as a basis, that is, having basis consisting of distinct
elements of £°° which are tail-equivalent to p. V},) is made a left Ly (F)-module by
defining, for all ¢ € [p] and all v € E°, e € B,

1) v-q = q or 0 according as v = s(q) or not;

2) e-q = eq or 0 according as r(e) = s(q) or not;

3) e* - ¢ = 71(q) or 0 according as ¢ = ery(q) or not.

In [14, Theorem 3.3] Chen showed that V}, is a simple left Ly (£)-module; and V},) =V
if and only if p ~ ¢, which happens precisely when V[, = V[ .

q]

Let ¢ = ey ---e; be a closed path in E based at v and f(z) = ag+ a1z + -+ az™ a
polynomial in K[z]. We denote by f(c) the element

flc) ==apv+aic+ -+ apnc" € Lg(E).

We denote by Irr(K[z]) the set of all irreducible polynomials in K[z] written in the
form 1 — ayx — -+ — apz™ and by II, the set of all the following closed paths c¢; :=
C, Co i= €9 €], ..., Cp := €n€1---en_1. In [7, Theorems 4.3 and 4.7] Anh and the
first author proved that for any irreducible polynomial f € Irr(K[z]), the all cyclic left
Lk (E)-modules S/ generated by z subject to z = (a1¢; + -+ + ancl)z (1 < i < n), are
both simple and isomorphic to each other, and define a simple Ly (E)-module Slf[c.

In [21] Kuroda and the first author constructed additional classes of simple Lk (R,,)-
modules by studying the twisted modules of the simple modules S/ under Anick type
automorphisms of Lk (R,,) mentioned in Corollary 2.9, where R, is the rose graph with
n petals.
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For any integer n > 2, we denote by Cs(R,,) the set of simple closed paths of the form
¢ = ek, ek, ek, where k; € {1,3,...,n} forall1 <i<m—1and k,, =2, in R,. For
any ¢ € Cs(R,), p € Ag, (e1,e2) and f € Irr(K|[x]), we have a left Ly (R,,)-module SI:7,
which is the twisted module (Sf)#», where ¢, is the automorphism of Ly (R,,) defined
in Corollary 2.9. By [21, Theorem 3.6], the Lx (R,,)-module S/? is always simple.

For each pair (f,c¢) € Irr(K[z]) x Cs(R,), we define an equivalence relation =¢ .
on Ag,(e1,e,) as follows. For all p,q € Ag,(e1,€n), p =f.c ¢ if and only if p — ¢ =
rf(c) for some r € Lg(R,). We denote by [p] the =¢. equivalence class of p. The
following theorem provides us with a list of some classes of pairwise non-isomorphic
simple Lk (Ry)-modules.

Theorem 4.1 ([21, Theorem 3.8]). Let K be a field, n > 2 a positive integer, and R, the
rose graph with n petals. Then, the following set

(Vi) | @ € (Ra)32. Y U{S] | c € SCP(R,), f € Ire(K[z])} U
U{S]? |d € Cy(Ry), f € Trr(K[z]), [0] # [p] € Ar, (e1,e2)/ =f.a}

consists of pairwise non-isomorphic simple left L (R,)-modules.

The remainder of this section is to investigate the twisted modules (V4))?” of the
simple Lg (R, )-modules V},) by graded automorphisms ¢ p mentioned in Proposition 2.7,
where p is an infinite path in R,, and P € GL,(K). For convenience, we denote

—1
‘/[S] = (‘/[oz])(pp = (Vr[oz])éppi1
for any @ € (R,)* and P € GL,(K). Denoting by - the module operation in V[g], we

have v - 8 = pp' (v)3 =v8 = 3,

e B=¢p (ez)ﬁ pp-1 anet

and

e:'B:W; (e;)B = pp-1( sztet B 1DV
t=1
for all B € [a] and 1 <i <n, where P = (p;;) and P~ = (p};) € GL,(K).
We note that the symmetric group S,, acts on the set (R, ) by setting:

(o,p=ce€i € €, ) —r0-p= €o(i1)€o(iz) """ Col(im) """

- € (Ry,)*°. The orbit of p is the set {o-p| o € Sy}
and denoted by S, - p. The set of orbits of points p in (R,,)°° under the action of S,, form

forallo € S, and p =e;,€;, -+ €;

m
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a partition of (R,)>°. The associated equivalence relation is defined by saying p ~ ¢ if
and only if there exists an element o € S,, such that ¢ = o - p. Moreover, we have that
(Ryp)$2. is an invariant subset of (R,,)°°, that means,

Sn - (Rn);?r = {U vy | pe (Rn)ffr} = (Rn)(i)fr

We denote by (R,)5,

irr—eert

the set of all irrational paths p = e;,e;, ---€;, --- such that

m

each edge is repeated infinitely many times in the path, that is,

[{m e N |e;, =e;}| =00

o0

for all 1 < j < n. It is not hard to see that (Ry,) is an invariant subset of (R,,)>,

and (R2)$2 = (R2)$e

irr—eert wrr*

We also have a group action of S,, on the general linear group GL, (K) defined by:
(CT,A = [a1 ag - an]) — 0 A= [aa(l) aa(g) v ao(n)]

forall o € S, and A = [a1 az -+ a,] € GL,(K), where a; is the 4 column of A.
In the following theorem, we describe simple Lx (R,,)-modules V[g] associated to pairs
(Oé,P) € (Rn)(i)w?r—eeri X GLTL(K)
Theorem 4.2. Let K be a field, n > 2 a positive integer, and R,, be the rose graph with
n petals. Let P = (p;;) € GL,(K) be an arbitrary element and o = e;, €, --¢€;,, -+ €
(Rn)So_eeri- Then, the following statements hold:

(1) V[S] is a simple left Lx (Ry)-module;

(2) Endp,(r,) (Vi) = K;

(3) V[S] = Li(Rn)/ @z:o Ly (Ry)(pp(em) — ¢p(€my1)), where € = v, €, =
€i, €€ e forallm > 1, and the graded automorphism pp is defined in Propo-

sition 2.7. Consequently, V[i} is not finitely presented.

(4) For any B € (Rp)§5_ceris Vi) = V[g} if and only if there exist an element o € S,
and a diagonal matriz D € GL,(K) such that P=0c-D and o -5 ~ «.
(5) For any B € (Rn)So._ peri and any Q € GL,(K), V[g] = V[g] if and only if there

ezist an element o € S,, and a diagonal matriz D € GL,(K) such that Q"'P =0 - D
and o - 3 ~ «a.

Proof. (1) It follows from the fact that Vi, is a simple left Ly (R, )-module (by [14,
Theorem 3.3 (1)]) and ¢p-1 is an automorphism of Lx(R,) (by Proposition 2.7).

(2) By [14, Theorem 3.3 (1)], we have Endp, (r,)(Via)) = K, which yields that
EndLK(Rn)(V[S]) =K.

(3) Since V) is a simple left L (R,)-module, Vo) = Li(Ry)a. By [7, Theorem 3.4],
we obtain that

{reLk(R,)|ra=0in Vj4} = @ Ly (Ry)(€m — €mt1)s

m=0
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where €p := v and €, = €;, ---€;,ef ---ef € Lg(Ry) for all m > 1. By item (1),
V[g] is a simple left Lk (R,)-module, and so V[g} = Lg(R,) - a, that means, every
element of V[g] is of the form r - o = pp-1(r)a, where r € Lg(R,). We next compute
anng,, (r,y(a) :={r € Lg(Ry,) | r-a = 0}. Indeed, let » € anny, (g, )(c). We then have
pp-1(r)a=r-a=0in V|, which gives that pp-1(r) = Zle 7i(€m; — €m;+1), Where
k>1andr; € Lg(R,) for all 1 <4 <k, and so

k
r=pp(pp-1( Z@P ri) (pp(em,) — op(em+1)) -
i=1
This implies that
annLK(Rn) @ Ly (Rn)(pp(€m) — pp(€m+1))-

Conversely, assume that r € @, _,Lx(Rn)(¢p(em) — op(ems1)); ie, r =
Zle ri(op(€m;) — ©p(€m;+1)), where k > 1 and r; € Lg(R,) for all 1 < ¢ < k.
We then have

r-a=gpp-1(rja= Zgoplrz €m; — €m;+1))a =0

in V4], and so 7 € anng,, (g, (), showing that

@ L (Rn)(pr(em) — @p(em41)) € anng (g, (a).

Hence @,,_, Lx (Rn)(op(€m) — ¢p(€éms1)) = anny, (g, (). This implies that

oo

Vid) 2 Lic(Rn)/ @ L (Ra)(@p(em) = op(em+1).

m=0

Assume that V[g] is finitely presented. This shows that @, _, Lk (Rn)(¢p(€em) —
©p(€m+1)) is finitely generated, whence there exists an integer k& > 1 such that
op(eém) = @p(emyr) for all m > 0; equivalently, €, = €4 for all m > 0 (since ¢p
is an automorphism), but this cannot happen in L (R,,). Therefore, V[g] is not finitely
presented.

(4) (<) Assume that there exist an element ¢ € S, and a diagonal matrix
D € GL,(K) such that P = o - D and 0 -« ~ (. We then have o - a =
(i) Caliz) " Colim) - € (Rn)™ and Vig = V[U_a] (by Theorem 4.1). By [7, The-
orem 3.4, Viya] = Li(Rn)/ Porp LK( n)(Am — Am+1), where A\g = v and A, =
€o(iy) " eU(im)ez(im) . 'e:;(il) for all m > 1.
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On the other hand, by Item (3), V[g} ~ Lr(Rn)/ D, _o Lx(Rn)(p(em)—¢p(€ms1)),
where € := v, €, = €, ---€;, e} ---ef forall m > 1. Write P = (p;;) and P~ = (gy).
Then, since P =0 - D, Wehavengl #0and p;; =0 forall 1 <i,j <nandj+#o(i).
This implies that g,(;); = and gri =0 forall 1 <i,k <nandk # (i), and so

ZO"L

op(e meek = Pro(k)er and pp(e quek = o(k)kChk
k=1 k=1

for all 1 <4 <n, where i = o(k). This shows that

op(em) =¢p (€, e e --er) =¢p(ei) -op(e,)ep (e, ) - op ()

= Piyo(i1)Co(ir) " 'pimo(im)ea(im)QU(im)imea(im) * Qo (ir)i1 Co(iy)

= €o(iy) " 'ea(im)ej;(im) T ei(il) =Am
for all m > 1, and so

o0

V[S] = Lg(Ry)/ @ Lg(Rp)(Am — Ami1) = V[a‘a] = V[B]a

m=0
as desired.

(=) Assume that 0 : Vjg) — V{[} is an isomorphism of left L (Ry,)-modules. Let ¢ €
[3] be an element such that 6(q) = >"'", k;a;, where m is minimal such that k; € K\ {0}

and all the a; are pairwise distinct in [a]. Write ¢ = ey et, -+ €4, -+ € (Rp)So_gop; and
O =€, €55 € € (Rp)so_eeris Where 1 < t;, jir, < n. By the minimality of m, we

have

0 # 0(r>1(q) = 0(es ) = ef, - 0(a) = (O prje) O ko) = > ko1 (),
j=1 i=1

i=1

where kl(l) = kipt, i, € K\{0} for all 1 <4 < m, and all the 71 (c;) are pairwise distinct
in [a]. For all s # 1, we have

0=0(ctq) =i 0(q) = O_psje}) D _kici) = kipajp 71 ().
j=1 i=1

i=1

Since all the 7-1(«a;) are pairwise distinct, they are linearly independent in V[ap i and so
kipsj,, = 0 for all 1 < i < m, this yields psj,, = 0 for all 1 <7 < m and s # t;; that
means, for each 1 < i < n, the jff—column of P has only the (¢1,j;1)-entry is nonzero.
Assume that there exist two numbers 1 < i # k < m such that 7<1(o;) # 7<1(ag), i.e
€j,, 7 €ju.- We then have py j,, # 0, piyj, 7 0 and pgj,, = 0 = pgj,, for all s # ¢,
and so A is not invertible, a contradiction. This implies that 7<;(a;) = 7<1(c;) for all
1 <1i,j < m, and the t{"-row of P has only the (¢1, j;1)-entry is nonzero.
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If e;, = et,, we then have
0 # 0(752(q)) = 0(c;, m51(0) = €5, - 0(71(q)) = Y kP mon(n),
=1

where k?) = k;l)ptljil € K\ {0} for all 1 <4 < m. By the minimality of m, all the
T>2(a;) are pairwise distinct in [a] and 7<1(7s>2(@)) = 7<1(7>2(ay)) for all 1 <4,k < m.
If es, # et,, then by using the quality

m

0#0(r>1(q) = > ki o ()

i=1

and repeating the above same argument which was done for e;,, we obtain that the
jH-column and t5'-row of P have only that the (2, ji2)-entry is nonzero, all the 7o(c;)
are pairwise distinct in [o] and 7<1(7s2(q;)) = T<1(7s2(ag)) for all 1 < 4,k < m.
Therefore, in any case, we have that all the 7-5(«;) are pairwise distinct in [a] and
T<2(a;) = T<2(ay) for all 1 <4,k < m.

By repeating this process, we obtain that 7<;(a;) = 7<;(c;) for all { > 1 and 1 <
i,7 < m, and every row and every column of P has only a nonzero entry (since ¢ €
(Rn)5o—eeri)- Then, since all the 7<;(;) are the same for all [ > 1, and all the «;
are pairwise distinct, we must have m = 1. Since every row and every column of P
has only a nonzero entry, there exists an element o € S, such that p;;;) # 0 for all
1 <4 < n. This implies that P = o - D for some diagonal matrix D € GL,(K) and
TG = €x(t)€o(ts) """ Co(ty) = O, this yields o-q ~ . Since g ~ 3, there exist natural
numbers s and [ such that 7~(q) = 7>;(8), and so

oc-Br~o-Ts1(B) =0 -Ts5(q) ~0oq~a,

as desired.
(5) We note that

Vg =V = (Via)Prt = (Vg <= (Vig)fe!)#e = (Vo)) ?r1)#e

~ S _ QTP
= Vg = Vi) re=Vy -
Using this note and Item (4), we immediately get the statement, thus finishing the

proof. O

For any integer n > 2, we define an equivalence relation = on (R,,)5o._,.,; as follows.
For all o, 8 € (Rp)50._pori» @ = f if and only if o - a ~ 3 for some o € S,,. We denote by
[a]= the = equivalence class of a. The following corollary shows that all simple L (R,,)-
modules V[S] associated to pairs (a, P) € (R,,)52 x GL,(K) may be parameterized

by the set ((Rn)%?r—eem’/ E) X GL”(K)
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Corollary 4.3. Let K be a field, n > 2 a positive integer and R,, be the rose graph with n
petals. Then, the set
(Vi) lel= € (Ru)3y, /= and P € GL,(K)}

irr—eert
consists of pairwise non-isomorphic simple left Lk (R;,)-modules.

Proof. Let a and /8 be elements of (R,)So._ ... such that [a]= # []=. We then have
that o - « is not tail-equivalent to 8 for all ¢ € S,,. By Theorem 4.2 (5), V[f] 2 V[g] as
left L (R,)-modules for all P,@Q € GL,(K), which yields the statement, thus finishing
the proof. O

For any integer n > 2 and any field K, we denote by U, (K) the subgroup of GL,(K)
consisting all upper-triangle matrices with 1’s along the diagonal. As the second corollary
of Theorem 4.2, we obtain that all simple Lg(R,)-modules V[g] associated to pairs
(o, P) € (Rn)32_peri X Uy (K) may be parameterized by the set ((R),)50._ori/ ~) X
U, (K).

Corollary 4.4. Let K be a field, n > 2 a positive integer, R, the rose graph with n petals
and U, (K) the subgroup of GL,(K) consisting all upper-triangle matrices with 1’s along
the diagonal. Let o and B be elements of (Ry)So._cor; and let P and Q be elements of

U, (K). Then, V[P = V[g] if and only if a ~ B and P = Q. Consequently, the set

al

{(Vig) | a € (Ra)3Y and P € U, (K)}

irr—eeri
consists of pairwise non-isomorphic simple left Lk (R;,)-modules.

Proof. (=) Assume that V[f] &~ V[g] Then, by Theorem 4.2 (5), there exist an element
o € S, and a diagonal matrix D € GL,(K) such that Q'P = o -D and 0 -3 ~ «a.
Since P,Q € U, (K), we have 0- D = Q~'P € U, (K), and so 0 = 1g, and D = I,,. This
implies that P = @ and « ~ 5.

(<) It immediately follows from Theorem 4.2 (5), thus finishing the proof. O

In the following theorem, we describe simple Lk (R,)-modules V[foo] associated to
pairs (¢, P) € SCP(R,,) x GL,(K).

Theorem 4.5. Let K be a field, n > 2 a positive integer, and R,, be the rose graph with
n petals. Let P = (p;;) € GL,(K) be an arbitrary element and ¢ € SCP(R,,). Then, the
following statements hold:

(1) V[CPOC] is a simple left Lx (Ry)-module;

(2) EndLK(Rn)(V[fOO]) ~K;

(3) V[fx] > Lg(Ryn)/Lx(Ry)(v — @p(c)), where the graded automorphism @p is de-
fined in Proposition 2.7.
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4) For any d € SCP(R,,), Vigee1 = Vi, if and only if d = pp(B) for some § € 1l..
[d>=] = c ]
(5) For any d € SCP( n) and any Q € GL,(K), V[ono] = V[fm] if and only if
©q(d) = @p(B) for some B € Il..

Proof. (1) It follows from the fact that Vj.j is a simple left Ly (R,)-module (by [14,
Theorem 3.3 (1)]) and ¢p-1 is an automorphism of Lk (R,,) (by Proposition 2.7).

(2) By [14, Theorem 3.3 (1)], we have Endp, (r,)(Viee)) = K, which yields that
Endy,(r,) (Vi) 2 K.

(3) Since Vi) is a simple left Lx (R, )-module, Vi) = Lg(R,)c*. By [7, Theorem
4.3] (see also [4, Theorem 2.8]), we obtain that

{reLk(R,)|rc® =0in Vie} = Lr(Ry)(v —¢).

By item (1), V[fm] is a simple left Lg(R,)-module, and so V[foo] = Lk (R,) - ¢, that
means, every element of V[f;o] is of the form 7 - ¢® = @p-1(r)c™, where r € Li(R,).
We next compute annp,, (g,)(c®) = {r € Lg(R,) | r-c* = 0}. Indeed, let r €
anng, (g,)(c*). We then have ¢p-1(r)c™ = r-c* = 0 in V), which gives that
wp-1(r) = s(v — ¢) for some s € Lx(R,), and so

r=¢p(pp-1(r)) = ¢p(s) (v —pp(c)).
This implies that
a1, () € Lic(Ra)(v — 0p(c)).

Conversely, assume that 7 € L (R,)(v — ¢p(c)); i.e., ¥ = z(v — pp(c)) for some z €
Lk (Ry,). We then have

P = pas (1) = por (30 — 9p(E)e® = ppi(2) (0 — ) = =0
in V4], and so 7 € anng,, (g,,)(c>), showing that
Lg(Ry)(v —pp(c)) Canng,, (g, )(c™).
Hence L (R,)(v — ¢p(c)) = anng,, (g, (c>). This implies that
Vi = Lie(Ra) /Lo — (0))

as desired.

(4) (<) Assume that d = pp(5) for some § € II.. Then, by [7, Theorem 4.3] (see also
[4, Theorem 2.8]), Vigee] & Li (Ry)/Lk (Ry,)(v — d). Since 3 € I1. and by Theorem 4.1,
View) = Vige=], and so

View) = (View) P 2 (Vg PP = Vigmy.
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By Item (3), we have

Vi) & Lic(Rn) /L (Rn) /L (Ra) (v = P (B)) = L (Rn) /L (Rp) (v — d) = Vigeey,

and 80 Vjges) & V[foo}, as desired.

(=) Assume that 0 : Vigee] — V[foo] is an isomorphism of left Lk (R, )-modules. Let
q € [d°°] be an element such that 6(q) = >, ki, where m is minimal such that
k; € K\ {0} and all the «; are pairwise distinct in [¢*°]. By repeating the method done
in the proof of the direction (=) of Theorem 4.2 (4), we obtain that 7<;(a;) = 7<;(c;)
foralll > 1and 1 < 4,5 < m. Since all the «; are pairwise distinct, we must have m = 1.
Since g € [d*°], T>;(p) = d*° for some [ > 0, and so

0(d>) = 0(t<1(q)"q) = 7<1(q)" - 0(q) = krop-1(1<i(q)" )1 = ka,

where k € K \ {0} and o = 75;(1). This implies that
ka = 0(d>®) = 6(d'd>®) = d" - 0(d™) = kpp-1(d')a

for all t > 1, and so o = B for some 8 € SCP(R,,) and ¢p-1(d) = 5. This shows that
d = pp(pp-1(d)) = pp(B). Since a € [¢*], we have [f*°] = [¢*°], and so € I, as
desired.

(5) We note that

o] = Viem) = (Vig=)) P97 2 (Veoe)) PP <= (Vige]) P97 )92 2 (Vo) )PP )92

-1
= Viaw) = (Vew)) P70 = V2 7.
Using this note and Item (4), we immediately get the statement, thus finishing the
proof. O

In light of Theorem 4.5, we define an equivalence relation = on SCP(R,,) x GL,(K)
as follows: For all (¢, P) and (d,Q) € SCP(R,,) x GL,(K), (¢, P) = (d,Q) if and only
if po(d) = pp(B) for some B € II.. We denote by [(¢, P)] the =-equivalence class of
(c, P). As a corollary of Theorem 4.5, we obtain that all simple Lg (R,,)-modules V[foo]
associated to pairs (a, P) € SCP(R,) x GL,(K) may be parameterized by the set
(SCP(R,) x GL,(K))/ =.

Corollary 4.6. Let K be a field, n > 2 a positive integer and R,, the rose graph with n
petals. Then, the set

{Viex) | [(e, P)] € (SCP(Rn) x GLn(K))/ =}

consists of pairwise non-isomorphic simple left L (Ry,)-modules.
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Proof. It immediately follows from Theorem 4.5 (5). O

We should note that for all (P,Q) € GL,(K) x GL,(K) and (¢,d) € SCP(R,,) x
SCP(R,,) with |c| # |d|, we always have deg(pqg(d)) = |d| # |c| = deg(eop(8)) for all
B € I, and so q(d) # ¢p(B) for all 8 € II.. Consequently, we obtain that [(c, P)] #
[(d,@)]. This shows that there are infinitely many isomorphic classes of simple modules
described in Corollary 4.6.

Using Theorems 4.1, 4.2 and 4.5, we obtain a list of some classes of pairwise non-
isomorphic simple modules for the Leavitt path algebra Li(R,,).

Theorem 4.7. Let K be a field, n > 2 a positive integer and R,, be the rose graph with n

petals. Then, the following simple left L (R, )-modules

(1) Vi), where o € (Ry)5y,s

(2) S{;C, where ¢ € SCP(R,,) and f € Irr(K|x]);

(3) SIP. where d € Cy(Ry), f € DIr(Kz]) with deg(f) > 2, [0] # [p] €
Ar,(e1,€2)/ =545

(4) I/[a], where [a)= € (Ry)5o—_eeri/ = and I, # P € GL,(K);

(5) V[fm], where [(¢, P)] € (SCP(R,) x GL,(K))/ = and P # I,

are pairwise mon-isomorphic.

Proof. By Theorem 4.1, all the simple modules V| Sf; and Sf P are pairwise non-
isomorphic. By Corollary 4.3, all V[g] ([o)= € (Rn)m ceri/ = and P € GL,(K)) are
pairwise non-isomorphic. By Corollary 4.6, all V[fm] ([(e, P)] € (SCP(R,)xGL,(K))/=)
are pairwise non-isomorphic. By Theorem 4.2 (3), V[g} is not finitely presented for all
a € (Ry)._,eri and P € GL,(K). While by Theorem 4.5 (3), V[foo] is finitely presented
for all ¢ € SCP(R,,) and P € GL,(K). By [21, Theorem 3.6 (5)], all S(J;’p are finitely
presented. By [7, Theorem 4.3] (see also [21, Theorem 3.2]), all S{;C are finitely presented.
Therefore, each V[g} is neither isomorphic to any S{flc nor any V[foo]. By Theorem 4.5 (2),
EndLK(Rn)(V[fw]) = K for all c € SCP(R,,) and P € GL,(K). While by [21, Theorem
3.6 (4)], EndLK(R")(SL’;’p) > Klz]/K[z]f(z) for all d € C4(Ry), f € Irr(K]z]) and
p € Ap, (e1,e2). Therefore, each V[fx] is not isomorphic to any Sg’p with deg(f) > 2,
thus finishing the proof. O

We end this article by presenting the following example which illustrates Theorem 4.7.
Examples 4.8. Let R be the field of real numbers and Ry be the rose with 2 petals. We

then have (R2)$2 = (R2)5>., and C4(Rs) = {ef*ea | m € Z, m > 0} and Ag,(e1,e2)
is the R-subalgebra of Ly (R2) generated by v, e;, e}, that means,

irr—eert
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n
Ag,(e1,e2) = > _mief"(e5)" [n>1,r; € R, my,1; > 0},
=1

7=

where € = v = (e3)?, and R[e;] C Ag,(e1,e2). By Corollary 4.7, the following simple

left Ly (R2)-modules

(1) Vi, where a € (R2)5y,;

(2) i, where ¢ € SCP(R,) and f € Irr(R[z]);

(3) Sg{’f@, where m > 0, f = 1 — bz — ax? € R[z] with @ # 0 and % + 4a < 0, and
0#p € Rles];

(4) V[g], where [o]= € (R2)5s./ = and Iy # P € GLy(R);

(5) V[foo], where [(c, P)] € (SCP(R2) x GLy(R))/ = and P # I,

are pairwise non-isomorphic.
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