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PREFACE

1. The necessities of the thesis
With the development of science and technology, and new materials with

higher mechanical strength, structures can be design to undergo large dis-
placements during operating process. Nonlinear analysis of structures with
large displacements is an important topic in the field of mechanics, with
practical significance, attracting the attention of many scientists all over the
world.

Nonlinear analysis of structures and solid materials is related to two main
problems: (1) The geometrically nonlinear problem, where the structure ex-
periences moderate displacements or large displacements; (2) The materially
nonlinear problem, where the stress in one or more regions of the structure
exceeds the elastic limit (elastoplastic structure). The results of large dis-
placement analysis of structures, especially frames, and beams made from
new materials are still very limited. For this reason, the thesis focuses on
studying the large displacement behavior of frame and beam structures made
from two types of new materials: Functionally Graded Material (FGM) and
Carbon Nanotube Reinforced Composite (CNTRC). Due to the challenges
that analytical methods face in analyzing large displacements of structures,
this thesis uses a numerical approach, namely the Finite Element Method
(FEM), to calculate mechanical characteristics such as displacement fields
and stress fields of FGM and CNTRC frame and beam structures undergo-
ing large displacements. The influence of material distribution, the geomet-
ric configuration of the structure, as well as the internal parameters of the
structure (such as slenderness, material length scale parameter) on the large
displacement behavior of the aforementioned frame and beam structures will
be analyzed in detail.

2. Thesis objective
The main objective of the thesis is to develop finite element formulations

and computer codes for large displacement analysis of beam and frame struc-
ture made from several types of new materials. Using the developed computer
code, the thesis will analyze several specific problems and evaluate the influ-
ence of certain geometric and material parameters on the nonlinear behavior
of frame and beam structures made from the aforementioned new materials.

3. Contents of the thesis
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The thesis contains 3 chapters, in which chapter 1 presents the overview of
the research situation in the analysis of FGM and CNTRC structures, with a
focus on discussing the results of nonlinear analysis. The large displacement
analysis of FGM and CNTRC sandwich beams, based on the total Lagrange
formulation, is presented in Chapter 2. Chapter 3 uses the co-rotational for-
mulation to develop a nonlinear beam elements for the large displacement
analysis of FGM frame and beam structures, considering the effect of the
micro-scale size effect. Main conclusions of the thesis are summarized in the
Conclusion section.
4. Methods of study

The thesis employs the theoretical method with in conjunction with the
Finite Element Method. The fundamental equations for the structure are es-
tablished based on several different beam theories, while the Finite Element
Method is used to construct the discrete nonlinear equilibrium equations and
calculate the mechanical characteristics of the structure.

Chapter 1. OVERVIEW

This chapter presents an overview on analysis of FGM and CNTRC struc-
tures, both oversea and in Vietnam, with a focus on the results of nonlinear
analysis. The results of the analysis based on numerical methods, particu-
larly the FEM, are discussed in detail. The review indicates that the FEM is
a reasonable choice to replace traditional analytical methods in the nonlinear
analysis of FGM structures in general, and the large displacement behavior
of FGM frames and beams in particular. Based on this review, the thesis
presents the research direction and proposes specific research items.

Chapter 2. LARGE DISPLACEMENTS OF FGM AND CNTRC
SANDWICH BEAMS

2.1. Introduction
Using the total Lagrange formulation, Chapter 2 develops a nonlinear

beam elements for the large displacement analysis of FGM and CNTRC sand-
wich beams. The beam element is formulated based on the first-order shear
deformation theory with a reduced integration scheme to avoid the shear lock-
ing. The influence of material distribution and sandwich configuration on the
large displacement behavior of the beams is examined in detail. In particu-
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lar, the effects of material homogenization models and the agglomeration of
CNTs on the large displacement behavior of the beams are studied.

2.1. Sandwich FGM beam
Figure 2.1 illustrates the model of an FGM sandwich beam (FGSW) with

length L, a rectangular cross-section (b×h), in a Cartesian coordinate sys-
tem (x,z). Two types of the sandwich beams, namely FGM-faces and ce-
ramic core (type A, Figure 2.1a); FGM-core and homogeneous-faces (type
B, Figure 2.1b), are considered. In the figure, the x−axis is chosen on the
mid-plane; z0, z1, z2 and z3 are, respectively, the vertical coordinates of the
bottom surface, the interfaces between the layers and the top surface.Large deflections of functionally graded sandwich beams

(a)

(b)

Fig. 1 Geometry and coordinates of FGM sandwich beams

The fourth scheme considered herein is due to Tamura–Tomota–Ozawa [51]. According to the TTOmodel,
the uniaxial stress σ and the uniaxial strain ε of a two-phase composite are related to the corresponding average
uniaxial stresses and strains of the two constituent materials by [23,52]

σ = σcVc + σmVm, ε = εcVc + εmV2 (7)

where σc, σm , εc, εm are the average stresses and strains of the ceramic and metal phases. In the TTO model,
an experimental parameter q represented the ratio of stress to strain transfer is introduced as

q = σc − σm

|εc − εm | , 0 < q < ∞ (8)

The value of q depends on the properties of the constituent materials and the microstructural interaction in the
composite. Combining Eqs. (7)–(8), one can obtain effective Young’s modulus (E f ) in the form

E f =
EcVc + EmVm

q + Ec

q + Em

Vc + Vm
q + Ec

q + Em

(9)

The effective shear modulus (G f ) in the TTO model is evaluated via the Young’s modulus E f in Eq. (9) and
the effective Poison’s ratio (ν f ), while the effective Poison’s ratio is simply calculated as ν f = νcVc + νmVm .
One can verify that Eq. (9) deduces to the expression of the effective Young’s modulus of the Voigt model in
case q = ±∞.

3 Total Lagrange beam element

Figure 1 shows FGM sandwich beams with length L and rectangular cross section (b × h) in a Cartesian
coordinate system (x, z). Two types of the sandwich beams, namely FGM-faces ceramic core (type A) and
FGM-core homogeneous-faces (type B), are considered. In the figure, the x-axis is chosen on the mid-plane;
z0, z1, z2 and z3 are, respectively, the vertical coordinates of the bottom surface, the interfaces between the
layers and the top surface.

The material properties of the sandwich beams are assumed to vary in the thickness direction in terms
of constituent volume fraction by a power function. For the type A beam in Fig. 1a, the volume fraction of
ceramic (Vc) and metal (Vm) is given by

Vc =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
z − z0
z1 − z0

)n

, z ∈ [z0, z1]

1, z ∈ [z1, z2](
z − z3
z2 − z3

)n

, z ∈ [z2, z3]

and Vm = 1 − Vc (10)

Figure 2.1. Geometry and coordinates of FGM sandwich beams.

The material properties of the sandwich beams are assumed to vary in
the thickness direction in terms of constituent volume fraction by a power
function. For the type A beam in Fig. 2.1a, the volume fraction of ceramic
(Vc) and metal (Vm) is given by

Vc =



(
z− z0

z1 − z0

)n

, z ∈ [z0,z1]

1, z ∈ [z1,z2](
z− z3

z2 − z3

)n

, z ∈ [z2,z3]

and Vm = 1−Vc (2.1)

For the type B beam in Fig. 2.1b, the volume fraction of the constituents
varies in the thickness direction according to

Vc =


0, z ∈ [z0,z1](

z− z1

z2 − z1

)n

z ∈ [z1,z2]

1, z ∈ [z2,z3]

and Vm = 1−Vc (2.2)

2.3. Sandwich CNTRC beam



4

Fig. 2.2 shows a CNTRC sandwich cantilever with a rectangular cross-
section (b×h), partially embedded on a Pasternak foundation. The beam
formed from a homogeneous core and two CNTRC layers. In the figure,
x−axis is on the mid-plane; L and LF are the lengths of the beam and founda-
tion supporting part; z0, z1, z2 and z3 are coordinates in the z−direction of the
bottommost and topmost surfaces, interfaces between the layers, respectively.between the layers, respectively. 

 

 
Fig. 1: CNTRC sandwich cantilever beam partially embedded on Pasternak foundation. 

CNTs with high elastic moduli are used to reinforce polymer to enhance stiffness of composite layers. 
The polymer core is fully characterized    by elastic moduli of the polymer matrix, a homogenization scheme, 
namely the Eshelby-Mori-Tanaka model, [39, 40] is used herein to predict elastic moduli of the composite faces. 
As mentioned above, CNTs tend to agglomerate in the polymer, creating a sort of spherical shaped inclusions, 
as depicted in Fig. 2 for a representative volume element (RVE). CNTs in the RVE are found both in bundle 
or clusters inside the inclusions and scattered in the matrix. This particular distribution has been described by Shi 
et al. [27] by a two-parameter model, which is briefly summarized below. 

 
                                               Fig. 2: RVE with agglomerated CNT inclusions 

The total CNTs inside the RVE, CNT( )V ,  is split into two parts as follows 

 in out
CNT CNT CNTV V V= +  (1) 

with in
CNTV and out

CNTV  are, respectively, the volumes of CNTs inside and outside the inclusions. 
The following parameters represent the CNT agglomeration  

  
in

in , with ( , ) [0,1]CNT

CNT

VV
V V

ξ ζ ξ ζ= = ∈  (2) 

In Eq. (2), the parameter ξ defines the volume proportion of inclusions in( )V  to the element volume  ( )V , 

while parameter ζ  quantifies the volume of CNTs inside inclusions in( )CNTV in respect of the total CNT volume.  
For 1ξ < , the agglomeration is partial with nanofillers are both in the inclusions and polymer matrix. The case 

1ξ = means that all CNTs are uniformly dispersed in the polymer, while 1ζ =  corresponds to the case that all 
nanotubes are in the clusters. 

The effective bulk and shear moduli inside the inclusions, in( )K and in( )G , respectively,  and that outside 

Figure 2.2. CNTRC sandwich cantilever beam partially embedded on Pasternak foundation.

Due to the low bending stiffness and high aspect ratio, CNTs tend to ag-
glomerate in polymer matrices, creating a sort of spherical shaped inclusions,
as depicted in Fig. 2.3 for a representative volume element (RVE). CNTs in
the RVE are found both in bundle or clusters inside the inclusions and scat-
tered in the matrix. This particular distribution has been described by Shi et
al. [7] by a two-parameter model,which is briefly summarized below

between the layers, respectively. 
 

 
Fig. 1: CNTRC sandwich cantilever beam partially embedded on Pasternak foundation. 

CNTs with high elastic moduli are used to reinforce polymer to enhance stiffness of composite layers. 
The polymer core is fully characterized    by elastic moduli of the polymer matrix, a homogenization scheme, 
namely the Eshelby-Mori-Tanaka model, [39, 40] is used herein to predict elastic moduli of the composite faces. 
As mentioned above, CNTs tend to agglomerate in the polymer, creating a sort of spherical shaped inclusions, 
as depicted in Fig. 2 for a representative volume element (RVE). CNTs in the RVE are found both in bundle 
or clusters inside the inclusions and scattered in the matrix. This particular distribution has been described by Shi 
et al. [27] by a two-parameter model, which is briefly summarized below. 

 
                                               Fig. 2: RVE with agglomerated CNT inclusions 

The total CNTs inside the RVE, CNT( )V ,  is split into two parts as follows 

 in out
CNT CNT CNTV V V= +  (1) 

with in
CNTV and out

CNTV  are, respectively, the volumes of CNTs inside and outside the inclusions. 
The following parameters represent the CNT agglomeration  

  
in

in , with ( , ) [0,1]CNT

CNT

VV
V V

ξ ζ ξ ζ= = ∈  (2) 

In Eq. (2), the parameter ξ defines the volume proportion of inclusions in( )V  to the element volume  ( )V , 

while parameter ζ  quantifies the volume of CNTs inside inclusions in( )CNTV in respect of the total CNT volume.  
For 1ξ < , the agglomeration is partial with nanofillers are both in the inclusions and polymer matrix. The case 

1ξ = means that all CNTs are uniformly dispersed in the polymer, while 1ζ =  corresponds to the case that all 
nanotubes are in the clusters. 

The effective bulk and shear moduli inside the inclusions, in( )K and in( )G , respectively,  and that outside 

Figure 2.3. RVE with agglomerated CNT inclusions.

The total volume (Vr) of CNTs in the RVE (V ) can be divided into the
following two parts

Vr =V inclusion
r +V m

r (2.3)

where V inclusion
r and V m

r denote the volumes of CNTs dispersed in the inclu-
sions (concentrated regions) and in the matrix, respectively.

The following parameters represent the CNT agglomeration

ξ =
Vinclusion

V
, ζ =

V inclusion
r

Vr
với (ξ , ζ ) ∈ [0, 1] (2.4)
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In Eq. (2.4),Vinclusion is the volume of the sphere inclusions in the RVE.
ξ denotes the volume fraction of inclusions with respect to the total volume
(V ) of the RVE; ζ denotes the volume ratio of nanotubes that are dispersed
in inclusions (V inclusion

r ) and the total volume of the nanotubes. In the case,
ξ < 1, the agglomeration is partial with nanofillers are both in the inclusions
and polymer matrix. When ξ = 1 nanotubes are uniformly dispersed in the
matrix, and ζ = 1 corresponds to the case that all the nanotubes are located
in the sphere areas.

2.4. Effective properties
2.4.1 Effective properties of FGSW beam

Here, four homogenization schemes, namely the schemes due to Voigt (V),
Mori–Tanaka (MT), Hashin–Shtrikman (HS) and Tamura–Tomota–Ozawa
(TTO), are employed to estimate the effective elastic properties of dual-phase
FGM sandwich beams.

Dual-phase FGM sandwich beams made from a ceramic and a metal are
considered herein. According to the Voigt’s model, an effective elastic prop-
erty (P f ) of an FGM layer is assumed to be proportional to the volume
fraction of constituent materials as [133]

P f (z) = PcVc(z)+PmVm(z) (2.5)

where Pc and Pm denote the elastic properties of ceramic and metal.
The effective Young’s modulus (E f ) and the effective Poisson’s ratio (ν f )

in the Mori–Tanaka scheme [132] can be expressed as

E f =
9K f G f

3K f +G f
, ν f =

3K f −2G f

6K f +2G f
(2.6)

where K f and G f are, respectively, the effective bulk modulus and the effec-
tive shear modulus, which can be calculated from the elastic moduli of the
constituent materials

The bounds for elastic moduli of a dual-phase composite in the Hashin
and Shtrikman model [134] are obtained by considering the Poisson effect of
both phases. The lower bounds for effective Young’s modulus (E f ), effective
Poisson’s ratio (ν f ) and effective shear modulus (G f ) are given by

E f =
9KG

3K +G
, ν f =

3K −2G
2(3K +G)

, G f =
E f

2(1−ν f )
(2.9)
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The fourth scheme considered herein is due to Tamura–Tomota–Ozawa
[135]. According to the TTO model, the effective Young’s modulus (E f ) is

E f =

EcVc +EmVm
q+Ec

q+Em

Vc +Vm
q+Ec

q+Em

(2.13)

where q represented the ratio of stress to strain transfer.
The effective shear modulus (G f ) in the TTO model is evaluated via the

Young’s modulus (E f ) in Eq. (2.13) and the effective Poison’s ratio (ν f ),
while the effective Poison’s ratio is simply calculated as ν f = νcVc +νmVm.

One can verify that Eq. (2.13) deduces to the expression of the effective
Young’s modulus of the Voigt model in case q =±∞.

2.4.2 Effective properties of CNTRC beam
The bulk modulus and shear modulus of the composite are obtained by

Mori-Tanaka homogenization model as

K = Kout +

1+
ξ

(
Kin

Kout
−1

)
1+α(1−ξ )

(
Kin

Kout
−1

)
 ,

G = Gout +

1+
ξ

(
Gin

Gout
−1

)
1+β (1−ξ )

(
Gin

Gout
−1

)


(2.17)

where (Kin) and (Gin) are the effective bulk and shear moduli inside the inclu-
sions, respectively; (Kout) and (Gout) are the effective bulk and shear moduli
outside the inclusions,respectively; α and β are defines as

α =
1+νout

3(1−νout)
, β =

2(4−5νout)

15(1−νout)
(2.18)

with νout = (3Kout −2Gout)/2(3Kout +Gout). The effective Young’s modulus
(E) and Poisson’s ratio (ν) of the composite are calculated as

E =
9KG

3K +G
, ν =

3K −2G
6K +2G

(2.19)

2.5. Total Lagrangian beam element
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2.5.1 Vector of nodal displacements
The vector of nodal degrees of freedom for the element, depicted in Fig.

2.4, contains six components as

d = {u1 w1 θ1 u2 w2 θ2}T (2.20)

where ui, wi, θi, (i = 1,2) are, respectively, the axial, transverse displace-
ments and rotations at node i.

D. K. Nguyen et al.

Fig. 2 Configurations and kinematics of a two-node beam element

where n is a nonnegative material grading index. For the type B beam in Fig. 1b, the volume fraction of the
constituents varies in the thickness direction according to

Vc =

⎧
⎪⎪⎨

⎪⎪⎩

0, z ∈ [z0, z1](
z − z1
z2 − z1

)n

z ∈ [z1, z2]

1, z ∈ [z2, z3]

and Vm = 1 − Vc (11)

A nonlinear finite beam element for large deflection analysis can be formulated in the context of the
total Lagrange formulation, co-rotational formulation or updated formulation, depending on the choice of
a reference configuration. Here, a two-node shear deformable beam element based on the total Lagrange
formulation, taking into account the variation of the material properties in the beam thickness, is considered.
The beam element as depicted in Fig. 2, originally formulated by Pacoste and Eriksson [53] for nonlinear
analysis of homogeneous beams, is derived on the basis of the Antman’s nonlinear beam model [54]. The
vector of nodal degrees of freedom for the element contains six components as

d = {u1 w1 θ1 u2 w2 θ2}T (12)

where ui , wi , θi , (i = 1, 2) are, respectively, the axial, transverse displacements and rotations at node i . The
superscript ‘T ’ in Eq. (12) and hereafter is used to denote the transpose of a vector or a matrix.

The beam element with length l is initially straight and lies on the x-axis as depicted in a Cartesian
coordinate system (x, y) in Fig. 2. A point P with abscissa x and its associated cross section S in the initial
configuration become point P ′ and section S′ in the deformed configuration. The deformation at the point P
can be defined through an angle θ(x) - the rotation of the cross section S, and the current position vector r(x)
of the point P ′ as [53]

r(x) = [x + u(x)] i + w(x) j (13)

where i and j are, respectively, the base unit vectors of the x- and z-axes; 0 ≤ x ≤ l is measured on the
initial configuration; u(x) and w(x) are the axial and transverse displacements of the point P , respectively.
The cross section S associated with point P may undergo large displacements and rotation according to the
displacements u(x), w(x) and the rotation θ(x) as illustrated in Fig. 2. The vector r,x (x) at point P ′, tangent
to the current deformed configuration of the element, can be expressed in terms of axial and shear strains, ε(x)
and γ (x), respectively, as follows

r,x (x) = dr(x)
dx

= [1 + ε(x)] e1 + γ (x) e2 (14)

where

e1 = cos θ i + sin θ j , e2 = − sin θ i + cos θ j (15)

Figure 2.4. Configurations and kinematics of a two-node beam element.

The beam element with length l is initially straight and lies on the x−axis
in a Cartesian coordinate system (x,y) as depicted in Fig. 2.4. A point P with
abscissa x and its associated cross section S in the initial configuration be-
come point P′ and section S′ in the deformed configuration. The deformation
at the point P can be defined through an angle θ(x) - the rotation of the cross
section S, and the current position vector r(x) of the point P′ as [137]

r(x) = [x+u(x)]i+w(x)j (2.21)
where i and j are, respectively, the base unit vectors of the x and z axes;
0≤ x ≤ l, is measured on the initial configuration; u(x) and w(x) are the axial
and transverse displacements of the point P, respectively. The cross section
S associated with point P may undergo large displacements and rotation ac-
cording to the displacements u(x), w(x) and the rotation θ(x), as illustrated
in Fig. 2.4. The vector r,x(x) at point P′, tangent to the current deformed con-
figuration of the element, can be expressed in terms of axial and shear strains,
ε(x) and γ(x), respectively, as follows

r,x(x) =
dr(x)

dx
= [1+ ε(x)]e1 + γ(x)e2 (2.22)

where e1, e2 are, respectively, the unit vectors, orthogonal and parallel to the
current section S′. The curvature of the beam, κ(x) , at the point P is given by

κ(x) =
dθ(x)

dx
(2.24)
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From Eqs. (2.21), one can write the axial and shear strains in the forms

ε(x) =
(

1+
du
dx

)
cosθ +

dw
dx

sinθ −1

γ(x) =
dw
dx

cosθ −
(

1+
du
dx

)
sinθ

(2.25)

2.5.2 Strain energy

The element strain energy U is contributed from the beam bending (UB)

and foundation deformation (UF), U =UB +UF , in which

UB =
1
2

∫ l

0

[
A11ε(x)2 +2A12ε(x)κ(x)+A22κ(x)2 +ψA33γ(x)2

]
dx (2.26)

with ψ = 5/6 is the shear correction factor for the beams with rectangular
cross section considered herein; A11, A12, A22 and A33 are the rigidities of the
beam.

The energy stored in the Pasternak foundation for the large deflection
analysis is

UF =
kW

2

∫ LF

0

(
u2 +w2)dx+

kG

2

∫ LF

0
(θ − γ)2dx (2.28)

where kW and kG are the Winkler and shear moduli of the Pasternak founda-
tion; LF is the foundation supporting length.

Interpolations are needed to introduce for the displacements and rotations.
Since the displacements and rotation are independent from each another, the
following linear interpolations can be employed

u(x)
w(x)
θ(x)

=

 N1 N2 0 0 0 0
0 0 N1 N2 0 0
0 0 0 0 N1 N2

{
u1 u2 w1 w2 θ1 θ2

}T

(2.29)
with

N1 =
l − x

l
, N2 =

x
l

(2.30)

The element derived from the above linear interpolations, however suffers
from the problem of shear locking [139]. To avoid this problem, the reduced
integration, namely one-point Gauss quadrature, is used in this work to cal-
culate the terms associated with shear deformation in the strain energies. In
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this reagard, one can write Eqs.(2.26) and (2.28) in the following forms

UB =
l
2
(
A11ε̂2 +2A12ε̂ κ̂ +A22χ̂2 +ψA33γ̂2

)
UF =

lkW

6
(
u2

1 +u1u2 +u2
2 +w2

1 +w1w2 +w2
2
)
+

lkG

2
(
θ̂ − γ̂

)2
(2.31)

where

ε̂ =

(
1+

u2 −u1

l

)
cos θ̂ +

w2 −w1

l
sin θ̂ −1

γ̂ =−
(

1+
u2 −u1

l

)
sin θ̂ +

w2 −w1

l
cos θ̂

χ̂ =
θ2 −θ1

l
với θ̂ =

θ1 +θ2

2

(2.32)

2.5.3 Vector of nodal internal forces

The element vector of nodal internal forces fin can be split into two parts,
fB
in due to beam bending and fF

in due to foundation deformation

fin = fB
in + fF

in (2.34)

The above internal force vectors are computed as derivatives of the strain
energies with respect to the element vector of nodal displacements as

fB
in =

∂UB

∂d
=
{

f B
u1

f B
w1

f B
θI

f B
u2

f B
w2

f B
θ2

}T
,

fF
in =

∂UF

∂d
=
{

f F
u1

f F
w1

f F
θI

f F
u2

f F
w2

f F
θ2

}T (2.35)

2.5.4 Tangent stiffness matrix
The tangent stiffness matrix kt of the element can also be written in the

form
kt = kB

t +kF
t (2.38)

where kB
t and kF

t are the tangent stiffness matrices stemming from the de-
formation of the beam and the foundation, respectively. These matrices are
computed by twice differentiation of the strain energy (2.31) with respect to
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the element vector of nodal displacement to

kB
t =

∂ 2UB

∂d2 =



kB
u1u1

kB
u1w1

kB
u1θ1

kB
u1u2

kB
u1w2

kB
u1θ2

kB
w1w1

kB
w1θ1

kB
w1u2

kB
w1w2

kB
w1θ2

kB
θ1θ1

kB
θ1u2

kB
θ1w2

kB
θ1θ2

kB
u2u2

kB
u2w2

kB
u2θ2

syms. kB
w2w2

kB
w2θ2

kB
θ2θ2


(2.39)

and

kF
t =

∂ 2UF

∂d2 =



kF
u1u1

kF
u1w1

kF
u1θ1

kF
u1u2

kF
u1w2

kF
u1θ2

kF
w1w1

kF
w1θ1

kF
w1u2

kF
w1w2

kF
w1θ2

kF
θ1θ1

kF
θ1u2

kF
θ1w2

kF
θ1θ2

kF
u2u2

kF
u2w2

kF
u2θ2

syms. kF
w2w2

kF
w2θ2

kF
θ2θ2


(2.40)

2.6. Equilibrium equation
The equilibrium equation for the large deflection analysis of the beams

can be written in the following form [140]

g(p,λ ) = qin (p)−λ fef = 0 (2.44)

where the residual force vector g is a function of the current structural nodal
displacements p and the load level parameter λ ; qin is the structural nodal
force vector, assembled from the derived internal force vector fin, and fef is
the fixed external loading vector. The system of equations (2.44) consists
of n equations with m unknowns, which are the displacements and rotation
angles at the nodes p. The solution of the equation (2.44) corresponding to
a specific value of the parameter λ gives the equilibrium points in the force-
displacement space. The set of equilibrium points forms the equilibrium path.

The system of nonlinear Eq. (2.44) can be solved by an incremental/ iter-
ative procedure based on the Newton–Raphson method.

2.7. Formulation verification
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The comparison of the tip response of the FGM sandwich beam obtained
herein with that of Ref. [48] is shown in Fig. 2.6 for various material grading
indices and layer thickness ratios. Very good agreement between the result of
the present work with that obtained by a co-rotational Euler–Bernoulli beam
element of Ref. [48] can be seen from Fig. 2.6. Noting that the comparison
in Fig. 2.6 is shown for the Voigt model since Ref. [48] used this model only.
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Figure 2.6. Comparison of tip response of cantilever FGM sandwich beam under a tip load.
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The effective Young’s modulus of the CNTRC obtained in the present
work is compared with the result of Daghigh et al. [148] in Fig. 2.7 for a
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carbon nanotube volume fraction VCNT = 0.1. One can see from the figure
that the present result agrees well with that of the cited reference. It can also
be seen from the figure that Young’s modulus considerably decreases by the
CNT agglomeration, and it attains the highest value when ξ = ζ , which cor-
responds to the fully dispersed case.

2.8. Results and discussion
2.8.1. Large displacements of FGSW beam

2.8.1.1. FGSW cantilever under a transverse load
The effects of the material distribution and homogenization scheme on the

large deflection behaviour of the FGM sandwich beam can also be seen from
Fig. 2.8, where the load-displacement curves and deformed configurations
of the symmetric (2-1-2) type A beam are, respectively, shown for different
material grading indices and homogenization schemes. Fig. 2.8a shows the
above remark on the influence of the material grading index on the large dis-
placement response of the beam. The large deflection response obtained by
the MT, HS and TTO models, as seen from Fig. 2.8b is quite closed to each
other, while that using the Voigt model significantly differs from the oth-
ers. Among the four homogenization schemes considered herein, the Voigt
model, which does not satisfy the HS bounds, is the most conservative com-
pared to the other ones. Thus, though the Voigt model is mathematically sim-
ple, care should be taken when handling results obtained from the numerical
modeling FGSW beams using this model.

D. K. Nguyen et al.

Table 3 Tip responses type B sandwich beam due to a tip transverse load

P∗ n Response (1-4-1) (1-4-2)

V MT HS TTO Voigt MT HS TTO

5 0.5 |u∗| 0.2082 0.2242 0.2274 0.2319 0.1977 0.2146 0.2181 0.2230
w∗ 0.5441 0.5607 0.5639 0.5684 0.5325 0.5505 0.5541 0.5590
θ∗ 0.5528 0.5722 0.5760 0.5812 0.5393 0.5603 0.5645 0.5703

1 |u∗| 0.2309 0.2424 0.2444 0.2470 0.2214 0.2346 0.2369 0.2401
w∗ 0.5673 0.5785 0.5805 0.5831 0.5575 0.5704 0.5726 0.5756
θ∗ 0.5801 0.5933 0.5955 0.5985 0.5686 0.5839 0.5865 0.5900

3 |u∗| 0.2545 0.2573 0.2579 0.2586 0.2493 0.2526 0.2531 0.2537
w∗ 0.5897 0.5929 0.5936 0.5945 0.5842 0.5871 0.5875 0.5881
θ∗ 0.6065 0.6099 0.6106 0.6116 0.6004 0.6037 0.6042 0.6048

10 0.5 |u∗| 0.3839 0.4013 0.4048 0.4095 0.3722 0.3909 0.3947 0.4010
w∗ 0.7042 0.7150 0.7171 0.7202 0.6965 0.7082 0.7105 0.7137
θ∗ 0.7526 0.7665 0.7692 0.7728 0.7424 0.7578 0.7608 0.7649

1 |u∗| 0.4085 0.4204 0.4225 0.4252 0.3983 0.4122 0.4147 0.4179
w∗ 0.7192 0.7264 0.7276 0.7293 0.7127 0.7208 0.7222 0.7241
θ∗ 0.7721 0.7810 0.7825 0.7845 0.7639 0.7743 0.7761 0.7783

3 |u∗| 0.4327 0.4356 0.4362 0.4369 0.4274 0.4307 0.4312 0.4318
w∗ 0.7334 0.7358 0.7363 0.7370 0.7293 0.7312 0.7315 0.7319
θ∗ 0.7894 0.7919 0.7924 0.7931 0.7852 0.7871 0.7874 0.7877

on the tip response of the beam is dependent on the homogenization scheme. For example, the dimensionless
transverse displacement w∗ of the symmetric (2-1-2) type A beam under a load P∗ = 5 obtained by the
Voigt model, as seen from Table 2, increases 22.59% when increasing the index n from 0.3 to 3, while the
corresponding values obtained by theMT, HT and TTOmodels are 16.94%, 15.69% and 13.86%, respectively.
The situation is similar for the type B beam in Table 3, but the increase in the tip response of the type B by
increasing the index n is less significant than that of the type A beam. In addition, the difference between the
displacements and rotation obtained by different homogenization schemes of the type B beam is smaller than
that of the type A beam. Thus, compared to the type A beam, the type B beam is less sensitive to the change
of the index n and the homogenization scheme.

The effects of the material distribution and homogenization scheme on the large deflection behaviour
of the FGM sandwich beam can also be seen from Figs. 4 and 5, where the load-displacement curves and
deformed configurations of the symmetric (2-1-2) type A beam are, respectively, shown for different material
grading indices and homogenization schemes. The load-displacement curves and deformed configurations of

(a) (b)

Fig. 4 Load-displacement curves of (2-1-2) type A beam under a tip load: a MTmodel and n is variable; b n = 0.3 and different
homogenization schemesFigure 2.8. Load-displacement curves of (2-1-2) type A beam under a tip load: (a) MT

model and n is variable; (b) n = 0.3 and different homogenization schemes.

2.8.1.2. Roll-up of FGSW cantilever

The influence of the material distribution and the homogenization scheme
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on the behaviour of the beams can be seen more clearly from Fig. 2.15,
where the deformed configurations of the type A and type B sandwich beams
are, respectively, depicted for two values of the applied moment, M∗ = 6
and M∗ = 10, and different material grading indices and homogenization
schemes. Fig. 2.15 clearly show the influence of the homogenization scheme
on the large deflection behaviour of the beams, where the Voigt model is seen
again to be the most conservative while TTO model is the most flexible. The
beams curve toward circular arcs in an order as TTO, SH, MT and V models.
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Figure 2.15. Roll-up of type A cantilever beam: (a) (2-1-2) beam with MT model, M∗ = 6
and n is variable; (b) n = 0.5, M∗ = 10 and different homogenization schemes.

2.8.1. Large displacements of CNTRC sandwich beam
The effect of CNTs agglomeration is illustrated in Fig. 2.21, where the

nonlinear response of the symmetric beam (2-1-2) and the asymmetric beam
(1-1-2) under transverse load at the free end of the cantilever beam with
L/h = 10, VCNT = 0.1, αF = 0.4, ζ = 0.9, (k1,k2) = (50,0.5) and different
values of agglomeration parameter ξ . As seen from Fig. 2.21, the tip response
of the sandwich cantilever beam with the symmetric and non-symmetric is
more pronounced when the difference between the two agglomeration pa-
rameters ξ and ζ larger. In other words, the more severe the agglomeration
degree is, the larger tip displacements are, regardless of the loading type and
the sandwich configuration.

Fig. 2.25 shows the load-deflection curves of the (2-1-2) symmetric and
(1-1-2) non-symmetric sandwich cantilever beams under the tip load P for
L/h = 10, VCNT = 0.1, αF = 0.4, (ξ , ζ ) = (0.4,0.7) and different foun-
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Figure 2.21. The tip response of CNTRC sandwich beam to transverse load for (L/h = 10,
VCNT = 0.1, αF = 0.4, ζ = 0.9, (k1,k2) = (50,0.5)) and different values of ξ .
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Figure 2.25. Effect of foundation stiffness on large deflections of CNTRC sandwich beams
under transverse load for (L/h = 10, VCNT = 0.1, αF = 0.4, (ξ , ζ ) = (0.4,0.7)) .

dation stiffness parameters. As expected, the tip displacements are declined
by increasing the foundation stiffness, irrespective of the load level and the
sandwich configuration.

Conclusions of Chapter 2

Chapter 2 develops a nonlinear beam element for studying large displace-
ments of sandwich beams made from materials with varying mechanical
properties and composite materials reinforced with carbon nanotubes. The
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element is derived based on the first-order shear deformation theory and lin-
ear interpolations. The reduced integration technique is employed to avoid
shear locking. The developed element in this chapter is used in conjunction
with iterative algorithms and the arc-length method to develop a computa-
tional program for the nonlinear analysis of sandwich beams. Two specific
problems have been analyzed and investigated in this chapter. The results of
Chapter 2 have been published in the papers numbered from 1 to 7 in the
"Publications related to the thesis."

Chapter 3. LARGE DISPLACEMENTS OF FGM BEAMS AND
FRAMES

3.1. Introduction
The large displacement behavior of FGM beams and frames, consider-

ing the influence of micro-scale size effects, is studied in this chapter. The
nonlinear beam element is developed based on the co-rotational formulation,
where the element formulation is first derived in the local coordinate sys-
tem and then transferred to the global coordinate system using transforma-
tion matrices. The beam element in this chapter is based on Euler-Bernoulli
beam theory, incorporating the effects of micro-scale size through the Mod-
ified Couple Stress Theory (MCST). To improve the convergence of the el-
ement, polynomials derived from the solution of the nonlinear equilibrium
differential equations of the element are used to interpolate the displacement
field. The beam element for analyzing conventional macro-scale beams and
frames is obtained from the element in this chapter by eliminating the terms
related to the micro-scale size parameter. Numerical studies are conducted
to illustrate the influence of material distribution and material length scale
parameter on the nonlinear behavior of frame and beam structures.

3.2. FGM beam
Considering an FGM beam with rectangular cross-section (b×h). The

beam is made from a mixture of ceramic and metal with the volume fraction
of material constituents varying in the thickness direction according to

Vc =

(
z
h
+

1
2

)n

, Vm = 1−Vc (3.1)

The Voigt model and Mori-Tanaka homogenization scheme is adopted
herein to estimate the effective elastic moduli of the FGM beam. According
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to the Voigt model, the effective material properties (P f ), are evaluated by
a simple rule

P f (z) = PcVc (z)+PmVm (z) (3.2)
with Pc, Pm are the material properties of ceramic and metal, respectively.

According to the Mori-Tanaka scheme [132], the effective Young’s mod-
ulus

(
E f

)
and Poisson’s ratio

(
ν f
)

are of the forms

E f =
9K f G f

3K f +G f
, ν f =

3K f −2G f

6K f +2G f
(3.4)

3.3. Co-rotational framework
Fig. 3.1 shows a planar two-node beam element and its kinematics in two

coordinate systems, a global system (x,z) and a local one (xl, zl). Based on
Euler–Bernoulli beam theory, the axial displacement, ū(x̄, z̄), and the trans-
verse displacement, w̄(x̄, z̄), at any point of the element are given by

ū(x̄, z̄) = ū0(x̄)− z̄ w̄0,x̄(x̄) , w̄(x̄, z̄) = w̄0(x̄) (3.6)

where ū0(x̄) and w̄0(x̄) are respectively the axial and transverse displacements
of any point on the mid-plane; and z̄ is the distance from the considering point
to the mid-plane.
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Fig. 1: A 2-node corotational beam element and its kinematics

the z̄-axis directs towards the node 2. With such chosen local system, the local axial
displacement at the node 1 and the local transverse displacements at both the two
nodes always vanish, ū1 = w̄1 = w̄2 = 0. The vector of local nodal displacements, (d̄),
of the element, thus contains only three components as follows

d̄ = {ū2 θ̄1 θ̄2}T (4)

where, as shown in Fig. 1, ū2 is the local axial displacements at the node 2; θ̄1 and θ̄2

are the local rotations at the nodes 1 and 2, respectively. The superscript ‘T ’ in Eq.
(4) and hereafter indicates the transpose of a vector or a matrix, and the bar suffix
denotes a quantity with respect to the local system.

The global nodal displacements in general are nonzero, and the vector of global
nodal displacement (d) has six components as

d = {u1 w1 θ1 u2 w2 θ2}T (5)

where ui, wi and θi (i = 1, 2) are the global axial and transverse displacements and
rotation at the node i, respectively.

The local vector of nodal internal forces associated with the nodal displacements
in Eq. (4) is of the form

f̄in = {N̄2 M̄1 M̄2}T (6)

where N̄2 is the local axial force at the node 2; M̄1 and M̄2 are the local moments at
the node 1 and node 2, respectively.

The global vector of nodal internal forces associated with the nodal displacements
in Eq. (5) is as follows

fin = {N1 N2 Q1 M1 Q2 M2}T (7)

6

Figure 3.1. A 2-node corotational beam element and its kinematics.

The global nodal displacements in general are nonzero, and the vector of
global nodal displacement, (d), has six components as

d = {u1 w1 θ1 u2 w2 θ2}T (3.7)

where ui, wi and θi (i= 1,2) are the global axial and transverse displacements
and rotation at the node i respectively.
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The local system (xl, zl) is chosen such that its original is always at the
node 1, and x− axis directs towards the node 2. With such chosen local sys-
tem, the local axial displacement, xl , at the node 1 and the local transverse
displacements at both the two nodes always vanish, ū1 = w̄1 = w̄2 = 0. The
vector of local nodal displacements (d̄), of the element, thus contains only
three components as follows

d̄ = {ū θ̄1 θ̄2}T , ū = ū2 (3.8)

where ū is the local axial displacements at the node 2; θ̄1 and θ̄2 are the local
rotations at the nodes 1 and 2 respectively. In Eq. (3.8) và ở dưới đây, and
hereafter, the superscript ‘T’ indicates the transpose of a vector or a matrix,
and the bar suffix denotes a quantity with respect to the local system (xl,zl).

By considering the geometry of Fig. 3.1, one can obtain the relation be-
tween the local displacement and rotations with the global ones as follows

ū = ln − lo; θ̄1 = θ1 −θr; θ̄2 = θ2 −θr (3.11)

with lo and ln are the initial and current lengths of the element, θr is the rigid
rotation of the element.

3.4. Transformation matrix
Assuming the elastic strain energy of the element has been derived, the

global nodal force vector and the global tangent stiffness matrix for the ele-
ment can be obtained by successive differentiation of the strain energy with
respect to the global vector of nodal displacements as follows

fin =
∂U
∂d

=
∂U
∂ d̄

∂ d̄
∂d

= TT
1 f̄in ,

kt =
∂ 2U
∂d2 = TT

1 k̄tT1 + N̄2T2 +(M̄1 + M̄2)T3

(3.17)

where

f̄in =
∂U
∂ d̄

, và k̄t =
∂ 2U
∂ d̄2 (3.18)

are, respectively, the local nodal force vector and tangent stiffness matrix;
T1,T2,T3 are the transformation matrices, which can be computed from
Eq. (3.11)

T1 =
∂ d̄
∂d
, T2 =

∂ 2ū2

∂d2 , T3 =−∂ 2θr

∂d2
(3.19)
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3.5. Strain energy
3.5.1. Euler-Bernoulli beams

The strain energy of an FGM beam element is given by

U =
1
2

l0∫
0

∫
A

σ̄x̄ ε̄x̄ dAdx̄

=
1
2

l0∫
0

[
A11

(
ū0,x̄ +

1
2

w̄2
0,x̄

)2

−2A12

(
ū0,x̄ +

1
2

w̄2
0,x̄

)
w̄0,x̄x̄ +A22w̄2

0,x̄x̄

]
dx̄

(3.22)

where A11, A12 and A22 are the beam rigidities.

3.5.3. Euler-Bernoulli micro beam
According to the MCST, the strain energy of a micro-scale beam element

is given by

U =
1
2

l0∫
0

[
A11

(
ū0,x̄ +

1
2

w̄2
0,x̄

)2

−2A12

(
ū0,x̄ +

1
2

w̄2
0,x̄

)
w̄0,x̄x̄

+A22w̄2
0,x̄x̄ +A33w̄2

0,x̄x̄

]
dx

(3.38)

where A11, A12, A22 and A33 are the beam rigidities

(A11,A12,A22) = b
∫ h/2

−h/2
Ê f (z̄)

(
1,z,z2)dz̄

A33 = bl2
m

∫ h/2

−h/2
µ f (z̄)dz̄

(3.39)

with the effective Young’s modulus Ê f defined as

Ê f =

{
λ f +2µ f with incorporating Poisson’s ratio
E f without incorporating Poisson’s ratio

(3.40)

It should be emphasized that due to the inhomogeneity of the FG material,
the axial and bending coupling rigidity A12 does not vanish in the microbeam
model. Furthermore, because of the micro-scale size effect, the ‘shear rigid-
ity’ A33, which contains the material length scale parameter lm, still appears
in the expression of the elastic strain energy, even the Euler-Bernoulli beam
theory is used to model the microscale frames.
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3.6. Local element formulation
3.6.1. Interpolations

The interpolations for the local axial and transverse displacements in the
following forms

ū0(x̄) =
x̄
l0

ū2 +

(
3A12x̄2

A11l2
0

− 3A12x̄
A11l0

)
(θ̄1 + θ̄2)

+

(
2x̄2

l0
− 13x̄

30
− 11x̄3

3l2
0

+
3x̄4

l3
0

− 9x̄5

10l4
0

)
θ̄

2
1

+

(
x̄2

l0
− x̄

30
− 11x̄3

3l2
0

+
9x̄4

2l3
0
− 9x̄5

5l4
0

)
θ̄1θ̄2

+

(
x̄

15
− 2x̄3

3l2
0
+

3x̄4

2l3
0
− 9x̄5

10l4
0

)
θ̄

2
2

w̄0(x̄) =
(

x̄− 2x̄2

l0
+

x̄3

l2
0

)
θ̄1 +

(
− x̄2

l0
+

x̄3

l2
0

)
θ̄2

(3.44)

The displacements in Eq. (3.44) are used to derive the local tangent stiff-
ness matrix and internal force vector of the beam element.

3.6.2. Internal force vector and tangent stiffness matrix

With the interpolations (3.44), one can express the strain energy of the
element in Eq. (3.38) in terms of the local displacements. The local internal
force vector and the tangent stiffness matrix for the element are then calcu-
lated by successively differentiating the strain energy according to Eq. (3.17).

3.7. Numerical procedure
The nonlinear equilibrium equation (2.44), Section 2.6, is still used for

the analysis of large displacements of FGM frames and beams in this chap-
ter. However, the nonlinear behavior of the frame is much more complex
than that of the beam. In order to deal with the limit point, snap-through and
snap-back situations, in which the structure tangent stiffness matrix ceases to
be positive definite, the spherical arc-length constraint method developed is
adopted herewith.

3.8. Numerical investigation
3.8.1. Macro-scale beam and frame
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In Table 3.1, the normalized tip axial and transverse displacements of the
Si3Ni4/Al cantilever obtained by different number of elements are given for
a tip moment M = 5EmI/L (where Em is Young’s modulus of Al). The cor-
responding tip displacements computed by Eq. (3.51) are also given in the
table. As seen from the table, the results using element of the present work
converge very fast, and both the axial and transverse tip displacements con-
verge to the analytical solutions by using just six elements, regardless of the
index n. Since the beam element of the present work is based on the exact in-
terpolation functions, it is capable of giving exact displacements at the nodal
points [157]. It should be noted that the effect of the shift in the neutral axis
position has been taken into account in both the present work and Ref. [141],
and the beam under consideration having a high aspect ratio, L/h = 50.

Table 3.1. Convergence of the present element in determination of tip displacements of
cantilever Si3Ni4/Al beam under a tip moment M = 5EmI/L (nELE: number of element )

Response n
nELE

1 2 4 6 Eq. (3.51)

|u0(L)|
L

0.3 0.3063 0.3048 0.3047 0.3047 0.3047
1 0.5805 0.5760 0.5758 0.5757 0.5757
5 0.9451 0.9419 0.9418 0.9417 0.9418

10 1.0310 1.0339 1.0340 1.0340 1.0340

w0(L)
L

0.3 0.5978 0.5990 0.5991 0.5991 0.5991
1 0.7063 0.7139 0.7143 0.7143 0.7143
5 0.6306 0.6670 0.6687 0.6688 0.6688

10 0.5583 0.6106 0.6129 0.6130 0.6130

beam, as seen from the figure, considerably increases by usingthe ceramic with
higher Young’s modulus. The effect of the constituent materials on the response
of the beam can also be observed from its deformed configurations as depicted in
Fig. 11 for an indexn = 3. As seen from the figure, the beam composed from the
lower Young’s modulus deforms more severely.

5.4. Asymmetric frame

An asymmetric frame subjected to a downward loadP as shown in lower part
of Fig. 12 is investigated. The isotropic frame exhibits snap-through and snap-
back behaviour [3, 14], and thus this example can be used as a good example to
further test the formulated beam element and computer code. The geometric data
for the frame are as follows:L = 120 cm,b = 3 cm, andh = 2 cm.
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Fig. 12: Figure 12: Load-displacement curves for asymmetricframe composed of ZrO2 and Al
under a point load.

The load-displacement curves of the frame composed of Zirconia and Alu-
minum are shown in Fig. 12 for various values of the indexn. In the figure, the
axial and vertical displacements were computed at the loaded point by using ten
elements, five for each beam. The influence of the material distribution on the
behaviour of the frame is clearly seen from the figure, where the limit load of the
frame steadily reduces when increasing the indexn. In Fig. 13 and Fig. 14, the
axial stresses at the top and bottom points of the loaded section versus the applied
load is shown for various values of the indexn and different constituent materi-
als, respectively. As seen from Fig. 13, while the axial stress at the points of an
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Figure 3.7. Load-displacement curves for asymmetric frame composed of ZrO2 and Al
under a point load.

The load-displacement curves of the asymmetric frame composed of Zir-
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conia and Aluminum are shown in Fig. 3.7 for various values of the index
n. In the figure, the axial and vertical displacements were computed at the
loaded point by using ten elements, five for each beam. The influence of the
material distribution on the behaviour of the frame is clearly seen from the
figure, where the limit load of the frame steadily reduces when increasing the
index n.
3.8.2. Micro-scale FGM beam and frame

The influence of the microstructural size parameter and Poisson’s ratio
can also be seen from Fig. 3.12, where the thickness distributions of the axial
stress at the clamped section corresponding to P∗ = 10 are shown for various
values of the dimensionless scale parameter and two values of the powerlaw
index, n = 0.5 và n = 5. One can see that the axial stress is decreased by
increasing the dimensionless scale parameter and also by incorporating the
Poisson’s ratio, irrespective of the power-law index.
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Fig. 2: Load-displacement curves of FG microcantilever under tip load for different
dimensionless scale parameters.
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Fig. 3: Thickness distribution at clamped section of axial stress of FG microcantilever
corresponding to P ∗ = 10.

case without Poisson’s ratio effect, while it still does not when incorporating the effect
of Poisson’s ratio. It is worth noting that the convergence of the tip response of the
microcantilever under the moment is also achieved by using five elements, but ten
elements have been used in obtaining the configurations in Fig. 5 to ensure smoothness
of the curves. The thickness distributions at the clamped section corresponding to
M∗ = 5.6 of the microcantilever as depicted in Fig. 6 also reveal the influence of the
microstructural size effect and Poisson’s ratio on the large displacements of the FG
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Figure 3.12. Thickness distribution at clamped section of axial stress of FG microcantilever
corresponding to P∗ = 10.

The deformed configurations of the microcantilever with n = 1 corre-
sponding to a moment M∗ = 5.6 as depicted in Fig. 3.14 also exhibit clearly
the important role of the Poisson effect on the nonlinear bending of the mi-
crobeam. At the applied moment M∗ = 5.6, the microcantilever associated
with η = 0.25 has already rolled up to a circle for the has already rolled
up to a circle for the case without Poisson’s ratio effect, while it still does
not when incorporating the effect of Poisson’s ratio. It is worth noting that
the convergence of the tip response of the microcantilever under the moment
is also achieved by using five elements, but ten elements have been used in
obtaining the configurations in Fig. 3.14 to ensure smoothness of the curves.

The influence of Poisson’s ratio and the material length scale parameter
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Fig. 5: Deformed configurations of FG microcantilever corresponding to M∗ = 5.6
for n = 1 and different dimensionless scale parameters.
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Fig. 6: Thickness distribution at clamped section of axial stress of FG microcantilever
for M∗ = 5.6.

5.5 Diamond microframe under tension

Finally, a micro-scale diamond FG frame under the tension of a load 2P , as illustrated
in the lower left corner of Fig 8a, is studied. An aspect ratio L/h = 20 for each beam
is assumed. The displacements and rotation of the microframe corresponding P ∗ = 5
and P ∗ = 10 are given in Table 5 for various values of the power-law index n and the
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Figure 3.14. Deformed configurations of FG microcantilever corresponding to M∗ = 5.6,
n = 1 and different dimensionless scale parameters.
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Fig. 9: Deformed configurations of diamond FG microframe under tension with dif-
ferent values of applied load and dimensionless scale parameter ratio (with influence
of Poisson’s ratio).
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Appendix A

This Appendix lists the commands of a symbolic Matlab code to solve Eq . (27) for
the local displacements in Eq. (30).
clear

clc

syms lo A11 A12 A22 A33 u2L t1L t2L c1 c2 c3 c4 c5 c6 u0L(x) w0L(x)

assume([lo A11 A12 A22 A33 u2L t1L t2L c1 c2 c3 c4 c5 c6],’real’)

w0Lx=diff(w0L);

w0L2x=diff(w0Lx);

w0L3x=diff(w0L2x);

w0L4x=diff(w0L3x);

u0L2x=(A12*w0L3x-A11*w0Lx*w0L2x)/A11;

u0Lx=int(u0L2x)+c1;

u0L3x=diff(u0L2x);

eqn = A11*(u0L2x*w0Lx+u0Lx*w0L2x+3/2*w0Lx^2*w0L2x)...

+A12*u0L3x-(A22+A33)*w0L4x == 0;

w0L=dsolve(eqn,’ExpansionPoint’,0,’Order’,4,w0L(0)==c3,...
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Figure 3.18. Deformed configurations of diamond FG microframe under tension with
different values of applied load and dimensionless scale parameter ratio.

on the large displacement behavior of the micro-scale diamond FG frame can
also be seen from the load-displacement curves and the deformed configura-
tions of the frame as depicted Figs. 3.18a and 3.18b for n = 0.5 và n = 5. The
micro-scale diamond frame deforms significantly when increasing the ten-
sion load (Fig. 3.18a), and it is stiffer for a larger value of the dimensionless
scale parameter (Fig. 3.18b).

Conclusions of Chapter 3

Chapter 3 has developed a nonlinear beam element and numerical algo-
rithms for the large displacement analysis of FGM frames and beams with
micro-scale size effects. The beam element is constructed based on the co-
rotational formulation, where Euler-Bernoulli beam theory is used in com-
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bination with the MCST to describe the deformation of the beam and the
size effects. To enhance the convergence of the element, polynomials derived
from the solution of the nonlinear equilibrium differential equations of the
element are used to interpolate the displacement field. The expressions for
the tangent stiffness matrix and the internal force vector of the element are
explicitly obtained. The beam element for macro-scale FGM structures is ob-
tained as a special case of the element developed in the chapter by removing
the terms that contain the micro-scale size parameter. The results of Chapter
3 have been published in papers numbered from 8 to 10 in the "Publication
related to the thesis."

CONSLUSIONS

The main conclusions
• The thesis has developed two nonlinear beam elements and a computa-

tional program used for the large displacement analysis of FGM and CNTRC
frames and beams. The developed beam elements and numerical program are
highly effective in simulating the complex nonlinear behavior of FGM and
CNTRC frame and beam structures. In particular, the beam element devel-
oped based on the co-rotational method has a simple mathematical formula-
tion but exhibits fast convergence. Large displacements of FGM frames and
beams, both with macro and micro scales, can be accurately modeled with a
coarse mesh.

• The material distribution as well as practical factors such as the agglom-
eration of CNTs in CNTRC materials play a significant role in the nonlinear
behavior of FGM and CNTRC frames and beams. The large displacement
of CNTRC sandwich beams is clearly dependent on the degree of CNT ag-
glomeration, and this agglomeration plays an important role in the nonlinear
behavior of CNTRC structures. As observed in Chapter 2 of the dissertation,
the agglomeration of CNTs not only makes the beam softer but also enhances
the effect of shear deformation on large deflections.

• The material homogenization model used to evaluate the effective prop-
erties of composite materials plays an important role in the results obtained
from the large displacement analysis of FGM sandwich beam structures.
Among the four material homogenization models used in the thesis, the Voigt
model is the most conservative, while the TTO model is the most flexible.
Thus, though the Voigt model is mathematically simple, care should be taken
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when handling results obtained numerical modeling FGSW beams using this
model.

• The micro-size effect plays an important role in the nonlinear behav-
ior of micro-sized FGM frames and beams. The large displacement of micro
FGM frames and beams is significantly overestimated when ignoring the in-
fluence of the size effect. The size effect also alters the dependence of the
nonlinear behavior of the frame and beam the on material parameters.

Further researches
The following problems can be considered as an extension from the thesis:
• The geometrically nonlinear behavior of micro-sized frames and beams

reinforced with carbon nanotubes considers the influence of several practical
factors such as the elastic foundation, temperature, and the agglomeration of
carbon nanotubes.

• The materially nonlinear behavior of micro-sized FGM frames and beams
is crucial. In many cases, when the structure is subjected to large loads, the
stress at one or several locations of the structure exceeds the elastic limit, and
therefore the influence of plastic deformation needs to be considered when
studying the nonlinear bending of FGM frames and beams.

• The development of nonlinear beam elements for the analysis of three-
dimensional frames and beams is a challenging task. The mathematical trans-
formations required in deriving nonlinear beam elements for spatial frame
and beam analysis are very complex and cumbersome. This demands addi-
tional time investment and requires collaboration among researchers.
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