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Introduction

The arithmetic of number fields or local fields are related to the field’s Galois extensions
through Class Field Theory. The theory for abelian extensions was established by Kronecker,
Weber, Hilbert, Takagi, Artin, and others approximately between 1850 and 1927. With the
work of Langlands, nonabelian extensions only saw significant advancement for the first time
roughly 25 years ago. The present thesis is motivated by [1] and mainly focus on results on
local fields.

This thesis is divided into three chapters:

1. Chapter 1 is an introduction to the classical theory of cohomology of groups and Tate
cohomology. We present the notion of cup-product, a family of bi-additive pairings
H (G, M) x H5(G,N) — H:"*(G, M @ N). In this chapter, We also present two impor-
tant results: the Hilbert’s theorem (also known as Satz 90) and the Tate’s theorem. Main
references of this chapter are [2], [3] and [4].

2. The main focus of Chapter 2 is the construction of the Local Artin map. We also present
the Local Reciprocity Law theorem. Main references of this chapter are [5] and [6].

3. Chapter 3 is devoted to Lubin-Tate theory. We give a summary of Lubin and Tate’s works
on Local Class Field Theory, namely the construction of the Lubin-Tate group laws, the
Local Kronecker-Weber theorem and the Existence Theorem. This chapter is based on
[7] and [8].

The literature on class field theory is fairly large. But, for the reader’s convenience, we
suggest two additional references: [9] for basic notions on algebraic number theory and [10] for
basic notions and results on local fields.



Chapter 1

Cohomology of groups

1.1 Introduction of the first chapter

In this chapter, we will introduce the theory of cohomology of groups. Throughout this chapter,
unless otherwise stated, we consider an abstract group G. The letter G’ denotes a subgroup of
G.

In particular, at the beginning of this chapter, we will first introduce the notion of a G-
module, a module structure on some abelian group A which is similar to the class of left
ZG-modules. In this context, we can form a category of G-modules that possesses all the
characteristics common to ring modules (for example, it has enough projectives and injectives).
Thus, by means of G-modules, we can also build some structure of G-cohomology (H™ (G, —))
and G-homology (H,,,(G,—)) as usual. However, the main focus of this paper is on the zeroth,
first, and second cohomology groups.

Once we understand the basic notions of G-cohomology and G-homology, we would need to
explore their relationships and how they interact with each other. For any (sometimes required
normal) subgroup G’ of G, a G-module A also has a G’-module structure. Therefore, the
cohomology groups H™ (G, A) and H™(G’, A) share some similar structure. In particular, there
are some special homomorphisms that illustrate this relation, such as

Res: H™(G,A) - H™(G', A), Cor: H™(G',A) — H™(G, A)

and

Inf : H™(G/G', A%) — H™(G, A)

In the middle of this chapter, the notion of Tate cohomology will be introduced. Further-
more, when we examine the structures of G-cohomology and G-homology groups, we will notice
their similarities, but they seem too discrete to be connected. This is where we introduce John
Tate’s work on uniting these two concepts. By applying the snake lemma and the technique
called dimensional shifting, we can connect all cohomology and homology groups in one long
exact sequence

oo HIYG, A — H(G, A) — HY (G, A") S HPPY G A) = ..., meL

where HJ'(G,—) denotes the m-th Tate cohomology group, which generalizes the notion of
usual G-cohomology.

The goal of all the concepts about group cohomology is to support the theory of class field
theory on local fields. By the end of this chapter, we can view G as a Galois group of a finite



Galois extension £/ K of a local field K. The Tate Theorem will help us understand the relation
of the Tate cohomology of a finite group. In particular, if G and its G-module C' satisfy some
special conditions (which will be explored further in the next chapter as the Galois group),

then essentially we have
Hy (G, Z) = H™(G,0)

which corresponds to the cup-product (another notion that will be introduced in this chapter
as well) with the selected element v € H?(G,C). Tt is, technically, a restriction of the map

—: H*(G,0) x H™(G,Z) — H™ (G, O)

on {7y} x H™"(G,Z).

1.2 Cohomology of groups

We present here the classical construction of cohomology of groups as derived functors.

1.2.1 The category of G—modules

Let us first define the objects of the category of G—modules.

Definition 1.2.1 (G—modules)
A G—module is an abelian group A (noted additively), with a map

GxA—A:(g,a)— ga
so that for every elements g, g1, g2 € G and a,ay,ay € A, we have
(i) g(ar + az) = gay + gay;

(ii) (9192)(a) = g1(g2a), la = a.

Note that, a G—module is an abelian group A together with a group homomorphism G —
Aut(A), where Aut(A) is the group of group automophisms of A.

Example 1.2.2
a. FEvery abelian group A can be considered as a G—module by ga = a for all g € G and a € A.
From now, we call this action trivial.

b. Let A be the set of binary quadratic forms and let G = Slo(Z) be the group of 2 by 2
matrices with integer coefficients of determinant 1. Define, for f(z,y) = azx® + bry + cy?

and g = (3 ?),

(g N(z,y) = f((z,y)g") = flaz + By, vz + dy),

where g7 denotes the transpose of g. We can easily check that this formula defines an action
of G on M. Then A, with the above action, becomes a G—module.

c. Let E/K be a Galois extension of fields with Galois group G = Gal(E/K). Then (E,+)
and (E*, x) are G—modules with the natural Galois actions.



We now introduce the morphisms in the category of G—modules.

Definition 1.2.3 (G—homomorphisms)

Let A, B be two G—modules. A homomorphism of G—modules (or a G—homomorphism) from
A to B is a group homomorphism which is compatible with the G—actions; in other words, a
map o : M — N satifies

(i) alar + az) = alar) + a(az) for all a,ay € A;

(ii) a(ga) = g(a(a)) for all g € G,a € A.
We shall denote the set of G—homomorphisms from A to B by Homg (A, B).

The G—modules together with G—homomorphisms form a category, denoted by Modg.
Moreover, routine calculations show that it’s an abelian category. This fact also follows from
the classical interpretations of the category of G—modules as the category of modules over its
group rings that we recall below.

We define ZG to be the free abelian group over G, that is

7G = {Z nigi :n; € Z;g; € Gyn; =0 for all but finitely many ¢}.

1

We then define the multiplication on ZG by the formula:

(o) ) i

The abelian group ZG equipped with this multiplication is a ring.

Furthermore, any G—module can be identified with a left ZG —module and any G—homomorphism
can be identified with a morphism of ZG'—modules. Thus, the category of modules over the
ring ZG can be identified with the category Modg of G—modules. Recall that the category of
modules over a fixed ring is an abelian categories with enough injectives and enough projectives.
In particular, Modg is an abelian category which has enough projectives and injectives.

Remark 1.2.4 (The G—module Hom(A, B))

Let A and B be G—modules, the set Hom(A, B) of abelian group homomorphisms is again
an abelian group. We can turns Hom(A, B) into a G—module by defining the action of G as
follows: for any ¢ € Hom(A, B) and a € A,

(9¢)(a) = g(p(g'a)).

1.2.2 Induction and induced modules

Note that every G—module has a natural G’ —module structure defined by restriction. Similarly,
any GG—homorphism between two G—modules is naturally an G'—homomorphism. It follows
that the restriction of the action of G to that of G’ is a functor, called restriction from G to
G', denoted by Resg, from the category Modg to the category Mody,. It is evident that Resg,
is an additive, exact functor.

Now, we introduce anathor functor, which goes in the opposite direction.



Definition 1.2.5 (Induced modules)
Let A be a G'—module A. We denote by IndG,(A) the set of maps ¢ : G — A such that

©0(g'9) = gw(g) for all ¢ € G and g € G. We equip IndS, (A) with the regular right action of
G: for all g € G and ¢ € Ind%, (A), we define the element gp € IndS,(A) by the formula:

(99)(x) = p(zg)
for all x € G. Eventually, Ind$,(A) turns into a G—module with structures
(o +@N)(@) = ¢(z) + ¢'(x) and (g¢)(z) = p(zg)

. The set Indg/(A), which s an abelian group with the natural addition law, becomes a
G—module.

Remark 1.2.6 (Induced homomorphisms)
We also note that a G'—homomorphism « : A — A’ induces a G—homomorphism

@ — aop:Indg (A) = Indé, (A).
Let us check that Ind%, : Modg — Modg is a functor:
(i) On objects, Ind, : A — Ind$,(A), sends a G'—module A to Ind$, (A), a G—module.
(ii) On morphisms, Ind%, : (a: A — A') = (¢ — ao ¢ : Ind5 (A) — IndS (A")). Therefore,
Indg, : idy — (¢ — idgop : IndS (A) — IndS (A)) = idppag, (4)
and for G'—homomorphisms f: A— Band g: B — C
Indg, : (go f: A= C) = (pr(go flop=prrgo(fop): ndg(A) = Indg (0))
which is Ind& (g) o Ind%, (f)

Moreover, the functor Indg, is clearly additive.
The functors ResS, and IndS, are actually adjoint, as shown in the next lemma.,

Lemma 1.2.7
(a) For any G'—module B and G—module A, we have a natural abelian group isomorphism

Homg (A, Ind$, (B)) = Home (A, B),

where on the right hand side, for simplicity, we denote A in stead of Resg,(A) the module
A, viewed as a G'—module.

(b) The functor
Ind%, : Mode — Modg

18 exact.



Proof:

(a)

(b)

For a G—homomorphism a : A — Ind$,(B), we construct a map 3 : A — B by setting

pla) = ala)(1e).

Hence, for every g € G,
Blga) = (a(ga))(le) = (g9(a(a)))(1e) = a(a)(g).
Since a(a) € Ind% (B), for g € G, a(a)(g) = g(a(a)(lg)) = g(B(a)). Thus, B is a

G'—homomorphism from A — B. The map a + [ is obviously a group homomorphism.
Conversely, given a G'—homomorphism S : A — B, we define a to be the map A —
Ind%, (A) such that a(a)(g) = B(ga). Then « is a G homomorphism. We can check that
the mappings a — [ and 8 — « are mutually inverse, thus they are isomorphisms. Note
that the constructions of o and S are natural.

Now we will prove the exactness of Ind%,. Consider a G'—exact sequence

0sALBS o0

We have to show that

Ind§, (f) Ind%, (g)

0 — Indg, (A) —= Ind&, (B) —2= Ind&, (C) — 0

is an G—exact sequence.

(i) The exactness at Indg, (A) is obvious: since f is injective, it’s evident that the map
Ind%, (f) : ¢ — f o is also injective.

(ii) Exactness at Ind$, (B).

KerIndS, (¢) = {¢ € Ind%,(B) : go ¢ = 0}
= {¢ € Ind¢(B) : g(p(x)) = 0¢ Vz € G}
= {p € Ind%/(B) : p(z) € Ker(g) Vz € G}
= {p € Ind%/(B) : p(z) € Im(f) Vz € G}
= {p € Ind%(B) : p(z) = f(a) for some a € A, Yz € G}.

Now for such ¢, we fix a a, € A such that p(x) = f(a,) we define ¢’ as ¢'(x) = a,
for every x € GG. Hence, for all 2’ € G' and z € G

flags) = (g'x) = g'e(x) = ¢'f(az) = f(g'az).

This implies ¢'(¢'hx) = agy = g'ay = ¢'¢'(z) since f is injective. Thus, ¢'(x) €
Ind% (A) and ¢ = fo¢'. In other words, ¢ € ImIndS (f) or KerInd$ (g) C
Im Indg, (f). The proof for the inclusion Ker Ind$,(¢) D ImInd&, (f) is similar.

(iii) Exactness at IndZ,(C). Let G = U,csG’s where S is a set of representatives of the
G'— right cosets. Take any ¢ € Ind%,(C). For every s € S, we choose an element
n(s) € B that maps to ¢(s) € C and define ¢'(¢'s) = g'n(s). We can check that
¢’ € Indg,(B) and maps to .



One interesting feature of the induction functor lies in the following lemma.

Lemma 1.2.8
Let G be a group and a subgroup G’ of finite index in G. The functor Indg, : Modgr — Modg
preserves injectives.

Proof: Let B be an injective G'—module. Then the functor Homg (—, B) from Modg to
Ab (the category of abelian groups) is exact. By Lemma 1.2.7, we have a natural isomor-
phism between the functors Homg(—,Ind$ (B)) and Home(—, B). Therefore the functor
Homg(—,Ind%, (B)) from Modg to Ab is also exact. Hence IndS, (B) is an injective G—module
and therefore Ind$, preserves injectives. U

When G' = {15}, an G’—module is simply an abelian group. In this scenario, we use the
notation Ind“ instead of Indg,. Therefore, we get the following homomorphisms of abelian
groups

Ind®(A4) = {¢ : G — Ay} = Hom(ZG, Ay).

Definition 1.2.9 (Induced G—modules)
A G—module A is deemed induced if it is isomorphic to IndG(AO) for a certain abelian group
Ap.

Remark 1.2.10 (Induced modules of finite groups)
Let’s consider the case when G is a finite group. Recall that every abelian group has a natural
Z—module structure.

(a) A G—module A is induced iff there exists an abelian group Ay C A so that

A= @9140,

geG

whereby there is an G—isomorphism

o Zg ® ¢(g7Y) : Ind%(Ay) = ZG @z Ay

geG
Where ZG @z Ag is a G—module by the structure g(z ® a) = gz ® a.

(b) Let G' be a subgroup of G. An induced G—module, restricted to G', is also an induced
G'—module.

(c) For a G—module A, if we refers to Ay as A, considered as an abelian group, then

7 :Ind%(4) — A, p 2990(9_1)

geG

15 a surjective G—homomorphism. It corresponds to the map

ZG ® Ay — A, (ang) ® a > anga.



Remark 1.2.11 (Tensor products of G—modules)
For two G—modules A and B, the operation

gla®b) = (ga) ® (gb)

defines ARz B as a G—module. If Ag refers to A as an abelian group then ZG Q7 A = Z.G Q7 Ay
as abelian groups but not as G—modules. However,

o

gRa— gRga: 7GRz Ay — ZG Rz A

15 a G—isomorphism.

1.2.3 The cohomology H" (G, —)

For any G—module A, we define its G— fixed elements (or G—invariants)
A ={a € A:ga=a;Vgc G}

It is obvious that A is an abelian subgroup of A. Note that if f : A — B is a G—homomorphism
then f sends any G—fixed element of A to a G—fixed element of B, thus induces a morphism of
abelian groups: AY — BY. In particular, the previous discussion show that (—)¢ : Modg — Ab
is a functor.

Lemma 1.2.12

The functor (—)¢ : Modg — Ab is isomorphic to the functor Homg(Z, —). As a consequence,
it 18 a left exact functor.

Proof: The functor Homg(Z, —) : Modg — Ab corresponds to the functor Homgzg(Z, —) :
7.G — Mod — Ab which is a well-known left exact functor. Thus, we only need to prove that
(—)¢ = Homg(Z, —). Consider the natural transformation

o pa(A%) 2 A% = Homg(Z, A), a +— (1 a),

each ju4 is an isomorphism A% — Homg(Z, A). This implies the two functors are isomorphic.
O

Definition 1.2.13 (The cohomology groups)
Let A be G—module. The functor (—)¢ : Modg — Ab is left exact. Moreover, the category
Modg has enough injectives. So it has right derived functors that we recall the constructions
below. Let’s choose an injective resolution (I™) of A:

(N RN SNy

G

By applying the functor (—)¢, we get the complex (—)¢(I"™) of abelian groups:

05 (196 L (16 & I (1) Ly (e

For a non negative integer m, we define the m'™ cohomology group of G with coefficients in A
as

H™(G,A) = —I?nil;i(jmf)‘

The abelian groups H™(G,A), m = 0,1,..., do not depend on the choice of (I").



Remark 1.2.14
1. We have H°(G, A) = A, Indeed, since (—)% is left ezact,

0 — A9 = (1% L5 (11

is ezact, hence H°(G,A) = Kegfol = Kerd’ = A°.

Im

2. H™(G,I) =0 for all m > 0 if I is injective. This fact follows from the fact that for such
a G—module, we always have a simple injective resolution

O0—=1—=1—-0—...

3. Consider two injective resolutions of G—module A — (I") and B — (J"). Any G—hormomorphism
a: A— B extends to a map of complezes:

A —— (I™)

al 2

B —— (J")
and the homomorphisms between two cohomology groups:
H™(a*): H"(I") - H™(J")

are not dependent of the way we choose of o*. Moreover, there are functors A —
H™(G,A) : Modg — Ab, called the right derived functors of (—)°.

4. Every G—exact sequence:
0—>A—-A = A"=0

induces a long exact sequence of abelian groups
0— HYG,A) — - — H"(G, A) —» H™(G, A") 25 H" (G, A — . ..
As we mentioned before, for a G—module A
Homg(Z, A) = A%,

Lemma 1.2.15 (Shapiro’s)
If G < G and B be a G'—module, then we get natural homomorphisms

H™(G,Ind$(B)) = H™(G', B)

for every m > 0.
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Proof: In the case m = 0, the isomorphism is the composite:
BY =~ Home (Z, B) = Homg(Z, IndS, (B)) = IndS, (B)C,

where the second isomorphism is given by Lemma 1.2.7. Recall that the functor Indg, :
Mode — Modg is exact and preserves injectives. Consider an injective resolution B — (I™) of
B. We apply the functor Indg, to get an injective resolution IndG,(B) — IndG,(I ™). Hence,

H™(G,IndS, (B)) = H™((IndS, (I")¢) = H™((IM)Y) = H™(G', B).

This leads to an obvious consequence:

Corollary 1.2.16
Let A be an induced G—module i.e. A =1Ind%(Ay) then H™(G, A) =0 for all m > 0.

Remark 1.2.17
a) Consider the exact sequence of G—module

0-A—=-C—=B—=0.

If H™(G,C) = 0 for every m > 0, then the following exact sequence is formed from the
cohomology sequence .

0— A® = C% = AY - HY(G,A) — 0,

and the isomorphisms:
H™(G, B) = H™ (G, A), m >0

b) In general, the long exact sequence
0—+A=C'— ... C"=B—=0
so that H™(G,C?) = 0 for every m,i > 0 specifies isomorphisms
H™(G,B) = H™™(G,A), for allm > 1.
We divide the sequence into short, exact sequences in order to demonstrate this.
0—>A—C'— B'—0,
0—B'—C*— B*—0,
0—-B"!'>5(C"—= B—0,

and obtain the isomorphisms
H™(G,B) = H™(G,B" ') = H""(G,B"?) = . ..
c) Let
0sASc Lot L2
be an exact sequence so that H™(G,J") = 0 for every n > 0 and every m > 0. Then

H™(G,A) = H™((J™)Y).
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1.2.4 The cohomology group by means of cochains
We consider P,, (m > 0) to be the free Z—module with the (m + 1)— tuples (go,...,gm) €

G x G x -+ x (G as its basis, within the action of G:

g(g()a' .- ;gm) - (gg()a' .- ,ggm)

P,, is the free ZG—module with basis {(1,91,...,9m)|g; € G} as well. We can define a
G'—homomorphism d,, : P,, = P,,_1 By the rule

m

A (gos -+ Gm) = Z(—l)i(go, oy Gm),s

=0

we define a homomorphism d,, : P,, — P,,_1, where the g; position is omitted. In other words,
(90,9, 9m) becomes a m-tuple. Let (P,) be

dm
e PP S D

Lemma 1.2.18
The sequence defined by --- — P, LN P, 1—---— Fy forms a complez.

Proof: We only need to check that d,,_1 od,, = 0. To avoid the confusion, let m = 4 and
(90, 91, 92, g3, 91) be an element in the basis of P;. By the definition of dy,

ds(90, 91, 92, 93, 91) = (91, 92, 93, 91) — (90, G2 g3, 1)+ (90, 91, 93, 94) — (90, 91, 92, 9a) + (90, 91, G2, G3)

then ds o di(go, g1, 92, 93, 94) = (92,93, 91) — (91,93, 94) + (91,92, 91) — (91,92, 93) 4= 0.
For arbitrary r > 0. Note that the coefficient of (go,..., g ..., 94, gm) s (=1)"FH(=1) +

(=1)7*1(=1)"*' = 0 (the first coefficient is from canceling g; first and then g;, the second
coefficient is from canceling g, first and then g;). O

Lemma 1.2.19
The complex (P,,) = Z — 0 is exact. Where ¢ : Py — Z sends every basis element to 1.

Proof: For a fixed g € G, we define k,,, : P,, = P,,+1 by

km(gO; s 7gm) = (97907 s 7gm)'

We will check that dp,11 0 kyy + k-1 0 dp, = 1. Hence, if d,,(z) = 0, then x = dp, 11 (kn(2)).
Let (go, g1, - - -, gm) be a given basis element of P,,. We only need to prove that

(dm—l—l o km + km—l o dm)(QOaglv s 7gm> = (gOaglv s >gm>'

This is just straightforward implied from

m

<dm+1 © km)(,gO,gl; s 7gm> = Z(_l)i—i—l(gflagm s 7/91/7 s ,gm)

1=—1
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where g_; = g and

m

(km—l o d'fTL)<907917 o 7gm) = Z(_l)i(gugm s 7/91/7 s 7gm)‘

=0

Proposition 1.2.20
For any G—module A,
H™(G,A) =2 H™(Homg((Pn), A)).

Proof: Note that the category of G—module Mods has enough projectives and injectives.
For a G—module M, the functor Hom(Z, —) and H°(G, —) are the same. Thus, their right
derived functors also agree:

Exte(Z,A) =2 H' (G, A).

Thus, we can choose a projective resolution of Z and define H™(G, A). O

Remark 1.2.21

1. Any @ € Hom(P,,, A) can be viewed the same as p : G™ — A and ¢ is invariant by the
action of G iff

©(990; - - 99m) = 9(¢(go, - - -, Gm))-

2. Homg(P,, A) is the same with C"(G, A) of ¢’s satisfying above conditions, which we may
denote by C"(G, A).

3. The homomorphism dy1 induced the boundary map d™ : C"™(G, A) — C™YG, A). In
particular,

(@) (gor -+ dmy) = S (1Y PG 1 9o+ G-

4. On applying Proposition 1.2.20, we can say that:

H™(G, A) = %.

Definition 1.2.22 (Group of inhomogeneous m—cochain of G with value in A)
The group C™(G, A) consisting of all maps ¢ : G™ — A is said to be group of inhomogeneous
m~—cochain of G with value in A. We consider G° = {1g} sao C°(G,A) = A. Define

dm: C™(G, A) — C™(G, A).

by

(A" Q) (g1, -+ Gmi1) = 910(92, - > G 1)+ D (=1 0G0, -+, 9415 - Gmi1)+H(= 1) 091, gm).
j=1

Let Z™(G, A) = Ker(d™) be the group of m—cocycles and B™(G, A) = Im(d™ ') be the group
of m—coboundaries.
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Proposition 1.2.23
The following sequence is a complex:

oG, A) L ova, A) L o, A) L

Furthermore,

Proof: For any ¢ € C™(G, A), we say
@’(gl)"'?g'fﬂ) = @(1791791927'"7g1"'gm>'
The map ¢ — ¢ : C™(G, A) — C™(G, A) is a bijection. O

Example 1.2.24 (Crossed homomorphism and normalized 2—cocyle)
1. We say ¢ : G — A to be a cross homomorphism if it satisfies

o(or) =0op(T) + (1), V1,0 € G.

2. For every a € A, the map 0 — oca — a is a crossed homomorphism and we call it a
principal crossed homomorphism. Hence,

”

“G—module of all crossed homomorphism

H'(G,A) =

“its submodule of all principal crossed homomorphisms”

3. In the case G acts trivially on A, a crossed homomorphism is said to be a homomorphism
G — A and principal crossed homomorphisms are trivial as well. Therefore,

H'Y(G, A) = Hom(G, A).

4. Let A be a G—module. For a € A, let v, : G — A be the constant map o — a. Then
(d'p.)(0,7) = 0a —a+a=oa.

In particular, (d'¢,)(1,1) = a. Hence, every class in H*(G,A) is represented by a
2—cocycle ¢ with ¢(1,1) = 0. Such a 2—cocycle is said to be normalized.

5. Let ¢ : G — A be a crossed homomorphism. For every o € G:

plo!) =o' (o) + -+ op(0) + ¢(0).

Thus, if G = (o) with order f then a crossed homomorphism ¢ is defined by its value
(say a) on o such that:
o/ la+--+oa+a=0.

Conversely, if a € A satisfies such equation, the map ¢(c') = o ta+ -+ 0a +a
determines a homomorphism ¢ : G — A and

© is principal < a = ox — x for some x € A.
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6. Let Nm: A — Aa— ) _,oaando—1:A— Amw— oca—a. When G is cyclic with
|G| < 00, the map ¢ — (o) induces

Ker(Nmg)

HY(G,A) S T

7. Consider an G—exact sequence: 0 - A — B — C — 0. The boundary map
8" H™(G,C) — H™(G, A)

can be described as follows: Take any v € H™(G,C) be represented by the m—cochain
¢ :G™ — C; since B— C — 0, there is an m—cochain ¢ : G™ — B lifting @; dp (which
takes value in A) is the cocycle representing 0™~y

1.2.5 The cohomology group of Galois extension field £ and E*

Let /K be the Galois extension such that G = Gal(E/K) is finite. Both E (under addition)
and B are G—modules.

Lemma 1.2.25 (Dedekind)
Let E be a field, G’ be a group and f1,..., f, be distinct homomorphisms G' — L*. Then they
are E—linearly independent.

Proof: Let n > 2 be the minimal number such that there exists n distinct E'—linearly dependent
homomorphisms. Suppose

for a,, # 0. Because f; and f, are distinct, there exist hy € G’ such that fi(hy) # f.(h1).
Hence,

0= Oélfl(hlh) +o 4+ anfn(hlh) = alfl(hl)fl(h) +... anfn(hl)fn(h)

However,

041f1<h1)f1(h) + -+ Oénfl(hl)fn(h) =0.

Therefore, as(fi(h1) — fo(h1))fa(h) + ... an(fi(h1) — fu(h1))fu(h) = 0 for all h € G" where
@ (fi(h1) — fu(h1)) # 0. This means fo, ..., f, are E—linearly dependent, a contradiction to
the minimality of n. |

Theorem 1.2.26 (Hilbert’s 90)
HY(G,E*) =0.

Proof: Recall that:

HA(G, B = {crossed homomorphisms G — L*}

~ {principal crossed homomorphisms}’

we need to show that every crossed homomorphism is principal. Let ¢ : G — E* be a crossed
homomorphism:
o(oT) = op(T).0(0), Yo, T € G.
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By Lemma 1.2.25, there exists a € E* so that

oeG
Then
T = Z To(0).Toa = Z o Y1) o(to).Toa = p(T)"'b.
oelG oelG
Hence,
(™) b

Corollary 1.2.27
In the case E/K s a cyclic extension, G = Gal(E/K) generated by o. If Nmp/xa = 1 then
a= %b for some b.

Proof: This is implied directly by the fact
HY(G, E*) = Ker(Nmg) /(o — 1)E*.

Example 1.2.28
Let K = Q and E = Q(v/—7). The Galois group G = Gal(E/Q) is cyclic and moreover
|G| =2, and the non-trivial automorphism o is given by:

o(v/=T) = —v/—T7.

Since G = Gal(E/Q) is cyclic, the action of the automorphism o on E is:

o(p+qV=T)=p—qV-T forp,qeQ.

By Hilbert’s 90 theorem, for x € E*, we have:

r—o(x)eQr.
Lete=p+qv—7¢€ E*, where p,q € Q. Then:

e—ole)=(p+qv=T)—(p—qv=T7)=2qV-T.
By Hilbert’s 90 theorem, we know that 2q/—7 € Q*. Since /=T is irrational, this implies
that g = 0. Thus, e = p for some p € Q.
Therefore, the only units in E = Q(+/—7) that are fivred by G are the rational numbers
xr = x1. Thus,

Of = {£1}.
This is a simple example of how Hilbert’s 90 theorem can be used to calculate the group of

units in a finite Galois extension of Q.

Proposition 1.2.29
Let E/K be Galois and finite, G = Gal(E/K). Then H™(G, E) =0 for every m > 0
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Proof: For a normal basis (ca),cq (o € E), let

ZaJaHZagaa:K[G] — FE

ceG oelG

be an isomorphism of G—module. K[G] = InleG K, by Lemma 1.2.15, H™(G, E) = H™(1¢,K) =
0 for all m > 0. d

1.2.6 Group cohomology operations and their functorial properties

Definition 1.2.30 (Product of G—modules)
Let A = [] A; be a product of G—modules, we can make A turns into a G—module by the
following action (soon we will call it diagonal):

o(c..ya4,...)=(..,0a;...).

Proposition 1.2.31 (The cohomology of products)
For any G—module A;,

Proof: Let I =[] I; be a product of injectives G—modules then I is injective itself, since

Homg(—, 1) = H Homeg(—, I;).

is exact. Given an injective resolution of A; A; — I;. Afterwards, [[ A; — [] 1; is an injective
resolution of [] A;. And then

™G A0 =2 (] )9 = 2™ [0 = [[ H™1) = [[ ™G, A)).

Definition 1.2.32 (Compatible homomorphisms)
Let A and A’ represent G and H— modules, respectively. We call the homomorphism o : G — H
and B : A — A’ compatible when

It also induces a homomorphism
H™(G,A) — H™(H, A",
by complezes homomorphisms: C™(G, A) — C"™(H,A") : p — fopoa™.

Remark 1.2.33 (Restriction, inflation homomorphisms and dimension shifting)
1. For any G'—module A with G' < G, the homomorphism

Ind&, (A) = A: ¢ — ¢(1g)
s compatible within the map G’ — G. Moreover, its induced homomorphism
H™(G,IndS (M) — H™(G', A)

is the isomorphism appeared in Lemma 1.2.15.
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.Leta: G — G and p=1idy : A — A. Thus, o and [ are compatible, we get the
restriction homomorphisms:

Res: H™(G,A) — H™(G', A).

. When G' is a normal subgroup, o : G — G/G" and B : AS — A. Thus, a and B are
compatible, we get the inflation homomorphisms:

Inf : H™(G/G', AS") — H™(G, A)

. Given go € G and o : G — G, 0+ googy* and B : A — A,a > gy 'a are compatible. We
can check that
H™(G,A) - H™(G, A).

is identity, for every m > 0.

. (Dimension shifting) Given gy € G thena: G — G,0 — googy ' and B: A — A,a —
gala are compatible. Fventually, for all m > 0

H™(G,A) - H™(G, A)
are identity. For m = 0, the homomorphism becomes
a— g la: AY — AC

1s an indentity as well. Given m > 0 and suppose that the statement holds tillm — 1. Let
B =Ind®(Ay), the short ezact sequence

0—-A—->B—-0C—=0

gives us a commutative diagram:

H™YG,B) —— H™YG,C) —— H™(G,A) —— 0

| | |

H™YG,B) —— H™ G, C) —— H™(G,A) —— 0.

The Os at the right-hand side were obtained by the fact N is an induced module. The pair
(o, B) defines the vertical maps. By induction, the map H™1(G,C) — H™ (G, C) is
an identity. It suggests that the third vertical map is an identity as well.

. When [G : G"] is finite and G = Uyes5G'. Given a G—module A. For every a € AY,

NmG/G’ a = Z sa

sES

is fized by G and independent of the choice of S. Thus the map Nmg/ ¢ A% — A% isa
homomorphism. This extends to a corestriction:

Cor: H"(G', A) — H™(G, A),
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for every m since: for every G—module A, there is a G—homomorphism

IndGA— A:p— ngp(s‘l),

SES

the mapping on cohomology, when combined with the isomorphism noted in Lemma 1.2.15,
results in

o

Cor: H™(G',A) = H™(G,IndS, A) — H™(G, A)

Proposition 1.2.34
For a subgroup G' of finite index in G. The composite homomorphism:

CoroRes: H"(G,A) :— H™(G, A)

is a multiplication by [G : G'] map.

Proof: By the definition, the map Cor o Res is a cohomology map given by the composite of

A —IndS (A) = Aa — @, Z&pa(s_l) = Za =[G : G'a.

seS seS

Corollary 1.2.35
Let n := |G| then nH™ (G, A) =0 for every m > 0.

Proof: For all m > 0, H™(1,A) = 0. The map Cor o Res is the multiplication by [G : G|

map, by

H™G, A) 2 gm(1, A) &5 H™(G, A),

we get nH™(G, A) = 0. O

Corollary 1.2.36
If G is finite, let G, be its Sylow p—subgroup then for every G—module A, the restriction:

Res: H™(G,A) = H™(Gp, A)
on the p—primary component of H™(G,, A), is injective.
Proof: Since p does not divide [G : G’], the composite
CoroRes: H"(G,A) - H™(G,,A) - H"(G, A)

is the multiplication by [G : G’]. Hence, it is injective on the p—primary component of
H™(G, A). O

Remark 1.2.37
When G" 1s normal.
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1. The restriction of an m—cocycle is the restriction of the map f : G™ — A to a map

Res(f) : (G')™ — A given by Res(f)(h) : f(h) for all h € (G')™.
2. The inflation of an m—cocycle is just Inf(f)(g) = f(g) for all g € G™ and its image
ge(G/am.

Proposition 1.2.38 (The inflation-restriction exact sequence)
Consider G' 4 G and a G—module A. For a fited m > 0, if H'(G', A) =0 for every 0 < i <m
then we get the following exact sequence:

0— H™(G/G', A9 2 (G, A) 25 H™ (G, A).

Proof: For m = 1, the injectivity of inflation on cocycles is obvious from Remark 1.2.37. Let
f be a cocycle in Z'(G/G', AY"). If f(g) = (g— 1)a for some a € A and all g € G, then a € A

as f(1) = 0. Thus, Inf is injective and also ResoInf(f)(h) = f(h) =0 for all h € G'.
Let f' € Z'(G, A) and suppose Res(f’) = 0. Then there exists a € A such that f'(h) = (h—1)a
for all h € G'. Define k € Z'(G, A) by k(g) = f'(9) — (g — 1)a, then k(h) = 0 for all h € G'.
We have:

k(gh) = gk(h) + k(h) = k(9g),

for all g € G and h € G', so k factors through G/G’. Also,
k(g) = k(gh) = k(99~ " hg) = k(hg) = hk(g) + k(h) = hk(g),

so k has image in A9, Therefore, k is the inflation of a cocycle in Z'(G/G’, A%"). This prove
the exactness.
For m > 1, suppose the statement is true for m — 1. Consider the exact sequence:

0>A—>B—=>C—0,
where B :=Ind“(4,) and C := B/A. Then
HY(G' A) = HTH G A), i >0
,s0H (G',C') = 0 for all 0 < ¢ < m — 1. By induction, we get the exact sequence

0— H™ ' (G/G, %) 2 H™ (G, 0) 2= H™ (T, C),

and it is isomorphic to

0— H™(G/G', A9 2 (G, A) 25 H™ (G, A).

Example 1.2.39
If ECQ and Q/K and E/K is Galois extensions then G' := Gal(2/E) is a normal subgroup
of G := Gal(Q/K). By the Theorem 1.2.26, H*(G',Q*) = 0 and then the sequence

0 — H*(G/G' E*) = H*(G,Q*) — H*(G', Q%)

18 exact.
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1.3 Homology of group

1.3.1 The construction of group homology

Definition 1.3.1
For every G—module A, we say

Ag:=A/{ga—a:g€ G, ac A}
to be the largest quotient of A that G acts on trivially.

Remark 1.3.2
The functor A — Ag : Modg — Ab is equivalent to the functor 7Z Qzq — : ZG — Mod — Ab.
Hence, it 1s a right exact functor. Moreover, we can simply define homology group by letting

H,(G, M) = Tor’%(z, M).

Definition 1.3.3 (The homology group)
Recall that Modg has enough projectives, given a G—module A and consider its projective
resolution:
---—>P2d—2>P1i1+P0—>A—>O.
This induces a complex
d d
e — <P2>G —2) (P1>G —1> (P())G — 0.

We set Ker(d,,)
er

H, (G, A) = ———"%.

(A = fde)

Example 1.3.4
1. Hy(G, A) = Ag because the sequence

(PI)G — (P())G — AG —0
1s exact, hence

Ker(dg) (P)a
Im(d;)  Ker((Py))g — Ag)

HO(G, A) - e AG

2. Consider a projective G—module P we have H,,(G, P) = 0 for every m > 0 since we have
a stmple projective resolution
o= P =P —=0.

3. Consider two projective resolutions of G—modules (P,) — A and (Q,) — A, every ho-
momorphism « : A — B of G—module extends to a complexes morphism:

(Pn) — A
= la
B.

(Qn) E—
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Hence, we get the homomorphisms

Hp (@) : Hp((Pn)) = Hp((Qn))
do not depend on the chosen a.

4. The exact sequence of G—modules
0>A A A">0
induces the long exact sequence

= Ho (G A) = Hy(G,A") — Hy (G A)) — -+ — Hy(G, A”) — 0.

5. Hy,(G,—) : Modg — Ab is a functor.

1.3.2 Computing the group H,(G,Z)
Definition 1.3.5 (Augmentation ideal)

We define the map
7G — 7, ang — an

as the augmentation map and the augmentation ideal I is its kernel.

Remark 1.3.6
Obviusly Ig is a free Z—submodule of ZG with basis {g — 1 : g € G}, thus

A/IGA = Aq = Hy(G, A).

Lemma 1.3.7
Hy(G,Z) = 1)1}

Proof: By Remark 1.3.6, Hy(G, Ig) = Ig/1%, Hy(G,ZG) = ZG/IcZG, Hy(G,Z) = 7] IcZ = Z.
Moreover, H;(G,ZG) = 0 because ZG is a free (hence projective) G—module. Thus the exact
sequence

0—=Ic—72G—7Z—0

induces a homology groups exact sequence
0— H\(G,Z) = Ig/1% — ZG)I6ZG = 7ZGlg = 7 — 7 — 0.
The map Io/13 — ZG/Ig is induced by the map I¢ < ZG hence its a zero map. Therefore,
H\(G,7) = Iq/ I},

Lemma 1.3.8
Let G := G/|G,G]. The mapping g — (g — 1) + 1% : G — Ig/I% allows us to make an
1somorphism

G — Ig/13.
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Proof: The mapping g — (9 — 1) + I2 : G — I/I% is a group homomorphism since
192 =1=( = D(g2 =)+ (=) + (2= 1) = (g1 —1) + (92— 1) mod I

Because G/ Ker(g + (g — 1) + I3) is isomorphic to the abelian group I /12, there is a natural
homomorphism

G = G/[G,G] — G/ Ker(g— (g — 1)+ 12) S Ig /13
Consider the inverse mapping
g—1—7:1s— G™.

From
(G—D(2-1)=(0g-1) (0 —1)—(92—1)

1

we have (g1 — 1)(g2 — 1) = G1g2.91 *.g2 ' = 1. So this induces a well-define homomorphism

Ig/Ié — Gab.
|

Proposition 1.3.9
H\(G,7) = G™.

Proof: This can be proved directly from Lemma 1.3.7 and Lemma 1.3.8. U

1.4 The Tate cohomology

1.4.1 Construction
In this subsection, we consider GG to be finite and A as a G—module.

Definition 1.4.1 (The norm map)
We define a map Nmg : A — A as

aHZga,

geG

and call it the norm map.

Remark 1.4.2
We have

Nmg(ga) = Nmg(a) = g(Nmg(a)).

Hence
IgA C Ker(Nmg), Im(Nmg) C AC.

As Ho(G, A) = A/IgA and H°(G, A) = A®, that means Nmg induces a homomorphism:

Nmg : Ho(G, A) — H°(G, A).
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Lemma 1.4.3

FEvery G—exact sequence of the form
04 LA A 50

imduces a commutative diagram :

H\(G, A" —— Ho(G, A") —— Ho(G, A) —— Hy(G, A") ——— 0

leG leG leG

00— HYG,A) —— HYG,A) —— H(G, A") —— HY(G, A).

Proof: We rewrite Ho(G, A) = A/IgA and H°(G, A) = A%, similarly for A’ and A”. We only
need to prove the commutative of the first square, i.e., the diagram

A JIgA —— A/IGA
[
A/G . AG
is commutative. The homomorphism
A JIGA — AJToA Z2C, AC
goes a' + IgA" — a + IgA — Nmg(a), and the homomorphism
AJIgA — AC — AC

goes a’' + IgA" — Nmg(a') — f(Nmg(a')). However,

f(Nmg(d')) = f (Z ga') =Y gf(d) =) ga=Nmg(a)

geG geG geG
hence, the diagram is commutative. [ |

Definition 1.4.4 (The Tate groups)
The middle part of the diagram in Lemma 1.4.1 induces a long exact sequence due to the snake
lemma:

s HING A — HING, A) — HING,A") S HIFPWG A — ..., meT
where
H™(G, A) m >0
A%/ Nmg(A) m =0
Ker(Nmg)/IcM m = —1
H_,,1(G,A) m < —1.
HMG, A) is called the m—th Tate cohomology group.

HP (G, A) =

Remark 1.4.5
Almost every result we represented for the groups H™(G, A) with m > 0 extends naturally to
every m € 7, include



24

1. The Shapiro lemma for the Tate cohomology groups.
2. The restriction, costriction, inflation homomorphisms:

(a) Res: HP(G,A) — HJ/(G', A);
(b) Cor: HP(G',A) - HP (G, A);
(c) Inf : HM(G/G', AS) — HP (G, A) (G is normal).

3. The homomorphism Res o Cor keeps being the multiplication by [G : G'| map and H}* (G, A)
becomes trivial when multiplying |G|, for every m, i.e. |G|H}(G,A) = 0.

4. H;*(G,Z) = H\(G,Z) = G*.

For the rest of this chapter, we will denote H}. by H" since every cohomology from now is Tate
cohomology.

Definition 1.4.6 (The Verlagerung map)
Let G =Js,G', for g € G and index i, there exists g; € G’ and s; so that

gsi = 5;9;.

The map
g Hgi mod [G',G'] : G — (G')™

is a group homomorphism and it induces the Verlagerung map Ver : G — (G')%.

Proposition 1.4.7
1. The homomorphism Res : H;z*(G,Z) — H7*(G',Z) is equivalent to the Verlagerung map
Gab N (G/)ab.

2. The homomorphism Cor : H7*(G',Z) — H*(G,Z). represents the map (G')® — G®.
caused by inclusion G' — G.

Proof:

1. From Proposition 1.3.9 and dimension shifting, we obtain a commutative diagram:

H (@, Z) — Io /I —— (G)™

N

H%(G,Z) —— Ig/I% ——— G*.
Here the second and third down-arrow are (¢ — 1) + 12, — (¢’ — 1) + I% and ¢'[G', G'] —
J'|G, GJ, respectively. This directly implies the correspondence.

2. Consider a diagram:

H2(G,7Z) 2= H2(G',2) <2 H%(G,Z)

I E | |

(2
Gab Ver ( G/)ab G’ ; Gab ’
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here the second square is commutative and ig is just (G')*® — G#. By Proposition
1.2.34, the map CoroRes is [G : G'].id : H"*(G,Z) — H~*(G,Z). For any g|G,G] € G
and gs; = s;g; for G = s,G,
iy o Ver(g[G, G)) = i (] [ :lG'. G'])

=ic (][ sjs:'16". G)

=[I 595 '16.€)

= H 9ilG. G

= H s;'gsi[G, G

= ¢“G, q).

Hence, the big rectangle of the diagram is indeed commutative. Since i¢ is injective, the
first square is also commutative.

O

1.4.2 The cohomology of finite cyclic groups
Let Z, Q/Z and Q to be G—modules that the actions of G on them are trivial.

Lemma 1.4.8
When G s finite

1. HMG,Q) =0 for every m;
2. HMG,Z) =17Z])|G|Z and H(G,Z) = 0;
3. H*(G,7Z) = Hom(G,Q/7Z).

Proof:

1. Since Q is uniquely divisible, for any integer a # 0, the homomorphism H™(a) : H7'(G,Q) —
HI'(G,Q) is an isomorphism since it is multiplication by a. Let a := |G|, the multiplica-
tion by @ on H™(G, A) is an isomorphism and zero. This implies H*(G, A) = 0.

2. We have Z% = Z and the norm map is mulplication by |G| mapping. Thus Z/|G|Z =
HY(G, 7). In addition, H'(G,Z) = Hom(G, Z) = 0 because Z is torsion-free.

3. The exact cohomology sequence of the exact sequence
0-Z—-Q—Q/Z—0

is of the form

H'Y(G,Q) —— H'Y(G,Q/Z) —— H*(G,Z) —— H*G,Q).

! ) :

0 Hom(G,Q/Z)
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Proposition 1.4.9
In the case G is a finite cyclic group and A is a G—module. For all m € Z

Hy (G, A) = Hp (G, A),

and the 1somorphism depends only on the choice of group generator.

Proof: Suppose G = (o), the sequence

07224 76 L 76 22L 7

is exact. Since the groups in the sequence and I are free Z—modules, when we take tensor

product of the sequence with A, it stays exact. Hence we obtain the following exact sequence
of G—module
0 2A—-2G0;A—>2ZGR;A—A—=0

Recall that ZG®z A =2 ZG®7 Ay where Ay denotes the abelian group A, thus H™ (G, ZG®zA) =
0 for all m. Hence, the sequence induces an isomorphisms

(a3

NG, A) S HM(G, A),

for every m. O

Remark 1.4.10
We Enow that
H*(G,7Z) = Hom(G,Q/Z).

Let v € H*(G,Z) corrresponding under the isomorphism to the map G — Q/Z : o +— 1/a where
G = (o). Therefore the homomorphism H™(G, A) — H™ (G, A) is defined by x — xU~.

Definition 1.4.11 (Herbrand quotient)
In the case G finite and cyclic and A is a G—module. We say the following quotient is the
Herbrand quotient when the groups H™(G, A) are finite:

_ #H7(G, A)

MA) = ZH G A)

Lemma 1.4.12
Consider
0O—Hy—H —--—H. —0

as a sequence of finite groups. Therefore

HHHH, ...
S #H,
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Proof: In the case r = 3, the sequence becomes a short exact sequence, the statement is obvious.
Moreover, it is possible to divide every exact sequence into these exact sequences:

0— Hy— H, — C; — 0

0—>Cy— Hy — Cy — 0;

0—-C,.1—H,_1— H,—0;
here C; = Coker(H;—1 — H;) = Ker(H;41 — H;12). From here we can see that
[ HHAHC  #HpH,
#H, #H#C,

This proves our statement. |

Proposition 1.4.13
Consider an short exact sequence of G—module:

0—-A A A" 0.
Any Herbrand quotient in h(A"), h(A), h(A") is defined if any two of the others are. In addition,

h(A) = h(A)h(A").

Proof: The long exact sequence can be truncated as follows:
0— K — HYA) — HYNA) - HYA") = H3(A") = H3(A) — HL(A") — K' — 0,

here
K = Coker(H;'(A) — H;'(A")) = Coker(Hj(A) — Hp(A")) = K.

This (with Lemma 1.4.12) proves the proposition. O

Proposition 1.4.14
We have h(A) =1 when A is finite.

Proof: By directly checking, we can see that the sequence
0= A 5 A2 4 A, 50
is exact, where G = (g), and then
0 — Hi'(A) = Ag 29 A9 - HI(A) = 0

is also an exact sequence. From the first sequence we can see that |A%| = |A¢g| and from the
second that |Hy'(A)| = |[H%(A)|. This implies h(A) = 1. O

Corollary 1.4.15
For every G—homomorphism o : A — B such that Ker a and Coker « are finite. If either h(A)
or h(B) is defined then so also the other. Moreover, h(A) = h(B).
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Proof: Suppose that h(B) is defined, we have two following canonical exact sequences:
0 — a(A) - B — Coker(a) — 0

and
0 — Ker(a) > A — a(A) — 0.

The notation h(aA) can be defined by the first exact sequence and it equals h(B). Similarly,
from the second sequence, we can also define h(A) and it equals h(aA). Hence, h(A) = h(B). O

1.4.3 Cup-products

Definition 1.4.16 (Tensor product)
For every pair of G—modules (X,Y), we denote X Y as X ®z Y, regarded as a G—module
with
9(r ®y) = gr @ gy,
for any (g,xz,y) € G x X XY

Definition 1.4.17 (Coaugmentation ideal)
The coaugmentation maps 1s

Z—>ZG,nl—>Zgn.

geG

Its cokernel is denoted Jg := 7 /ZNg is the coaugmentation ideal of ZG, where ZNg = {>  gn :
n € Z}.

Definition 1.4.18
Consider any arbitrary G—module X, we define the G—modules

X"=Jg® - ®Jeg® X,
form > 0 with m times Jg and

X"m=IQ - ®IcX
for m > 0 with m times Io. We also consider X° = X

There is an (unique) family of bi-additive pairings (called cup-product and we are going to
construct it)

(z,y) =@ —y: HP' (G, X) x Hp(G,Y) = Hp"™(G, X @)

defined for all G—modules X,Y and all integers m,n € Z that satisfy the following three
conditions:

1. When the two sides are considered as covariant bifunctors on (X, Y"), these maps transform
into functor morphisms;

2. In the case m = n = 0, the map becomes

(,9) = 2@y : X%/ Nmg(X) x Y9/ Nmg(Y) = (X ®@Y)Y/Nmg(X @ Y).



29

3. For any G—short exact sequence 0 — X' — X — X” — 0 so that
0-X' QY 2XY >X"0Y =0
is also exact then
(0x") —y=06(x" —y), 2" € H}G,X"), y € H}NG,Y).

Lemma 1.4.19
Let

o
l
>
-
=

~ ~ ~

0 0 0

be a commutative diagram of G—module with all rows and columns be exact. Then the diagram

5n—1

H Y@, 2"y s H(G, Z')

.

HYG, X"y —% HY(G, X'
commutes.
Proof: Let D = ker(Y — Z”), we obtain a well-known exact sequence:

0—-D—=Y —=2"—0.

Define homomorphism of G—modules

i X > XY 12— (2,9),
where x and ¢ are the images of 2’ in X and in Y”, respectively.

j: XY = D:(x,y)— dy — do,

where d; is the image of z in D and similarly for 3’ and dy. Then we have an exact sequence

0 X S XaY' L Do,

and a commutative diagram
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X' s X s X7 s Y!" —— 7"

idT id x OT

X s Xey —2 4D
!

—~<—
N

l— id l— id x0

X' s Y’ s 7 s 7 7",

v

In light of the exact sequence, we note that im(D — Y”) C im(X” — Y”). Given the
injectivity of the map X” — Y, it follows that we can introduce a homomorphism from
D to X", preserving the structure of the diagram. Similarly, by analogous reasoning, we
extend the diagram with a homomorphism from D to Z’. The resulting extensions maintain
commutativity within the diagram. Consequently, by applying dimension-shifting arguments,
we obtain a commutative diagram of cohomology groups.

HY (G, 2") 25 H9 (G, X") —2s H(G, X)

idT 5 T idT
HYG, 2"y ==X H*(G,D) —2— H*(G, X')

I l L

bg-1

HYG, 2" 224 H3 (G, Z') —2=— H*Y(G, X').

[ |
Theorem 1.4.20
There exists an unique family of such bi-additive pairings.
Proof: First, for m =n = 0, we consider a map
X%/ Nmg(X) x Y9/ Nmg(Y) = (X ®@Y)Y/Nmg(X @Y) :
(x + Nmg(X),y + Nmg(Y)) m 2@y + Nmg(X ®Y).
This map is well-defined since:
1. Forz e X% yecY®
gr@y)=grRgy=a®yVg € G,
hence z @y € (X @ V)¢
2. For z,2" € X% y,y € Y such that  — 2’ € Nmg(X),y — 3 € Nmg(Y)
rRQU—2 Yy =rQy—2y +trey -2y (1.2)
=@y —y)+(@-2a)ay, '
thus
d grey—d@y)=20)> gy—v)+ ) gz—a)ey
geG (1 3)
=rR0+0®y '
=0.

Hence, r @ y — 2’ @y € Nmg(X ®@Y).



31

Since the mapping above is well-defined, we proceed to define the cup product across any
dimensions. Begin by observing that X ® Y can be identified with ¥ ® X, and likewise,
X ®@ (Y ® Z) is identified with (X ® Y) ® Z for G-modules X, Y, and Z. Accordingly,
there are natural identifications for dimension-shifted modules: X™ ®@ Y = (X ® Y)™ and
X@Y"=(X®Y)" for all m,n € Z. Given any m,n € Z, we thus consider the following
diagram.

H(G,X™) x H(G,Y") —— HYG, X" ®Y")

l&mxid J/&m
H™(G,X) x H(G,Y") —=— H"(G, X ®Y™")

l/id X (Sn l&n

H™(G,X) x H*(G,Y) —— H™™(G, X QY.
We define the operation
—: H™"(G,X) x H*(G,Y) = H"™(G,X ®Y)

as a natural homomorphism that extends the existing diagram into a commutative one. By this
construction, it becomes clear that if —— fulfills property 3 of the theorem, then this definition
of — must be unique.

To show that — satisfies property 3, we first provide explicit forms in the cases (m,0) and
(0,n) for m,n > 0. Specifically, we assert that

— H™(G,X) x H(G,Y) = H" (G, X ®Y) : (Tm,T0) + Tm D Yo

and
— HY(G,X) x H'(G,Y) = H"(G, X ®Y) : (To,Un) = To @ Un

give the explicit descriptions. This definition readily satisfies property 2, so it remains to verify
property 3.
Assume we have the following exact sequences:

0 s X! Y X v X s 0

0 — XY 25 XY 25 X'oY — 0.

It is necessary for us to demonstrate that the subsequent diagram commutes:

H™(G,X") x HY(G,Y) ——— H™(G, X" ®Y)

lémxid lém
H™(G, X') x HY(G,Y) —— H™(G, X' @Y)
Let 27, € H™(G,X") and 5, € H°(G,Y). Suppose z,, is such that ¢(z,,) = 2 and ;41

m

satisfies ©(2,,11) = 0y (). Then 0,,(2") = 1. Therefore,

Om(27,) = Yo = Tms1 @ Yo-
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Moreover, since d,, is independent of the choice of preimage, we may select z,, ®yq as a preimage
of 2" ® yo under 1. This choice yields ¢(zmy,11 ® Yo) = Oma1(Tm @ Yo), leading to the equality

O (2, = T0) = 1 @ Yo = Om(27,) — To.
Hence, the diagram commutes, confirming property 3.

To address the general case, assume we have the exact sequences as outlined in the theorem’s
statement. This assumption gives rise to the following exact sequences.

0 > X" y (X)) —m— (X)) —— 0

0 — (XQY)" — (X'QY)" — (X" ®Y)" —— 0

which induce the diagram

H™(G, X") x HY(G,Y™) » H™(G, (X" ®@Y)")
il | e

H™(G,X") x H"(G,Y) y H™ (G, X" ®Y)
H™ G, X) x H”(G,Y)/ y H NG X ® Y)/

The left-hand faces of these cubes commute straightforwardly. The right-hand faces commute due
to the composition of squares from Lemma 1.4.19. The front and back faces commute by the definition
of the cup product, and based on the cases (m,0) and (0,n), the top faces also commute. Since all
vertical maps are isomorphisms, it follows that the bottom faces must commute as well.

To verify the first property, let f : X — Y and g : X’ — Y’ be homomorphism of G—modules. Denote
f ® g the induced homomorphism

fRg: XY - X' oY
then we need to prove the diagram
H™(G,X)x H'(G,Y) —— H™™"(G, X ®Y)
J?XE J@
H™(G,X") x H"(G,Y') —— H™™"(G, X' ®@Y").
However, this immediate in case that m = n = 0 and the general case then follows via dimension
shifting. (|
Corollary 1.4.21
For every exact sequnce of G—modules 0 - Y' —Y — YY" — 0 so that
0=-XQY XY ->X®Y" =0
15 exact then

r— 0y = (-1)"6(x — "), € H"(G,X), y" € H"(G,Y").
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Proof: The argument is similar to the proof of Theorem 1.4.20. U

Proposition 1.4.22 -
Let X,Y be G—modules and G' < G. Then for alla € H™(G,X) and b € H"(G,Y) we have
the relations

1. Res(T) — Res(y) = Res(Z — 7);
2. CoroRes(T — ) =T — Cor(y).
Proof: The general case follows from the case where m = n = 0 via dimension shifting. Now
suppose that m = n = 0. The first formula is immediate. To prove the second formula, fix
7+ Nmg(X) € H(G,X) =2 XY/ Nmg(X) and y + Nmg(Y) € HY(G,Y) 2 YY/Nmg(Y). By
the definition of corestriction, we have
Cor((z + Nmg(X)) — (y+ Nmg(Y))) = Cor(z ®@ y + Nme (X @ Y))

= ) o(r®y)+Nme(X ®Y)
ceG/G!

Z r®oy | + Nmg(X ®Y) (1.4)
oeG/G '

=7 — Z oy | + Nmg(Y)

Proposition 1.4.23 B
Let X,Y,Z be G—modules. Suppose that T € H™(G,X),y € H"(G,Y) and Z € H?(G,Z).
Then

1. The cup-product is anti commutative
()™@G—7)=T -7
under the canonical isomorphism

H™™G,Y @ X) = H™(G, X ®Y).

2. The cup-product is associative
E-T)—z=T—(F—3)
under the canonical isomorphism

Hm—l—n—l—p(G?X ® (Y ® Z)) ~ Hm-ﬁ—n-i-p(G, (X ® Y) & Z)
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Proof: The proposition follows immediately from the properties of the tensor product in
dimensions m = n = p = 0 and then we can apply the dimension shifting principle for the
general cases. U

Example 1.4.24

Let G = Z/27 generated by g and X is a G—module with trivial action. For simplicity, we take
X = 7Z/27Z. The cohomology group H™(G,X) for n > 0 alternate between X and the trivial
group 0. We have:

X if2n;

H™(G, X) = {0 if24n.

Now we compute the cup-product for classes in H*(G, X) and H*(G, X). Take o € H*(G, X) =
7.)27 and B € HY(G, X) = Z/27, which can be represented by the 2—cocycle corresponding to
the nontrivial central extension of G by X. The cup-product:

aUpB e H* (G, X),
since it was defined by the map
HY(G, X) x H*(G, X) — H*(G, X)
Because both «, € {0;1}, we can compute their cup-product easily by multiplication:
1. Ifa=B=1thenaUpB=1-1=1¢€ H*G,X);
2. Ifa=0o0rpB=0thenaUp =0.

Example 1.4.25
Let G = 7Z/2Z, and consider the trivial G-module X = Z. We want to compute the cup product

m
HY(G,X) x H'Y(G, X) — H*(G, X).

1. The group G = 7./27 has two elements: 1 and o (with 0®> = 1). A 1-cocycle f : G — 7
18 a function such that:
flo) =0 f(7)+ f(o)

where o, 7 € G and 0 - x = x for any x € Z, because the action is trivial. In this context,
the cocycle condition simplifies to:

f(1)=0 and f(o*) =2f(c)=0.

Since 2f (o) = 0 in Z, we conclude that f(o) can be any integer. Hence,

HY(G, A) =17/27,
represented by [f(o) = 0] or [f(o) = 1].

2. Consider two cocycles: - fi(c) =1 mod 2 - fao(0) =1 mod 2.

Both represent non-trivial elements in H*(G, A).
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3. The cup product of fi and fo is given by:

fl\—/fgiGXG—)Z,

and the value on (o,T) is:

(fr = fo)lo,7) = fulo) - 0 - fo(T).

Since o - fo(T) = fo(T) (the action is trivial), we have:

(fr = fo)lo,0) = fi(o) - fa(o).
Plugging in fi(c) =1 and fo(o) =1, we get:

(fr— f2)(o,0)=1-1=1,

4. The result 1 represents the cohomology class in H*(G,Z). For G = Z/2Z, this class
corresponds to the non-zero element of

H*(G,Z) =2 7)27.

Example 1.4.26
Let G =Z/nZ and X = Q/Z as a trivial G-module. We will compute the cup product in:

HY(G,X)x HY(G, X) = H*(G, X).

1. For G = Z/nZ, consider an element g € G with order n. The cohomology group
HY(G,Q/Z) can be identified with the group of homomorphisms from G to Q/Z:

Hom(G,Q/Z) = HY(G,Q/7Z).
Since G = Z/nZ, we have:
Hom(G,Q/Z) = Q/Z.

An element of HY(G,Q/Z) can be represented by a cocycle f : G — Q/Z where f(g*) = %
mod 1.

2. Let fi, fo € HY(G,Q/Z) be cocycles defined as:

) =% md e =,

where a,b € 7 are fixed integers.

3. The cup product f; — fo is defined as:
(fi — f)lg'g") = filg) - ¢' - fod),
where g - f2(g?) = f2(g?) since the action on Q/Z is trivial.
Substituting the values, we get:

(Fr = B ) = hilg) - pole?) = 2. 2 =

n2
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4. Now, let’s compute this value modulo 1. Since 1,5 € {0,1,...,n — 1}, we consider:

ab-1j
& € Q/Z.

This value represents an element of H*(G,Q/Z). For G = Z/nZ, we have:

H*(G,Q/Z) = Z/nZ.

The cup product results in:

[fl ~ fg] = %b € Z/nZ

5. The cup product of two elements fi, fo € HYZ/nZ,Q/Z) is the cohomology class in

H?*(Z/nZ,Q/Z) corresponding to %b, where a,b are integers representing the chosen co-

cycles f1 and fs.

1.4.4 Tate’s Theorem

Lemma 1.4.27 (Tate’s)
When G s finite and A is a G—module. If

HA(G!, 4) = 0 = HA(G, A)
for every G' < G, then HJ'(G, A) = 0 for every m € Z.

Proof: This is clear if G is cyclic. Presume that G is solvable. In this instance, we will use
induction on the size of finite group G to finish this lemma.

Assume that G/G’ is cyclic and that G’ is a proper subgroup of G. For every m € Z,
HI(H,A) = 0 since |G'| < |G| and the pair (G’, A) satisfy the lemma’s hypotheses. Thus,
we have exact sequences:

0— HMG/G' AY) - HMG, A) — HM(G', A)

for every m > 1. Since H+(G, A) = 0 = H2(G, A), H-(G/G', AY) = 0 = HA(G/G', AY"), and
G /G is cyclic, this leads to that H*(G /G, A®") = 0 for every m € Z. Therefore, H* (G, A) = 0
for all m > 0. We next show that H°(G, A) = 0. Let 2 € A%, because HA(G/G’, A®") = 0,
there is a y € A% so that Nmg,e (y) = . Moreover, since H)(G', A) = 0, there isa z € A
such that Nmg/ (2) = 2. We have

Nmg(2) = Nmg e o Nmer(2) = .
Therefore, HJ'(G, A) = 0 for every m > 0. Now we consider the exact sequence
0— A— Ind%(Ay) — Ind“(Ag)/A = 0

where A is A as an abelian group. Because Ind“(4,) induced as an G’ —module, H7(G', Ind%(A)) =
0 for every m € Z and every subgroup G’ of G. Thus

HMG' A) = H"HG', Ind%(Ag)/A)
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for all m and all subgroup G'. Therefore, Ind“(Ay) /A is satisfies the hypothesis of the theorem,
and so H?(G,Ind®(A,)/A) = 0 for all m > 0:

0= H%G,Ind%(Ap)/A) = H; (G, A).

We repeat the argument so H;*(G, A) =0, H7*(G, A) = 0, .... This demonstrates the lemma
when we consider G as a solvable group.

Now we look at the general case for any finite group G. The lemma’s hypotheses are satisfied
by G, and A as well, if G and A do, where G, is a Sylow p—subgroup. For every m € Z and
all prime p, H™(G,, A) = 0. The p—primary component of H™(G, A) is zero for all m and all
p, according to Corollary 1.2.36. This suggests that for any m € Z, H™(G, A) = 0. [ |

Theorem 1.4.28 (Tate’s)
Let C be a G—module where G is a finite group. Suppose that for every G’ subgroup of G,
including G' = G,

1. H(G',C) =0, and
2. H3(G',C) is a cyclic group and its order equals to |G'|.

Then for every m € 7Z, there exists an isomorphism
HMG,Z) S HP (G, O).

Moreover, this isomorphism depends on how we choose the generator for H*(G, C).

Proof: Choose any generator v from H%(G,C). Since the map CoroRes : HA(G,C) —
HZ(G, C) is a multiplication by [G : G'], the group HZ(H,C) = (Res(v)) for each subgroup G’
of G.

Let v be represented by cocycle ®. We say

c@)=Cce P Z
9€G; g#1
and broaden the action of G on C' to encompass C(®) by defining:
gy = xgy — x4+ P(g, 1).
The notation x; should be understood as ®(1,1). This indeed establishes an action of G on
C(P) since
rgT; = Trgt — Tpg + P(rg, 1)
and
r(gr,) = r(xgt — x4+ (g, t))
= Lrgt — Ty + (1, gt) — (2rg — 20 + D(r,9)) +1®(g, 1)
= Tyt — Trg + T + O(r, gt) — O(r, 9) + rP(g, 1)
= Trgt — Trg + P(rg,t).

(1.5)

The last equation comes from the cocycle condition

O(r, gt) — (1, g) + r®(g,t) = ®(rg, t).
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The reason v maps to 0 € HZ(G,C(®)) is because ® is the coboundary of the 1—cochain
g — 4. This is the reason C(®) is referred to as 7’s splitting module.
First, we will demonstrate that the hypotheses imply that, for all subgroups G’ of G,

HL(G,C(®)) = 0 = HA(G, C(®))
We recall the following canonical exact sequence
0—=1Ig—2G—7Z—0,
where I = (g — 1]|g € G). Because ZG is induced, H? (G, ZG) = 0 for all r, and so
p(r) = Hy(G',Z) = Hp(G', Ig)

and

HA(G' 1) = Hi (G, Z) =0
We define a additive mapping o : C(®) — ZG so that a(x,) = g — 1 and «a(c) = 0 holds for all
c € C(®) Is is clear that the G—short sequece
0—=C—C@) SIg—0
is exact. It induces the cohomology sequence
0 — HLG',C(®)) — HNG' 1) — HA(G',C) % HA(G',C(®)) — 0.

Because of H1.(G',C) = 0 and HA(G',Ig) = 0, the zeros at the ends are used. Since Res(7)
generates H?(G', C), the map HA(G',C) — HA(G',C(®)) is zero, and this maps to the restric-
tion of the image of v in H%(G,C(®)), which is also zero. Thus, HL(G', I5) = HA(G',C) is
surjective, and hence it is an isomorphism. As a result, H-(G', C'(®)) and HA(G',C(®)), its
kernel and cokernel, are both zero.

Lemma 1.4.27 leads us to the conclusion that, for all m, H7(G',C(®)) = 0. We obtain an
exact sequence by joining the two short exact sequences:

0=-C—->C®) —-2G—-7Z—0

possessing the characteristic that, for all m, H(G,C(®)) = 0 = HP(G,ZG). The double
boundary map is an isomorphism as a result

HMG,Z) S HP (G, C).

Remark 1.4.29
The cup-product with the selected v € H*(G,C') is the map H™(G,Z) — H™(G, C).
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Chapter 2

Local Class Field Theory: Cohomology

2.1 Introduction of the second chapter

For the rest of this chapter, K is a non-Archimedean local field, Ok is its ring of integers (i.e.,
its valuation ring), mg is its maximal ideal, and k is its residue field.
The central construction in this chapter is the local Artin map, which is an isomorphism
stated as follows: N
o 1 K* = Gal(K™/K)

or locally, for every finite abelian extension E/K:
op/k K /Ng (L) = Gal(E/K).

In order to do that, we need to find out about the relation between Galois extensions of a local
field and how they interact with their Galois groups. Initially, their relations will start with the
unramified extensions - the most fundamental extensions of local fields. When we talk about
the ramification of an extension of a local field, we are referring to how the extension behaves
with respect to the valuation and the residue field. For some unramified extension E /K, the
residue field of F is an extension of the residue field of K but does not introduce any new
ramification. In other words, the extension of residue fields is purely algebraic and does not
involve any new ramification behavior. In particular, Gal(E/K) = Gal(e/k) where e is the
residue field of F/. For convenience, we can treat an unramified extension of a local field as a
cyclic extension of a general abstract field.

Let Uk be the group of all unit elements in K and Ug be the group of all unit elements
in £ for some finite unramified extension £/K with the Galois group G = Gal(E/K), we see
that Ug is a subgroup of E* (and hence is a G-module) and moreover it is a compact subset
of F in the natural topological sense. We will find that H}'(G, Ug) is trivial for all integers m.

Next, the notion of the invariant map invg/x : H*(E/K) — Q/Z will be introduced. The
construction of the invariant map typically begins by considering the Galois group of a finite,
unramified extension L/K of a local field K. One then examines the corresponding ideal class
group CI(K) of the base field K. The invariant map takes an element of the Galois group
Gal(L/K) and produces an element of the ideal class group CI(K), reflecting how the Galois
group permutes ideals in K.

Finally, the Local Reciprocity Law Theorem will warrant the existence of the Local Artin
map.
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2.2 The Cohomology of Uramified Extensions of Local
Fields

2.2.1 Group cohomology of the ring of units

Proposition 2.2.1
An finite unramified extension of local fields E/K induces a surjective norm map

NIIIE/K : UE — Uk.

To demonstrate this claim, we require the following lemmas:
Lemma 2.2.2
Forr >0, let Ug) =1+mpy. Then

Up/UY) = e
and
U Uy e

as G—module.

Proof: Let mg = mOgk. In F, it is still prime, and
UL =14 7" 0p.
The homomorphisms
uru modmg:Ug — e~
l+ar" —a mode:Ug)—>e

induce the required isomorphisms. O

Lemma 2.2.3
HG,e*) =0, for every m. More specifically, there is a surjective norm map e* — k*.

Proof: Let G := Gal(E/K), because F/K is unramified extension, G is also the Galois
group of their residue fields extension e/k. Moreover, F'/K is finite so G is cyclic. By Theorem
1.2.26, H'(G,e*) = 0, and because e* is finite so H*(G,e*) = 0. Therefore by Proposition
1.4.9, H7(G,e*) = 0 for all m. In particular,

0= HUG, e*) = (¢¥)¢/Nmg(ex) = &*/ Nm(e*)

so k* = Nm(e*) or the norm map e* — k* is surjective. O
Similarly, we have

Lemma 2.2.4
H(G,e) =0 for every m. More specifically, there is a surjective trace map e* — k*.
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Proof: (of the proposition) Let u € Ug. There is a ey € Ug so that Nm(ep) = v mod U,gl),
since Nme* — k* is surjective. For the same reason that the norm map US)/Ug) — U[((l)/U[(?)
is surjective, so is the trace map e — k, and so there is a e; € Ug) such that Nm(e;) =
u/ Nm(ep) mod U[(?). By following this pattern, we generate a sequence eq, €1, €g, -+ € U[(?, SO
that u/ Nm(eg . ..e;) € UL Let & = lim;_, o0 H;':1 v;. Thus u/ Nm(e) € N Ul = {1}. O

Proposition 2.2.5

Consider extension E/K : finite, unramified with G = Gal(E/K). Then

HMG,Ug) =0, Vm € Z.

Proof: Let m € K be a prime and hence it is a prime in F as well. We get
E* > U x n”.
Thus, according to Proposition 1.2.31
H™(G,E*) = H™(G,Ug) ® H™(G, %)

since H'(G, E*) = 0 (by Theorem 1.2.26), H'(G,Ug) = 0. Given that G is cyclic, proving
H°(G,Ug) = 0 is sufficient to finish the proof. This can be done directly by Proposition 2.2.1.
]

Remark 2.2.6
Let E/K be an unramified extension and [E : K] = oo, for allm > 0,

H™(Gal(E/K),Ug) = ligHm(Gal(L/K), Ur),

where the limit is over the finite extensions L/K such that L C E. Thus,
H™(Gal(E/K),Ug) =0

for allm > 0.

2.2.2 Constructing the invariant map

Definition 2.2.7 (Frobenius element)

Given a non-Archimedean local field K, let E be its finite unramified extension. Hence, E /K is
Galois and for every a € O, there is one and only one o € Gal(E/K) so that a? = oa (where
q = |k|). Denoted as Frobg/k, this o is known as the Frobenius element of Gal(E/K) and it
generates Gal(E/K).

Definition 2.2.8
For any Galois extension E/K, let

H*(E/K) = H*(Gal(E/K), E™).
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In the case F/K is unramified and G = Gal(F/K). From the G—cohomology sequence

0— Up— EX 22, 7 40,

An isomorphism is obtained:
HY(G,E*) = HY(G,7Z).

The G—short exact sequence
0-Z2Z—-Q—>Q/Z—0

induces a long exact sequence of cohomology, it leads to the isomorphism

o~

H*(G,Z) = HY(G,Q/7Z).

Recall that
HY(G,Q/Z) = Hom(G, Q/7Z).

If the degree of the extension E/K is equal to 7, then the group G = (Frobg k) of order 7.
The mapping defined by

f = f(Frobg/k) : Hom(G,Q/Z) — Q/Z

illustrates the r-order of Q/Z. When [E : K] = oo, the group G is topologically generated
by Frobg/r. This indicates that G = Cl{Froby, kI E Z}. Furthermore, the mapping
f — f(Froby, k) establishes an isomorphism from Hom (G, Q/Z) to an infinite subgroup of

Q/Z.

Definition 2.2.9 (Invariant map)
The composite of

f=f(Frobg, k)
SR AN

H*(E/K) S H*(G,Z) = H'(G,Q/Z) = Hom(G, Q/Z) Q/Z

18 called the invariant map
invgx : H(E/K) — Q/Z.

Example 2.2.10
In the case K = Qs, consider a finite abelian extension E = Qs(¥/5) of K. Since this is a
cyclic extension of degree 3, the Galois group G = Gal(E/K) is cyclic of order 3.

1 1

The invariant map in this case sends the generator o of G to FR — 3 € Q/Z. In particular,

Let o : /5 — (/5, where  is a primitive cube root of unity. The invariant map
, 1
invg/ k(o) = 3€ Q/Z.

Therefore, each power of o corresponds to a multiple of %
1. invg/k(lg) = 0;
2. invg/k(o) = %;

3. iHVE/K(U2) = %
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Proposition 2.2.11
When E/K is finite and [E/K] =r. Let K™ and E™ be the largest unramified extensions of
K and E, respectively. The diagram:

H2(K™/K) 2=, H2(E™/E)

linv K linv E

Q/Z ——— Q/Z

commutes.

Proof: Consider the map

T = T|gw : Gal(E"/E) — Gal(K"/K)
because K™ = L - K", it is injective. The restriction map is defined by the compatible
homomorphism Gal(E"™/FE) — Gal(K"™/K) and (K"™)* — (E"™)* Let Gx = Gal(K"™/K)
and Gg = Gal(E"™/FE). Consider the diagram:

H%(K"™/K) —— H*(Gg,Z) — H'(Gk,Q/Z) — Q/Z

lRes lr Res lr Res l fe

H2(E™/E) —— H*(Gg,Z) —— H'(Gp,Q/Z) —— Q/Z

The residue class degree and ramification index of E/K are denoted by f and e in this case.
The commutative square yields the square on the left.

Z
lxr
Z

The restriction map and boundary map commute, as indicated by the second square. Here is
the third square:

(Kun) « ordg

(Eun) X ordE

Hom(Gr, Q/Z) =% Q/Z

l@o'—w\cE le

Hom(Gp, Q/Z) =25 Q/Z

Where Frobg and Frobg maps are ¢ — ¢(Frobg) and ¢ — ¢(Frobg), respectively. If ¢ = |k|
and ¢/ = |e|, then the Frobenius elements induce x + 29 and x 27" on the residue field.
Therefore, Froby, |k = Frobﬁ. Because n = rf, the square commutes. O
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2.3 Local Artin map

Remark 2.3.1 (Construction of Local Artin map)
Let K be the algebraic closure of K (in the case K has charateristic p > 0, we uniformize the

notation K with K* - the separable closure of K) and q = |k| (necessarily q is a power of a
prime). Let K™ be the largest unramified extension of K which can be obtained by taking |J E
where E runs over all finite unramified extensions of K. We can see that K™ is well-defined
since E - F/K is unramified for every finite unramified E/K and F/K. The algebraic closure
of the residue filed k of K is the residue field k of K"™.

All automorphisms o of K™ that fix K preserves the field norm | -|. Consequently, it induces
an automorphism @ ofE/k on K"™. The map

Gal(K™/K) — Gal(k/k) : 0 —

is an isomorphism. Hence, (x — x%) : k — k and o — Frob% : Z — Gal(K"™/K) are both
induced by the unique element Frobyx € Gal(K™/K).

We will prove the existence of a group homomorphism (called local Artin map)
ox  K* — Gal(K*™/K)
with these two properties:
1. g (m)|gw = Frobg for any prime element 7 of K;

2. The kernel of a — ¢g(a)|p contains Nmp,x(£*) for any E/K finite abelian, and g

induces
¢p/k t K/ Nmpg/(L*) — Gal(E/K).

Lemma 2.3.2
Consider L C E C K as a Galois extension tower. Then

Res(uL/K) =UurL/E

and

Proof: Let [E : K] =n,[L : E] = m. Consider

H)(K/K) 2= H*(K/E) 2= H*(K/E)

linv K linv L linv L

Q/Z —— Q/Z —— Q/Z

Each of the vertical maps is an isomorphism. We get the following commutative diagram after
applying the kernel-cokernel lemma to the rows:

0 — H2(E/K) 2% H2(L/K) 2% H%*(L/E)

linVE/K linvL /K linvL/E

xXn

0 —— lz/z —9 — Lz/z " 17/7
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The fact that the two squares commute leads us to

R€S<UL/K) =Uur/E

and
Inf(ug k) = [L : Elug/k.
[ |
Proposition 2.3.3

Given a finite Galois extension E /K with a Galois group G, there is a canonical isomorphism
exists for all m:
HMG,Z) — HP (G, EX).
Proof: For every subgroup G’ of G, it is straightforward to verify that
1. HY(G', E*) = 0 by the Hilbert’s Theorem 1.2.26.
2. HA(G', E*) = (g por = Res(upyc)) and [H(G', E¥)| = |G7].
The conditions of Tate’s theorem are fulfilled by the pair (G, E*). Therefore

HIMG,Z) — HF(G, EX)

U
Corollary 2.3.4
In the case of a finite Galois extension of local fields with Galois group G denoted by E/K :
Hy(G,Z) = H:*(G,Z) — H} (G, EX)
or
G™ = K*/Nmp/(E”).
Proof: This is directly implied by Proposition 2.3.3 by letting m = 2. U
Remark 2.3.5

In the case of a finite abelian extension E /K, we can define the local Artin map as
¢r/r: KX/ Nm(E*) — Gal(E/K) = G*
by stipulating that it is the inverse of the isomorphism
G® = KX/ Nm(E).

Theorem 2.3.6 (Norm limitation)
Let E/K be finite Galois and L/K be maximal abelian among all L C E. We can state that

NmL/K(LX) = NmE/K(EX)
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Proof: Let G = Gal(£/K). Since Nmp,x = Nmp/, o Nmy /f, it follows that Nmp, i (E*) is
contained within Nmy,/x(L*). In light of this, we have Gal(L/K) = Gal(E/K)* = G>, which
means that the norm groups have the same index in K, since by the Corollary 2.3.4,

K*/Nmp(E*) = G = (G™)* = K*/Nmyp(L").

Consequently, this indicates that the norm groups are indeed equal. 0

Proposition 2.3.7

In the case where L D E D K forms a tower of finite ablian extensions of K, it follows that
er/k(a)ls = ¢r/x(a)

holds true for all a € K.

Proof: The local Artin maps’ definition allows us to directly check this by using Inf(ug /x| =

Remark 2.3.8
In the case where E/K is a finite unramified extension with G = Gal(F/K) andn = [E : K],
there exists an isomorphism given by

G=G"=H*G,7Z) = HNG,E*) = K*/Nm(E).

For every prime m € E, a € E* can be expressed uniquely in the form o = un® for some u € Ug
and t € Z. Consequently,
EX=Uxn"2UgxZ.

As E is unramified over K, we have the freedom to select m € K. This allows us to express
T as T(urt) = (tu)wt for T € Gal(E/K), making the previous expression a decomposition of
G—modules, with G acting on Z = 7w trivially.

Remark 2.3.9
Select an element o € G to be the generator, and consider

f € HY(G,Q/Z) = Hom(G,Q/Z)

as the element such that f(o') = £ mod Z for allt. It is responsible for generating H'(G,Q/Z).
By using the exact sequence
0-Z2Z—-Q—Q/Z—0

and the fact that H™(G,Q) = 0 for all m, we can establish an isomorphism
§: HY(G,Q/Z) — H*(G,Z).

In order to form §f, we select a lift of f to a 1—cochain f : G — Q. We define f as the
function ot %, where 0 <t <r —1. Then

0 ift+k<r—1
1 ift+k>r—1

df (o', %) = o' F (%) — F(o™F) + F(o*) = {
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When Z is matched with ™ < E*, we can observe Up/K € H?(G, E*) is depicted by the cocycle:

oty — 0 ift+k<r—1
T oift+k>r—1

The sequences
0—-1—-2G—=7Z—0

and
0—FE*—=FE(¢)—>1—0

yields

o

H:*(G,Z) = H:'(G, )
Hy'(G,T) = HY(G,T)

Since both ZG and E*(p) exhibit trivial cohomology. In this context, E*(p) denotes the splitting
module E* & @ ,cq 41 Lo associated with .

Proposition 2.3.10
The composite of mapping in the following sequence

G5 H(G,Z) — HY(G, EX) S K*/Nmg(EX)
maps 0 € G — 1 mod Nmg(FE).

Proof: H %(G,Z) 2 G indicates that under H *(G,Z) — H (G, Ig) C Ig/1%, the element
o is represented as o — 1.
HYG,Ig) — H°(G, E*) is determined by the snake lemma applied to

H_I(G7 IG)

!

(E¥)e — EX (@) — (Ug)g —— 0

| | |

00— (BX)¢ —— E*(p)6 —— IC

|

H(G, EX)

Where the vertical maps are Nmg = S77_0 o' and (0 — 1) 4 12 is the image of z, 4+ Ig- E*(¢)q
in E*(¢)e and Nmg(z, + I - E*(p)) is
0xy = @(0,0) + Ty2 — Ty
021, = p(0,0°%) + Tys — Ty

ey

t—1 t—1
07T ke = X1 — Totr + p(0,07);
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where 1 = ¢(1,1) = z, and plus on the E* of E(p) is “”, thus

r—1

Nme(z,) = [[ ¢lo.0") = .

t=1

Lemma 2.3.11
If the extension E/K is Galois with a finite degree n, then the group H*(E/K) contains a
subgroup of order n.

Proof: Consider the diagram:

0 —— Ker(Res) —— H*(K™/K) 1< H?(E"™/E)

| [ [

0 — H*E/K) —— H*K/K) 22 H*(K/E)

The injectivity of the two restriction maps implies that the first vertical map is also injective.
However, Proposition 2.2.11 demonstrates that the Ker(Res) on the first row is 1Z/Z. O
Now we need to prove that the map 1Z.Z < H*(E/K) is an isomorphism.

Lemma 2.3.12
In the case where E/K is finite Galois and G = Gal(E/K), there exists O Copen, Op, which
remains stable under G and satisfies H™(G,0) = 0 for every m > 0.

Proof: Consider {z,|c € G} as a normal basis for F over K. The elements z, share a
common denominator d in Og. By replacing each z, with d - z,, we can assume that they
belong to Op. Let O =Y Ogx,. Then it follows that

0 = 05[G] = Ind® O

and consequently H™(G,0) = 0 for all m > 0. O

Lemma 2.3.13
An open subgroup O of Ug exists that is stable under G, and for all m > 0, it satisfies
H™(G,0)=0.

Example 2.3.14
If charK = 0, then the power series

e A
z xr
e = E -
7!

1=0

converges for ord(p)/(p — 1) < ord(x). It establishes an isomorphism between an open neigh-
borhood of 0 in E and a neighborhood of 1 in E*, and its inverse is

e.o]

log(z) = — Z u

- 7
=1
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It is evident that both mappings are compatible within the G—action. If O’ is an open neigh-
borhood of 0 as described in Lemma 2.3.12, then 7O’ will possess the same properties, and
we can choose O = exp(m™O’) where M is sufficiently large to ensure the exponential function
is defined on ™ O'.

Lemma 2.3.15
In the case where E/K is finite Galois [E : K| = r, the order of H*(E/K) is also r.

Proof: We note that r divides |H?*(E/K)| and |H*(E/K)| = r when E/K is cyclic. We will
establish the lemma using induction on [E : K|. As Gal(E/K) is solvable, there is L/ K Galois
such that £ D L D K. From the sequence

0— H*(L/K) — H*(E/K) — H*(E/L)
we can conclude that

r=|H*(L/K)| x |HXE/L)| > |H¥E/K)|.

Now we are prepared to demonstrate the main theorem:

Theorem 2.3.16
We can construct an isomorphism

invg : H*(K/K) — Q/Z
on every non-archimedean local field K. In addition, if [E : K| = r, then the diagram

0 — H?(E/K) — H*K/K) 225 H*(K/E)

linv K linv B

0 — %Z/Z — Q7 —— Q/Z
1s commutative, and thus defines a canonical isomorphism

1
invg/x: H*(E/K) — ~Z]Z.
r

Proof: We represent the following diagram

0 —— Ker(Res) —— H*(K™/K) £ H2(E"™/E)

| [ [

0 — H*E/K) —— H*K/K) 22 H*(K/E)

For any E/K finite Galois, we observe that H*(E/K) < H*(K/K) and H*(E/K) C H*(K"™/K).
This implies that H?(K/K) = |J H?>(E/K), demonstrating that the inflation map H?(K"/K) —
H?*(K/K) forms an isomorphism. Consequently, the invariant map invy : H*(K"™/K) — Q/Z
establishes an isomorphism H?(K/K) — Q/Z. As a result of Lemma 2.3.11, it satisfies the
necessary properties for the theorem. Furthermore, the Proposition 2.3.10 (with chosen o)
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demonstrates that the homomorphism possesses the necessary properties for 2.2.11. Therefore,
the commutativity of the diagram can be directly inferred from Proposition 2.2.11. Let’s now

examine
LDFEDK,

with L/K and E/K being uramified. The following diagram

HYE/K) 225 /7

| =

inv

HX(L/K) —5% Q/Z

is commutative, as inv and Inf being compatible.
Specifically, there exists a natural isomorphism

invg : H*(K"™/K) — Q/Z
such that for every £ C K" with E/K finite, the map invy induces

1
[E : K]

vy HX(E/K) = Z/Z.

Theorem 2.3.17 (Local Reciprocity Law)
On a non-Archimedean local field K, we defined the local Artin map, denoted as

o K* — Gal(K”/K)
exists and it satisfies the following properties:

1. For each prime number 7 in the field K, the restriction of the Frobenius map o (7)|run
holds true.

2. Every finite abelian extension E of K has the property that Nmp x (E*) is included in the
kernel of the map a — @k (a) g, and the function px causes an one-to-one correspondence
denoted by

Proof: It’s all clear now, except for 1. This is because in the case of an unramified extension
E of K, ¢k is consistent with the one defined, so we can simply use Proposition 2.3.10. [

Corollary 2.3.18
Let K be a nonarchimedean local field andp : K* — Gal(K®/K) is its local Artin map. Then

1. The function that maps E to Nm(E*) forms an one-to-one correspondence between the
collection of finite abelian extensions of K and the assortment of norm groups in K*.

E C E' < Nm(E*) > Nm(E").
Nm((E - E')*) = Nm(E*) 0 Nm((E)*).
Nm((E N E")*) = Nm(E*) - Nm((E")*).

Srots e

The statement is that any subgroup of K> that includes a norm group is also a norm
group itself.
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Proof: We note that the transitivity of norms can be expressed as
NHlL/K = NmE/K @) NmL/E .

This implies that if £ C L, then
Nm(E™) D Nm(L™)
Hence, it follows that Nm((E - L)*) is a subset of Nm(£*) N Nm(L*). On the other hand, if
a € Nm(E*) N Nm(L*), then
vp/x(a) =1 =¢r/k(a).
In the given context, it is evident that prp/x(a)|r = ¢r/k(a) and /K (a)g = Yr/Kk(a). Since
the mapping
o= (o1,0o) : Gal(LE/K) — Gal(E/K) x Gal(L/K)
is shown to be injective, it follows that ¢rg/k(a) = 1, thus implying that a € Nm((£ - L)*).
Now we establish 3. Next, we finalize the demonstration of 2. If Nm(£*) D Nm(L*), then

statement 3 transforms into
Nm((LE)*) = Nm(L™).

The norm group’s index corresponds to the abelian extension’s degree that defines it, and since
LE D L, this means that LE = L. Therefore, L D FE.

The mapping F — Nm(E*) is surjective, as per the definition, and it can be inferred from
point 2 that it is also injective. This proves 1.

We will now establish 5. Suppose N = Nm(L*) and I contains N. Let M denote the field
that is fixed by pg/k (1), such that ¢k bijectively maps I/N to Gal(E/M). We examine the
commutative diagram,

PE/K
—

K Gal(E/K)

b

K* 225 Gal(M/K)
The kernel of ¢k can be represented as Nm(M*). Conversely, the kernel of the sequence
K* — Gal(E/K) — Gal(M/K)

is equal to @E}K(Gal(E/M)), which equals to 1.

At last, we demonstrate 4. There exists a bijective mapping that reverses the order between
two sets in 1. Since E N L represents the most extensive expansion of K that is present in
both E and L, and Nm(E*) - Nm(L*) is the smallest subgroup that includes both Nm(FE*)
and Nm(L*) (as specified in 5), the two sets must correspond to each other. O

Example 2.3.19
In the case where K 1is an archimedean local field, K = R or C. For K = C, everything is

trivial since K = K itself. If K =R then R and C are the only two abelian extensions of K,
we have Nm(R*) = R* and Nm(C*) = R.g. Let H < R* with (R* : H) < oo then H is either
R* or R.q. Hence, the isomorphism

R* /Rwo — Z/27 = Gal(C/R)

1s termed the local Artin map for K = R.
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Chapter 3

Local Class Field Theory: Lubin-Tate
theory

3.1 Introduction of the third chapter

While researching Local Class Field theory, John Tate and Jonathan Lubin realized that the
action of ramification groups of local field abelian extensions is extremely similar to a special
class of formal group laws.

In the beginning of this chapter, we introduce the formal group laws (a class of formal power
series ring R[[X7, X3]]). This is just formal algebra to soon support our theory of Lubin-Tate.
After that, let R be the ring of integers of a non-Archimedean local field K. Within any fixed
prime 7 € R, we can define another special formal power series of the ring R[[X]] and denote
it by F,. By that mean, every f € F. can be seen as an endomorphism of a formal group law,
soon denoted by F and called Lubin-Tate formal series.

After that, we construct K™ - the maximal unramified extension of K - by joining every
cyclic extension of K that is generated by the m—th roots of unity. We need to construct an
abelian extension of E of K large enough so we get an isomorphism which is similar to the
local Artin map:

A" =2 Gal(E/K).

This field is soon denoted by K, and it only depends on the way we choose the prime 7.
In the last part, we will prove that K is actually the missing component of K" in the

Kronecker-Weber theorem:
K™ = K- K™

We also prove the statement (so-called the Existence Theorem) that when we view K* as a
topological group, then every open subgroup of it is actually of the form Nmpg x(E*) for some
finite extension E/K.

3.2 The basic notion of formal group laws

Definition 3.2.1 (Formal group law)
We call a (one dimensional) commutative formal group law over a commutative ring R is a
formal power series F(X1, Xs) € R[[X1, Xs2]] in two variables with coefficients in R such that

1. F(X1,0) = X, and F(0,X5) = Xo,
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2. F(Xl, F(Xg,Xg)) = F(F(X17X2>,X3) and
3. F(Xl,XQ) — F(XQ,X1>.

Definition 3.2.2 (Homomorphisms)

A homomorphism h : F — G between two formal group laws F and G is a formal power series
h(X) € R[[X]] such that h(0) = 0 and h(F(X1, Xs)) = G(h(X),h(Y)). Moreover, it is an
isomorphism if there exists h™' : G — F such that h™*(h(X)) = h(h (X)) = X.

Lemma 3.2.3 (Inverse of a formal power series)
The formal power series h(X) = ¢, X + ... has an inverse h™ if and only if ¢, € R*.

Proof: Let h™(X) = ¢;'X + ... with higher coefficients are determined uniquely by h(X)’s
coefficients. [

Remark 3.2.4 (Abelian group of homomorphisms)
The set Hompg(F, G) of homomorphisms between formal group laws F and G is an abelian group
with respect to the addition (hy + ho)(X) := G(h1(X), ho(X)) with zero element 0.

Lemma 3.2.5
The formal group law F(X,Y) has a formal inverse in the sense that there is an unique formal
power series ip € R[[X]] such that ip(X)=—x+ ... and F(X,ip(X))=0.

Proof: We construct inductively an unique sequence (i;(X));>1 of polynomials in X R[X] such
that degi;(X) < j and ‘
F(X,i;(X)) =0 mod X' R[[X]]

Let 43 (X) = —X. Suppose that i;(X) has been constructed already. Then
F(X,i;(X)) = ¢j1 X mod X7 R[X]
for an unique ¢;11 € A. We define i;,1(X) :=4;(X) — ¢;41 X/ Then
F(X,i5(X)) = F(X,15(X) = e X771) = F(X,15(X)) = ¢ X =0 mod XP*2R|[X]),
It follows that ip(X) 1= —X — 3.5, c; X7 € R[[X]] satisfies F(X,ir(X)) = 0. [

Example 3.2.6 R
The multicative formal group law G,,(X1, X2) = (1+ X1)(1+ X3) — 1 = X1 + Xo + X5 X5 has

its 1nverse x
. 1 i
g, (X)) =~ 77 = 2_Xi

i>1

Suppose R = Ok. Any commutative formal group law F' over R gives rise to actual abelian
groups in the following way:

Definition 3.2.7
Let E be any nonarchimedean local field extension of K and let mg be the maximal ideal of its
ring of integers. For any two x,y € mg, the series

$+Fy:: F(x7y)

converges with the limit in mg. Thus (mg, +5) is an abelian group in which the inverse of x is
given by ip(x). Moreover, any h € Ende, (F') induces the endomorphism x +— h(z) of (mg, +r)
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Example 3.2.8
Consider a formal group law denoted as G. We can define f +c g = G(f(T),g(T)) for any f
and g belonging to TR[[T]]. This transforms TR[[T]] into an abelian group.

Remark 3.2.9
In the context of a formal group law over Ok, if we have f : F — G, it will establish

a f(a): (mg,+r) = (Mg, +c)
forany E D K.

Example 3.2.10
We define F' = G, (X1, X2) = X5 + Xo+ X1 Xo = (1 + X0)(1 + Xo) — 1, consider f(T) =
—1+ (1 +T)" as an endomorphism of F' since

F(f(X1), f(X2)) = (1 + X1)P(1 + X2)P — 1= f(F(X1, X2))

It is worth noting that the diagram below is commutative,

f
My —— Mg

lai—)l—l—a la>—>1+a

a—aP

l4+mg — 1+mg
When we match (mg, +r) with (1 +mg, x), f is then associated with the function a — aP.

Example 3.2.11
The abelian group (mE,—i—@m) 15 1somorphic to the subgroup 1 + mg of E* under the map
x — 1+ x for the multiplicative formal group.

3.3 The introduction of Lubin-Tate group laws

Let K be a nonarchimedean local field and R = Ok be its ring of integers and k = Ok /mg be
its residue field, choose a prime m € Ok

Definition 3.3.1
We denote F, as the set of every formal power series f(X) € R[[X]] satisfies the following two
conditions:

1. f(X)=nX+...;
2. f(X)=X? mod 7,
where the following terms after X is of degree > 2 and q = |k|.

Example 3.3.2
The polynomial f(X) =7X + X belongs to F.

Example 3.3.3
When K is Q, then
f(X)=—-1+(1+X) e F,.
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Lemma 3.3.4
In F, consider forms f and g, and a linear form ¢1(Xy,. .., X,) with coefficients in R. There
exists an unique ¢ € R[[X1,..., X,]| so that

(X1, ..., X,) = p1 + > 2—degree

and
flo(X1, ..., X)) = p(g(X1), ..., 9(X;))

Proof: By using the method of induction on n, we can demonstrate that there exists an unique
polynomial ¢, (X1, ..., X,) of degree n, satisfying the conditions:

@n(Xla cee >Xr) =1+ > Q_degree

and
flon(X1, ..., X)) = on(9(Xy), ..., 9(X,)) + > n+ 1—degree.

The initial polynomial has a distinctive coordinate denoted as ;. This coordinate definitely
fulfills the initial requirement. If we express ¢; as »_ a;X;, the second requirement states that

7'('(2 a; X;) = Zai(ﬂXi) + terms of degree > 2

This condition also holds true. If n > 1, the definition of ¢,,1; is required. Since ¢, is unique,
©n+1 should be equal to ¢, +Q for a homogeneous polynomial @ of degree n+11in A[ X1, ..., X,].
It is necessary to have

flor( X1, 0, X)) = @na1(9(X1), ..., 9(X})) — > n + 2—degree.
On the left side, we have
flor( Xy, ..., X)) +mQ(Xy,. .., X,) + > n + 2—degree
and on the right side, we have
on(9(X1),...,9(X,) + Q(rXy,...,7X,) + > n + 2—degree.

Since @ is homogeneous of degree n+ 1, it follows that Q(7 X1, ..., 7X,) = 7" Q(X4,..., X,).
Therefore, it is necessary for

(7" —m)Q(X1, ..., X)) = flon(X1, ..., X)) —en(g(X1), ..., g(X,))+terms of degree > n + 2

The polynomial ) must be the only one that satisfies the following condition:

flon(Xy, . X0)) = palg(Xa), ..., g(X}))
(7 — D)

It is important to note that on the field of characteristic p,

fopn—pnog=pu(X1,...,. X)) —pp(X{, ..., X)) =0 modr

= () 4 terms of degree > n + 2.

The form @) has coefficients in the ring A since 7|(fop,—p,0g), and 7" —1 € R*. Additionally,
the function ¢,, satisfies the induction hypothesis and indeed has degree n + 1.
Once we have established the values of ¢, for n =1,2..., and have observed that

Pnt1 = Pn + terms with a degree > n + 1
allows us to define ¢ as the only one power series for which
© = @, + terms with a degree > n + 1,

for all values of n. [ |
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Proposition 3.3.5
Any f belonging to F corresponds to only one formal group law Fy with coefficients in R that
allows f to act as an endomorphism. We soon call this Fy the Lubin-Tate formal group law for

f.

Proof: As per Lemma 3.3.4, there exists a singular power series Fy(X;,x2) such that

{Ff(Xl, Xs) = X7 + X5 + > 2—degree (3.1)
F(Fp(X1, Xs)) = Fy(f(X1), f(X2))
We still need to verify that this satisfies the requirements of a formal group law.
Commutativity: Let G = Fy(Xy, X1). Then
{G(Xl, Xs) = X1 + Xo + > 2—degree (3.9)
FG(X1, X3)) = f(Fr(Xs, Xb)) = Fr(f(X2), f(X7)) = G(F(X0), f( X))

Given that Ff(X 1, X2) is the only power series with these characteristics, we can conclude that
G(Xl, XQ) - Ff(Xl, XQ)

Regarding associativity, if we let G1(X1, Xo, X3) = Fp(Xy, Fy(Xa, X3)) and Go(X1, Xz, X3) =
F(F(Xy,X2),X3). Then, for i =1,2:

Gi(X1, Xa, X3) = X; + Xy + X3 + term of degree > 2 (3.3)
Gi(f(X1), f(X2), [(X3)) = f(Gi(X1, X, X5)) '
Lemma 3.3.4 implies that only one power series fulfills these conditions. U

Example 3.3.6

Consider K = Q, and let 7 = p. We have f = (1+T)P —1=>", (};)Ti satisfies all the
conditions to be an element of F,, and the form F' = X;4+Xo4+ X, X, has f as an endomorphism.
Hence, we can write F' = F.

Proposition 3.3.7
In the set F., consider two elements f and g, and an element r belonging to R. Then, let
[7]g.r € R[[T]] such that

golrlgs =Irlgsolf.

and it induces a formal group laws homomorphism [rly ¢ : Fy — F.

{[T]g,f(T) = 1T+ > 2—degree

Proof: In Lemma 3.3.4, we are assured of the existence of h = [r], ;. Our task is to demon-
strate that
h(F5 (X1, X)) = Fy(h(X1), h(X2)).

Each term is clearly in the form rX 4 rY + term of degree > 2. Additionally,
h(Ep(f(X1), [(X2)) = (hog)(Fr(X1, X5)) = g(h(Fy (X1, X2)))

and
Fy(h(f(X1)), h(f(X2))) = Fy(g(h(X1)), g(h(X2))) = g(Fy(h(X1), h(X2)))
and we again utilize the uniqueness in Lemma 3.3.4. U
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Proposition 3.3.8
For any ri,ry € R,
[r1 4 ralg.r = [rlgr +r, [r2los
and
[riraln,; = [r1lng © [T2]g,s-

Proof: We can readily verify the accuracy of the statement based on the definition of [.], ;.
O

Corollary 3.3.9
For f,g € Fr, Fy = F,.

Proof: Each element r € R* has inverse isomorphisms [r], and r;}. Specifically, there exists

one and only one h : F} = F, such that h(T) = T + > 2—degree together with goh = ho g,
denoted as [1], f. O

Corollary 3.3.10
For every element 1 in the set R, there exists one and only one endomorphism [r]; : Fy — Fy
in such a way that [r|y = rT + term of degree > 2, and [r]; has the property of commuting
with f. The function

r— [r]s: R — End(FYy)

acts as a homomorphism of rings.

Proof: Consider [r]; = [r]| - it represents the unique series 71" + > 2—degree, which com-
mutes with f. This series serves as an endomorphism of Fy. The fact that » — [r|; forms a
homomorphism of rings can be derived from Proposition 3.3.8, and [1]; = T. O

Remark 3.3.11
Therefore, for any finite extension E of K, the abelian group (mg, +r,) naturally possesses an
R—module structure.

Example 3.3.12 (Lubin-Tate group law and its attached endomorphism on Q,)
When K = Qp, let f = (1+T)P —1==3%",(*)T" € F, (as we have shown before), so that
Fr =X+ Xo + X1 Xy. For any r € Z,, we can define

1+T) = ; (;)T

The definitions coincide with the usual ones when a € Z, and if (r;)i>1 i a sequence of integers
converging to r € Z,, then (:;L) — (7;) as i — oo0. In the case of( ) € Z,, we have

rlp=(14+T1T)" -1
It is certain that (1+T)" —1=rT+ ..., and
(+T) =Dof=00+T)?=1=fo(1+T) =1)

holds true for integer v, and due to continuity, it holds true for all v € Z,.

When we consider the isomorphism (m,+r;) 2 (1 4+ m, x), the action of [7]¢ corresponds

to the mapping of an element of 1 +m to its r—th power.
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Example 3.3.13 (Lubin-Tate group law and its attached endomorphism on F,((%)))
In the case K = F,((t)), its ring of integers is R = F,[[t]], its residue field is F, and K now
has characteristic p. We are going to define the Carlitz polynomial [M](T).

1. By setting [1|(T) :=T and [t|(T) := T? + T, we define (for everyn > 2):
[£")(T) = ([ (T)).-
2. For every F = ag + a1t + ast* + - -- € Fy[[t]], let

[FI(T) = aoT + ax [t](T) + ax[t*)(T') + - - - € Fp[[E])[[T]]-

Now, let f =T +tT € F,, its Lubin-Tate group law is just F(X1, Xs) = X1 + Xy and for all
F e F,[[t]], we can define

Remark 3.3.14
1. Note that [7]; = f.

2. The mapping v — [r]f : R — End(FYy) is an injective homomorphism, since the leading
coefficient of [r]s allows for the recovery of .

3. [g.r: Fy = F, preserves the actions of R on Fj, and Fy as shown by the equation

[Hg,p o [rly = [rlgs = [rlgo [Ugs-

3.4 Constructing the extension K,/K

Recall that a non-archimedean local field K is either a finite extension of Q, or a finite extension
of F,((¢)). In this subsection, we consider R = Oy as its ring of integers, k = R/m as its residue
field and g = |k|. It is well-known that ¢ is a power of some prime number p.

Remark 3.4.1 (The construction of K"")
Let
o = {C €K : (" =1}

be the set of all m—th roots of unity in K. When p is not a prime factor of m, the discriminant
of the polynomial P(X) = X™ —1

disc(X™ —1) = H(Q — )2 = (_1)n(n+1)/2mm

is an unit in the ring R = Ok where (;,(j € pim. Let Kuy] be the extension of K generated by
the m—roots of unity, since Gal(K [u,]/K) is cyclic the extension is unramified. Additionally,
the splitting field of P(x) over k is the residue field k,, of K|uy|. Moreover, ky,, has exactly
¢®"4m®) elements. Consequently, we have

E™ = | K]
ptm
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and the Galois group Gal(K"™/K) = Z. Where

Z = limZ/nZ.
—

We can also identify each m € Z with a homomorphism o, € Gal(K[un]/K) as: for each
¢ € tm and every ng € Z close enough to m (with canonical norm and only depends on m),

P n
Op - (="
In other words, o, can be seem as Frob}

Example 3.4.2 (The case K = Q)
When K s the field of p-adic numbers Q, with m being the prime number p, an analogous
structure for the extension K, known as (Q,), can be defined as the union of the fields Qp[fi,n]
for all n. The mapping (Im],{) — ¢™ from the group Z/p"7Z X piym to pn transforms the group
upn into a free module over Z/p™Z with one generator. Considering that Z/p"Z is equivalent to
Ly D"y, we can treat pm like a cyclic module over the p-adic integers Z,, similar to the cyclic
group Z/(p"™). The Z,-action on pi,n allows for an isomorphism between the units of Z,/p"Z,
and the Galois group Gal(Qp[u,n]/Q,). As we take the limit when n increases without bound,
this results in an isomorphism between the units of the p-adic integers Z; and the Galois group
Gal((Qp),/Qp).-

For the field extensions K™ /K and (Q,),/Q,, we can concretely specify a set of elements
that generate the extension, describe the Galois group in detail, and express precisely how the
Galois group acts on these generators.

Definition 3.4.3 (Similar results for general cases by Lubin-Tate gr_oups)
The absolute value operator |- | on the field K uniquely extends to any E C K with E/K finite

and subsequently to the entire algebraic closure K. Suppose f € F.. For any 7,6 € K such
that |v|,]0] < 1 and r € R, the series F¢(vy,0) and [r]¢(r) converge. As a result, we define Ag
as the R—module satisfying

Ap={7K|}y| < 1}
Y +a; 6 =7 +p 6 = Fr(7,9)
a-vy = [a](0).
We define A,, C Ay as submodule consisting of all elements annihilated by [7?]}1

Remark 3.4.4
In light of the fact that f(T) = [n];(T), we can define A, as the collection of roots of

fo-of=f" (n times)

in K with a valuation of less than 1. To simplify, let’s assume that f is T9 + -+ T? + 7T.
By Corollary 3.3.9, we can take f =T+ 7T as sufficient. Then,

(fof)<T):f<f<T)>:(Tq+"-—|—7TT)’1—{—---—|-7T(T‘1+..._|_7TT):Tq2_|_,_.+7TT2

and

n

f(n)<T) =T 4+ ...+ T,
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For the Newton polynomial of f™, it is evident that all of its roots have a positive ordy, thus
a valuation < 1. Therefore, A, represents the collection of all roots of f™ in K with the given
commutative group structure

’Y+Ff5:Ff(’y,5):’Y+(5+...
along with the R—module structure,
[rlfa=ry+...

Lemma 3.4.5
Consider an R—module denoted as A, and define A,, as the kernel of the map ©™ : A — A.
Assume that the following conditions are satisfied:

1. |A1] = (A: (1)), and
2. wm:A— A is onto map.

The group A, is isomorphic to the quotient group R/(7™); therefore, it contains ¢ elements.

Proof: We will utilize induction on m. As R/(7™) has an order of ¢", when considering
condition 1 and the structure theorem, we can conclude that A; is isomorphic to R/(m). Let’s
examine the sequence

0= A = A, =5 A, 1 —0.

Condition 2 indicates that it is exact at A,,_1, and hence, exact in general. Consequently, A,,
contains ¢ elements. Additionally, if A,, is not cyclic, A; would not be too. Thus A4,, is cyclic
R—module with |A4,,| = ¢™ and A,, = R/(x™). |

Proposition 3.4.6
The quotient R/(m™) is isomorphic to the R—module A,,. Therefore Endg(A,,) = R/(7™) as
well as Autg(A,y,) = (R/(7™))*.

Proof: The existence of h : F} =N F, results in R—homomorphism Ay = A4, making the
choice of f € F, irrelevant. We take f € F, to be of the form of 7%+ ... #T". This polynomial
is an Eisenstein polynomial and therefore possesses ¢ distinct roots, each with a valuation less
than 1. Let v € K have a valuation less than 1. Consider the Newton polynomial of

fIy—a=—-a+T9+---+aT.

The roots have a valuation of less than 1 and therefore belong to A;. As a result, we have
confirmed that the assumptions of the lemma hold for A, meaning that A, = R/(7™). Con-
sequently, the impact of R on A,, causes an isomorphism R/(7™) — Endg(A;,). O

Lemma 3.4.7
Let E/K be finite Galois with G = Gal(E/K). For any F € Og[[X1,...,X,]] and v,..., 7, €

mg,
F0yy,...,0v,) =0F(v,...,7), V0 € G.
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Proof: We know that @ is a field isomorphism preserving O implies that if F' is a polynomial.
It is known that 6 preserves the valuation on F, so # is continuous. Hence, it maintains
boundaries: For

lim o; = F
1—00

it follows that

lim 7a; = TE.
i—00

Suppose F; is the polynomial with a degree of ¢, such that F' = F}, +deg >t + 1. Thus
O(F(y1,...)) =0(lim Fy(yy,...)) = lim 0F,(y1,...) = lim F,(77,...).
t—o0 t—o0 m—oo

Theorem 3.4.8 o
Consider K, = K[A,], a subfield of K created by the elements of A,,.

1. For every m, K, /K is totally ramified of degree (¢ — 1)q™ .
2. The action of R on A,, defines
(R/m™)* = Gal(Kypm/K).
Specifically, Ky /K is abelian.

8. For everym > 1,m € Nmg, . /x(K),,).

Proof: It is reasonable to assume once more that f € F; is of the form 79+ --- 4+ 7T
Choose a nonzero root m; of f(T') and a roots m,, of f(T) — mp,—1 (inductively) for 1 and 2.
Consider

KAy O K] D K[mp—1]) D -+ D K[m] D K.

Eisenstein is used for each extension, with the degree indicated. Consequently, over K of degree
q" (¢ —1), K[m,] is completely ramified.

Remember that K[A,,] is the splitting field of ™ since A,, is the set of roots of f™ in K.
The image of Gal(K[A,,]/K) in Sym(A,,) is therefore contained in

Ends(An) = (R/(7™))%)

because Gal(K[A,,]/K) is an isomorphism between A—modules and can be associated with a
subgroup of the group of permutations of the set A,,. Therefore

(4= 1" = [K[An] : K] = | Gal(K[A]/K)| < (g — 1)g™ .

The equalities hold iff Gal( [ ml/K) = (R/m™)* and K[A,,] = K[m,].
For 3. Let f™/(T ): ofo-- f( terms), so

( ) ql)q'm, 1+.+7T

Then 0 = --- = f(m) = f[m_1 (Tm-1) = f™(7m). Because fI™ is monic with deg fI™ =
(¢ — 1)¢™ ! = [K[r,,) : K], it is the minimal polynomial of 7, over K. Therefore,

NmK[Am]/K Ty = (_1)(61—1)qmﬂ7T -

unless ¢ = 2 and m = 1. Since K[A;] = K in the exceptional case, 7 is unquestionably a norm.
O
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Remark 3.4.9
We now can define Ky :=J Ky m which is a abelian extension of K. The isomorphism

(R/m™)* = Gal(Kyrm, K)
induced (by inverse limit) the isomorphism
R* = Gal(K,/K).

Example 3.4.10

Assume that f = (T +1)P — 1 and K = Q,. Select a primitive ¢, and (. = (1 for each n
by taking the p"—th root (ym of 1. Then, (Qp)pn = Qplmn] = Qp[Gn] and m = (pn — 1 follow.
Additionally, the standard isomorphism is (Z,/(p™))* — Gal(Q,[(n]/Qp).

3.5 An Introduction of Local Kronecker-Weber Theo-
rem and its application

This section’s primary purpose is the demonstration that K2 = K - K",

3.5.1 Note on the ramification group of the field extension K;,,/K
Let G be the Galois group of a finite Galois extension F/K. Remember that

G; ={g € Glordg(gr —r) > i+ 1Vr € Og}
is the ¢+—th ramification group. In addition, for ¢ > 0,

where Il € FE is prime. The normalized valuation EF* — Z is represented here by ordg.
Afterwards, G/Go = Gal(e/k), with the following inclusions:

(IT — ¢II/IT mod II) : Gy/Gy — €~

(IT — (gIT — I)/TI"" mod M) : G;/Giy1 < e
where k and e are the residue fields of K and FE, respectively. Hence (G : G1)|(¢ — 1) and
(G; : Giy1)|q for i > 1. Additionally, G; = {1} for i large enough. Consider
U® =U =R

UD =14+mi>1.
Then
U/U(m) 5 U(l)/U(m) SRS U(m)/U(m) —0
on R*/(1+m™) =U/U™,

Proposition 3.5.1

o~

Under R* /U™ = G of Theorem 3.4.8, UY /U™ — G, is surjective.
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Proof: Let f = 7T + T As G = Gy, U /UM — Gy, without a doubt. Now, let u €
UD\ U and assume i > 1. Afterwards, u = 1 + v’ and

[ul () = [1] () + [U]f[ﬂi]f(ﬂ'm) = T + (V] (Tpn—i) = T + (unit)my, ;.

For any i > 1, m; = mmy1 + ), = 7wl 4 (% + 1> = 7., X unit. Since ord < ,f_l) > 0. Thus
it+1 Tit1
Tm_1 = 71 X unit, and |
[u] () — T = 74 X unit.
This indicates that, by definition, [u]; € G 1, and [u]; & G,. This states that U® — G,
since it is true for all 4. O

Remark 3.5.2
From the above arguments, we get

(GO _

Gp1 =Gyo=---=G
< Gq2_1 - Gq2_2 = Gq
\qu,1 - 1

3.5.2 Upper numbering on ramification groups

Let F/K be a finite Galois extension, with G = Gal(E/K). We now define the notation G,
for all real number r > —1 by letting

GT = GZ', Vi = (u-\

For r > 0, G, = {g € Go|ordg(gIl — II) > i + 1} defines an unique continuous pairwise linear
function
T Rzo — R

satisfied:

e(0) =0
O (u) = (Go:G,) tifr € Z.
We now letting G¥ = G, if v = ¢(r), i.e., G¥ = Gp-1(y)

Example 3.5.3
Let E = Ky ,,. Then

Grl=...=G,=G+1,q—1=(Gy:Gy)
The map ' with respect to u is given by ¢'(u) = s for 0 <u < q—1, and the initial segment
of the graph of ¢ extends from the point (0,0) to (¢ — 1,1). Consequently, G1 is equivalent
to Gy—1. Following this, we have (G4—1 : Gy) = q, and G, is equal to G 41, continuing up to
Gp_1. Therefore, within the interval ¢ — 1 < u < ¢*> — 1, it follows that ¢'(u) = ﬁ. The
second portion of the graph representing ¢ extends from the point (¢ —1,1) to (¢*> —1,2). As a
result, we have G* = Gg2_y. Proceeding in a similar fashion, we derive the diagram below:



Go D Gg-1D Gpo1 D Ggm_1 = {1}
G° G! G? G™
Remark 3.5.4

Under R* /U™ = @,
U /utm = ar

The upper numbering corresponds to the quotient and the lower numbering corresponds to the
subgroup.

Proposition 3.5.5
Consider a tower of Galois extensions L D E D K, where G = Gal(L/K) and G’ = Gal(L/E),
and note that G/G' = Gal(E/K). We get

(G/G) =Im(G" — G/G")

in other words, (G/G")" = G*G'/G'.

Proof: See Serre, Local Fields [6]. O
Consider /K to be Galois with [ : K] = oo with Galois group G, we define a filtration on G:

g€ G’ <= ge Gal(E/K)", YE/K finite and Galois E C Q.

Definition 3.5.6
In a finite Galois extension E/K, a value v is termed a jump in the series {G'} if G¥ # GV*¢
for every e > 0.

Theorem 3.5.7 (Hasse-Arf)
All the jumps are integers in the case E /K is finite abelian. In other words, if G; # Gii1, then
o(i) € Z.

Proof: See Serre, Local Fields [6]. O
Therefore, in the case £/ K finite abelian, the filtration on Gy = G° takes the following structure

G'2G"DG”... j,eN

3.5.3 The local Kronecker-Weber theorem
Let K be a nonarchimedean local field, and assume that all extensions of K are subfields within

a designated separable algebraic closure K of K.

Lemma 3.5.8
Let E be an abelian totally ramified extension of K. If B D K, then £ = K.

Proof: Let G = Gal(E/K) and G' = Gal(E/K,), so that G/G" = Gal(K,/K). Consider the
diagram of abelian groups:
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~ ~

1l — "' NG —— ™' —— (G/G)™ T —— 1

~ ~ ~

1 —— G"NG —— G —— (G/G)™ —— 1

1 . GG . _G™ , _LG/anm s 1
T Gm+ing/ T Gmtl 4 (G/Gl)m+1 4
1 1 1

It is trivial that all the columns exact, and Proposition 3.5.5 demonstrates the exactness of two
top rows and the snake lemma shows that the third row is also exact, hence

¢ (G G™) = ((G/G)" + (G/G)™ )G NG : G™NG).
This leads to the conclusion that G™ NG’ = G™* NG’ for every m. Therefore,
G NG =G"NG = =G"NG =
Hence G’ C G™ for all m or G' = {1¢} (since (1|G™ = 1). |
Lemma 3.5.9

All finite unramified extensions of K, are contained in K, - K"™.

Proof: Let E denote an unramified extension of K. It follows that E can be expressed as
K, - E' where E' represents an unramified extension of K ,, for a certain m. Furthermore, we
observe that £ can be expressed as K ,, - £, where E” is an unramified extension of K. W

Lemma 3.5.10

Let E/K be finite abelian extension with an exponent of k (i.e., g* =1 for all g € Gal(E/K)),
and let K denote the unramified extension of K with a degree of k. It follows that there exists
a totally ramified abelian extension E; of K such that

ECE - -Ky=F-Kj.

Proof: For any element g € Gal(FK/K), the restriction of ¢ to E is trivial, i.e., g|p =
1= glek’ indicating that Gal(EK}y/K) remains an abelian group with exponent k. Suppose

g € Gal(E K}/ K) such that gk, represents the Frobenius automorphism. Then, g has order £,
and we have
Gal(E/K) =< g > xG

for some subgroup G’. Let E; = E<97; consequently, F; is totally ramified over K, and
E-K,=F K, [ |

Theorem 3.5.11 (Local Kronecker-Weber)

Kﬂ- . Kun — Kab

for every prime m of K.
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Proof: Let E represent a finite abelian extension of K. Our objective is to establish that
is a subset of K, - K"". Lemma 3.5.8 remains applicable when K is replaced with K. Upon
applying it to the extension F - K, /K., we infer the existence of a totally ramified extension
FE, of K, and an unramified extension F, of K, such that

E-K,CE,-E,C(E-K,)-E,.

Additionally, Lemma 3.5.9 implies that £, C K, and Lemma 3.5.10 implies that £, C K- K".
O

Corollary 3.5.12
Fvery finite abelian extension of Q, is encompassed within a cyclotomic extension.

Corollary 3.5.13 (Calculating Gal(K?"/K))
o K~ [ . K™ depends only on the choice of m;

o K, NK"™ =K, hence

Gal(K*"/K) 2 Gal(K, /K) x Gal(K™/K);

Gal(K,/K) = O%;

~

Gal(K"™/K) 2 Z :=1limZ/nZ;
—

Gal(K*/K) ~ O} x Z.

3.6 The Existence Theorem

Let K represent a local field. It is worth recalling that a subgroup N of K* is termed a
norm group if there exists a finite abelian extension E/K such that Nmpg/x(£*) = N. Since

K*/N =N Gal(F/K), the group N is of finite index in K* and, consequently, open.

Theorem 3.6.1 (Existence Theorem)
Every O Cpen K™ and O < K* there exists a finite abelian extension E/K such that O =
Certainly, here are the proofs of the lemmas that we need:

Lemma 3.6.2
For all finite extension E /K, the norm map E* — K* has closed image and compact kernel.

Proof: Recall that (K : N) = (K* : Nm(E*)) < oo and N is open in K*, therefore N is closed.
Ker(Nmpg/ k) is also closed since the norm map is continuous. We have

ordg(Nmg/k(a)) = [E : K]ordg(a) = f - ordg(a)

so N C Uk and then N is compact since Uy is compact [
For convenience, let Hx = (1Nmp,/x(E*) where E runs over the finite extensions of K.
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Lemma 3.6.3

Nmpg g Hgr = Hg
for every finite extension K'/K.

Proof: It is trivial that
NrnK//K Hyi C Hg.

For every finite extension £//K and every a € K, we consider the set:
Tg(a) = Nmpg/x(E*) N Nm[_(}/K(a).

We get a collection of sets:
Txr ={Tx(a)},
where E runs over the finites extension of K’ and a runs in K. We can check that those sets are
nonempty and then compact since they are the intersection of two compact sets. Furthermore,
Tg(a) is obviously a subset of Hgs due to their definitions and every ¢ € Tx(a) has norm a.
Hence,
NmK//K Hyir D Hg.

Lemma 3.6.4
The group Hy is divisible.

Proof: Let n be a positive integer greater than 1. The objective is to establish that nHx = Hy.
Let a € Hg. For every E/K finite such that {/1x € E, we denote

D(E)={be K*|b" =a, b € Nmg/x E*}.

This set is proven to be nonempty since a = Nmpg/x a’ for some o’ € Hg, where a’ = ¢" for
some ¢ € F (according to Proposition 3.5.1). Thus,

Nmg/k(c)" = Nmg/g(a') = a.

Hence, b := Nmg/k(c) € D(E). Moreover, every set D(E) is finite since £/K finite and
D(E)ND(E') D D(E - E') # ) for every finite extensions £ and E' of K. This implies there
exists b € D(E) N D(E') N Hg has an n-th power of a. [
Lemma 3.6.5

Hyi ={1}.

Proof: Select a prime of K. Define W,,,, = U (m) s 77Z Tt follows that Win.n constitutes an
open subgroup of finite index in K™, and therefore encompasses Hgx. Consequently, Hx C
ﬂm,n Wmﬂ = {1} u
Lemma 3.6.6

FEvery subgroup J of K* with finite index and containing Uk is a norm group.

Proof: Consider the map
ordg : K* — Z,

which is surjective and Ker(ordg) = Ug. Hence, every subgroup J C K* is of the form
ord! (mZ) for some integer m > 1. Let K,/ K be unramified extension with [K,, : K] = m. We
know that Nmg, /i (K)) is a subgroup of K* and it contains Ug. Moreover, ordg Nmg, /i (K)) =
m2.. This proved our statement. [
To proceed, we will now prove the theorem:
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Proof: (of the Existence Theorem)
We denote N to be the set of all norm groups of K*, and define Hx = (\ycr V. Suppose J
is a finite index subgroup of K*. Since Hg is divisible, we have J D Hg, which implies

(Y(NnUk)c [ NcJ.

NeN Ne~N

This leads to (Ux N N)\ J = (). Since all the sets are compact, there is a subfamily with empty
intersection. As any two sets N N Uk contain a third, it follows that J D N N Uk for some N.
Consider a norm group N such that N NUg C J. Consequently, we have

IS>NA Uk - (NNI)).

Each element from this intersection can be expressed as ab, where a € Ug and b € NN 1,
with the property that ab € N. According to the previous two lemmas, this means a € N and
therefore a € N NUi C I, ensuring ab € I. Given that N N[ has a finite index in K*, and
this is also the case for both N and I, the quotient K* /N N[ embeds into (K*/N) x (K*/I).
Thus, Uk - (N NI) represents a finite-index subgroup of K* that includes U, qualifying it as a
norm group, as per the previous lemma. Moreover, since N N (Uk - (N N 1)) is the intersection
of two norm groups, it includes a norm group. This results in / containing a norm group, which
shows that [ itself is a norm group. 0



69

Conclusion

In this thesis, we have presented the following.

1.

The construction of Cohomology of groups and Homology of groups and their basic prop-
erties. Moreover, we gave constructions of the Tate groups and cup-product to prove the
Tate’s theorem - one of the most important result in Local Class Field theory.

. The construction of Local Artin map and prove the Local Reciprocity Law theorem.

Finally, we gave proofs to the Local Kronecker-Weber theorem and the Existence theorem.
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