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LOI CAM POAN

Tac gia xin cam doan Luan 4n: "Mo hinh phan tit hitu han trong phan tich phi
tuyén hinh hoc két cAu dam FGM va CNTRC" 1a cong trinh nghién ctiu ctia chinh
minh duéi sy hudng din khoa hoc cta tap thé thiy, co huéng din. Luan 4n st dung
thong tin trich din tif nhiéu ngudn tham khao khac nhau va cdc thong tin trich din
dudc ghi rd ngudn gdc. Cac két qua nghién ciiu cla tac gia duge cong bd chung véi
cdc tac gia khac da dudc su nhit tri clia dong tac gia khi dua vao Luén an. Céc s liéu,
két qui dugc trinh bay trong Luén 4n 1a hoan toan trung thuc va chua tiing dudc cong
bd trong bat ky cong trinh nao khac ngoai cac cong trinh cong bd clia tac gia. Luan an
dugc hoan thanh trong thdi gian tac gia lam nghién ctiu sinh tai Hoc vién Khoa hoc

va Cong nghé, Vién Han 1am Khoa hoc va Cong nghé Viét Nam.

Nghién ctiu sinh

Bui Thi Thu Hoai



LOI CAM ON

Trudc khi di vao ndi dung chinh ctia Luén 4n nay, véi l1ong biét on sau sac nhit,
tdc gia xin gui 10i cAm on t6i tap thé cdn bod, cac nha khoa hoc trong Hoc vién Khoa
hoc va Cong nghé; Vién Co hoc, Vién Han 1am Khoa hoc va Cong nghé Viét Nam,

da tan tinh gitp d3, tao moi diéu kién thuan 1gi dé tac gia hoan thanh Lun an.

Tac gia xin bay td 1ong biét on chan thanh t6i hai Thay C6 hudng dan la GS.
TS. Nguyén Dinh Kién va PGS. TS. Tran Thi Thu Huong. Su tin tdm huéng din va
su day bdo chu ddo cling véi tri thic va tAm huyét ctia Thay C6 1a hanh trang quy bau
gilp tac gia c6 thé hoan thanh Luén 4n va hoan thién kién thifc ctia minh sau nay.

Nhan dip nay, tdc gia ciling xin gti 18i cAm on chan thanh tSi cac dong nghiép
trong phong Co hoc vt liéu va két chu - Vién Co hoc, trong nhém nghién ciiu Co
hoc vit ran, trong Khoa Ky thuat O td va Ning ludng - Truong Pai hoc Phenikaa, gia
dinh, ban bé va ngudi than da tao diéu kién, ludn quan tdm va dong vién trong qua
trinh tac gia hoc tap va hoan thién Luén an.

Trong qu4 trinh tim hiéu, nghién cttu khoa hoc, kién thiic cla tac gia con han
ché. Do vay, tic gia khong tranh khdi nhiing thiéu sét, rAt mong nhin dudgc nhiing
dong gép quy gia ciia Thay Co va cac dong nghiép.

Sau cling, tdc gia xin kinh chidc GS. TS. Nguyén Pinh Kién, PGS. TS. Tran
Thi Thu Huong va toan thé cac Thay C6 trong Hoc vién Khoa hoc va Cong nghé doi
dao stic khde, niém tin d€ tiép tuc thuc hién st ménh cao dep ctia minh 14 nghién ciu

khoa hoc va truyén dat kién thifc cho thé hé mai sau.

Tac gia Luan an

Buii Thi Thu Hoai
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2 P
MO DAU
Tinh cAp thiét cta deé tai
Cung véi su phat trién ctia khoa hoc cong nghé va cic vat liéu méi c6 do bén
co hoc cao hon, két cAu ngay nay dudc thiét ké cho phép trai qua chuyén vi 16n trong
qua trinh 1am viéc. Phan tich phi tuyén két cAu c6 chuyén vi 16n 1a mot trong cac dé

tai quan trong trong cd hoc két ciu va co hoc vit ran, c6 y nghia thuc tién, thu hut

dudc su quan tdm cta nhiéu nha khoa hoc trong nuéc va trén thé gidi.

Trong linh vuc cd hoc, phan tich ing xi phi tuyén ctia két ciu va vat ran dudc
chia 1am hai bai todn chinh: (1) Bai toan phi tuyén hinh hoc, trong d6 két cAu c¢6 chuyén
vi tuong dbi 16n (moderate displacements) hoic chuyén vi 16n (large displacements);
(2) Bai todn phi tuyén vat liéu, trong d6 ting suét tai mot hodic mot sd vung ctia két
cAu vudt qua gidi han dan hoi (két cau dan-déo). Cac két qua phan tich chuyén vi 16n
ctia két cAu n6i chung, khung, dam 1am tif cac vat liéu méi néi riéng con rat han ché.
Vi li do d6, Luan 4n nay tap trung nghién citu bai todn phi tuyén hinh hoc, cu thé 1a
nghién citu tng xi chuyén vi 16n ctia két cAu khung, dim lam tif hai loai vat liéu mdéi
13 vat liéu c6 co tinh bién thién (Functionally Graded Material, viét tat 13 FGM) va vit
liéu composite gia cudng bang cic 6ng nano carbon (Carbon Nanotube Reinforced
Composite, viét tat 1a CNTRC). Cac phucng phap giai tich truyén théng thudng kho
st dung d€ phan tich két cAu c6 chuyén vi 16n, Luan 4n, vi thé sé& sit dung cach tiép
can sd, cu thé 1a phuong phdp phan ti hitu han, d€ tinh todn céic dic trung cd hoc
nhu trudng chuyén vi va trudng dng suit ctia két cau khung, dim FGM va CNTRC c6
chuyén vi 16n. Anh huéng ctia st phan bd vit lidu, ciu hinh hinh hoc nhu cc tham sb
ndi tai ctia két ciu (tham s ty 1& kich thudc) t6i ing xi phi tuyén cia két cu khung,

dam néu trén dudc nghién ciu chi tiét.

Muc tiéu cua Luén an

Muc tiéu chinh ctia Luén 4n 13 phat trién mo hinh phan ti dam phi tuyén va
chuong trinh tinh todn s6 cho phan tich tng xi chuyén vi 16n ctia két cau khung, dam
lam tif mot s6 loai vat liéu méi. V6i chuong trinh tinh todn s6 xay dung dudc, Luin 4n
s& tién hanh phan tich mdt s6 bai toan cu thé va khao sat anh hudng ctia mot s6 tham
s6 hinh hoc, vat liéu t6i tng xi chuyén vi 16n cia két cAu khung, dam 1am ti cac vat

liéu méi néu trén.



Pi¢m méi cha Luin an

Phan tich chuyén vi 16n ctia khung, dam FGM va CNTRC xét ti cac yéu tb
quan trong nhu md hinh dong nhit héa vat liéu va su két tu clia cac 6ng nano carbon
dudc nghién cifu lan dau tién trong Luan an. Pic biét, phan t dAm dua trén phuong
phdp hé toa do dong hanh c6 xét t6i anh hudng cia hiéu dng kich thuéc micro cho
phan tich chuyén vi 16n cta khung, dim FGM dudc phat trién 1an dau tién trong

Luéan an.

Pbi twgng va pham vi nghién citu
Ddi tugng va pham vi nghién ciu clia Luén 4n la:

1. Déi tuong: Dbi tuong nghién ctiu ctia Luan 4n 14 cac két cAu dam sandwich FGM,
dam sandwich CNTRC nim mot phan trén nén dan hoéi va khung, dim FGM.

2. Pham vi nghién cttu: Pham vi nghién cdu cta Luin 4n 1a chuyén vi 16n cta
két cAu khung, ddam FGM va CNTRC trong d6 xét téi &nh hudng clia cic yéu
td quan trong nhu nén dan hoi, su két tu clia cdc 6ng nano carbon trong vat lidu
CNTRC, hiéu ting kich thudc micro va mé hinh dong nhit héa dung trong tinh

todn cdc tinh chét hiéu dung cta vat liéu FGM.
Phuong phap nghién ciu

Luin 4n st dung phuong phdp nghién citu 1y thuyét véi céach tiép can sd dua
trén phuong phép phan ti hitu han. Céc phuong trinh c¢d ban cho két ciu dudc thiét
lap trén co s mot s6 ly thuyét dam khac nhau, trong khi phuong phap phan ti hitu
han dudc st dung dé€ xdy dung cac phuong trinh cin bang phi tuyén rdi rac va tinh

toan cac dac trung co hoc cua ket cau.

Bo cuc cua Luén an

Ngoai phan Mé dau, Lun 4n dudc chia 1am ba Chuong va phan Két luan cuing
v6i cac Tai liéu kham khdo. Cong trinh cong b lién quan t6i Luan 4n dudc liét ké &

cuoi Luan an. Noi dung chinh cua cac chuong nhu sau:

Chuong 1: Tong quan vin dé nghién ctiu. Chuong nay trinh bay tdng quan vé
tinh hinh nghién cttu trong phan tich két ciu FGM va CNTRC, trong d6 chu trong tdi
cac két qua trong phan tich phi tuyén. Két qua phan tich két ciu lam tir vat liéu méi
clia c4c tdc gia trong nudc ciing dudc dé cap trong chuong 1. Tur phan phan tich tdng
quan, dinh huéng nghién ctiu cho Luan 4n dudc dua ra & cudi chuong.

Chuong 2: Chuyén vi 16n cia dim sandwich FGM va CNTRC. St dung cong



thic Lagrange toan phan, chuong nay xay dung phan t dim phi tuyén cho phan tich
chuyén vi 16n ctia dAm sandwich FGM va dAm sandwich CNTRC. Phan tif dim dudc
xay dung trén co s& ly thuyét bién dang truct bac nhit v6i phép cau phuong gidm bac
dé€ tranh hién tuong nghén trudt (shear locking). Anh hudng ctia su phan bd vat liéu,
cu hinh sandwich t6i @ng xi phi tuyén ctia dim dudc khao sat chi tiét. Dic biét, anh
hudng clia cic mo hinh dong nhit héa vat liéu va su két tu ctia cac dng nano carbon

t6i chuyén vi 16n ctia dam ciing dudc quan tim nghién cifu.

Chuong 3: Chuyén vi 16n ctia khung, dim FGM. St dung phuong phap hé toa
do dong hanh, chuong 3 xay dung phan ti dAm phi tuyén cho phan tich chuyén vi 16n
ctia két cAu khung, ddm FGM c6 xét t6i anh hudng cia hiéu ung kich thuc micro.
Phan tif dudc xay dung trén co s st dung ly thuyét dim Euler-Bernoulli két hop véi
ly thuyét cdp ting suit stta d6i d€ md phéng chuyén vi va hiéu ting kich thuéc. Cac
két cau khung, ddm FGM macro va micro dudc phén tich va ddnh gid anh hudng cia
su phan bd vat liéu, hiéu dng kich thudc t6i ing xi phi tuyén phic tap ctia khung,
dam FGM.

Céc két luan chinh rit ra tif Ludn 4n va kién nghi cho cac nghién ciu tiép theo

dudc tom ludc trong Phdn Két ludn ctia Luan 4n.



CHUONG 1

TONG QUAN VAN PE NGHIEN CUU

Chuong nay trinh bay tong quan tinh hinh nghién ctu trong linh vuc phan
tich két cAu khung, dim néi chung va khung, dim sandwich néi riéng lam tir vat liéu
composite FGM va composite gia cudng bang cc 6ng nano carbon (CNTRC - Carbon
Nanotube Reinforced Composite). Cac két qua va phuong phap nghién cttu lién quan
t6i ting x phi tuyén hinh hoc ctia khung, ddm FGM, CNTRC dudc trinh bay chi tiét.
Céc két qua nghién cifu clia cac nha khoa hoc trong nudc ciing dudc cip nhat va thao

luan. Dinh huéng nghién citu ctia Luin 4n dugc trinh by & phan cubi chuong.
1.1. Vat liéu composite thé hé méi

Mot loat cic loai vat liéu composite thé hé méi nhu vat liéu FGM, vat liéu
CNTRC, vit liéu composite gia cudng bang graphene... dugc phat minh trong thdi
gian gan day. Uu diém chinh ctia cdc vt lidu nay 1a c6 do bén cd hoc cao, kha niing
lam viéc tdt trong cac diéu kién khic nghiét, chang han nhu nhiét do cao, do &n mon
clia a-xit 16n, va dap manh... Két cAu 1am tir vat liéu composite thé hé méi c6 nhiéu
dic tinh uu viét vugt troi so véi cac két cAu truyén thong, vi thé kha ning ng dung
trong ché tao cac phan tif két cAu chiu tai trong phiic tap cho cic nganh cong nghiép
khac nhau, dac biét trong cac nganh cong nghiép cong nghé cao, ngay cang mé rong.
Mot s6 dic tinh co ban cua vt liéu FGM va CNTRC, dung cho phan ti khung, dam
trong Luan an dudc tom lugc dudi day.

1.1.1. Vit liéu FGM

Vit liédu FGM (Functionally Graded Material - vat liéu c6 co tinh bién thién)
dudc cac nha khoa hoc & Pai hoc Tohoku, Sendai, Nhat Ban khéi tao 1an dau tién vao
niam 1984 [1]. Ban dau, vat liéu FGM dugc phat trién dé€ c6 thé chiu nhiét do cao, diing
bao phli mit ngoai nham giam thi€u anh hudng ctia nhiét do tSi cac thiét bi trong cong
nghiép hang khong vii tru va két ciu trong nha mdy dién hat nhan [1, 2]. Ngay nay,
vat liéu FGM dudc tng dung rong rai hon, khong chi trong cac nganh cong nghiép

ma con & nhiéu linh vuc khac nita, chang han trong truyén thong, y hoc, ning lugng...

FGM c6 thé xem 1a vat liéu composite thé hé méi, dugc hinh thanh tif hai hay
nhiéu pha vat liéu thanh phan, chd yéu 13 gdm (ceramic) va kim loai (metal). Ty phan
thé tich ctia cdc pha vt liéu thanh phan dudc tinh toan mot cach hop 1y, 1a ham s6 lién

tuc, tron cia toa do khong gian theo mot hodc vai phuong cta két cau. Vit liéu nhan



dudc ¢6 cdc vu diém vuot troi so v6i cac vat liéu thanh phan nhu ¢6 do ciing cao, kha
ning khang nhiét t6t ctia gbm, do dai va do bén va dip cao cta kim loai. Thém vao
do, cac tinh chét co hoc va vit ly ctia vét liéu FGM bién ddi lién tuc, tron, vi thé khic
phuc dudc cic yéu diém von cé ctia composite da 16p, gia cudng bang cic X0, sdi
truyén théng nhu sy tach 16p va tip trung ting suét. Vé6i cic uu diém nay, FGM 1a lua
chon hop 1y d€ ché tao cac phan ti két ciu chiu cdc tai trong co-nhiét phic tap dung
trong cac cac két ciu clia may bay, tén Ita, cac thiét bi trong linh vuc dau khi, luyén
kim, cling nhu cédc 10 phan ting hat nhan. V6i hé tai trong phuc tap trong cac ung dung
néi trén, cdc phan ti két cu thudng c6 dng xi phi tuyén phiic tap. Nghién ctiu ting
Xt co hoc néi chung, chuyén vi 16n ctia khung, ddm FGM va CNTRC néi riéng 1a bai
todn quan trong, doi héi cta thuc té, dudc nhiéu nha khoa hoc trong nuéc va trén thé

gi6i quan tAm nghién citu trong thdi gian gan day.
1.1.2. Vit liéu CNTRC

Tir cac cong trinh nén tang cda lijima [3, 4], cdc 6ng nano carbon (Carbon
Nanotubes, viét tat 1a CNT) véi dién tich riéng bé miit (specific surface area) cao va
dd bén co hoc 16n dudc biét dén nhu 1a loai vat lidu gia cudng ly tudng cho cac vt liéu
nén polymer. Két ciu composite gia cudng bang 6ng nano carbon (két cAu CNTRC)
c6 do bén va do ciing vuot trdi so v6i két cAu composite truyén théng, ngay cang dudc

st dung nhiéu trong cdc nganh cong nghé cao.

C6 hai loai CNT chinh 12 6ng nano carbon don vich (Single Walled Carbon
Nanotube, viét tit 1a SWCNT) va 6ng nano carbon da vach (Multi-Walled Carbon
Nanotube, viét tat 13 MWCNT). SWCNT gdém mét phién don graphen dudc cuén mot
cach hoan hdo (tiic 1a lién manh, khong c6 dudng ndi) dé€ tao thanh moét tru v6i duong
kinh ¢d nm (nand mét) va chiéu dai 1én dén c& vai cm (xing-ti-mét). MWCNT goém
mot diy cic tru nhu thé dudc tao thanh sao cho céc tru c6 chung mdt truc déi xiing
va cach nhau khoang 0.35 nm, tuong tu nhu su ngin cich giffa cic mit phang co sé
trong than chi (graphite). Cac MWCNT c6 thé c6 cac dudng kinh tif 2 dén 100 nm va
cdc chiéu dai khoang hang chuc 1an micro-mét. V6i dudng kinh cuc nhd, cA SWCNT
va MWCNT c6 dién tich tiép xtic 16n véi vat liéu nén khi dugc st dung 1am pha gia
cuong, gilp tang hiéu qua cua viéc gia cuong.

Tu y tudng vat liéu composite FGM, Shen [5] dua ra khai ni€ém "Vt liéu com-
posite gia cuong éng nano carbon cé co tinh bién thién" (Functionally Graded Carbon

Nanotube-Reinforced Composite, viét tit 1a FG-CNTRC). Theo d6, CNTs véi vai tro

1a vat liéu gia cudng cho vat liéu nén polyme dudgc sap xép song song theo mdt phuong



nhat dinh, trong d6 ty phan thé tich cia CNTs thay ddi theo phuong chiéu cao ctia phan
tt két cAu theo quy luat dinh sin, chd yéu 1a quy luat tuyén tinh. Trong trudng hop
riéng, khi ty phan thé tich ctia CNTs khong thay ddi theo toa do khong gian, su phan
bd clia cac dng nano carbon 1a déu. Cach gia cudng cac 6ng nano carbon vao két ciu
dam sandwich c6 chiéu rong b va chiéu cao i dugc minh hoa trén Hinh 1.1 va Bang
1.1 (theo [5, 6]). Nim kiéu phan bd khac nhau ctia CNTs bao gdm phan b6 déu UD
(Uniform Distribution) va bn kiéu phan b theo quy tic ham 1a FG-A, FG-V, FG-O
va FG-X tuong ting véi cac trudng hop CNTs phan bd theo phuong chiéu day dam
theo cac hinh dang cht A, V, O, X.

Hinh 1.1. Niam kiéu phan bd CNTs theo chiéu day dam sandwich FG-CNTRC.

Bdng 1.1. Ti phan thé tich Voyr ctia CNTs tai cac 16p ciia dam sandwich.

Kiéu phan b Lép du6i (hg <z < hy) Lép trén (hy <z < h3)
UD Venr Venr
FG-X 2—|h0 }: h_l h_o —2Z|VC*NT 2—|h2 2; h_3 h_2 2—Z|VC*NT
FG-A Z%VSNT 2% Venr
FG-V 2%V5NT 2}2_—_}’;2@”
FG-O 2 (1 — |2Zh_1h+h_ohl|> VenT 2 (1 - %) Venr

Trong Béng 1.1, Vfy, 12 tong ty phan thé tich cia CNT va dugc xdc dinh



P2, ° WN
bdi V2 ¢

CNT — Wen + (pCNT/pm) _ (RCNT/pm) wen i
CNTs, pcnt va py, tuong ing la khoi lugng riéng cia CNT va vat li€u nén.

, v6i wey 12 ty phan khéi luong ctia

Bén canh vit liéu composite gia cudng biang cac dng nano carbon phan bd theo
mot quy ludt xdc dinh (viét tit 1A FG-CNTRC), vt liéu composite gia cudng bing céc
dng nano carbon véi kich thuc ngan, phan bd ngiu nhién trong ma tran polyme ciing
dudc dung trong ché tao cac phan tir két cAu. Vi ti s6 d6 manh 16n, dd ciing udn thip
ctia CNT va luc van der Waals, cac dng nano carbon gia cudng c6 xu huéng bé hoic
co cum lai v6i nhau. Shi va cong su [7] dd dé xuAt mo hinh hai tham s6 dé nghién ctu
hiéu ting két tu clia cac 6ng nano carbon t6i céc tinh chat hiéu qua cia CNTRC. Co
s8 cla mo hinh nay xuit phat tif viéc xét dén su phan bd khong déu ciia CNT trong
pha nén va do d6 mdt s6 viing ciia vat liéu composite c6 su tip trung nhiéu hon ciia
vat liéu gia cuong. Mo hinh dong nhat héa vat liéu Mori-Tanaka ciing dudc st dung &
day d€ danh gid céac tinh chat hiéu qua cta vt liéu composite. Chi tiét cach tiép can

nay dudc trinh bay trong chuong 2 cua Luan an.
1.2. Phén tich két ciu FGM

Cic két qua nghién ciu tuyén tinh va phi tuyén mot s6 két ciu FGM dugc tém
lugc trong muc nay trong d6 tip trung chii yéu vao cdc nghién ciu lién quan t6i khung,
dam FGM. Mot s6 két qua nhan dudc tit phan tich phi tuyén tim FGM, lién quan t6i

Luan 4n, cling dudc dé cap.
1.2.1. Phén tich tuyén tinh

Phan tich ddim FGM nhéan dudc nhiéu quan tdim nghién ciiu trong khoang ba
thap ky gan day. Apetre va cong su [8] 4p dung phuong phap Galerkin dé danh gia
dép ting dong luc hoc ctia dAm sandwich véi 16i 1am tir vat liéu FGM duéi tic dong
clia tai trong va dap c6 van toc thip. Két qua ctia nghién cifu cho thy cic gid tri clia
bién dang cuc dai ting vé6i luc va dap 16n nhat giam dang ké nho su bién thién cda tinh
chat vt liéu trong 16p 16i. Ly thuyét dim Euler-Bernoulli va Iy thuyét bién dang trugt
bac ba dugc st dung bsi Aydogdu va Taskin [9] trong phan tich dao dong tu do cua
dam FGM vdi bién tua don va tinh chét vat liéu dudc gia dinh tuan theo quy luat ham
s6 liiy thirta va ham s6 mii. Nghiém Navier dudc cac tdc gia sit dung d€ tinh todn tan
s6 va dang dao dong ctia dAm. Benatta ciing cong su [10] sit dung phuong phép giai
tich trong viéc xdy dung nghiém cho bai todn ubén viia dam Euler-Bernoulli va dam
Rayleigh FGM, xét téi anh hudng ctia su oan (warping effect). Mot phuong phap giai

tich mé6i dugc Li [11] dé xuét cho viéc tinh toan cédc dic trung cd hoc nhu tan s dao



dong riéng, chuyén vi tinh, qua trinh lan truyén séng va phan bd ting suit ciia dim
FGM v6i tinh chét vat liéu bién ddi theo chiéu cao dam theo quy luat tuy y. St dung
phuong phép giai tich, Ying va dong nghiép [12] dua ra nghiém cho bai todn udn va
dao dong tu do ctia ddm FGM nam trén nén dan hoi Pasternak, gia dinh céc tinh chét
vat liéu dam thay déi theo chiéu cao theo quy luat ham s6 mi. Sina va dong nghiép
[13] d& xuAt md hinh dim mdi cho bai todn dao dong tu do ctia dam FGM, xét t6i
4nh hudng cla cac diéu kién bién khac nhau. Tan s6 dao dong tu do thu nhan dudc
trong [13] bang phuong phap giai tich dugc nhiéu tic gia sit dung dé€ kiém chiing két
qua tinh todn dao dong ctia dim FGM. Huang va Li [14] nghién ctu dao dong tu do
ctia ddm FGM xét tdi tinh khong dong nhét ctia do cling chdng udn, mat do khoi va
tinh chét vat liéu doc theo truc dim. Sankar [15] dua ra nghiém dan hdi cho trudng
ting suat va chuyén vi ctia ddm FGM chiu tai trong phan bd hinh sin trén mit dam.
Tac gia chi ra ring Gng suit phan b6 & mit chat tai cia dim FGM cao hon so véi dam
thuan nhat néu tai trong tac dung trén bé mit cting hon va ngudc lai. Phuong phéap
giai tich trong [14] ciing dudc Huang va Li [16] st dung trong nghién ctiu mit &n
dinh ctia dim FGM c6 thiét dién ngang khong dong nhat véi co tinh bién déi doc truc.
Anderson [17] nghién ctiu panel sandwich vé6i 16p 16i 1a vat lidu co tinh bién thién
chiu anh hudng clia tai trong ngang 12 mot khdi cau ciing. Kirugulige va cong su [18]
da st dung ca phuong phap thuc nghiém va phuong phap phan ti hitu han dé nghién
cfu ting xt pha hiy dong hoc (dynamic fracture behavior) cta két cau sandwich véi
16p 16i ¢6 co tinh bién thién. Trén co s ly thuyét Hermitian zig-zag, Di Sciuva va
Gherlone [19] phat trién mo hinh phan ti hitu han cho nghién cifu tng xt tinh va dao
dong ctia dAm sandwich. Két qua s6 nhan dudc cho tan sd va do vong ctia dam ching
t6 tinh uu viét ctia mo hinh dé xuét. St dung phuong phap phan tif hitu han, Bhangale
va Ganesan [20] di nghién cttu dao dong va on dinh nhiét ctia dam sandwich FGM véi
16 12 vat liéu dan nhé6t trong mdi trudng nhiét do. Avila [21] d& xuit mot tiéu chuin
hu héng cho du dodn chinh xadc co ché hu héng ctia dam sandwich c6 16i 1am tir vat
liéu c6 co tinh bién thién. Kashtalyan va cong su [22] trinh bay 15i giai dan hoi 3D cho
bai toan udn ctia panel vdi 16i FGM chiu tai trong phan bd trén bé mit. Két qua sb chi
ra rang viéc st dung 16i FGM gitip giam dang k& su mét lién tuc clia ca dng suit phap
va dng suat tiép & mit phan céch giita 16p 16i va 16p bién. Nghién ctfu ctia Amirani va
cong su [23] da phan tich ting x{ dao dong tu do ctia dim sandwich vdi 16i FGM st
dung phuong phdp phan ti tu do Galerkin (element free Galerkin method). Phuong
phéap khong lu6i (meshless method) va phuong phap phat (penalty method) dugc su

dung d€ thda man diéu kién bién co ban va lién tuc ctia dim. St dung phuong phap



khong luéi, Bui Qudc Tinh va cdng su [24] da nghién citu dao dong tu do va dap ting
dong luc hoc ctia dam sandwich véi 161 FGM. Vo Phuong Thiic va cong su [25, 26]
st dung céc ly thuyét bién dang trugt bic cao cai tién d€ md phong va nghién ctiu dao
dong tu do, mat 6n dinh ctia dAm sandwich FGM va dam FGM. St dung phuong phap
ban giai tich, Simsek va Al-shujairi [27] nghién ctiu bai toan udn va dap ing dong luc
hoc ctia ddm sandwich Timoshenko FGM chiu kich dong bdi hai Ivc diéu hoa di dong
c¢6 van tdc khong ddi. o vong tinh va dong luc hoc ctia dam dudc tinh toan gan ding

trén co s6 st dung céc da thic d€ xap xi trudng chuyén vi.
1.2.2. Phan tich phi tuyén

Céc nghién ctiu thao ludn trén day chi lién quan dén phan tich tuyén tinh céc
két cAu dam FGM va dam sandwich FGM. Trén thuc té, ting x{ phi tuyén néi chung
va phi tuyén hinh hoc néi riéng cta két cau la bai todn quan trong trong linh vuc
co hoc két cu, dic biét do su phat trién ctia céac loai vat liéu méi cho phép két ciu
trdi qua chuyén vi 16n trong qua trinh 1am viéc. Mot s6 nghién cifu lién quan t6i ting
Xt phi tuyén ctia két cAu dim cong b trong thdi gian gan day, dudc thuc hién bing
ca phuong phdp gidi tich va phuong phdp s6. Ung xi phi tuyén hinh hoc ctia dim
cdng-xon dugc Banerjee va cong su [28] nghién ctiu bang ci phucng phap gidi tich va
phuong phap s6. PO vong ctia dim cong-xon dudi tac dong ciia tai trong phan bd tly
y dudc cdc tic gid xac dinh biang phuong phap "shooting’ phi tuyén va phuong phap
phéan tich Adomian. Cling nhd st dung phuong phap phén tich Adomian, Rahimi va
Davoodinik [29] dua ra nghiém gidi tich clia bai toan dim FGM c6 xét t6i yéu t6 phi
tuyén hinh hoc. Arefi va Rahimi [30] nghién ctfu @ng xi phi tuyén hinh hoc ctia dim
Euler-Bernoulli c6 co tinh bién ddi theo huéng chiéu dai, xét t6i su thay d6i lién tuc
clia thiét dién ngang va cic tinh chét dan hdi doc theo chiéu dai dam. Két qua giai tich
nhéan dudc trén co sé phuong phap phan tich Adomian dugc cac tac gia so sanh véi
két qua phan ti hitu han. Anh hudng cta tham sd thiét dién ngang dén géc quay va
do vong ctia dAm dugc khao st chi tiét. Nghiém Navier va mo hinh phan ti hitu han
dua trén 1y thuyét bién dang trugt bac ba dugc Reddy [31] st dung trong phan tich
ubn phi tuyén ctia tim chit nhat FGM. Anh hudng tuong hd cd-nhiét va tinh phi tuyén
hinh hoc von Kdrman dudc tac gia xét t6i trong nghién ctiu. Két qua s6 nhan dudc cho
thdy do vong va ting suit cla tim chiu anh hudng dang ké ctia su phan bd vat liéu.
Chen [32] nghién ctiu dao dong phi tuyén cia tim FGM véi ting suit ban diu nho
st dung ly thuyét bién dang trugt bac nhit va gia thiét von Karman. Tan s6 dao dong
phi tuyén cta tim tua don dugc thu nhin biang ciach st dung két hop phuong phap
Galerkin vé6i phép lip Runge-Kutta. Ly thuyét bién dang trudt bac nhat véi gia thiét
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von Karman ciing dugc Alijani va cong su [33] st dung trong nghién cttu dao dong
phi tuyén ctia tim FGM tua don, xét t6i anh hudng ctia nhiét d6 moi trudng. Kocatiirk
va cong su [34] di nghién cifu bai toan chuyén vi 16n cia dam Timoshenko FGM
dudi tidc dong cua tai trong phan bd ngang khong bao toan biang cach st dung cong
thic Lagrange toan phan. Almeida cing dong nghiép [35] ciing st dung cong thiic
Lagrange toan phan dé phan tich ing xi phi tuyén hinh hoc ctia dim FGM. Cong thiic
phan ti hitu han dugc xay dung trén co s& dam Timoshenko véi trudng ndi suy tuyén
tinh. Zhang [36] nghién cifu bai todn ubn phi tuyén ctia dam FGM bang ly thuyét
bién dang trudt bic cao v6i cadc mdi quan hé bién dang-chuyén vi von Karman, xét t6i
4nh hudng clia Gng suit nhiét ban diu va tinh chit vat liéu phu thudc vao nhiét do.
Sitar v cong su [37] xay dung phuong trinh vi phan can bing cho bai ton ubn phi
tuyén dam cong-xon, xét t6i quan hé dng suat-bién dang tuin theo quy luat Ludwick.
Phuong phép s6 dudc céc tac gia st dung dé tinh todn do vong ctia dim. Niknam cling
dong nghiép [38] nghién ctiu tng x ubn phi tuyén ciia dam thon FGM chiu tai trong
nhiét dua trén hai cach tiép can sd khac nhau la phuong phap Galerkin va phuong
phép cau phuong vi phan t6ng quat (Generalized Differential Quadrature - GDQ). St
dung phuong phép Lagrange toan phan, cic tic gia Nguyén Pinh Kién [39] x4y dung
mo hinh phan ti hitu han cho phan tich ting xt sau 6n dinh ctia dim nim mot phan
trén nén dan hoi hai tham sb chiu luc doc truc. Phuong phap trong [39] dudc Gan va
Nguyén Pinh Kién [40] md rong sang phan tich chuyén vi 16n cia dim FGM, v6i mot
phan dAm nam trén nén dan hoéi. Phan ti dim phi tuyén trong [40] dugc xay dung véi
viéc st dung cdc ham tuyén tinh dé ndi suy trudng chuyén vi. Mit trung hoa ctia dim
dudgc st dung 1am mit quy chiéu, gitip cho viéc loai bd cic sd hang dic trung cho anh
hudng tuong hd gitta ubn va kéo. Trén co sd phuong phap hé toa do dong hanh va st
dung nghiém ctia phuong trinh vi phan cin bang dé€ noi suy trudng chuyén vi, tic gia
Nguyén Dinh Kién [41] x4y dung mo hinh phan ti dim Timoshenko phi tuyén ding
trong phan tich khung, dim c6 chuyén vi 16n. M6 hinh phan tif dim st dung phuong
phdp hé toa do dong hanh trong tai liéu [40] dudgc tac gia Nguyén Pinh Kién va dong
nghiép mé rong cho dim FGM véi thiét dién thay ddi theo chiéu dai, c6 chuyén vi 16n
va cd tinh bién ddi lién tuc theo chiu cao hodc chiéu dai dim [42—45]. Ung xt phi
tuyén ctia dam FGM xét t6i anh hudng ctia bién dang khong dan hoi da dudc quan
tAm nghién cifu bang phucng phap phan tii hitu han trong thdi gian gan day [46, 47].
Trong cac nghién ctiu nay, ung xt dan déo cua vat liéu composite FGM hai pha dugc
gia dinh tuan theo m6 hinh ludng tuyén tinh TTO (Tamura-Tomota—Ozawa model).

Trén co s6 ly thuyét dim Euler-Bernoulli va mbi quan hé phi tuyén bién dang-chuyén
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vi von K4rman, céc tac gid Nguyén Dinh Kién va Tran Thi Thom [48] phat trién mo
hinh phan ti dim sandwich cho phan tich chuyén vi 16n ctia khung, dim sandwich
FGM. M6 hinh phan ti ciing dudc xdy dung trén co sd phuong phap hé toa do dong
hanh vé6i viéc st dung nghiém ctia phuong trinh vi phan can bang phi tuyén dé noi suy
trudng chuyén vi. Thuit todn 1ip ting dan két hop véi phuong phap do dai cung (arc
length method) dudc cic tac gia st dung d€ tinh toan dudng cin bang (the equilibrium
paths) ctia két ciu. Phan tich s6 dudc thuc hién chi tiét dé€ chiing to tinh ding din va
hiéu qua ctia cong thiic thiét 1ap dudc dong thi minh hoa anh hudng ctia su phan bd
vt liéu ciing nhu cac tham sb hinh hoc, cau hinh sandwich t6i ting x@ phi tuyén ctia
khung, dim sandwich FGM.

1.3. Phén tich phi tuyén dAm micro

Céac phan ti két cAu nhu dam, tAm c6 chiéu day nhd, chiing mot vai hodc vai
chuc micro mét dudc st dung nhiéu trong thuc té, ch:?lng han trong cac hé vi co dién
ti (Micro-Electro-Mechanical Systems - MEMS). Phan tich tng x& co hoc ctia két
cAu micro néi chung, dim micro néi riéng 1a bai todn quan trong ctia cd hoc, gitip cho
viéc thiét ké va st dung loai két cau nay dudc an toan va hiéu qua hon. Thém vao do,
cac phan ti két cAu micro trong céc ting dung néi trén thudng manh, chiu tic dong
ctia nhiéu loai tai trong khac nhau, dé& c6 dd vong 16n. Trong thdi gian gin day véi su
ra doi ctia nhiéu loai vat liéu méi, chang han vt lidu c6 cd tinh bién thién (FGM), vat
liéu thong minh (Smart material) ... phan tich phi tuyén két cau c6 kich thudc micro
trd nén cap thiét hon. Céc vat liéu méi v6i cac tinh chat co-ly wu viét cho phép thiét
ké cic phan ti két cAu micro c6 thé trai qua cic ting xi co hoc phiic tap ma khong bi
pha hity. Phén tich @ng x{ phi tuyén ctia két cAu micro néi chung, khung, dim micro
noéi riéng 1a dé tai thu hit dudc su quan tidm cda nhiéu nha khoa hoc trong nudc va

trén thé gi6i trong thdi gian gan day.

Khic véi két cAu c6 kich thuéc ‘macro’ thong thudng, hiéu tng kich thudc
dong vai trd quan trong trong dng xu cia két ciu c6 kich thuéc micro. M6 phdng dé
d4nh gid ing X co hoc ctia két cAu micro khong thé bd qua anh hudng ctia hiéu ting
kich thudc. Cac 1y thuyét co hoc két ciu truyén thong khong c6 kha ning mo phong
4nh hudng ctia hiéu ng kich thudc, vi thé mot sd 1y thuyét da ducc phat trién cho
muc dich ndy. Trong sb cac Iy thuyét dé xuét, ly thuyét cip ing suat dan hoi (couple-
stresses in elasticity) g6m hai tham s6 do Mindlin va Tiersten [49], Toupin [50] dua
ra vao nim 1962 thu hiit dudc su quan tim ctia nhiéu nha khoa hoc hon ca. Trong ly

thuyét cip tng suit dan hoi, gradient clia véc-to quay dudc st dung nhu 12 ten-xo do
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cong. Tuy nhién, mot s6 khé khin trong viée ap dung cic cong thiic ctia ly thuyét cip
ting suit dan hdi 1am han ché viéc st dung 1y thuyét nay vao mé phong hiéu ting kich

thudc cta két cau.

P& khic phuc nhugc diém trén, nim 2002 Yang va cong su [51] da cai tién ly
thuyét cip ing suét dan hoi trong [49, 50]. Ly thuyét do Yang va cong su dé xuit c6
tén 1y thuyét cip ting suét sita d6i (Modified Couple-Stress Theory - MCST) véi chi
mdt tham sd dic trung cho hiéu ting kich thuéc. MCST dudc nhiéu nha khoa hoc st
dung két hop v6i cdc 1y thuyét két cau truyén théng d€ mo phdng hiéu tng kich thudc

t6i ting Xt co hoc ctia két cAu c6 kich thudc micro.

Bén canh MCST, ly thuyét gradient bién dang dan hoi (Strain Gradient Elas-
ticity Theory - SGET) do Lam va cong su dé& xuit nim 2003 [52] ciing dudc mot sb
tac gia st dung két hop véi cac ly thuyét két cAu truyén thong d€ mo ta 4nh hudng cla
hiéu tng kich thudc micro t6i ting xi co hoc ctia két ciu. Khac v6i MCST, SGET can
t6i 3 tham sd d& mo phdng hiéu tng kich thude trong két cAu micro. Céc ly thuyét
MCST va SGET hoic ly thuyét gradient bién dang stia ddi (Modified Strain Gradient
elasticity Theory - MSGT) hién dudc nhiéu nha khoa hoc st dung trong phan tich tng
Xt co hoc ctia két cau micro. Tuy nhién, ciing can Iuu y ring, 1y thuyét dan hoi phi cuc
bd do Eringen dé xuit trong [53] cling dudc mot s tac gia st dung dé nghién cifu anh
hudng ctia hiéu ting kich thudc t6i ing xi co hoc ctia két ciu c6 kich thude micro. Vé
cac ly thuyét khac nhau trong mo phong hiéu ting kich thudc cia két ciu dudc trinh
bay trong 2 bai bao tong quan [53, 54].

V6i kha ning tng dung cao ctia dam c6 kich thuéc micro, nghién ctiu tng xd
phi tuyén ctia loai két cAu ny dudc nhiéu nha khoa hoc quan tAm nghién ctiu trong
thoi gian gan day. Ke va cong su [55] st dung nguyén ly bién phan Hamilton dé thiét
lap phuong trinh vi phan cin bang cho bai todn dao dong phi tuyén ctia dam micro
lam tit FGM. Phuong trinh dudc xay dung trén co s& st dung két hop 1y thuyét dam
Timoshenko véi MCST va dudc giai bang phuong phap DQM két hop véi ki thuat
lip. K&t qua s6 nhan dudc bdi cic tac gia cho thiy ca tan sb dao dong tuyén tinh va phi
tuyén ctia dim micro ting dang ké khi chiéu diy dim gan vdi tham sb ty 1& chiéu dai
vat liéu. Bai toan dao ddng tu do phi tuyén ctia dAm c6 kich thuéc micro ciing dudc
nghién ctiu bdi Asghari va dong nghiép [56], Zhao va cong su [57] nhung st dung
SGET dé€ mo6 ta anh hudng cia hiéu tng kich thuéc micro. Ung xi phi tuyén sau mét
on dinh ctia dAm micro xét t6i anh hudng ctia nhiét d6 dugc Mohammadi va Mahzoon

[58] nghién ctiu bing phuong phap giai tich. MCST dudc cic tc gia sit dung dé xay
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dung cac phuong trinh can bang phu thudc vao kich thude ctia dam.

Phuong phap Galerkin dudgc tac gia Farokhi cung cong su [59, 60] st dung
trong nghién citu dao dong phi tuyén va mat 6n dinh ctia dAm micro. Mot s6 ly thuyét
dam khac nhau dudc céc tic gia sit dung trong [59] d€ thiét 1ap phuong trinh chuyén
dong cho dam micro. Phuong phdp do dai cung dudc st dung dé tinh todn dng xd
ctia dam. Phan tich s6 dudc thuc hién d€ nghién citu 4nh hudng ciia cac tham s6 khéc
nhau t6i dng xt cong hudng ctia dim. Phuong phap trong [59] ciing dudc st dung
trong [61, 62] d€ nghién ctiu dap ting dong luc hoc ctia dam Euler-Bernoulli va dam
Timoshenko c6 kich thudc micro, xét t6i tinh khong hoan hio vé hinh hoc dam. Trong
[60], phuong trinh chuyén dong cho nghién ctu dng xi cong hudng ctia ddm ba 16p
dugc xay dung trén co s6 ly thuyét bién dang trugt va MCST. Phuong phép sai phan
hitu han Houbolt dugc céc tic gia st dung két hop véi thuét todn 1ip Newton-Raphson

d€ tinh toan cic dic trung dong luc hoc ctia dam.

Phuong phap Galerkin ciing dugc Ghayesh va cong su [63, 64] su dung trong
nghién ciiu dao dong phi tuyén ctia dam c6 kich thuéc micro. Céc ly thuyét dam khac
nhau dudc cic tic gia st dung két hop véi MCST dé€ xay dung phuong trinh chuyén
dong v6i anh hudng clia hiéu ting kich thuéc micro. Hé phuong trinh phi tuyén roi
rac nhan dugc tif phuong phap Galerkin dudc céc tac gid gidi bang k¥ thudt lién tuc
va phuong phdp tich phan truc tiép Newmark. Anh hudng ctia hiéu tng kich thudc
t6i ing xt phi tuyén dong luc hoc cia dim micro dan-nhét theo md hinh Kelvin-
Voigt dugc Ghayesh va cong su [65] quan tam nghién ctiu véi su trg giup cua MCST.
Phuong trinh vi phan chuyén dong dudc cic tac gia roi rac héa bang phuong phap
trong s6 du va gidi trén co s& két hop phuong phap tich phan truc tiép véi phuong
phap lap.

Ansari va dong nghiép [66] xay dung phan ti dAm Timoshenko hai nit cho
nghién cifu anh hudng cta hiéu tng kich thudc téi ting xi sau mit 6n dinh ctia dam
micro. Phan t dam dudc xay dung trén co sé SGET trong d6 phan ti dung MCST
dudc thu nhan nhu 1a truong hgp riéng. Ung XU sau mat 6n dinh do nhiét ctia dim
micro FGM dugc Ansari va cdng su [67] nghién ctu trén co s MSGT va MCST.
Phuong trinh vi phan can bing ctia dim dudgc rdi rac héa nhd DQM va giai lip truc
tiép. Anh hudng ctia su phan bd vat liéu dAm, tham s ty 18 chiéu dai vat liéu tdi tng
Xt sau &n dinh dudgc cic tac gia khao sat chi tiét. DQM ciing dudc st dung trong [68]
d€ tinh toan cac dic trung phi tuyén ctia dam FGM c6 kich thudc micro. Md hinh dam
micro véi hiéu ting kich thuéc dudc céc tac gia xdy dung trén co s& ly thuyét bién



14

dang trudt bac cao va SGET.

Trong [69], anh hudng ctia hiéu tng kich thuée téi dao dong phi tuyén ctia dim
Euler-Bernoulli ¢6 kich thuéc micro chiu luc kich dong diéu hoa dudc khio sat véi
su trg gidp cia MCST. Két qua nhan dudc cho thay dap dng tan sd cia dam chiu anh
hudng manh bdi tham s6 ty 1& chiéu dai vat liéu. Dao dong cudng biic phi tuyén cla
dam Euler-Bernoulli kich thuéc micro dudc Vatankhah va cong su [70] nghién ciu
trén cd s6 SGET. Phuong phdp nhiéu (pertubation method) dudc cdc tdc gia sit dung
dé thu nhan dap tng dong luc hoc phi tuyén ctia dam.

Anh huéng cta hiéu tng kich thudc t6i dng xit ubn va dao dong phi tuyén cia
dam micro nam trén nén dan hodi dudc Simsek [71] nghién citu trén cd s ly thuyét
dam Euler-Bernoulli va MCST. Phuong trinh vi phan chuyén dong ctia dam dugc tac
gia roi rac héa biang phuong phap Galerkin sau d6 st dung phuong phap bién phan
He dé€ thu nhan cdc biéu thic cho do vong va tan sd ctia dam. Phuong phdp trong [71]
dudc tac gid md rong cho nghién ciu dao dong tu do phi tuyén ctia ddm micro c6
co tinh bién d6i theo chiéu dai dam [72]. Dao dong tu do phi tuyén ctia dam FGM
v6i kich thudc micro dudc nghién ctiu bdi Sahmani va dong nghiép [73] trén co s6 ly
thuyét bién dang trugt bac ba va MSGT. Trong nghién cifu ndy, mo hinh dong nhét
héa vt liéu Mori-Tanaka dudc cic tdc gia st dung dé€ danh gia c4c tinh chit hiéu qua
clia vat liéu, trong khi DQM dugc dung d€ r6i rac héa phuong trinh vi phan chuyén

dong phi tuyén ctia dam.

Li va Hu [74] nghién cttu anh hudng cua hiéu ung kich thuéc t6i ing xu sau
mét 6n dinh ctia dam Euler-Bernoulli kich thudc micro véi su trg gitp ctia SGET. Cac
tac gia chi ra rang do vong sau téi han ctia dam ting 1én khi tham s6 ty 1& chiéu dai
vat lidu ting trong khi luc t6i han gidm khi ting tham s nay. Trén co s MCST, Dai
va cong su [75] dé xuat mo hinh dam phi tuyén cho nghién ctiu dong Ivc hoc ctia dam
cong-xo6n micro. Cdc tac gia chi ra rang trong trudng hop dim chiu luc tic dong diéu
hoa ctia nén thi dudng cong ddp tng tan sb c6 ng xi mém (softening). Thém vao
d6, néu hé dam dudc gia cudng bdi 10 xo tuyén tinh trong khoang giita dam thi 10 xo
nay sé lam ting tan s6 cong hudng va 1am giam bién do cong hudng ctia dAm. Shafiei
[76, 77] va dong nghiép nghién ctitu anh hudng ctia hiéu ing kich thudc téi dao dong
tu do phi tuyén ctia dim Euler-Bernoulli FGM véi su tr¢ gidp cia MCST va DQM.
Tinh khong dong nhit cda thiét dién dam véi co tinh bién thién theo chiéu dai ducc
xét t6i trong [76], trong khi 4nh hudng ctia 16 rdng vi mo dudc nghién ciu trong [77].

Ly thuyét dam Euler-Bernoulli ciing dugc Dehrouyeh-Semnani va cong su [78]
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st dung cling véi MCST dé€ nghién ctiu mét 6n dinh nhiét ctia dim micro FGM. Tinh
khong hoan hao vé hinh hoc va su phu thudc cla cic hang s6 dan hoi vao nhiét do
dudc xét tdi trong cac phuong trinh mo ta mét 6n dinh ciia dam. Pudng cong mat &n
dinh dudc cic tic gia thu nhan bang phuong phap giai tich va kiém ching trén co s6
so sanh v6i nghiém nhan dugc theo phuong phap Galerkin. Patel va dong nghiép [79]
dé xuit phuong phéap nghién citu chuyén vi 16n ctia dim micro vdi viée st dung moi
quan hé mé men-do cong va MCST. Phuong phap ban giai tich dudc cac tac gia su
dung dé thu nhan dudng can biang cho dam. Két qua s6 nhan dudc cho thiy tham sb
ty 1 chiéu dai vat liéu 1am dam cting hon so véi ly thuyét dam truyén thong, tic 1a
v6i cling gia tri cha luc tac dong, chuyén vi ctia dAm nhan dudc khi xét t6i hiéu ting
kich thudc gidm di. D6 cting ctia dam micro khi mo phéng bdi MCST ting 1én so véi
truong hop st dung ly thuyét dim truyén théng ciing dudc Li va Luo [80] khang dinh
trong nghién ctiu ng X sau t6i han ctia dAm micro 1am tir vt liéu ap dién.

Taati [81] nghién ctu ting x& mit 6n dinh ctia dAm micro FGM chiu tic dong
clia tai co-nhiét. Cac phuong trinh co ban ctia dam, thiét 1ap trén co s6 MCST tinh tdi
4nh hudng ctia nén dan hoi, dudc giai bang chudi Fourier. Phuong phdp giai tich dudc
Chen va Li [82] st dung trong nghién ctiu ting xt mat &n dinh sau t6i han ctia dam
micro khong hoan hdo vé mit hinh hoc. Két qua s6 nhan dugc bdi cdc tic gia chi ra
rang ¥ng X sau téi han cia dam micro khong hoan hao 1a bat dbi xiing. Pourasghar
va Chen [83] nghién ctiu dao dong phi tuyén ctia dam Timoshenko micro lam ti vat
liéu composite gia cudng bdi cac dng nano carbon chiu 4nh huéng clia trudng nhiét
phan bd theo quy luat hypebolic. Phuong trinh vi phan chuyén dong ctia dAm dugc
giai v6i su trg gitip cia DQM két hop véi phuong phép lip Newton-Raphson. Két qua
nhin dudc bdi cdc tic gia chi ra rang tin s6 dao dong phi tuyén ctia dim ting 1én
khi ty sb gitta chiéu dai dAm va tham sb ty 1 chiéu dai ting. Dao dong phi tuyén cla
dam micro FGM ciing dudc Shen va Wang [84] nghién cifu trén co s& ly thuyét dim
Euler-Bernoulli va MCST. Phuong phap Galerkin dudc céc tic gia st dung két hop
v6i phuong phap Runge-Kutta d€ tinh todn céc dic trung dao dong ctia dam.

Yin va cong su [85] dua ra 16 giai giai tich cho bai todn méit &n dinh ctia dAm
¢6 kich thudc micro. Phuong trinh cin bang cta dam dugc xiy dung véi su két hop
ctia cdc ly thuyét dam Euler-Bernoulli va Timoshenko véi SGET. Mat 6n dinh nhiét
ctia dAm micro c6 thiét dién khong dong nhat 1am tir két cAu 2D-FGM (két ciu c6 co
tinh bién thién theo hai chiéu - Two-directional functionally graded structure) ducc
Attia va Mohamed [86] nghién ctiu véi su trg gitp cia DQM. Cic tac gia khang dinh

ring tlly theo diéu kién bién va loai tai trong nhiét ma ng X sau tdi han thudc loai
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ré nhanh hay ‘snap-through’. Ung xi mét 6n dinh sau t6i han ctia dAm Timoshenko
micro FGM dudc Tang va Qing [87] nghién ctiu gan day, xét téi anh hudng cia cac 16
réng vi mo. Phuong phap Galerkin dudc st dung két hop v6i DQM dé r3i rac phuong

trinh vi phan can bang va xac dinh dudng can bang sau t6i han cta dam.
1.4. Phan tich két ciu dam gia cuong 6ng nano carbon

Nho cdc tinh chit co, nhiét, dién va vat ly vuot trdi, CNTs 1a vat lidu vu viét
ding trong gia cudng cac vat liéu nén c6 co ly tinh thip [88-90]. Nghién cifu vé ting
Xt ¢d hoc ctia dAm sandwich composite gia cudng bang dng nano carbon (CNTRC)
da dugc mot sd nha khoa hoc thuc hién trong thdi gian gan diy. St dung ly thuyét
dam Timoshenko, Ke va cong su [91, 92] nghién cifu dao dong tu do phi tuyén va
mét 6n dinh dong hoc clia dAm nanocomposite FG gia cudng bang CNTs don vich
(SWCNTs). Két qua nhan dugc bdi cac tac gid cho thiy su ting ty phan thé tich CNTs
din dén cac tan s6 tu nhién cao hon, diéu nay xdy ra cho cd dam v6i CNTs phan
bd déu (UD-CNT) va CNTs phan bb theo mot quy luat xac dinh (FG-CNT). Yas
va Heshmati [93] nghién citu dao dong tu do va dao dong cudng bic ctia dam FG-
CNTRC (Functionally graded carbon nanotube-reinforced composite) dugc gia cuong
bdi SWCNTs thang, phan b ngiu nhién chiu tac dong bdi mot tii trong di dong. Phan
tich dao dong tu do va &n dinh ctia dim FG-CNTRC Timoshenko niam trén nén dan
hdi ciing dudc thuc hién bsi Yas va Samadi [94]. Shen va Xiang [95] nghién citu dao
dong véi bién do 16n, udn phi tuyén va cac phan tich sau mat 6n dinh bdi nhiét cia
dam CNTRC. Céc két qua thu dudc cho thiy ty phan thé tich CNTs c6 anh hudng
dang ké dén dudng cong tai trong-dd vong khi dam chiu udn. Wattanasakulpong va
Ungbhakorn [96] st dung mot s6 ly thuyét bién dang trugt khac nhau dé& nghién ctiu
cdc bai toan ubn, dn dinh va dao dong ctia dim CNTRC tua gian don nam trén nén
dan hoi. Wu va Kitipornchai [97] da nghién ctu dao dong tu do va &n dinh dan hoi
ctia dAm sandwich véi cdc 16p ngoai dude 1am tit FG-CNTRC. Anh hudng ctia ty phan
thé tich CNTs, ty 1& chiéu day 16p 16i trén chiéu day 16p mit, ty 1& dd manh va cac
diéu kién bién t6i ting xi dao dong tu do va 6n dinh ctia dim sandwich dudc céc
tac gia khio sat chi tiét. Mohammadimehr va cong su [98] nghién ciiu dao dong tu
do phi tuyén ctia dim Timoshenko vdi kich thu6c nano c6 16i thuan nhit va cac 16p
mit FG-CNTRC nam trén nén dan hoi Pasternak, trong d6 phan bd ctia CNTSs trong
cac 16p mit CNTRC cta dam sandwich dudc gia dinh 1a UD, FG-A, FG-V, FG-O va
FG-X. Két qué cho thay khi ting ty phan thé tich CNTs, hé s6 do cing nén, tham s6 ti
1& chiéu dai vat liéu va céc thong sb tir tinh doc, dAm sandwich bi ciing hon va tan s6

phi tuyén thd nhit ting 1én, trong khi ing x nay lai ngudc lai d6i véi ty 1& do manh.
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Ebrahimi va Farazmand Nia [99] dé xuat ly thuyét bién dang trugt bac cao cho phan
tich dao dong tu do ctia dAm sandwich FG-CNTRC trong méi trudng nhiét do. Anh
hudng cla ty phan thé tich CNT, ty 1& d6 manh va ty 1 chiéu day 16p 15i trén 16p miit
1én tng xit dao dong tu do ciia dam sandwich véi 16p mit FG-CNTRC dudc khéo sat.

Tuy nhién, hau hét cic nghién ctiu thao luan trén diy dudc thuc hién trén co
sd gia dinh c4c 6ng nano carbon dudc phan bd thang trong pha nén polyme. Rubel va
dong nghiép [100] da phan tich dnh hudng cta su két tu CNT trong pha nén t6i cic
tinh chit co-1y ctia vat liéu composite gia cuong bdi cac dng nano carbon. Céc tic gia
chi ra rang su két tu cia CNT c6 anh hudng truc tiép dén cdc dic trung nhiét, dién va
cd hoc clia composite va 1am giam céc tinh chit vat Iy. M6 hinh hai tham s trong tai
liéu [7] dudc st dung cling véi md hinh dong nhét héa Mori—Tanaka bdi Heshmati va
Yas [101] d€ tinh todn cac mo-dun dan hdi cia CNTRC véi su phan bd ngiu nhién
ctia CNTs trong phan tich dao dong tu do ctia ddm CNTRC. Phuong phap phan tif hitu
han da dudc cic tac gid st dung dé€ thu nhan céc tan s6 dao dong ctia dam. Phuong
phap DQM dudc Nejati va Eslampanah [102] st dung d€ danh gid tham sb tan sb cia
dam cong-xon CNTRC. Dua trén ly thuyét dim Timoshenko, Kamarian va cong su
[103] da x4c dinh cac dic trung dao dong tu do clia dam sandwich nanocomposite FG
nam trén nén dan hoi Pasternak, trong d6 c6 xét dén anh hudng cta su két tu cac dng
nano carbon. Nghién cifu vé vat liéu composite CNTRC bdi Pan va Bian [104] da két
ludn riang su két tu CNT lam gidm do6 cing dan hdi hiéu qua cia vat liéu composite.
Kiani va cong su [105] da nghién ctiu bai toan udn co nhiét ctia dam CNTRC duéi
tai nhiét khong déu, trong do c6 tinh dén 4nh hudng két tu cia CNTs. Yue va cdng su
[106] di xay dung mo hinh dam quasi-3D trong nghién cifu clia ho vé &nh hudng cla
su két tu CNT 1én ddp ting 6n dinh dong phi tuyén ctia dim CNTRC.

1.5. Tinh hinh nghién ciru trong nudc

Ngoai cdc nghién cifu ctia Nguyén Pinh Kién va cong su dé cip trong Muc
1.2.2, phén tich ting xt co hoc cta két cAu FGM va két cAu sandwich FGM da ducc
mot s& nha khoa hoc trong nuéc quan tim nghién cifu va nhan dudc mot s6 két qua
déng khich 1&. Mdt s6 nhém nghién ciiu vé co hoc vat lidu va két cAu FGM dudc hinh
thanh tai cac cd sd gido duc dai hoc nhu Pai hoc Khoa hoc Tu nhién, Pai hoc Cong
nghé - Pai hoc Qudc gia Ha Noi, Pai hoc Ton Diic Thing, Pai hoc Bach khoa Thanh
phd Hd Chi Minh, Pai hoc Bach khoa Ha Noi, Pai hoc X4y dung Ha Noi, Hoc vién
Ky thuat Quan sy, Pai hoc Cong nghé giao thong vén tai, Pai hoc Phenikaa v.v. Dac

biét, dd c6 mot sd Luéan an tién si dudc bao vé theo hudng nghién citu nay. Chang
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han, cdc Luan 4n ctia L& Thi Ha, Bui Vin Tuyén, Tran Thi Thom, Lé Thi Ngoc Anh
va Pham Vi Nam [107-111] da xay dung cac m6 hinh PTHH cho nghién ctiu dao
dong tu do va cudng biic cia dim FGM, dam 2D-FGM, dam sandwich FGM va dam
sandwich 2D-FGM. Céc Luan 4n cia Nguyén Ngoc Huyén [112] va Ngd Trong Puc
[113] da nghién ctiu 4nh hudng ctia vét niit t6i dao dong ctia ddm FGM. Viéc chin
dodn vét niit cho dAm dudgc céc tac gia thuc hién trén co sé cac dic trung dao dong
nhén dudc. Phan tich ting xi ctia dim sandwich FGM c6 tinh téi 4nh hudng ctia d6 4m
va nhiét do moi truong da dudc thuc hién trong Luan dn clia Nguyén B4 Duy [114].
Nghiém Navie dudc tdc gia st dung dé thu nhan dic trung co hoc ctia dam.

Nhém tac gia Nguyén Trung Kién va cong su [115, 116] da thu dudc mot sb
két qué dang khich 1¢ vé bai toan phan tich dim FGM va dam sandwich FGM. Trudng
chuyén vi da dudc cai tién cho ly thuyét dim dé c6 dudc danh gid tot hon cho ting xi
udn, mat &n dinh va dao dong tu do ctia dam. Bai toan dap tng dong va tinh cta két
ciAu FG-CNTRC ciing nhan dudc su quan tim nghién ctiu cia mot s6 nha khoa hoc
trong nudc. St dung phuong phap phan ti hitu han, tic gia Nguyén Xuan Hung va
cdc cong su [117-119] da phan tich ting x{t uén va &n dinh tinh ctia tAm va panel tru
FG-CNTRC véi cac diéu kién bién va tai co hoc khac nhau. St dung phuong phép
PTHH dua trén ly thuyét bién dang trugt bdn an chuyén vi, tac gia Tran Hitu Qudc va
cong su [120] da phan tich tinh tim FG-CNTRC c6 16p 4p dién.

Phuong phdp gidi tich va phuong phap s6 dudc mdt s6 nha khoa hoc trong nuée
st dung d€ phan tich ing x{ phi tuyén ctia cic két ciu FGM va két cAu FG-CNTRC.
Nhom tac giad Pao Vin Diing va dong nghiép [121-125] st dung ly thuyét vo cd dién
dé€ nghién ciu 6n dinh tinh phi tuyén cta vo tru tron va vo non cut c6 gin gia cudng
chiu tai xoin va ap luc ngoai, xét t6i anh hudng ctia nhiét d6. Luan 4n tién si cla cic
tdc gid Vi Hoai Nam [126] va Ding Thuy Dong [127] nghién cttu 6n dinh va dong
luc phi tuyén ctia vo va vé thoai sandwich FGM duéi tac dong clia cac tai trong co hoc
va nhiét do. St dung ly thuyét vo Donnell, FSDT va HSDT, nhém tac gia Lé Thi Nhu
Trang va Hoang Vin Tung [128-130] nghién ctiu &n dinh phi tuyén ctia tAm, panel tru
tron va panel hai do cong FG-CNTRC. Ciac két ciu FG-CNTRC dudc xét dén trong
cac nghién cu ndy c6 canh tua don trén nén dan hoi chiu tai trong nén doc truc, ap
luc ngoai va tai co két hop trong moi trudng nhiét do. St dung phuong phap phan ti
hitu han, Luén 4n tién si cta tic gid Nguyén Pinh Kién [131] di phan tich Gng xi
ctia két ciu khung, dam c6 tinh dén yéu t6 phi tuyén hinh hoc va vat liéu. Phan ti
dam Timoshenko trong [41] dugc xay dung trén co s& sit dung 15i giai phuong trinh

can bang thuan nhit ctia phan tif d€ noi suy trudng chuyén vi va géc xoay. Vi trudng
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ndi suy nay, phan ¥ tranh dudc hién tuong nghén truct (shear locking) ma phan tif st
dung ndi suy Lagrange truyén thong von gip va gitip cho téc do hoi tu ctia phan ti
dudc cai thién dang ké. Trong [42-45] nhém tdc gid Nguyén Dinh Kién cung dong
nghiép da phat trién phan t& dam cho phan tich phi tuyén ctia khung, dam c6 xét tGi
su thay d6i ctia tinh chat vat liéu theo chiéu cao hoic chiéu dai dim. D€ ting do chinh
x4c clia phan tif, dim c6 thiét dién khong dong nhét dudc st dung dé tinh toan ma

tran do ciing tiép tuyén va véc-to ndi luc phan td.

Miic dit két cAu micro ¢6 nhiéu ting dung trong thuc té nhung nghién cifu ting
Xt cta két cAu c6 tinh t6i hiéu dng kich thuéc micro néi chung, khung, dim micro
noi riéng con it dugc cac nha khoa hoc trong nudc quan tdm nghién cttu. Theo hiéu
biét cla tac gia thi hién mdi chi c6 mot sd it cic bai bao lién quan t6i van dé nay.
Trong [132], Nguyén Xuin Hoang va cong su st dung phuong phap dang hinh hoc dé
nghién ctiu bai toan udn, mit 6n dinh va dao dong ctia tAim micro. Ly thuyét bién dang
truot tua 3D (Quasi-3D shear deformation theory) dudc cac tic gia st dung két hop
v6i ly thuyét MCST dé€ xét t6i anh hudng cla bién dang trugt va hiéu tng kich thudc
t6i cdc dic trung cd hoc clia tim. Trong [133], Lé Cong Ich va ddng nghiép phat trién
mo hinh phan ti hitu han d€ nghién ciu anh hudng cia kich thude micro tdi cac dic
trung dao dong ctia dam micro trong MEMS chiu tac dong cla luc co-dién. Do vong
dong Iuc hoc ctia dam dudi tdc dong dong thdi ctia luc doc truc va Iuc dién dudc cac

tac gia tinh toan trén co sé phuong phdp phan ti hitu han phi tuyén.
1.6. Pinh huéng nghién ciru

Nhu théy tif phan Tong quan trinh bay trén ddy, mic du bai toan phan tich phi
tuyén khung, dim bang phuong phdp PTHH da dudc quan tim nghién ctiu bdi mot
s6 tac gia, tuy nhién viéc phan tich két cAu 1am tir vat liéu CNTRC, va két cAu khung,
dam c6 kich thu6c micro con rat it. V6i két cAu c6 chuyén vi 16n, cac phuong phép giai
tich thudng gip kho khin, phuong phap s6, dic biét 1a phuong phap PTHH thudng 1a
lua chon thay thé. D€ phan tich khung, dim phi tuyén, doi héi phai xay dung cac phan
tt dAm phi tuyén va thuit todn mdi, c6 kha ning mo ta tdt ung x{ phi tuyén ctia két
cAu lam tif c4c vat liéu mdi. Day 1a vin dé can thiét, 1a doi hdi cia ky thuét va cong
nghiép. Vi céac ly do nay NCS chon dé tai: “Mé hinh phdn tit hitu han trong phdn tich
phi tuyén hinh hoc két cdu dam FGM va CNTRC” d€ nghién ctiu. Tir cdc phan tich

trinh bay trong phan Téng quan, NCS dé ra cac muc dich sau:

1. Phat trién cac mo hinh PTHH, tiic 1a thiét 1ap cac véc-to Iuc nit va ma tran do

cing tiép tuyén dung trong phan tich chuyén vi 16n cta khung, dam FGM, dim
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sandwich FGM va dam sandwich CNTRC. M6 hinh dudc xay dung trén co s&
cac ly thuyét dam Euler-Bernoulli va ly thuyét bién dang trudt bic nhat, st dung
cac trudng ndi suy khdc nhau. Anh hudng cta hiéu tng kich thuéc micro ciing
dudc quan tam trong viéc xdy dung phan ti dam. Hai md hinh PTHH lua chon
phat trién trong Luan 4n 13 phan ti dam st dung cong thiic Lagrange toan phan
va phan tit dam st dung hé toa do dong hanh.

. V6i cdc mo6 hinh PTHH nhéan dugc va thuét todn sb dung trong phén tich chuyén
vi 16n ctia két cAu, Lu4n 4n tién hanh x4y dung chuong trinh tinh toan s6. Chuong
trinh tinh toan c6 kha ning xd ly dudc céc trudng hop ting xt phi tuyén phic
tap ctia két cau trong d6 ma tran do ciing tiép tuyén khong con xac dinh duong,

tham chi xdc dinh 4m, chang han c4c ting xi ‘snap-through’ va ‘snap-back’.

. Stt dung chuong trinh tinh todn sd xay dung dudc, Luin 4n thuc hién phan tich
mot s bai todn cu thé d€ danh gia 4nh hudng clia mot sd tham sb vat liéu, hinh
hoc dim, ciing nhu 4nh hudng ctia cic yéu té bén ngoai nhu nén dan hdi, hiéu
ting kich thudc t6i tng x{ phi tuyén ctia két ciu khung, dam. Trén co sé két qua

s6 nhan dudc sé dua ra cac nhan xét va khuyén nghi can thiét.
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CHUONG 2
CHUYEN VI LON CUA DAM SANDWICH FGM VA CNTRC

Chuong nay xay dung phan ti dim phi tuyén dua trén cong thiic Lagrange toan
phan cho phan tich chuyén vi 16n ctia dim sandwich FGM va dim sandwich CNTRC.
Phan tif dAm dudc xay dung trén co sé mé rong mo hinh phan tif dim dong nhét, dang
huéng ctia Antman [134, 135], trong d6 ly thuyét bién dang trudt bac nhat dudc st
dung dé thiét 1ap biéu thiic ning luong bién dang dan hdi. Ky thuat tich phan giam
bic dugc dp dung dé tranh cho phan ti khéi hién tuong nghén trugt (shear-locking).
Anh hudng ctia sy phan bd vat liéu, cAu hinh sandwich va nén dan hdi t6i chuyén vi

16n ctia dam dudc khao sat chi tiét.
2.1. M6 dau

Vit liéu FGM va vat liéu CNTRC c6 nhiéu uu diém so véi cac vat lidu truyén
thong, cho phép thiét ké két ciu trai qua chuyén vi 16n ma khong bi pha hiy. Két ciu
sandwich gidp cho viéc st dung vat liéu hiéu qua hon va lam ting ty so gitia do cing
va khdi luong ctia két ciu. Nghién ciiu ting xi phi tuyén ctia két cAu néi chung, chuyén
vi 16n ctia dim sandwich 1am tif FGM va CNTRC néi riéng 1 bai toan quan trong,
thu hiit dugc su quan tAm nghién ctiu ciia mot sd nha khoa hoc. Mot trong cac yéu td
quan trong ctia két cAu 1am tir vat liéu composite, dic biét 1a FGM, d6 1a cac tinh chét
vat lidu hiéu dung st dung diing trong md hinh héa va tinh todn ddp ting ctia két cAu
composite phu thudc vao mo hinh déng nhit héa Ia chon. Chuong nay, bén canh viéc
nghién ctiu chuyén vi 16n ctia dam sandwich FGM hai pha (viét tit 12 dim FGSW) va
dam sandwich CNTRC, anh hudng ctia mot s6 md hinh dong nhat héa vat liéu khac
nhau ciing nhu 4nh hudng ctia nén dan hoi téi ing xi cia dam ciing dudc xét t6i. Cac
tinh chat vat liéu ciia dam FGSW dudc xét trong chuong dudc gia dinh thay ddi theo
chiéu day dAm theo quy luat ham so liiy thita. B6n md hinh dong nhét héa vat liéu, cu
thé 1a cac mo hinh Voigt, Mori-Tanaka, Hashin-Strickman va Tamura-Tomota-Ozawa
dudc st dung d€ tinh todn cac hé s6 dan hoi hiéu dung ctia dAm. St dung cong thiic
Lagrange toan phan, phan ti dim dua trén ly thuyét bién dang trugt bac nhat dugc
thiét 1ap va ap dung trong nghién ctiu. Phuong phap 1ip Newton-Raphson dudc st
dung két hop véi ki thuat ki€ém soat do dai cung dé thu nhan cic dudng cong chuyén
vi 16n va su phan bd tng suét ciia dim. Anh hudng ctia su phan b vit liéu, cac tham

s6 hinh hoc ctia dam 1én chuyén vi 16n va su phan bd ting suat sé dudc nghién citu chi
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tiét va 1am sang td. Anh hudng cia mo hinh ddng nhit héa 1én tng x phi tuyén cia

dam ciing sé dudc khao sat va thdo luan.

V6i dam sandwich CNTRC, do c4c 6ng nano carbon cé do6 manh cao, khi tron
vao pha nén polymer dé sinh ra hién tugng két tu. Chinh vi vdy, anh hudng ctia su két
tu CNTs t6i ting x1 ctia két cAu CNTRC néi chung, ddm sandwich CNTRC c6 chuyén
vi 16n néi riéng 1a vin dé quan trong, khong thé bd qua. Dam sandwich CNTRC xét
trong chuong c6 16p 16i 1a vat liéu nén thuan polymer va hai 16p ngoai 1a vat liéu
composite gia cudng CNTs. Cac hé sd dan hodi cia CNTRC dugc tinh toan theo md
hinh Eshelby-Mori-Tanaka, xét téi anh hudng cta su két tu cia CNTs. Thém vao do,
nén dan hoi déng vai trd quan trong trong viéc hd trg két ciu, dong thdsi ciing anh
hudng tdi ting xi phi tuyén ctia dam, vi thé, anh hudng ctia mdt phan nén dan hdi dam

tua 1én t6i dng x{ phi tuyén ctia dim CNTRC ciing dudc xét téi.
2.2. Dam sandwich FGM

Hinh 2.1 minh hoa dim sandwich FGM (viét tat 1a dim FGSW). Dam c6 chiéu
dai L, thiét dién hinh chit nhat (b x &) dit trong hé toa do Dé-céc (x,z). Hai mo hinh
dam dugc xét dén trong chuong nay 1a dam c6 hai 16p ngoai dudc 1am tir vat liéu
FGM, 16p 16i 1a vat liéu thuan gém (goi 12 dim loai A, Hinh 2.1a) va dim c6 hai 16p
ngoai dudc 1am tif vt liéu thuan nhét, 16p 16i 1a vat liéu FGM (goi 1a dam loai B, Hinh
2.1b). Trong Hinh 2.1, truc x— dudc chon ndm trong mit gitta cia dam; zo, z1, 22 Va

73 tuong ting 1 tung do cia mit ddy, mit tiép xic gitta cc 16p va mit trén cia dam.
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(b) Loai B

Hinh 2.1. M6 hinh dam FGSW.

Dam FGSW dudc gia dinh dudc 1am tir hai pha vat liéu, pha gbm va pha kim
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loai v6i ty phan thé tich clia cdc pha thanh phan thay d6i theo chiéu cao dim theo quy
luat iy thita. V6i dAm Loai A minh hoa trén Hinh 2.1a, ti phan thé tich ctia pha gdm
(V,) va pha kim loai (V,;) cho bdi phuong trinh

( (72—z20 \"
< ) : Z € [z0,21]
Z1 — 20
V.=<{ 1, 7 € [21,22] vai Vy=1-V, 2.1)
n
(Z Z3), 7 € [22,23]
\ 22— 13

trong d6 n 1a tham sd vat liéu, khong am.

V6i dam Loai B trén Hinh 2.1b, ti phan thé tich clia c4c pha vat liéu thanh phan
thay ddi theo chiéu cao dim nhu sau

(

0, Z € [z0,21]
n
V= Z_Zl) 7€ 21,2 va Vu=1-V, (2.2)
2 —1
1, z € [22,23]

\

Ty phan thé tich ctia cac vat liéu thanh phan cho bdi cac phuong trinh (2.1) va
(2.2) dam bdo su lién tuc giiita cdc 16p clia dam sandwich FGM. Diéu nay gitip cho
cac tinh chét hiéu dung ctia dim sandwich FGM giita c4c 16p khong bi gidn doan nhu
thudng thiy & dam sandwich truyén thong.

2.3. Dam sandwich CNTRC

Hinh 2.2 minh hoa dim c6ng-xon dang sandwich gia cudng bdi cic 6ng nano
carbon. DAm c¢6 chiéu dai L, dién tich thiét dién ngang hinh chif nhat véi kich thudc
(b x h). Dam dugc dit mot phan trén nén dan hoi Pasternak véi phan dam tua 1én ¢
chiéu dai Lr, tinh tt ddu ngam ctia dam. Hé toa do Pé-cac (x,z) va cic toa do hinh

hoc ctia ddm dudgc dinh nghia nhu md ta trong Muc 2.2.

1 X
RERR IO \ \ “ 2o U
Baanhi B L oime Lo

Hinh 2.2. M6 hinh dim sandwich CNTRC nam mdt phan trén nén dan hoi.
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CNTs v6i mo-dun dan hoi cao dudc st dung d€ gia cudng pha nén polymer
nham cai thién cic tinh chét co hoc ctia két cdu. Trong mo hinh dam sandwich CNTRC
xét dén trong nghién ctiu nay, 16p 16i polymer dudc dic trung bdi cac hé s6 dan hoi
ctia pha nén polymer, trong khi hai 16p ngoai 1am tit CNTRC. Mb hinh dong nhét héa
vat liéu, cu thé 1a mo hinh Eshelby-Mori-Tanaka [136, 137], dudc st dung dé€ tinh todn
cac tinh chit hiéu dung cta hai 16p ngoai. Do ti s6 do manh 16n va do ciing chong
udn thap, CNTs c6 xu hudng két tu (agglomeration) trong pha nén polymer, tao ra cic
cum (inclusions) dang hinh cau, nhu minh hoa trén Hinh 2.3 cho mot phan ti dai dién
(Representative Volume Element, RVE). CNTs trong RVE dudc tim thiy & ca dang
b6 (bundle) hoic dang bé cum (cluster) bén trong cac hinh cau va rdi rac trong pha
nén. Su phan bd cu thé ndy da dugc mo ta bdi Shi va cic cong su [7] bang céach st
dung mo hinh hai tham s dudc tom tat dudi day.

| Phanén

Hinh 2.3. Phan ti dai dién véi cac hinh cau két tu CNTs.

Tong thé tich (V,) ctia CNTs bén trong phan tit dai dién RVE c6 thé tich (V)
dugc chia thanh hai phan
V. = Vinclusion Lym (2 3)
r—7r"r r :
v6i vinelusion v ym yiong ting 1a thé tich ctia CNTs bén trong cic cum hinh ciu (viing

tap trung CNTs) va bén trong pha nén.

Su két tu ctia CNTs duge mo ta thong qua hai tham s6 dudi day

Vinclusion
i

= —Vr

g _ Vinclusion C

o véi (&, 8) €0, 1] (2.4)

Trong biéu thiic (2.4), Vinclusion 12 thé tich ctia cac cum hinh cau bén trong RVE.
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Tham s6 & dudc dinh nghia 12 ti phan thé tich ctia cdc cum hinh cau so véi tong thé
tich ctia phan t dai dién (V); ¢ 1a ti phan thé tich cia CNTs bén trong cdc cum hinh
cau (Virelusiony g6 v6i tong thé tich ctia CNTs. Trong trudng hop, & < 1, su két tu 1a
titng phan, cac 6ng nano carbon phan bd ca trong cdc cum hinh cau va nam rai rac
trong pha nén. Trudng hop & = 1 c6 nghia 12 CNTs phan bd déu trong pha nén va
¢ = 1 tuong ting véi trudng hgp CNTs nim hoan toan trong cac cum hinh cau.

2.4. Céc tinh chit hiéu dung
2.4.1. Hé 56 dan héi ciia dam FGSW

Céac két cAu FGM thudng c6 su thay d6i 16n vé ti phan thé tich cia cac vat lidu
thanh phan bén trong két cau. Céc tinh chat hiéu dung cia FGMs, vi viy sé phu thudc
vao cdc dic trung dia phuong va tong thé ciing nhu su phan b khong gian bén trong
két cau. Su thay ddi trong ti phan thé tich clia cac thanh phan din dén su khac nhau
trong ciu tric vi mo va khong phai tit cd cic mo hinh dong nhét héa déu 4p dung
dugc ddi véi FGM. Trong chuong nay, bdn mo hinh dong nhat héa vat lidu, cu thé 1a
cac md hinh cua Voigt (V), Mori-Tanaka (MT), Hashin-Strickman (HS) va Tamura-
Tomota-Ozawa (TTO) dudc dp dung dé tbi uu céc tinh chit dan hdi hiéu dung cta
dam FGM hai pha.

Theo md hinh Voigt, tinh chat dan hoi hiéu dung (£¢) cla vat liéu FGM hai
pha dudc gia st ti 1& thuan véi ti phan thé tich ctia vt liéu thanh phan nhu sau [138]

P(2) = PVe(z) + PmVin(z) (2.5)

trong d6 &, va &2, tuong ting 1a tinh chit dan hodi ctia gbm va kim loai; V. va V,,
tuong ting 1a ti phan thé tich ca gém va kim loai. C4c chi s6 dudi ‘c’ va ‘m’ trong
phuong trinh (2.5) va duéi day dudc st dung dé xac dinh cac dai lugng lién quan dén

tinh chat cia gom va kim loai.

Mb hinh Mori-Tanaka [137] x4p xi su tuong tac giiita cac pha trong d6 gia si
ting suét trong mdi pha bang véi ting suat trong mot cum don 1é trong ma tran. Mo-dun
dan hoi hiéu dung (E) va hé s6 Poisson hiéu dung (V) trong md hinh Mori-Tanaka
c6 thé dudc bi€u dién nhu sau

_ 9KsGy _ 3Ky —2Gy

=)= V= 2.6
! 3Kf+Gf ’ f 6Kf—|—2Gf (2.6)

trong d6 Ky va G tuong ung la mo-dun khdi hiéu dung va mo-dun trudt hiéu dung,

cac mo-dun nay cé thé dudc tinh tit mo-dun dan hdi cta cac vat liéu thanh phan
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Kf — K, B Ve

K.—K, 1+V,(K.—Kp)/(Kyn+4G,/3)

Gr—Gm _ V. 2.7)
Ge=Gm |, Vin(Ge — Gn)

G+ Gn(9K,, 4 8Gy) / (6K, + 12G,,)

Trong phuong trinh trén, mo-dun khbi va mo-dun trugt cla cac vat liéu thanh

phan nhu sau
E. E.

< G .=—
3(1=2ve) " 2(1+v)
Ep Ep
Kn=——"—, Gy=>——
31 =2v) T 2(1 V)

K, =
(2.8)

Céc gidi han Hashin va Shtrikman [139] cho md-dun dan hoi ctia composite
hai pha thu dudc bing cach xét dén anh hudng ctia hé s6 Poisson ctia c4 hai pha. Cac
gi6i han dudi cho mo-dun dan hoi (E(), hé s6 Poisson hiéu dung (vy) va mo-dun trugt
hiéu dung (G) cho béi

9KG 3K —2G E;

_ 2T V= =T Gr=—"J 2.9
7 3K+G’ 7 2(3K+G)’ T 2(1—vy) (29)
trong do
K=Ke+— LV G=Get— VK 126Gy (10
Km - Kc Kc + GC Gm - GC ZGC (KC + GC)

M0 hinh thif tu dudc xét dén & day 1a mo hinh Tamura-Tomota-Ozawa [140].
Theo md hinh TTO, tng suit doc truc ¢ va bién dang doc truc € ctia composite hai
pha lién hé véi cdc ting suét va bién dang doc truc trung binh tuong dng cta hai vat
liéu thanh phan béi [47, 141]

o =o.V.4+0,Vy, eE=¢eV.4+¢€,Vn (2.11)

trong d6 O, Oy, &, &, 12 cdc ting suét va bién dang trung binh clia cic pha gém va
kim loai. Trong mo hinh TTO, tham sd thuc nghiém ¢ dai dién cho ti s6 gitta ing suét

va bién dang truyén
Oc — Om

=" <g<oo (2.12)
gc_8m| 1

Gia tri ctia ¢ phu thudc vao céac tinh chat clia cac vat liéu thanh phan va su

tuong tac két cau vi mo trong composite. Két hop phuong trinh (2.11) va (2.12) ta thu
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dugc mo-dun dan hoi hiéu dung (E;) dudi dang

q+E.

q+Em
q+E.
q+Em

EcVe+ EnVin

E;— (2.13)

VC +Vm

Mo-dun truct hiéu dung (Gy) trong mo hinh TTO dugc danh gia thong qua
md-dun dan hoi hiéu dung (E;) trong phucng trinh (2.13) va hé s6 Poisson hiéu dung
(vy), trong d6 hé s Poisson hiéu dung dugc tinh todn qua biéu thic Vi = V.V + Vi V.
Chiing ta c6 thé xdc nhan riang phuong trinh (2.13) sé dua dudc vé dang biéu dién cho
mo-dun dan hoi hiéu dung theo md hinh Voigt trong trudng hop g = oo,

2.4.2. Tinh chat hiéu dung ciia dim CNTRC

Mo-dun khéi hiéu dung va mo-dun trudt hiéu dung bén trong cdc cum hinh
cau, (Ki,) va (Gyy), va cac mo-dun khdi hiéu dung va mo-dun trugt hiéu dung bén
ngoai cac cum hinh cau, (Koy) va (Goyt), dudc tinh nhu sau [7]

fCNTC(Sr - 3Kmar)

3(€ — fontl + fonrl )
fent€ (n, —2G,Br) (2.14)

Kin — Km +

Gin = Cnt 2(& — font$ + font8Br)
va
_ font(1—=8) (6, — 3K 1)
Kout—Km+3[1—§—fCNT(l_C)+fCNT(1_C)ar]a 015)
Gout - Gm + fCNT(l _ C)(nr _ ZGY”BV) '

2[1—& — fonr(1 = &) + font (1 — §) /]

V(3i fCNT = VCNT / V.
Céc biéu thic (2.14) va (2.15) stt dung céc ky hiéu dudi day

_3(m+G)+k —1,

m+k)

1 2k +1,) (3K +2G — 1)

3[ Gy +k, ]’

_1 Gu+2k 41, 4Gy | 2Gyu[(3Kn+ Gn)+ (3K +7Gp)]
{5 |
1
5[50
2
_|_

)

r_

I"

Gun+kr)  Gm+pr Gu(3Kn+Gn)+m(3Ky+7Gy)
8Gm Pr 8m, G (3K +4Gy)
m+Dr 3Kn(my+Gp) + Gp(Tm, + Gp)
(ky —1,)(2Gp, +l )
3(Gm +kr) 1

2
3

r

(2.16)
trong d6 cac chi sd duéi ‘m’ va ‘r’ dudc st dung d€ chi pha nén va pha gia cudng; k.,
l,, my, n,, p, 12 md-dun dan hoéi Hill ctia pha gia cudng CNTs.
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Mo-dun khbi va mo-dun trugt hiéu dung ctia composite thu dugc bang cach st

dung md hinh dong nhat héa vat liéu Mori-Tanaka nhu sau

(2

K =Kou+ |1+ K )
1+oa(1-§) (Kl —1)
out 2.17)
. Gout
G=Gout |1+ =
1+B(1— in —1)
pu-&) (o
trong d6 o va 8 dugc xac dinh nhu sau
1+vOut 2(4_5V0ut)
o= g o2 ot 2.18)
3(1 — Vour) P 15(1 — Vour)

Vi Vour = (3Kout — 2Gout) /2(3Kout + Gout). MO-dun Young (E) va hé s Poisson (V)
ctia ddm CNTRC c6 dang

9KG 3K-2G

__=v Ay 2.19
3K1G' | 6K+2G (2.19)

2.5. Phan tir dam Lagrange toan ph?ln

Mo hinh phan ti hitu han ding trong phan tich chuyén vi 16n ctia dim c6 thé
dugc xdy dung bang cich st dung cong thiic Lagrange toan phan, cong thiic hé toa
dod dong hanh hoic cong thic Lagrange cip nhat. Diéu nay phu thudc vao viée lua
chon ciu hinh quy chiéu. Trong muc niy, Luin 4n tién hanh xdy dung phan ti dam
phi tuyén hai nit dua trén cong thiic Lagrange toan phan, trong d6 c6 tinh dén su thay
ddi ctia cdc tinh chat vat liéu theo chiéu cao dam.

2.5.1. Véc-to chuyén vi niit

Phan ti dim hai nit, minh hoa trén Hinh 2.4, ban diu dudc xiy dung bdi
Pacoste va Eriksson [142] cho phan tich phi tuyén ctia dim thuan nhéit, dugc phat
trién tif md hinh dam phi tuyén cia Antman [143]. Véc-to chuyén vi niit ctia phan ti

dam bao gém sau bac tu do
d= {I/tl wy 01 uy woy 92}T (2.20)

trong d6 u;, w;, 6;, (i = 1,2) tuong tng la chuyén vi theo phuong x, chuyén vi theo
phuong z va géc quay tai niit i. Chi s6 trén ‘T’ trong phuong trinh (2.20) va dudi day

dudc st dung d€ chi chuyén vi cia mdt véc-t6 hay mot ma tran.
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! | [P . -
'S A\ ‘
Cau hinh ban dau X
L u(x) R
| l |

Hinh 2.4. Céu hinh va c4c bac tu do ctia phan ti dam hai nit.

Gia st trong cAu hinh ban dau, phin tit dAm 1a thang, c6 chiéu dai ban dau !
nim trén truc x clia hé toa do Pé-cac (x,z). Piém P trong ciu hinh ban du tng véi
hoanh do x va thiét dién ngang S, sau qua trinh bién dang tr§ thanh diém P’ va thiét
dién S’. Bién dang tai diém P c6 thé dugc xdc dinh qua géc 8 (x) - goc quay cla thiét

dién S va véc-t6 vi tri hién tai r(x) ctia di€m P’ nhu sau [142]
r(x) = [x+u(x)]i+w(x)j (2.21)

trong do i va j tuong ung la cac véc-td don vi trén cac truc x va z; 0 < x < [, xac dinh
trong cAu hinh ban dau; u(x) va w(x) tuong tng 1a cic chuyén vi theo phuong truc x
va truc z clia diém P. Thiét dién S tuong ting véi di€m P c6 thé trai qua chuyén vi va
gbc quay 16n theo cdc chuyén vi u(x) , w(x) va géc quay 0 (x), nhu dudc minh hoa
trén Hinh 2.4. Véc-t0 r ,(x) tai diém P, tiép tuyén v6i cAu hinh bién dang hién tai cta
phén t c6 thé dugc biéu dién theo céc bién dang doc truc va bién dang trugt, £(x) va

7(x), nhu sau

dr(x
£ = P (1 el + yen 222)
trong do
e =cosBi+sinbj, e)=—sinBi+cosO j (2.23)

tuong tng 1a cic véc-to don vi, vuodng géc va song song véi thiét dién hién tai . Do
cong ctia dam, k(x) , tai diém P dugc cho bsi

_ do(x)

K(x) I

(2.24)
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Tir cac phuong trinh (2.21)-(2.23), ta c¢6 thé viét cac biéu thifc cho bién dang
doc truc va bién dang trudt dusi dang

d d
e(x) = <1—|—d—z> cosG+d—V:sin9—1

d d
Y(x) = d—:cose— (1+d—Z) sin 6

(2.25)

Nhu da dudc chi ra trong nghién citu cia Pacoste va Eriksson [142], c4c bién
dang €(x), y(x) va do cong k(x), mic du dugc tham s6 héa dé thuan tién véi khodng

cach quy chiéu x € [0,/] nhung nhan céc gi tri trén cAu hinh bién dang hién tai.
2.5.2. Ndng luong bién dang va phép néi suy

Ning luong bién dang cho phan ti ddm U dudc x4c dinh tif ning luong bién
dang dan hoi ctia dam (Up) va ning lugng sinh ra do bién dang ctia nén dan hdi (Ur),
U = Up+ Uf, trong do

1 r!

Us =7 [ [Ane( +24ne(0k(x) + Anx(0” + yasr(e’Jar - @26
véi y 1a hé s hiéu chinh trugt, dudc chon bing 5/6 cho dam véi thiét dién ngang
hinh chit nhat xét dén trong Luén 4n nay; A1, A1z, A2y va Asz tuong tng 13 do cling
doc truc, do ciing tuong hd gitta doc truc-udn, do cing chéng udn va do cting chong
trugt. Cac thanh phan do ciing nay dudc dinh nghia nhu sau
Z

/Ef(Z) (1,z,2%) dz
i=1_
. G-t (2.27)
A3z = bZ / Gf(Z)dZ
i=1

S Ziel

(A11,A12,An) =b

Mw

trong d6 b 1a chiéu day cta dam, va E t, Gy tuong ung la mo-dun dan hdi va mo-dun
trugdt hiéu dung, dudc tinh toan trén co sd stt dung cac mo hinh ¢ hoc vi mo nhu trinh
bay trong muc 2.4. Luu y ring, mo-dun dan hoi E + va mO-dun trudt G trong muc 2.4
dugc xay dung cho tiing 16p dAm sandwich. Cac thanh phan do ciing A1y, Ajn, Axp va
A3z ctia két cAu thu dudc bang céach tinh tdng qua ting 16p dam.

B&i vi dam trdi qua chuyén vi 16n, bién dang ctia nén dan hoi can dudc xem
xét theo cd huéng chuyén vi theo phuong truc x va truc z [39]. Do d6, ning luong
bién dang dan hoi sinh ra do nén dan hoi Pasternak dung cho phan tich chuyén vi 16n
co6 dang

kW Lp

2, .2 kg [t 2
Up=—[ (W+w)dx+—=| (6—7)dx (2.28)
2 Jo 2 Jo
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trong d6 kw va kg tuong dng la do cing ctia nén dan hoéi Winkler va do cling chong
trudt ciia nén dan hoi Pasternak; Ly 12 chiéu dai phan nén dan hdi dam tua 1én.
Céc chuyén vi va goc quay trong phan ti cia phan t dim xay dung trén co s&

ly thuyét bién dang truct bic nhat c6 thé dugc ndi suy tuyén tinh qua cc gid tri nit

nhu sau
u(x) Nl N2 0 0 0 0 T
wx) =10 0 N N 0 0 {ul W owi w0 92} (2.29)
0(x) 0O 0 0 0 N M
v6i l
le%x, sz’lf (2.30)

Tuy nhién, phép ndi suy tuyén tinh & trén dan t6i phan ti gip phai hién tugng
nghén truct [144]. D& giai quyét van dé nay, phuong phap cau phuong gidm bac, cu
thé 1a mot diém Gauss dudc ap dung dé danh gid ning luong bién dang ctia phan td.
V6i y tudng nay, chiing ta c6 thé biéu dién ning luong bién dang (2.26) va (2.28) dudi
dang sau day

I . R R .
Up = 5 (A1182+2A128K+A22xz + WA33Y2)

e lkg  ~ (2.31)
UF:?(u%—l—uluz—l—u%—l—w%—l—wlwz—kw%)—i—7<9—A)
trong do
é:(l—i—uz;u])cosé—l—wzzwlsiné—l
?:—<1+u2;ul>siné+wzywlcosé (2.32)
6, —6 ~ 0,+806
R="7—  vib= 1;2

T bi€u thic (2.32), ta tinh dudc
0& 1 .~ 08 1 .~ 08 1., 08 1 . 4

7t Tosh 22 % b 22
e jcosb, e ;cosb, T ;sinb, I 7 sin
09 1.~ 97 1. o 1 A~ % 1
Y _lang 2 lane OV — _liosh OV _liosh. (233
Ju, — Sin0, 5 o= —gsing, oo =—gcosh, 5 =gcosh, (2:33)
g¢ 9t 1. a7 oy 1, 9y ax 1
96 " 96, 2" 30, 96, 2¢tY 36,7 730, = 1

Luu ¥ riang, d6i véi bai toan khong xét dén anh hudng cia nén dan hdi, ning
lugng sinh ra do nén dan hdi dugc cho bang 0. Khi d6 biéu thiic ning luong bién dang

dan hoi ctia dAm c6 dang don gidn U = Up.



32

2.5.3. Véc-to néi luc

Véc-to ndi luc tai nit phan ti f;, dugc chia thanh hai phan, f2 sinh ra do bién

> 71

dang clia dim va ff sinh ra do bién dang ctia nén dan hoi
£, =5+ (2.34)

Céc véc-to noi luc tai nit nay thu dude bang cach vi phan biéu thiic ning lugng
bién dang trong (2.31) theo véc-td chuyén vi niit

dUp T
B __ _ B B
fin - ad - { ui f@[ u2 wy f@z} 9

aal{iF_{m fe{ Mz 52 fgz}T

(2.35)
fiy =

St dung cic bién ddi (2.33) va thay biéu thiic (2.31) vao biéu dién (2.35), ta

thu dudc cac biu dién hién cho cic véc-to noi luc phan ti nhu sau

lﬁ = — (Allé —f—A]z)z) CcOS é + lllA33'}78il’l é

(A118 —|—A12X) sinf — l[/A33}/COSG

Wl_

Pl .2, 1 . A
fo, = FANEY+ 54D (71—78> —Ank - 5yAnE+1)Y
= (A118 +A12]) cos B — yA33§sin 6 (2.36)
= (A118+A2])sin 6 + yAz37cos f
2= Lanerian (L9 —8) +ang - Lyan@E+ )7
92—2 Y+A2 2Y 2X zll/ 33 Y
va
[ A
ff, = ng(2u1+UJ) +kg(6 —9)sin,
! L
vfl = ng(2W1 +wy) + k(0 —F)cos B,
(2.37)

. . I A
5 =lka(6— )(1—58)7 w = ghw(ur+2us) + k(6 —9)sin 6,

l ~ N A
vfz = gkw(wl +2w3) — k(0 —§)cos B, féz :fgl

2.5.4. Ma trin doé ciing tiép tuyén

Ma tran do cing tiép tuyén phan ti k; ciing ducc viét dudi dang

k; = kB + Kk (2.38)
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trong d6 k? va kI tuong ting 1a cdc ma tran do clng tiép tuyén phan ti sinh ra t
bién dang ctia dim va bién dang ctia nén dan hdi. Cac ma tran do cting tiép tuyén nay
thu dudc bang cach vi phan hai 1an ning lugng bién dang dan hdi (2.31) theo véc-to

chuyén vi nut

(kB kB kB, (B kB B

ulu] uiwi u; 6, upuz ugpwa u16;

kB kB kB kB kB

wiwg w10 wiupy  Twiwp w16,
) B B B B
kB B d UB o k91 0, k@]l/tz k91W2 kel ) 2.39
toadr B B B (2.39)
k, . k k
2uy  Tupwy Nupby
B B
Syms. szwz kW292
B
L k6262 A
va _ .
F F F F F F
kulul ku1W1 ku161 k”l”Z k”lw2 k”162
F F F F F
kw1w1 w16 kwmz kW1W2 w16y
) F F F F
kF . (9 UF . kelel keluz k61W2 k6162 2 40
t T Q2 (2.40)
ad kF kE kF
uuy  “upwa “up )

F F
syms. szw2 sz 0,

F
k92 6, |

Dang hién clia céc hé s6 trong cdc ma tran do cting tiép tuyén k? va kI’ nhu sau
* Céc hé s6 trén dudng chéo chinh ctia ma tran k? trong biéu thic (2.39)

1 A A 1 A A
kB, = —(Ar1cos?0 + wAs3sin®0) , kB | = 7 (A118in*6 + wAz3c0826)

IA11 o A/n A | . .4 2
kglel_ 4_[ > —&( 1)]——[( +1)X+7 ]JFT
A
Ve 12—y
Al A4 A, . Axn  lYAsz .
kgzez_—4 (7> —2(& 1)]——4 (E+1) - T2 [(E+1)* =]

5 LB __ 1B B
va ku2u2 - ku1u17 kW2W2 - "Mwiwq
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* Céc hé s6 ngoai dudng chéo chinh ctia ma tran k? trong biéu thic (2.39)

kflwl = %Sinécosé — @Sinécosé
kflel = %(ésiné — Jcos ) —%(}Zsiné +2cosh)
+ %333 [fcos@ — (&+1)sin 6]
kﬁlel = —%(?Siné +&cosf) —i—Az—llz(l)Zcosé —2sin6)
+ YA [7sin @ + (& + 1) cos 0] (2.42)
2
kb o, = —%(?Siné +2&cosf) —I—Az—llz(licosé +2sin6)
+ ‘l/f2133 [9sinf + (& + 1) cos 6]
kflez = %(ésiné — Jcos ) +%(}Zsiné —2cos )
+ WI;‘SS [fcos® — (& +1)sin 8]
va
Ky = Ky Kiyws = ~Kuor» Ky, = Ko, Kovry = =iy
k€192 - _kfl 6’ k{fm = k51W1’ kfzez = _kflela kﬁzez = 5192
 Cac hé sb ctia ma tran kf trong bi€u thic (2.40)
k= ékw + %sinzékg, Kk, = ékw + %coszék(;,
Kby = é (22— (6-D7|k, K, = —%sinZékG
1 o R (2.43)
k5191 =—3 [(2—8)sinf — (6 — ) cosB] kg,
kv€191 = % [(2—8)005@ —(6—79) sin 0] k¢
va
Ky = Kty Ky = ~Kuuys Koy = Ky
Kywy = —Kivyuys Koo, = Koo, = Koy0,
Kugwy = Kior> Ky = Koy > k0, = Ko,
kf;lez - kf;lelv kaszl - k5292 - _kﬁlez

2.6. Phuong trinh can bang

Phuong trinh can bang dung cho phan tich chuyén vi 16n ctia dAm theo ngdn
ngit PTHH c6 thé viét dudi dang sau [145]

g(p,A) = qin (p) — A =0 (2.44)
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trong d6 véc-to luc du g 12 ham cda chuyén vi nit hién tai cta két cAu p va tham sb
luc ngodi A; qjy 12 véc-to luc nit ctia két cAu, dudc ghép ndi tir véc-to noi luc £y, va for
12 véc-to luc ngoai c¢d dinh. Hé phuong trinh (2.44) gdm n phuong trinh v6i m 4n s
12 céc chuyén vi va goc xoay tai cac nit p. Nghiém ctia phuong trinh (2.44) tuong tng
véi mot gia tri nao d6 clia tham sb A cho diém can bing trong khong gian luc-chuyén

vi nit. Tap hop cic diém can bang tao thanh dudng cin bing (equilibrium path).

Hé phuong trinh cin bang (2.44) c6 thé gidi bang thudt toan ting dan/lip (in-
cremental/iterative method) trén c¢o s& phuong phap Newton-Raphson. Cu thé, tong
gi tri clia tai trong dudc chia thanh cac phan nho f., dudc goi 1a gia sb tai trong.
Ung véi mbi gia sb tai trong, gia sb chuyén vi dudc tinh todn trén cd s thudt todn Lip.
Thuat toan 13p gdm hai buée: budc du dodn va budc hiéu chinh. Trong buée du dodn,
nghiém mdi tinh toan tu nghi€m hdi tu truéc do véi ma tran do ciing dudc tinh tai vi
tri can bang da biét. Trong budc hiéu chinh chuyén vi lip lién tiép dudc thém vao cho
dén khi 15i gidi thda man mot tiéu chudn hoi tu da chon nao dé. Thut toan lip theo
phuong phap Newton-Raphson c6 thé nhin dudc bang cach khai trién Taylor bac mot
véc-to Iuc du g(p, A) tai diém cin bing da biét (po, Aofer)

P
g, =g,+ a—iAp — g, +K,Ap =0 (2.45)

trong d6 K, 1a ma trin do6 cing tiép tuyén tong thé, nhan dudc bang cach nbi ghép cac
ma trin do ciing tiép tuyén phan tif k;, K, = Y k;; cdc chi s6 dudi ‘n’ va ‘o’ tuong ting
véi gia tri tinh tai diém méi (new) va tai diém cén bing da biét (old). Phuong trinh
(2.45) cho ta tinh gi4 tri ctia gia sd chuyén vi trong budc du doan va véc-to chuyén vi

dudc cap nhat nhu sau

Ap = —K; ' (po) g,(po, Mofer), P =Po+Ap (2.46)

trong d6 ma tran doi cing tiép tuyén K, dugc danh gid tai di€ém da biét (po, Aofer), va
6 budc du doan thi g, = fet.

Cac bude hiéu chinh dugc thuc hién trén co s cac phuong trinh (2.45) va
(2.46) v6i véc-to luc du g va ma tran do ciing dudc tinh véi p 1a véc-to chuyén vi da
cap nhat. Cu thé, chuyén vi ldp Sp va véc-td chuyén vi trong buéc hiéu chinh dugc
cap nhat nhu sau

5p=-K,'(p)g(p. Mofr), p=p-+35p (2.47)

C4c budc hiéu chinh dugc thuc hién cho tdi khi thda man mot tiéu chuan hdi tu

lva chon. Trong Luan 4n nay, tiéu chuin hdi tu dua trén chuan Euclidean cta véc-to
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luc du dugc st dung cho thuit toan 1ap nhu sau
18]l < B[ Afet]] (2.48)

trong d6 B 1a hé s6 dung sai (tolerance factor), dudc chon tuy theo bai todn. Néu 3
qué nho din t6i su 1ang phi khong can thiét trong tinh toan. Néu 8 khong di nhéd c6
thé dan tGi sai sd dang k& sau qud trinh lip. Gia tri dudc chon clia B trong tt ca cic

nghién cifu s6 dudi day 1a bang 1074,

Pau vao:
L, b, h, hzvhsr E.. B Vi Vo
nELE, nINC, f,, g
inc=0, ite= 0
p = zeros(3*(nELE +1),1)

v

inc=inc+1 p,= p

Tinh A; (2.27)

| ki (239- 243) > K =)k,
Buéc du doan:

Ap= k'fy, p= p,+ Ap (2.46)

t Tef?

Tinh f, (2.35) >0, =Y f,

=>0=q;, - inc*fef

Buéc hiéu chinh

ite=ite+ 1

Tinh chuyén vi l3p va cap nhat
sp= -K{'g, p=p+5p (2.47)

Sai

Hinh 2.5. So do khéi thuat todn ting dan/lip theo phuong phap Newton-Raphson.

Hinh 2.5 minh hoa so dd khdi thuét toan ting dan/lip theo phucng phap
Newton-Raphson ding cho phan tich chuyén vi 16n ctia dim sandwich FGM. So do
st dung cac ky hiéu sau day:
nELE: t6ng s phan ti st dung
nINC: sb6 budc ting clia luc ngoai (number of increments)
inc: budc luc hién tai

ite: sb budc lip
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2.7. Nghién citu kiém chitng

D& thuén tién cho phan thio luin trong cic nghién citu ki€ém ching va két qua
s6 dudi diy, Luan 4n dua vao cac tham sb khong thd nguyén cho chuyén vi va tai

trong nhu sau

PL? ML 6
= M=, =t =t = L (2.49)
E,[ E,[ L n/2

P*
trong d6 uy, wy va 67 1a cdc chuyén vi theo phuong x, chuyén vi theo phuong z va géc
quay tai dau tu do ctia dim cong-xon. Ngoai ra, Luin 4n ciing dua vao cic tham sb

khong thif nguyén cho dd cting nén dan hoi

5 1 Ly
ki = ——kw, ko= kG, OF=— 2.50
YTEL T mEL T L (220

V6i kw, kg va L, nhu da dé cap & trén, 1a cac do cting cia nén dan hdi va chiéu dai
nén dan hoi.

P& khang dinh tinh chinh x4c ctia cong thiic phan ti hitu han da xay dung dudc,
dam cong-xon FGSW véi ti s6 do manh L/h = 50 chiu tic dong ciia tii trong P theo
phuong vudng géc véi dim dudc phén tich trong muc nay. Dam c6 16p 16i dudc lam
hoan toan tif Nhom (Al) va hai 16p ngoai 12 vat liéu c6 cd tinh bién thién cAu thanh tir
Kém 6-xit (ZrO,)va Nhom. Mo-dun dan hdi cia Al va ZrO, 1an lugt 12 70 GPa va 151
GPa [146]. Hinh 2.6 so sanh dap tng chuyén vi 16n ctia dim thu dudc trong Luan 4n
véi két qua clia nhém tac gia Nguyén Pinh Kién va Tran Thi Thom trong [48] cho cic
gia tri khac nhau ctia tham s6 vat liéu va ti s6 chiéu day giita cac 16p. Quan sat Hinh

2.6 ta c6 thé thiy do chinh xdc cao giita két qué thu dudc trong nghién ciu nay so véi

(a) (2-1-2)

W*
o
)

W*
o
)

Luan an, (2-1-2)
o Tailiéu [48], (2-1-2
Luan an, (1-2-1)
+  Tailiéu [48], (1-2-1
Luan an, (1-8-1)
o Tailiéu [48], (1-8-1

Luan an,n=0.3 ||
o Tailiéu [48], n=0.3
Luan an, n=2

*  Tailiéu [48], n=2
Luan an, n=10

o Tailiéu [48], n=10

u* |

Chuyén vj I&n chuén hoa, u* &
2

Chuyén vij I&n chuan hoa, u* &
<

-0.4 -0.4
-0.6 -0.6
-0.8 ‘ ‘ -0.8 ‘ ‘
0 5 10 15 0 5 10 15
Tai trong chuén hoa, P* Tai trong chuén hoa, P*

Hinh 2.6. So sanh chuyén vi 16n ctia dam cong-xon FGSW

chiu tai trong P.
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két qué thu dugc tl phan tit dim Euler-Bernoulli st dung phuong phap hé toa do dong
hanh trong [48]. Luu y riang két qua so sanh trong Hinh 2.6 cho md hinh Voigt do Tai
liéu [48] chi st dung mo hinh nay.

Tiép theo, dAm cong-xon FGM véi ti s6 d6 méanh L/h = 20, dugc 1am ti Ti/TiB
chiu tic dung ctia mo6-men M dudgc khao sat nham khang dinh thém tinh ding din ctia
cong thiic phan ti xay dung dugc. Bang 2.1 so sanh dép tng chuyén vi 16n chuin héa
ctia dAm thu dudc trong Luén 4n véi nghiém giai tich ctia Kang va Li [147]. M6 hinh
dam FGM trong Tai liéu [147] 1a trudng hop dic biét ctia dAm sandwich loai B trong
Luan dn khi z; = z9 = —h/2 va zp = z3 = h/2. Dang hién clia chuyén vi 16n dudc xay
dung trong Tai li€u [147] nhu sau

A ML A ML
up = 222 in | =— —L, wp = 2211 cos [ == (2.51)
ML\ Ay M A

trong d6 A», 1a dd cing chdng udn dudc tinh bang cach xét dén khoang cach cia truc
trung hoa so v6i mit gitta dam, do d6 Ay, hoi khac so v6i Ay, trong biéu thic (2.27).
Bang 2.1 cho thiy tinh chinh x4c ctia ddp dng chuyén vi 16n trong Luén 4n so véi két
qua trong Tai liéu [147], khdng phu thudc vao tham s vat liéu va gid tri cla mo-men
tac dung.

Bdng 2.1. So sanh dap ting chuyén vi 16n ctia dam cong-xon FGM

chiu tac dung ciia mé-men

5 | w

M* Nguon
n=0.5 n=1 n=3 n=20.5 n=1 n=>3
3 Luan an 0.2290 0.3244 04774 0.5417  0.6200 0.6979
Tai liéu [147] 0.2296  0.3284 0.4732 0.5374 0.6152 0.6870
6 Luan an 0.7376  0.9417 1.1488 0.7283 0.678 0.5071
Tai liéu [147]  0.7339 09413  1.1367 0.723 0.6690  0.5088
10 Luén an 1.2007 1.2011 1.0161 0.3943  0.1582  0.0007
Tai liéu [147] 1.1958  1.1968  1.0281 0.3957 0.1558 0.0024

Mo-dun dan hoi cia két cAu composite gia cudng cic 6ng nano carbon thu
dudgc trong Luan 4n dugc so sanh véi két qua ctia Daghigh va cong su [148] nhu minh
hoa trén Hinh 2.7, trong d6 ty phan thé tich 6ng nano carbon gia cudng 1a Venr = 0.1.
Hinh 2.7 cho thiy su tuong dong cao gitta két qua thu dudc trong Luan 4n va tai liéu
tham khéo. C6 thé quan sat thiy riang su két tu c6 anh hudng dang ké dén tinh chét vat
liéu. Hinh 2.7 ciing chi ra riang trong trudng hop ¢ > &, khi ting gid tri cia €, mo-dun
dan hoi cling ting tSi khi dat gia tri 16n nhét tai & = ¢ (ting véi trudng hop CNT phan
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tan déu). Ngudc lai, trong trudng hop { < &, su ting gid tri ctia & 1am gidm mo-dun

dan hoi.
11
loj_ﬂ_E-_D_-E_-E__ﬂ_ x
¥
/N\ 9 [ +
o
e
L
3 8y Luan an¢=0.5
c + Tailiéu [148],¢=0.5
S Luan an{=0.6
s 7 o Tailiéu [148],¢=0.6]
s Luan ang=0.7
= *  Tailieu [148],¢=0.7
6 Luan an(=0.8 I
x Tai liéu [148],¢=0.8
Luan an(=0.9
5 = Tai liéu [148],¢=0.9
——-Ludn an(=¢
o Tai liéu [148],¢=¢
4 1 1 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Tham sb két tu, &

Hinh 2.7. Anh hudng cta su két tu CNT t6i mo-dun dan hoi
ctia dam CNTRC véi Venr = 0.1
P& minh hoa tinh chinh xdc ctia cong thic phan ti trong viéc mo hinh héa
chuyén vi 16n ctia dam composite, cdc thanh phan chuyén vi 16n khong thi nguyén
clia dam cong-x6n dang sandwich CNTRC (1-2-1) ¢6 ti s6 d6 manh L/h = 20 chiu
Bdng 2.2. So sanh dap ting chuyén vi 16n cia dam sandwich CNTRC dbi xting
(1-2-1) chiu tac dung ctia mé-men M* = 5,L/h = 20 va Veyr = 0.1

E=0.1 £E=03 E=05 E=0.7

Luan Tailiéu Luan Tailiéu Luan Tailiéu Luan  Taili€u
an [147,149] an [147,149] an [147,149] an [147, 149]

0.1 |u*| 0.2808 0.2810 0.3092 0.3093 0.3587 0.3589 0.4169 0.4171
w* 0.5815 0.5814 0.6025 0.6024 0.6342 0.6340 0.6644 0.6642

0.3 |u*| 03238 0.3239 0.2808 0.2810 0.3004 0.3006 0.3464 0.3466
w* 0.6124 0.6123  0.5815 0.5814 0.5963 0.5962 0.6268 0.6267

0.5 |u*| 0.4379 04381 0.3078 0.3079 0.2808 0.2810 0.3001  0.3002
w* 0.6737 0.6734 0.6015 0.6014 0.5815 0.5814 0.5960 0.5959

0.7 |u*| 0.6551 0.6553 0.4096 0.4098 0.3084 0.3085 0.2808 0.2810
w* 0.7241 0.7237 0.6610 0.6608 0.6019 0.6018 0.5815 0.5814

0.9 |u*| 1.0323 1.0323  0.6942 0.6943 0.4609 0.4610 0.3289 0.3291
w* 0.6150 0.6143  0.7250 0.7246 0.6828 0.6826 0.6158 0.6157
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tac dung ctia mo-men M* = 5 thu dudc trong nghién ctiu nay dudc so sanh véi két qua
giai tich cua cac Tai liéu tham khao [147, 149] nhu trong Bang 2.2 véi céc gia tri khac
nhau ctia tham sd két tu. Bang 2.2 cho thay tinh chinh x4c cao giita két qua thu ducc
trong Luan an va nghiém giai tich trong cac Tai liéu tham khao [147, 149], khong phu
thuodc gia tri ctia tham sé két tu. Luu y riang, dbi v6i dam sandwich dbi xing (1-2-1)
dang dugc xét t6i, do cling tuong ho bi triét tiéu, A, = 0, va nghiém gidi tich thu dudc
bang cach tinh dén anh hudng cta vi tri mit trung hoa, diéu nay cho phép bd qua sb

hang tuong ho.

Su hdi tu ctia phan tif dam x4y dung dudc trong viéc tinh todn ddp tng chuyén
vi 16n ctia dam sandwich CNTRC dudc minh hoa trong Bang 2.3, trong d6 do vong
khong thd nguyén tai dau tu do cia dim sandwich cong-x6n d6i xiing (2-1-2) va
khong db6i xiing (1-1-2) vdi cic gid tri khac nhau cia ti s6 d6 manh ctia dim chiu tac
dung cia tai trong nhan dudc véi sd luong phan tit (nELE) khac nhau cho trudng hop
P* =10, Veyr = 0.3, o = 0.5, k; = 50 va kp = 0.5. Nhu ta thiy tit Bing 2.3, su hoi
tu ctia ca dam dbi xiing (2-1-2) va khong d6i xing (1-1-2) déu dat dudc véi 24 phan
ttt, khong phu thudc tham sb két tu va ti sé6 do manh dam. Tur két qua hoi tu nay, ludi
24 phan ti dudc st dung trong céc tinh todn dap ting chuyén vi 16n ctia dim sandwich

gia cudng bsi cac dng nano carbon.

Bdng 2.3. Su hoi tu clia cong thic phan ti hitu han trong du doan do vong w* ctia
dam cdng-xon chiu tac dung cta luc P* = 10 (Veyr = 0.3, ap = 0.5, va
(k1,kp) = (50,0.1)).

Dim (2-1-2) Dém (1-1-2)

(§,8) nELE
L/h=50 L/h=20 L/h=10 L/h=5 L/h=50 L/h=20 L/h=10 L/h=>5

0.1,04) 8 0.5693 05703  0.5740  0.5889 0.7243  0.7276  0.7351  0.7565
12 0.5697 05707  0.5744 05892 0.7245  0.7277  0.7352  0.7578
16 0.5698  0.5708  0.5745  0.5894 0.7245  0.7278  0.7353  0.7581
20 0.5698 05709  0.5746  0.5894 0.7245  0.7278  0.7353  0.7581
22 0.5699 05709  0.5746  0.5895 0.7246  0.7278  0.7353  0.7581
24 0.5699  0.5709  0.5746  0.5895 0.7246  0.7278  0.7353  0.7581
26 0.5699 05709 0.5746  0.5895 0.7246  0.7278  0.7353  0.7581

(0.1,0.6) 8 0.5945 05956  0.5965  0.6153 0.7397 0.7431  0.7508  0.7751
12 0.5948 05959  0.5986  0.6156 0.7398  0.7432  0.7511  0.7753
16 0.5955 0.5960  0.5998  0.6157 0.7415 0.7432  0.7512  0.7753
20 0.5958 0.5961  0.6000 0.6158 0.7419 0.7433  0.7512  0.7753
22 0.5978 05961  0.6001  0.6188 0.7424  0.7433  0.7512  0.7753
24 0.5978 05961  0.6001  0.6158 0.7429  0.7433  0.7512  0.7753
26 0.5978 05961  0.6001 0.6158 0.7429  0.7433  0.7512  0.7753
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2.8. Két qua s6 va thao luan

St dung md hinh phan ti dim x4y dung dudc va thuit todn sd cho phan tich
phi tuyén cta két cau trinh bay trong Muc 2.6, Luén 4n di xay dung chuong trinh tinh
toan sb cho phan tich chuyén vi 16n ctia dam. Muc nay tién hanh phan tich mot s6 bai
todn cu thé d€ 1am sang té anh hudng ctia cac tham sb hinh hoc, vat liéu ciing nhu nén

dan hoi t6i ting xi phi tuyén ctia dam sandwich FGM va dam sandwich CNTRC.
2.8.1. Chuyén vi lén ctia dam FGSW

Nghién cifu s6 dudc dua ra trong phan nay nham nghién citu anh hudng cta
su phan bd vt liéu va cdc mo hinh dong nhét héa vat liéu 1én tng xt chuyén vi 16n
ctia dam sandwich FGM. M hinh dam céng-x6n dang sandwich dugc tao tit Ti dong
vai tro pha kim loai va TiB d6ng vai tro pha gbm dugc xét dén & day. Cac tinh chét
vat liéu clia cdc vat liéu thanh phan nhu sau [47, 141]: E,, = 107 GPa, E, = 375 GPa,
Vi = Ve = 0.3. Tham s6 thuc nghiém dung trong trong md hinh TTO dudc Iva chon
la ¢ = 4.5 GPa cho dam FGM hai pha Ti/TiB . Ti s6 d manh dam L/h = 10 dugc st
dung cho tt c4 cdc tinh toan dudi day.
2.8.1.1. Dam cong-xén FGSW chiu tdi trong P

Chuyén vi 16n ctia dAm cong-x6n FGSW chiu tdc dung clia tai trong P vudng
gbc vi dam tai dau tu do dudc nghién cifu trong phan nay. Trong Bang 2.4, chuyén
vi 16n khong thd nguyén tai dau tu do cia dAm sandwich loai A d6i xting (2-1-2) va
khong dbi xing (2-1-1) chiu tai P dudc liét ké v6i cac gid tri khac nhau cia tham sd
vt liéu, hai gid tri cia luc tdc dung, P* =5 va P* = 10 va bdn mo hinh dong nhit héa
vat liéu. Cac két qua tuong ting cho dim sandwich loai B dudc cho trong Bang 2.5
cho dim d6i xiing (1-4-1) va dim khong dbi xiing (1-4-2). Anh hudng ctia syt phan bd
vat liéu vd mo hinh dong nhit hda 1én dap ting ctia dam c6 thé thiy tir cac Bang 2.4
va 2.5. Cu thé:

e V4i mot gia tri luc ctia tham sb Iuc ngoai P*, su ting ctia tham sb vat liéu n
dAn t6i su ting cla cc chuyén vi va géc quay. Diéu nay ding cho tit ca cdc mo hinh
dong nhét héa vat lidu va ca hai loai dim xét t6i trong Luan 4dn. Két qui nay c6 thé
dudc gia thich trén co s xem xét cac phuong trinh (2.1) va (2.2). Dam sandwich FGM
v6i tham s6 7 16n hon sé gidu kim loai hon. Vi md-dun dan hdi va mo-dun truct cia
kim loai thap hon so v6i gbm nén dd cting ctia dim vdi n 16n hon sé thap hon. Két qua
12 chuyén vi va géc quay ctia dam ting v6i v6i tham s6 n 16n hon s& 16n hon. Kiém tra
ki cdc bang c6 thé nhan thiy ring 4nh hudng ctia tham sd vat liéu 1én ddp dng chuyén

vi 16n ctia dim phu thudc vao md hinh dong nhit héa vat liéu. Vi du, chuyén vi khong
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thif nguyén theo phuong z, w*, clia dam dbi xiing loai A (2-1-2) thu dudc bing md
hinh Voigt, nhu dugc chi ra trong Bang 2.4, ting 22.59% khi tham sb vat liéu ting tir
0.3 1én 3, trong khi gid tri tuong ting thu dugc bang mo hinh MT, HS va TTO lan lugt
12 16.94%, 15.69% va 13.86%, thap hon dang ké so v6i md hinh Voigt.

Bdng 2.4. Chuyén vi 16n khong thi nguyén ctia dam cong-xon FGSW loai A

chiu tac dung cua tai trong P

Pép (2-1-2) (2-1-1)

P* n
ung -y MT HS TTO \% MT HS TTO

5 05 |u*| 0.1809 0.2241 0.2341 0.2487 0.1751 0.2145 0.2237 0.2370
w*  0.5225 0.5738 0.5847 0.6000  0.5125 0.5597 0.5698 0.5839
6" 0.5270 0.5873 0.6005 0.6192  0.5158 0.5708 0.5828 0.5999

1 |u*| 0.2385 0.2818 0.2905 0.3025 0.2277 0.2672 0.2751 0.2861
w*  0.5894 0.6321 0.6400 0.6506  0.5740 0.6137 0.6212 0.6311
0" 0.6062 0.6594 0.6695 0.6832  0.5879 0.6367 0.6460 0.6586

3 |uf| 03317 0.3517 0.3551 0.3594  0.3126 0.3312 0.3345 0.3386
w*  0.6750 0.6908 0.6935 0.6968  0.6539 0.6692 0.6717 0.6750
6" 0.7153 0.7363 0.7398 0.7443  0.6880 0.7078 0.7111 0.7155

10 0.5 |u*| 0.3543 0.4033 0.4139 0.4291 0.3468 0.3923 0.4023 0.4164
w*  0.6938 0.7289 0.7360 0.7459  0.6856 0.7181 0.7248 0.7339
0" 0.7384 0.7867 0.7967 0.8105 0.7276 0.7719 0.7810 0.7937

1 |u*| 04186 0.4617 0.4700 0.4812  0.4066 0.4469 0.4547 0.4652
w* 0.7390 0.7659 0.7708 0.7773 0.7275 0.7526 0.7573 0.7634
6" 0.8010 0.8389 0.8457 0.8548  0.7849 0.8198 0.8262 0.8346

3 |uf| 05076 0.525 0.528 0.5317  0.4899 0.5066 0.5094 0.5131
w* 0.7920 0.8015 0.8031 0.8052  0.7770 0.7863 0.7878 0.7898
0" 0.8755 0.8883 0.8904 0.8930  0.8535 0.8658 0.8678 0.8704

e Anh hudng ctia tham s6 vat liéu va mo hinh dong nhit héa vat liéu t6i chuyén
vi 16n ctia ddm FGSW loai B, nhu ta thdy tif Bang 2.5, cling tuong tu nhu dam loai A.

Tuy nhién, su ting cia chuyén vi va goc xoay ctia dam loai B khi ting tham s6 vat liéu
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n it hon ddng k€ so v6i dam loai A. Thém vao dé6, su khac nhau gilta cic chuyén vi
va géc quay thu dudc bang cac mo hinh dong nhit héa khac nhau cho dam loai B nhé
hon so véi dim loai A. Nhu vy, khi so sanh v6i dam loai A, ta thiy rang dim loai B

it nhay cdm hon vé6i su thay ddi ctia tham s6 n v md hinh dong nhat héa vat liéu.

Bdng 2.5. Pép ting chuyén vi 16n ctia dam cong-xon FGSW loai B chiu tic dung

cla tai trong P

Pip (1-4-1) (1-4-2)
P* n

ung MT HS TTO \Y% MT HS TTO

5 05 |u*| 02082 0.2242 0.2274 0.2319  0.1977 0.2146 0.2181 0.223
w* 0.5441 0.5607 0.5639 0.5684  0.5325 0.5505 0.5541 0.559
6* 0.5528 0.5722 0.5760 0.5812  0.5393 0.5603 0.5645 0.5703

1 |u*] 0.2309 0.2424 0.2444 02470  0.2214 0.2346 0.2369 0.2400
w* 0.5673 0.5785 0.5805 0.5831 0.5575 0.5704 0.5726 0.5756
0" 0.5801 0.5933 0.5955 0.5985 0.5686 0.5839 0.5865 0.5900

3 |uf| 0.2545 0.2573 0.2579 0.2586  0.2493 0.2526 0.2531 0.2537
w* 0.5897 0.5929 0.5936 0.5945 0.5842 0.5871 0.5875 0.5881
6" 0.6065 0.6099 0.6106 0.6116  0.6004 0.6037 0.6042 0.6048

10 0.5 |u*| 0.3839 0.4013 0.4048 0.4095 0.3722  0.3909 0.3947 0.4000
w* 0.7042 0.7150 0.7171 0.7200  0.6965 0.7082 0.7105 0.7137
6* 0.7526 0.7665 0.7692 0.7728  0.7424 0.7578 0.7608 0.7649

1 |u*] 0.4085 0.4204 0.4225 0.4252  0.3983 04122 0.4147 04179
w* 0.7192 0.7264 0.7276 0.7293 0.7127 0.7208 0.7222 0.7241
0" 0.7721 0.781 0.7825 0.7845 0.7639 0.7743 0.7761 0.7783

3 |uf| 04327 04356 04362 0.4369 04274 04307 0.4312 04318
w*  0.7334 0.7358 0.7363 0.7370  0.7293 0.7312 0.7315 0.7319
6" 0.7894 0.7919 0.7924 0.7931 0.7852 0.7871 0.7874 0.7877

Anh hudéng clia su phan bd vét liéu va mo hinh ddng nhét héa 1én iing xi
chuyén vi 16n ctia dam FGSW ciing c6 thé thiy o tif cdc Hinh 2.8 va 2.9, trong d6
cic dudng cong tai-chuyén vi va cic ciu hinh bién dang cia dam dbi xing loai A

(2-1-2) 1an ludt dudc minh hoa cho cac gia tri khac nhau ctia tham sb vt liéu va mo
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Hinh 2.8. Pudng cong tdi-chuyén vi ctia dam (2-1-2) loai A :
(a) Md hinh MT va n thay d6i; (b) n = 0.3 va cac m6 hinh ddng nhit héa khic nhau.
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Hinh 2.9. Céu hinh bién dang ctia dAm loai A tuong dng v6i P* = 5: (a) M6 hinh MT

va n thay d6i; (b) n = 0.3 va cdc md hinh dong nhat héa khac nhau.

hinh dong nhit héa vat liéu khac nhau. Cac dudng cong tai-chuyén vi va ciu hinh
bién dang tuong dng ctia dam loai B d6i xing (1-3-1) lan lugt dugc minh hoa trén cac
Hinh 2.10 va 2.11 cho céc gid tri khac nhau ctia tham s vat liéu va ti sd chiéu day cic
16p. Céc Hinh 2.8a va 2.10a x4c nhan lai cac nhin xét & trén vé anh hudng ctia tham
s6 vat liéu dén dap ting chuyén vi 16n ctia dam, trong khi cac Hinh 2.10b va 2.11b chi
ra vai trd quan trong cta ti s6 chiéu day cac 16p t6i dap ting ctia dAm. Pap ting chuyén
vi 16n thu dudc bang cac md hinh MT, HS va TTO, nhu ta thiy tif cac Hinh 2.8b va
2.9b 1a kh4 gan nhau, trong khi st dung mo hinh Voigt cho su khac nhau déng ké so
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v6i cac mo hinh con lai. Trong bén mo hinh dudgc xét dén trong Luan 4n thi mo hinh
Voigt khong thda man cac gidi han Hashin-Strickman [150], cing hon so véi cac md
hinh con lai. Két qua nay cho thdy, mic dit mo hinh Voigt don gian vé mit todn hoc,
nhung cin cén trong trong danh gid ddp tng chuyén vi 16n ctia dim FGSW thu dugc
khi st dung mo6 hinh Voigt.

w1 .|
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g 05 S 05
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Hinh 2.10. Pudng cong tii-chuyén vi ciia dim loai B chiu tai P: (a) dam (1-3-1) véi
m6 hinh MT va n thay ddi; (b) n = 0.3 va ti s6 chiéu day cac 16p khac nhau.
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Hinh 2.11. CAu hinh bién dang ctia dAm loai B v6i P* = 15 : (a) Dam (1-3-1) van
thay d6i; (b) n = 0.3 va ti s6 chiéu day c4c 16p khac nhau (m6 hinh MT).

Trong Hinh 2.12, anh hudng cta tham s6 vat liéu 1én su phan b theo chiéu
cao cuia ing suit doc truc tai thiét dién dau ngam ctia dam loai A va B dugc minh

hoa cho trudng hop P* = 15 va céc gi4 tri khc nhau cta ti s6 chiéu day giita cac 16p.
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Ung suét doc truc trong hinh dugc chuén héa béi 6y = P/bh. Tham s6 vit liéu, nhu
thiy tif hinh, c6 vai trd quan trong 1én su phan b ting suit. C4 cudng do dng suat
ciing nhu dudng cong ting suat thay d6i dang ké bdi su thay d6i cia tham sb n, diéu
nay khong phu thudc vao loai dam ciing nhu ti s6 chiéu day giita cac 16p. Su phan bd
ting suét cho cic dam dbi xding (Hinh 2.12a va 2.12c) khéc biét dang ké so vdi cic
dam khong dbi xiing (Hinh 2.12b va 2.12d), dic biét véi dim loai A. Anh hudng cia
mo hinh dong nhit héa vat liéu t6i ting suét doc truc dudc minh hoa trong Bang 2.6,
trong d6 gid tri cuc dai clia Ung suit kéo chuin héa, max(oy/0y), thu dugc tit bon md
hinh dong nhét héa vat liéu duoc liét ké trong bang ting véi cdc gia tri khac nhau cia
tham sd vat liéu va ti s6 chiéu day cac 16p. Nhu dudc chi ra trong bang, ing suit cuc
dai ctia ca dam loai A va loai B thu dugc bang mo hinh Voigt 12 nhd nhit trong khi
ting suat 16n nhét thu dugc tif mo hinh TTO. Diéu nay diing cho tit c4 cic gid tri khac
nhau ctia tham s vat liéu va ti s6 chiéu day gitta cac 16p dudc xét dén. Bang 2.6 cling
chi ra riang véi cung ti s6 chiéu day giita cc 16p, su khac nhau giita ing suit cuc dai
ctia dam loai B thu dudc bang cac md hinh dong nhat héa vat liéu khac nhau nhd hon
déng k€ so v6i dam loai A. Mit khac, anh hudng ctia md hinh dong nhét héa vat liéu

t6i ing suét cuc dai ciia dam loai B ciing it hon dang k€ so v6i dam loai A.
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0.25 | 0.25 |
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-0.25 f|——n=2 -0.25 ¢
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-0.5 : : B -0.5
-40 -20 0 20 40 -40 -20 0 20 40
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0.5 0.5 r=s

(cj Loai B, (1-3-1)
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€ 0f——n=05 S 0
n=1
-0.25 n=2 . 0.25¢
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-0.5 > 0.5
40 200 0 20 40 -40

alo, olo,
Hinh 2.12. Anh hudng cta tham sb vat liéu 1én su phan bd theo chiéu cao cla

ting suat doc truc tai thiét dién ngdm ctia dim FGSW vé6i P* = 15.
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Bdng 2.6. Anh hudng ctia m6 hinh ddng nhét héa 1én dng suit doc truc cuc dai,
max(0,/0y) , tai thiét dién ngam cia dim FGSW véi P* = 15

Mb Loai A Loai B
hinh

(1-1-1)  (2-1-2)  @2-1-1) (32-1)  (1-4-2) (1-32) (2-3-2) (1-1-1)

n=03 'V 28.0518 27.6487 27.0729 26.9613  23.7910 23.4442 19.6114 18.9832
MT 30.4659 30.2946 29.9419 29.7577  25.6696 25.1666 20.6164 19.4247

HS 31.0684 30.9538 30.658 30.4555  26.1220 25.5746 20.8457 19.5245

TTO 31.9844 31.9536 31.7449 31.5306  26.7882 26.1767 21.1777 19.6688

n=05 'V 259410 25.2733 24.5097 24.3883  20.6434 20.3807 18.9049 19.3659
MT 283969 279030 27.3498 27.2281  22.3739 21.9576 19.5054 19.8138

HS 289659 28.5043 28.0134 27.8841 227451 22.2978 19.6277 19.9058

TTO 29.8017 29.3875 28.9836 28.8446  23.2687 22.7799 19.7963 20.0334

n=1 V232741 21.9071 20.8268 20.7561 18.3679 18.4682 19.723 19.9607
MT 252954 239254 229891 22.9286  19.2752 19.3068 20.1758 20.3094

HS 257173 24.3386 23.4310 23.3855  19.4433 19.4648 20.2562 20.3729

TTO 26.3086 249111 24.0429 24.0216  19.6663 19.6762 20.3609 20.4567

n=2 vV 21.6367 18.3803 18.7078 18.3906  19.7613 19.7257 20.4097 20.4718
MT 229606 19.4787 19.8445 19.5161  20.2528 20.212 20.6306 20.6609

HS 23.2123 19.6804 20.0512 19.7240  20.3331 20.2943 20.6652 20.6922

TTO 23.5514 19.9472 20.3241 20.0009  20.4342 20.4000 20.7078 20.7320

n=3 V22,0628 19.0129 19.8517 19.5003  20.3119 20.2445 20.661 20.6715
MT 23.0322 19.7360 20.6400 20.3054  20.5844 ?20.5387 20.7742 20.7829

HS 232090 19.8615 20.7760 20.4473 20.626 20.5862 20.7904 20.8006

TTO 23.4433 20.0245 20.9522 20.6332  20.6769 20.646 20.8097 20.8227

n=>5 Vo 227399 199166 20.8458 20.4945  20.6968 20.6363 20.8254 20.8186
MT 233410 20.3155 21.2733 20.9583  20.7946 20.7677 20.8582 20.8671

HS 23.4472 20.3823 21.3441 21.0372  20.8080 20.7880 20.8619 20.8744

TTO 23.5863 20.4682 21.4345 21.1394  20.8235 20.8131 20.8657 20.8834

2.8.1.2. Dam cong-xon FGSW chiu mé-men

Chuyén vi 16n ctia dam cong-xon FGSW chiu tic dung ctia mo-men M tai dau
tu do ctia dAm dudc nghién cifu trong Muc nay. Dam sandwich loai A véi ty sb do
day gifia cdc 16p 1a (2-1-2) va dam sandwich loai B (1-3-1) chiu tidc dong ctia mo-men

dugc phan tich. Trén Hinh 2.13, dudng can bang cho dim loai A (2-1-2) dudc minh
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Hinh 2.13. Budng can bi“mg ctia dam loai A (2-1-2) chiu md-men: (a) mé hinh MT

va n thay d6i; (b) n = 0.5 va cdc md hinh dong nhat héa khic nhau.

hoa cho céc gi4 tri khic nhau ctia tham sd vat liéu va cac mo hinh dong nhit héa vat
liéu. Pudng can bang cho dim loai B dudc minh hoa trén Hinh 2.14 cho cic gia tri
khéc nhau ctia tham s6 vat liéu va ti s6 chiéu day cta cac 16p. Anh hudng ctia tham s
vat liéu, md hinh dong nhit héa va ti sd chiéu day cac 16p 1én dng xt& chuyén vi 16n
ctia dim, nhu dugc nhin thay tif c4c hinh, tuong tu nhu trudng hop dam chiu tac dong

clia tdi ngang trinh bay & muc trén. Cu thé, chuyén vi tai dau tu do ctia ca dAm loai A
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Hinh 2.14. Pudng can bang cta dim loai B chiu mo-men: (a) dim (1-3-1) va n thay
ddi; (b) n = 0.5 va ti sd chiéu day cac 16p khac nhau (md hinh MT).
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va B ting khi ting gia tri ca tham s6 vat liéu (Hinh 2.13a va 2.14a). Anh hudng cia
su phan bd vat liéu, mo hinh dong nhéit héa vt liéu va ciu hinh sandwich t6i ting xi
ctia dam dugc nhin thiy rd qua cac Hinh 2.15 va 2.16, trén d6 ciu hinh bién dang ctia
dam sandwich loai A va B tuong dng véi hai gi4 tri cia mo-men, M* = 6 va M* = 10,
dugc minh hoa cho céc gi4 tri khac nhau ctia tham s6 vat liéu, cac mo hinh dong nhit
héa va ty s6 do day giita cac 16p. Cac Hinh 2.15 va 2.16 ciing chi ra rd 4nh hudng cla
mo hinh dong nhat héa vat liéu 1én tng x chuyén vi 16n ctia dim, trong d6 mo hinh
Voigt lai mot 1an nita dudc thiy 1a ciing nhét trong khi m6 hinh TTO 1a mém nhéit. Ca
dam loai A va loai B déu ubn cong theo cung tron theo thi tu TTO, HS, MT va V.
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Hinh 2.15. Chu hinh bién dang ctia dAm (2-1-2) loai A: (a) M6 hinh MT, M* = 6 va
n thay déi; (b) n = 0.5, M* = 10 va cidc mod hinh dong nhéit héa khac nhau.
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Hinh 2.16. Céu hinh bién dang ctia dam loai B: (a) Dam (2-1-2) va n thay ddi;
(b) n=0.5, M* = 10 va cic i s chiéu day céc 16p khic nhau.

Cubi cung, su phan bd theo chiéu cao cia ting suit doc truc tai thiét dién

ngam cta dam loai A dbi xing (2-1-2) va dam loai B khong dbi xiing dng (2-2-1)
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Hinh 2.17. Phan bd theo chiéu cao clia ting suét doc truc tai thiét dién ngam ctia dAm
loai A v6i M* = 3.
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Hinh 2.18. Phan b6 theo chiéu cao clia ting suit doc truc tai thiét dién ngdm ctia dam
loai B v6i M* = 3.
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v6i M* = 3 dugc minh hoa trén cac Hinh 2.17 va 2.18 cho céc gia tri khac nhau cta
tham s6 vat liéu va cdc mo hinh dong nhit héa vat liéu. Nhu ta thiy tif cdc hinh nay,
su phan bd dng suét ciia dam dbi xing khéc biét dang ké so v6i dam khong ddi xing.
Thi tu ctia ing suit cuc dai thu dudgc tif cdc mo hinh dong nhit héa vat liéu khac nhau,
nhu c6 thé thiy tit Hinh 2.17b va 2.17d cho dam loai A va Hinh 2.18b va 2.18d cho
dam loai B 12 V, MT, HS va TTO. Can luu y ring ting suét doc truc @ing véi trudng
hdp n = 0 trén cac Hinh 2.18a va 2.18c khong li€n tuc ma c6 budc nhay. Li do 1a v6i
n = 0 dam sandwich khong con 12 ddm FGM thong thudng ma trd thanh dam 2 16p,
16p gbdm va 16p kim loai. Mo-dun dan hoi ciia gbm va kim loai khac nhau nén ting

suét ctia dam c6 bude nhay khi di qua mit phan céach gitta hai 16p.
2.8.2. Chuyén vi lén ciia dam sandwich CNTRC

Phan nay nghién cifu dép dng chuyén vi 16n ctia dim sandwich cong-xon CN-
TRC nim mot phan trén nén dan hdi hai tham sb Pasternak duéi tac dung cua tii
trong ngang va mo-men tai dau tu do. Dam dudc ciu thanh tir vat liéu pha nén 1a
polymethyl pethacrylate (PMMA) véi E,, = 2.5, v,,, = 0.34 va pha gia cuong la cac
SWCNT (10, 10) c6 cac hé s6 dan hoi Hills nhu trong Tai liéu tham khao [7]. Luan
4n sé tap trung khéo sat anh hudng cta su gia cuong ctia CNTs, mic do két tu va tham

s6 nén dan hoi t6i chuyén vi ciing nhu ciu hinh bién dang ctia dam.
2.8.2.1. Anh huéng ciia CNT gia cuong

Béang 2.7 liét ké chuyén vi khong thit nguyén theo phuong x va theo phuong
7 tai dau ty do cta dam sandwich (2-1-2) va (1-1-2) tng véi P* = 10, L/h = 20,
o = 0.4, k; = 50 va k, = 0.5. Anh hudng ctia ty phan thé tich 6ng nano carbon va
tham sd két tu t6i dap tng phi tuyén ctia dim c6 thé quan sit dugc mot cach rd rang
tf Bang 2.7. Nhu mong ddi, su ting clia ty phan thé tich Veyr dan t6i su gidm dang
k€ clia chuyén vi ctia cd dam sandwich d6i xding va khong dbi xing, va su suy gidm
nay khong phu thudc vao tham s6 két tu. Do két tu ctia cac dng nano carbon, biéu thi
qua hai tham s6 & va {, ciing c6 4nh hudng ding k€ t6i dap ting chuyén vi 16n ctia
dam. Chuyén vi cia ca dam dbi xting (2-1-2) va dam khong dbi xing (1-1-2) dat gia
tri nhé nhat khi & = ¢, tiic 1a ting vé6i truong hgp CNTs phan bd déu. Nhu da dé cap &
trén va minh hoa trén Hinh 2.7, m6-dun dan hdi cta két cAu composite dat gia tri 16n
nhat khi CNTs phan b6 déu, va do d6 do cing ctia dam 1a 16n nhét trong trudng hop
nay. Chuyén vi ctia cd dam dbi xiing va khong ddi xiing cao hon dang ké khi miic do
két tu CNT 16n hon, tiic 1 khi hai tham s6 két tu & va { c6 su chénh léch 16n. Quan
sat Bang 2.7 ky ludng hon, ta nhan thiy ring 4nh hudng cta su két tu CNT d6i véi
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dép tng chuyén vi 16n ctia dim phu thudc vao ty phan thé tich CNT, va su 4nh hudng
nay trd nén ro rét hon khi ty phan thé tich CNT cao hon. Vi du, su chénh léch cia
chuyén vi theo phuong z ciia dam (2-1-2) ting véi Veyr = 0.05 gitta trudng hop dam
gia cudng bdi CNTs c6 do két tu 16n (£ = 0.1, = 0.9) va trudng hop dam c6 CNT
phan bd déu (§ = ) 14 6.56%, trong khi gid tri tuong ting v6i dim c6 ty phan thé tich
Venr = 0.3 12 33.41%, cao hon gap khoang 5 1an.

Bdng 2.7. Chuyén vi 16n khong thi nguyén & dau tu do ctia dim sandwich cong-xon
CNTRC v6i P* =10, L/h =20, op = 0.4, k; =50 vak, =0.5

2-1-2 1-1-2
Venr ¢

E=01 £=03 =05 £=07 £=01 =03 £=05 £=07

0.05 0.1 |u*| 0.5350 0.5421 0.5540 0.5679 0.6587 0.6636 0.6719 0.6815
w* 0.8088 0.8126 0.8190 0.8265 0.8774 0.8800 0.8843 0.8895

0.3 |u*| 0.5463 0.5350 0.5402 0.5522 0.6665 0.6587 0.6623 0.6706

w*  0.8149 0.8088 0.8116 0.8181 0.8815 0.8774 0.8793 0.8837

0.5 |u*| 0.5708 0.5418 0.5350 0.5402 0.6834 0.6634 0.6587 0.6623

w* 0.8280 0.8125 0.8088 0.8116 0.8905 0.8799 0.8774 0.8793

0.7 |u*| 0.6031 0.5625 0.5417 0.5350 0.7055 0.6777 0.6633 0.6587

w*  0.8449 0.8236 0.8124 0.8088 0.9027 0.8874 0.8798 0.8774

0.9 |u*| 0.6425 0.5987 0.5673 0.5452 0.7321 0.7025 0.6810 0.6658

w*  0.8656 0.8427 0.8261 0.8143 09182 09010 0.8892 0.8811

0.1 0.1 |u*| 0.4280 04412 04617 0.4824 0.5813 0.5912 0.6063 0.6214
w* 0.7455 0.7540 0.7667 0.7791 0.8378 0.8429 0.8506 0.8582

0.3 |u*| 0.4475 04280 04373 0.4569 0.5959 0.5813 0.5883 0.6028

w* 0.7579 0.7455 0.7515 0.7637 0.8453 0.8378 0.8414 0.8488

0.5 |u*| 0.4892 04406 0.4280 0.4371 0.6263 0.5907 0.5813 0.5881

w* 0.7830 0.7536 0.7455 0.7513 0.8607 0.8426 0.8378 0.8413

0.7 |u*| 0.5457 0.4800 0.4408 0.4280 0.6661 0.6196 0.5909 0.5813

w*  0.8146 0.7776  0.7537 0.7455 0.8813 0.8574 0.8427 0.8378

0.9 |u*| 0.6185 0.5541 0.4963 0.4497 0.7159 0.6719 0.6313 0.5975

w* 0.8530 0.8191 0.7871 0.7593 0.9086 0.8844 0.8633 0.8461

03 0.1 [|u*| 0.1953 0.2132 0.2391 0.2577 0.3729 03925 0.4194 0.4377
w* 0.5406 0.5618 0.5902 0.6093 0.7139 0.7279 0.7459  0.7577

0.3 |u*| 0.2214 0.1953 0.2073 0.2298 0.4013 03729 0.3862 0.4099

w* 0.5711  0.5406 0.5550 0.5803 0.7338 0.7139 0.7234 0.7397

0.5 |u*| 0.2830 0.2129 0.1953 0.2066 04616 03922 0.3729 0.3854

w*  0.6336 0.5614 0.5406 0.5541 0.7723 0.7276 0.7139 0.7229

0.7 |u*| 0.3823 0.2767 0.2142 0.1953 0.5460 0.4557 0.3936 0.3729

w* 0.7143  0.6277 0.5629 0.5406 0.8195 0.7688 0.7286 0.7139

0.9 |u*| 0.5405 04348 0.3240 0.2324 0.6625 0.5864 0.4980 0.4126

w*  0.8118 0.7499 0.6694 0.5831 0.8794 0.8404 0.7934 0.7414
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D& khao sat anh hudng cia su gia cudng CNTs d6i v6i ddp ting phi tuyén clia
dam chi tiét hon, Hinh 2.19 va 2.20 minh hoa 4nh huéng clia ty phan thé tich CNT
t6i chuyén vi 16n ctia dim chiu tai trong P va mo-men M cho trudng hop L/h = 10,
ar =0.4, (&,8) = (0.4,0.6) va (ki,kz) = (50,0.5). Anh hudng ctia do két tu CNTs
dugc minh hoa trén cac Hinh 2.21 va 2.22, trong d6 ddp tng phi tuyén ctia dam dbi
xiing (2-1-2) va khong dbi xiing (1-1-2) ctia dam chiu téi trong theo phuong vudng géc
va mo-men tai dau cudi ciia dam cong-xo6n dudc minh hoa cho L/h = 10, Veyr = 0.1,
ar = 0.4, { =0.9, (k;,ky) = (50,0.5) va céc gid tri khdc nhau ctia tham sb két tu
&. Hinh 2.21 cho thiy chuyén vi tai dau tu do ctia dAm gidm di khi ting ty phan thé
tich CNTs, va su suy giam nay khong phu thudc vao gia tri cua tai trong cling nhu
céu hinh sandwich ctia dAm. Anh hudng ctia su két tu CNTs 1én ddp ving ctia dam
sandwich chiu tac dong cia md-men, nhu ta thiy tit Hinh 2.22, ciing tuong tu nhu
trudng hop dam chiu luc P. CAu hinh bién dang ctia dim duéi tic dung ctia mo-men
§ dau tu do minh hoa trén Hinh 2.23 cho thiy do cing cta dam ting 1én khi ty phan
thé tich CNTs trong dam cao hon. Dam bi uén cong t6i dang mot nia vong tron khi
mo-men tdc dung dat t6i mot gid tri nhit dinh, va sau d6 chuyén vi w* bit dau giam,

nhu minh hoa trén Hinh 2.22b cho duong cong tng v6i Veyr = 0.05.

o V=005 o V(=007 V(=01 o V=03
1 ‘ ‘ ‘ ‘ 1
0.8 08 |
04 04+ f
* *
z z
3 S
5 0= 15 I
0.4} 0.4+
2-1-2
(a) ( ) ®) (1-12)
0.8 : : : : 0.8 : : ‘ ‘
0 2 4 6 8 10 0 2 4 6 8 10
p* p*

Hinh 2.19. Anh hudng ctia Veyr t6i ddp ting phi tuyén ciia dAm cong-x6n CNTRC
chiu téi trong P theo phuong vudng géc véi dam (L/h = 10, ar = 0.4,
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. VCNT:O'OS e VCNT:0.07 e VCNT:O‘ I VCNT:0,3

1 ——— 1

057

(a) (2-1-2)

(b) (1-1-2) o u*

o1 2 3 4 s o 1 2 3 4 s
M* M*
Hinh 2.20. Anh hudng ctia Veyr t6i ddp tng phi tuyén ciia dim cong-x6n CNTRC

chiu mo-men uén (L/h = 10, a = 0.4, (&, {) = (0.4,0.6) va (k;, k) = (50,0.5)).

| o030 =05 - ¢=07 +£=09 |
1 ‘ ‘ ‘ ‘ 1

0.8

047

u* & w*
u* & w*

09

-0.4

(b) (1-1-2)

-0.8

0 2 4 6 8 10

Hinh 2.21. Pudng cong tii-chuyén vi ciia dim cong-xon CNTRC chiu tai P véi cac
gia tri khdc nhau ctia tham s6 két tu & (L/h =10, Veyr = 0.1, ap = 0.4, £ = 0.9,
(k1,kp) = (50,0.5)).

Pap tng chuyén vi 16n ctia ddm sandwich cong-xon CNTRC véi ciu hinh dbi
xting va khong dbi xting, nhu minh hoa trén Hinh 2.21 va 2.22, dugc hién thi rd rang
hon khi c6 su chénh 1éch 16n hon gitta hai tham s6 két tu & va {. N6i cach khac, do két

tu cang 16n, dap tng chuyén vi 16n ctia dim cang ro rét, va nhin xét nay khong phu
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(a) (2-1-2) (b) (1-1-2)

-1.5

0 1 2 3 4 5 0 1 2 3 4 5

Hinh 2.22. Pudng cong tai-chuyén vi ctia dim sandwich CNTRC chiu m6-men uén
v6i céc gid tri khac nhau ctia tham s6 két tu & (L/h = 10, Veyr = 0.1, o = 0.4,
¢ =0.9, (ki,k2) = (50,0.5)).

+VCNT=O.05 +VCNT=0.O7 +VCNT=0.1 +VCNT=0.3

0.8 0.8

(a)(2-1-2)

(b) (1-1-2)

0.6 f
S04( 7

02 f

02 0 0.2 0.6 1 02 0 02 0.6 1
x/L x/L

Hinh 2.23. Céu hinh bién dang ctia ddim CNTRC chiu moé-men uén M* = 5 véi
cac gia tri khac nhau cta Veyr (L/h =10, o = 0.4, (£, ) = (0.4,0.6),
(ki,k2) = (50,0.5)).

thudc vao tai trong ciing nhu cAu hinh sandwich ctia dAm. Luu y ring, dim cong-xon
ting véi & = 0.3 bi ubn t6i dang mot nira hinh tron khi M* = 2, va chuyén vi theo
phuong z, w*, gidm khi ting gid tri cia m6-men udn, nhu minh hoa trén Hinh 2.22b.
Mic du chuyén vi w* clia dam ting v6i & = 0.3 chiu tdc dung ctia M* > 2 1a nho hon,
két cAu dam van bién dang 16n hon so vé6i cdc truong hop khac (€ = 0.5,0.7,0.9).
Anh hudng cta su gia cudng CNTs ciing c6 thé thiy dugc tit cic Hinh 2.23 va 2.24,
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trén d6 cAu hinh bién dang cta dAm (2-1-2) va (1-1-2) chiu tdc dung ctia md-men udn
dugc minh hoa cho L/h = 10, o = 0.4 va (k1,k2) = (50,0.5). V6i cuing mdt gia tri
md-men udn chuin héa M* = 5, dam khong ddi xing (1-1-2) dng véi Veyr = 0.05
udn dang hinh tron, trong khi d6 dudng cong bién dang ctia dam (1-1-2) tGng véi
Vent = 0.3 van chua duge udn cong tdi nta hinh tron (Hinh 2.23b). Ciu hinh bién
dang ctia dim cdng-x6n CNTRC, nhu minh hoa trén Hinh 2.24, cling chiu 4nh huéng
dang k& bdi do két tu clia cdc dng nano carbon. V6i M* = 5, dam sandwich khong
ddi xting (1-1-2) dudc gia cudng bdi cac dng nano carbon phan bd déu udn thanh nira
vong tron, trong khi d6, dam dudc gia cudng bdi cac ng nano carbon c6 do két tu 16n
(& =0.3,£ = 0.9) bi udn thanh mot vong tron khép kin.

——¢=0.3 —¢=0.5 £=0.7 ——¢=0.9

0.8 ‘ 0.8 ‘
(a) (2-1-2) (b) (1-1-2)
0.6 0.6
< 0.4 <041
0.2 0.2
0 oot ‘ 0 ‘
-0.3 0 0.3 0.6 0.9 -0.3 0.6 0.9

x/L
Hinh 2.24. Céu hinh bién dang ctia ddm sandwich CNTRC chiu md-men véi cac gia

tri khdc nhau ctia tham s6 két tu & (L/h = 10, Veyr = 0.1, o = 0.4, { = 0.9,
(ki,k2) = (50,0.5)).

2.8.2.2. Anh huéng ciia nén dan hoi

Hinh 2.25 minh hoa dudng cong tai-chuyén vi ctia dam sandwich CNTRC dbi
xting (2-1-2) va khong dbi xiing (1-1-2) chiu tai trong ngang véi L/h = 10, Venr =
0.1, ar = 0.4, (£, {) = (0.4,0.7) va céc gia tri khdc nhau ctia tham s6 do cing nén
dan hdi. Anh hudng ctia chiéu dai nén dan hdi dudc minh hoa trén Hinh 2.26 cho
truong hop L/h =10, o = 0.4, (€, {) = (0.4,0.7), (k1,k2) = (50,0.5). Két qua thu
dugc nhu mong doi, trong d6 chuyén vi 16n ctia dim gidm khi ting do cing ctia nén
dan hoi, va diéu nay khong phu thudc vao tai trong va cu hinh dim. Anh hudng ciia
chiéu dai nén dan hoi dbi véi ting xi phi tuyén clia dim ciing tuong tu nhu 4nh hudng
ctia ty phan thé tich CNTs. Nhu quan sit thay tir cic Hinh 2.25 va 2.26, su ting ctia
tham s6 nén dan hdi o lam gidm dang ké chuyén vi 16n ctia ddm cong-xon sandwich

CNTRC, va diéu nay khong phu thudc tai trong va cau hinh dam sandwich.
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—e(k k)=(10)  —o—(k, k,)=(50,0.5)
(k. k)=(100.1) —— (k k)=(100.2.5)

1 ‘ ‘ ‘ ‘ 1
0.8+

u* & w*
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(a) (2-1-2)

‘ ‘ ‘ -0.8 ‘ ‘ ‘
0 2 4 6 8 10 o 2 4 6 8§ 10
p* p*
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Hinh 2.25. Anh hudng ctia d6 cting nén dan hdi t6i chuyén vi 16n ctia ddm CNTRC
chiu tai P (L/h =10, Venr = 0.1, o = 0.4, (5, C) = (0.4,0.7)) .

+04F:O.1 +aF:O.3 +aF:O.5 +aF:O.7
1
0.8t

04 ¢

u* & w*

(b) (1-1-2)

(a) (2-1-2)

0 2 4 6 8 10 0 5 10
P P*
Hinh 2.26. Anh hudng ctia tham sb nén o t6i chuyén vi 16n ciia dim CNTRC chiu

ti P (L/h =10, aF =0.4, (&, ) = (0.4,0.7), (k1,k2) = (50,0.5)) .

2.8.2.3. Anh huéng ciia cdu hinh sandwich

Céu hinh sandwich, nhu ta thdy tit Bang 2.7, 4nh hudng rd nét téi tng xu
chuyén vi 16n cia dam sandwich CNTRC. Véi cling mot gi4 tri clia ty phan thé tich
CNTs, chuyén vi ctia ddm khong dbi xing (1-1-2) 16n hon ding k& so v6i dam dbi
xting (2-1-2). K&t luan nay khong phu thudc ty phan thé tich CNTs va gid tri cia tham

s6 két tu. CAu hinh bién dang ctia ddm CNTRC chiu tdc dung ctia mo-men udén nhu
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mo ta trén cac Hinh 2.23 va 2.24 ciing cho thiy do ciing cao hon ctia dim dbi xiing
(2-1-2) so vé6i dam khong d6i xing (1-1-2). Nhu quan sat thay tir Hinh 2.23, vdi cuing
mot gid tri ciia md-men M* = 5, dam khong dbi xing (1-1-2) dudc gia cudng bdi cac
dng nano carbon véi ty phan thé tich Veyr = 0.05 bi ubn cong thanh hinh tron, trong
khi d6 dam ddi xiing (2-1-2) m&i chi bi udn téi nita hinh tron. Két qua tuong tu ciing
dudgc chi ra véi cAu hinh dam (2-1-2) va (1-1-2) tng v6i & = 0.5 dudi tic dung clia
mod-men udn M* = 5 trén Hinh 2.24. Nhu vay, v6i cing mot gid tri xac dinh cda ty
phan thé tich CNTs va tham sd két tu, ta c6 thé thiét k& mot dam sandwich d€ giam
thiu su bién dang cia dam bang cach Iva chon phu hop ty s6 do day giita cic 16p

ctia dam.
2.8.2.4. Anh huéng ciia ty s6 do mdnh dam

D6 minh dim sandwich CNTRC c6 thiét dién ngang hinh chit nhat dugc dic
trung bdi ty so gitta chiéu dai va chiéu cao dam, (L/h). Béng 2.8 liét ké céac thanh
phan chuyén vi 16n khong thd nguyén tai dau cudi ctia dam sandwich (2-1-2) va (1-
1-2) chiu tac dung cua tai trong P* = 10 cho truong hdp Veyr = 0.1, ap = 0.4 va
(k1,kz) = (50,0.5) va céc gid tri khac nhau cda ty s6 do manh dam ciing nhu tham s
két tu. Bang 2.8 cho thiy chuyén vi 16n khong thii nguyén cla cé hai cAu hinh dam
cong-xdn sandwich CNTRC cao hon khi dim c6 ty s do manh nhé hon, va diéu nay
khong phu thudc tham sd két tu va ciu hinh dim. Xem xét Bang 2.8 k¥ Iudng hon ta
thiy rang anh hudng ctia d manh dam phu thudc vao gia tri ctia tham s két tu. Chang
han, vé6i truong hop phan bd déu (€ = { = 0.1), su chénh léch giita do vong ctia dim
dbi xiing c6 ti s6 L/h =5 va L/h = 20 12 4.10%, trong khi gia tri nay ting 1én 5.48%
khi do két tu clia cac 6ng nano carbon gia cudng 16n hon (v6i & = 0.1,{ = 0.7). Vi
ty s6 do manh dam biéu thi anh hudng bién dang trugt, ta c6 thé néi rang anh hudng
ctia bién dang trugt 1a dang ké hon khi do két tu cia CNTs gia cudng 16n hon. Bang
2.8 ciing cho thiy anh hudng cia ti s6 d6 manh ctia ddm khong d6i xing (1-1-2) 1a
16n hon so véi anh hudng ctia dim dbi xiing (2-1-2), va diéu nay khong phu thudc
vao do két tu. Su chénh léch gitta do vong ctia dim khong ddi xdng (1-1-2) c6 ti sb
dd manh L/h =5 va L/h = 20 1a 5.53% khi dam dugc gia cudng bdi cdc 6ng nano
carbon phan bb déu (& = ¢ = 0.1), trong khi gid tri nay 1a 7.25% dbi v6i trudng hop
do két tu ctia CNTs gia cudng 16n hon (€ = 0.1,{ = 0.7). Gia tri tuong dng nay cao
hon so véi trudng hop dam dbi xing (2-1-2) néi & trén. Két qua cta Bang 2.8 ciling
cho thiy kha niing tt clia cong thifc phan tif hitu han xay dung trong Luén 4n trong
viéc mo phong anh hudng clia bién dang trudt dbi v6i ting xi chuyén vi 16n ctia dAim
sandwich CNTRC.
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Bdng 2.8. Chuyén vi khong thd nguyén  dau tu do ctia dim sandwich CNTRC véi
cdc gia tri khac nhau cda ty s6 L/h (P* = 10, Venr = 0.1, aF = 0.4,
(k1,kp) = (50,0.5)).

(2-1-2) (1-1-2)

L/h ¢
5:0.1 E=03 £=05 520.7 520.1 5:0.3 E=05 £=07

5 0.1 |u*| 04326 0.4459 0.4664 0.4871 0.5828 0.5927 0.6078 0.6229
w* 0.7707 0.7803 0.7947  0.809 0.8749 0.8813 0.8913 0.9014

0.3 |u*| 04522 04326 04419 0.4616 0.5974 0.5828 0.5897 0.6043
w* 0.7848 0.7707 0.7774 0.7913 0.8844 0.8749 0.8794 0.8889

0.5 |u*| 0.4939 04452 04326 0.4418 0.6278 0.5922 0.5828 0.5896
w* 0.8137 0.7798 0.7707 0.7773 0.9047 0.8810 0.8749 0.8793

0.7 |u*| 0.5505 0.4847 0.4455 0.4326 0.6675 0.6211 0.5924 0.5828
w* 0.8519 0.8074 0.7800 0.7707 0.9337 0.9002 0.8812 0.8749

10 0.1 |u*| 04280 04412 04617 0.4824 0.5813 0.5912 0.6063 0.6214
w* 0.7455 0.7540 0.7667 0.7791 0.8378 0.8429 0.8506 0.8582

0.3 |u*| 0.4475 04280 04373 0.4569 0.5959 0.5813 0.5883 0.6028

w* 0.7579 0.7455 0.7515 0.7637 0.8453 0.8378 0.8414 0.8488

0.5 |u*| 0.4892 0.4406 0.4280 0.4371 0.6263  0.5907 0.5813 0.5881

w* 0.7830 0.7536 0.7455 0.7513 0.8607 0.8426 0.8378 0.8413

0.7 |u*| 0.5457 0.4800 0.4408 0.4280 0.6661 0.6196 0.5909 0.5813

w*  0.8146  0.7776  0.7537 0.7455 0.8813  0.8574 0.8427 0.8378

20 0.1 |u*| 0.4268 0.4400 0.4605 0.4812 0.5813 0.5912 0.6063 0.6214
w* 0.7391 0.7474 0.7596 0.7715 0.8265 0.8312 0.8384 0.8454

0.3 |u*| 0.4464 04268 04361 0.4557 0.5959 0.5813 0.5882 0.6028

w* 0.7512  0.7391 0.7449 0.7568 0.8335 0.8265 0.8298 0.8367

0.5 |u*| 0.4880 0.4394 04268 0.4359 0.6263 0.5907 0.5813 0.5881

w* 0.7753  0.7470 0.7391 0.7448 0.8477 0.8310 0.8265 0.8298

0.7 |u*| 0.5445 04788 0.4397 0.4268 0.6661 0.6196 0.5909 0.5813

w* 0.8052 0.7702 0.7472 0.7391 0.866 0.8446 0.8311 0.8265

Két luin Chuong 2

Chuong 2 di xay dung phan ti dim phi tuyén cho nghién ctiu chuyén vi 16n ctia
dam sandwich 1am tir vat liéu c6 co tinh bién thién va vat liéu composite gia cuong
bing céc 6ng nano carbon. Phin tif dudc xay dung trén co sd cong thifc Lagrange toan

phan véi ly thuyét bién dang trudt bac nhat va cac ham noi suy tuyén tinh. Ky thuat
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tich phan gidm bac dudgc st dung dé tranh hién tuong nghén truct. Phan ti xay dung
trong chuong dudc st dung ciing vé6i cac thuit todn ting dan/lip va phuong phap do
dai cung d€ phat trién chuong trinh tinh toan cho phan tich ting x phi tuyén cia dam
sandwich. Hai bai todn cu thé da dudc phan tich va khao sét trong chuong. Cu thé 1a:

e Bai toan 1: Nghién ctiu chuyén vi 16n ctia dim cong-xon FGSW hai pha c6 xét
t6i 4nh hudng ctia mo6 hinh dong nhét hoa vat liéu dung trong tinh toan cac hé sb dan
hdi ctia vat liéu FGM. Hai loai dam dudc xét dén trong chuong, dam loai A véi 16i
gdm va cdc 16p mit FGM va dam loai B 16i FGM va mit thuan nhit. B6n mo hinh
dong nhat héa vat liéu 1a mo hinh Voigt, Mori-Tanaka, Hashin-Strickman va Tamura-
Tomota-Ozawa dudc ding dé€ danh gia cdc tinh chét hiéu dung ctia dam. Két qua sb
nhin dugc cho thiy 4nh hudng cta tham s vat lidu 1én ddp dng chuyén vi 16n phu
thudc vio md hinh dong nhat héa vit liéu. Pong thdi két qua s ciing chi ra ring do
nhay dbi v6i tham s6 vat liéu vi mo hinh dong nhat héa vat liéu cta dam loai A rd
nét hon dam loai B. Trong bén mo hinh dong nhit héa vat liéu xét dén trong chuong
thi md hinh Voigt, mo hinh duy nhit khong thda man gi6i han Hashin-Strickman, 12
cting nhét trong khi md hinh Tamura-Tomota-Ozawa 12 mém (flexible) nhit. Mic du
mo hinh Voigt ¢6 uu diém don gidn vé mit tinh toan va dudc nhiéu nha khoa hoc st
dung trong nghién cifu dng x ctia két ciu FGM nhung chiing ta cn than trong khi st
dung két qua thu dugc tif mo hinh nay.

e Bai toan 2: Nghién cifu chuyén vi 16n ctia dam sandwich CNTRC nam mdt phin
trén nén dan hoi Pasternak xét t6i anh hudng su két tu cia CNTs. Dam sandwich
dugc tao thanh bdi ba 16p, trong d6 16p 16i 1a vat liéu thuan nhét, hai 16p mit 1a vat
liéu composite gia cudng bdi cic 6ng nano carbon. Mo hinh dong nhéit héa Eshelby-
Mori-Tanaka dudc st dung dé tinh todn cdc mo-dun dan hoi hiéu dung ctia vat liéu
composite. Anh hudng ciia cic tham sd quan trong, chang han ty phan thé tich CNTs,
cac tham sb két tu CNT, do ciing ctia nén dan hoi va chiéu dai nén dan hoi téi chuyén vi
16n ctia dam da dudc nghién ciu chi tiét. Két qua sb cho thly dam sandwich CNTRC
cting hon khi ty phan thé tich CNTs cao hon va phan dim tua trén nén dan hoi dai
hon. Su két tu cia CNTs déng vai trd quan trong trong ing X phi tuyén ctia dam
sandwich va n6 khong chi 1am cho dim mém hon ma con 1am ting hiéu ting clia bién
dang trugt d6i v6i ing xi phi tuyén ctia dam. Két qua s6 ciing chi ra rang ciu hinh
sandwich rat quan trong trong ng xt cia dim sandwich CNTRC va véi cling thé tich
CNTs va tham sb két tu dam dbi xing c6 xu huéng chdng lai chuyén vi 16n tot hon
dam khong ddi xiing.
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Két qua ctia chuong 2 dudc ding trén 07 bai bdo, cic bai tir s6 1 dén s6 7 trong
‘Danh muc cong trinh lién quan t6i Ludn an’ (trang 98), trong dé c¢6 02 bai da dang
trén Tap chi qudc té ISI, 04 bai trén Tap chi trong nude va 01 bai trén Tuyén tap Hoi
nghi Khoa hoc Quéc gia.
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CHUONG 3
CHUYEN VI LON CUA KHUNG, DAM FGM

Chuong nay nghién ctiu chuyén vi 16n ctia khung, dim FGM c6 xét t6i anh
hudng ctia hiéu ng kich thuéc micro. Phan tit dam phi tuyén dugc xay dung trén co
s& cong thiic hé toa do dong hanh, trong d6 cong thifc phan tif dugc xay dung trong hé
toa do dia phuong sau d6 chuyén vé hé toa do tong quat nhd cic ma tran chuyén ddi.
Phan ti dam trong chuong dudc xdy dung trén co sé ly thuyét dam Euler-Bernoulli,
¢ xét t6i anh hudng cia hiéu ting kich thudc micro nhd ly thuyét ciip ting suit sira
d6i (Modify Couple Stress Theory - MCST). D€ céi thién toc do hoi tu ctia phan ti,
cic da thiic nhan dudc tir 18i gidi phuong trinh vi phin can bing phi tuyén ctia phan
tt duoc st dung d€ noi suy trudng chuyén vi. Phan t& dim cho phan tich khung, dam
macro truyén thong nhan dugc tif phan ti trong chuong véi viéc loai bod cc sd hang
lién quan t6i tham sb kich thudc. Nghién ctiu s6 dugc thuc hién dé€ minh hoa anh
hudng clia clia sy phan bd vat liéu, tham sb kich thudc téi ting xt chuyén vi 16n clia
két ciu khung, dam FGM.

3.1. M dau

Két ciu c6 kich thuéc micro néi chung, khung, dim FGM micro ndi riéng
dudc st dung trong céc thiét bi vi co-dién t& (Micro-Electro-Mechanical Systems -
MEMS). Cic két cau nay thudng manh, dé bi uén véi chuyén vi 16n dudi tac dong cia
luc ngoai. Nghién cifu ting xi ctia két cAu kich thuéc micro ngly cang thu hiit dudc
su quan tAm ctia cic nha khoa hoc trong linh vuc co hoc va vat 1y. Do cic ly thuyét co
hoc két cAu truyén thdng khong md ta dudc anh hudng ctia hiéu ing kich thuéc micro,
mot s 1y thuyét, trong d6 c6 ly thuyét cip ting suit sira d6i (Modified Couple Stress
Theory - MCST) do Yang va cong su dé xuat [51], Iy thuyét gradient bién dang stia
ddi (Modied Strain Gradien Theory - MSGT) do Lam va cdng su phat trién [52] hién
dudc nhiéu nha khoa hoc stt dung dé€ nghién ctiu 4nh hudng ctia hiéu ting kich thudc
micro t6i ting xi co hoc cta két ciu kich thudc micro. Cac 1y thuyét nay can dudc st
dung két hop véi ly thuyét co hoc két cAu truyén thong dé€ xay dung cic phuong trinh
chti dao phu thudc vao tham sé kich thudc.

Phan tich chuyén vi 16n ctia két cau néi chung, khung, dim FGM kich thudc
micro noi riéng la bai toan phtc tap, doi hdi cac ky thuat riéng. Cac phuong phép giai
tich truyén thdng thudng gip khé khin trong phan tich khung, dam c6 chuyén vi 16n.
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Phuong phap phan tif hitu han dudc sit dung trong Luén 4n d€ phan tich khung, dam
FGM kich thudc micro. D€ 1am diéu nay ta can xiy dung phan ti dim phi tuyén c6
kha ning mo phdng dng xd phi tuyén phiic tap ctia khung, dim FGM ciing nhu md
phoéng anh hudng ctia hiéu ting kich thudc. Trong cic phuong phap xay dung phan ti
dam phi tuyén thi phuong phap hé toa do dong hanh 1a cdng cu hitu ich trong viéc xay
dung phan tif dAm cho phan tich phi tuyén hinh hoc trong d6 két cAu trai qua chuyén
vi 16n. Y tudng trung tdm cla phuong phdp la viéc dua vao hai hé toa do, hé tdng
quat ¢ dinh va hé toa do dia phuong luén quay va chuyén dong lién tuc véi phan ti
trong sudt qua trinh phan ti bién dang. Dich chuyén va quay cta phan t nhu 1a vat
cling tuyét dbi trong hé toa do6 dong hanh dugc loai bd hoic gidm bét, vi thé cong
thdc phan t thiét 1ap trong hé toa dd niy c¢6 dang don gian hon so véi cong thic thiét
1ap trong hé toa do tong quat, chang han cong thiic Lagrange toan phan trong chuong
trudc. Véc-to luc nit va ma tran do cing tiép tuyén clia phan ti dugc xay dung trong
hé toa do dia phuong va chuyén vé hé toa do tong quat nhd cac ma tran chuyén dai.
Phan t dam dudi day dudc xdy dung trén co s phuong phap hé toa do dong hanh,
trong do ly thuyét dam Euler-Bernoulli dugc st dung két hgp véi MCST dé€ thiét 1ap
ma tran do cing tiép tuyén va véc-to noi luc trong hé toa do dia phuong. Nghiém cia
phuong trinh vi phan can biang phi tuyén cta phan ti dim dudc st dung dé€ noi suy

trudng chuyén vi trong viéc xay dung cac biéu thiic cho phan ti dam.
3.2. Dam FGM

Xét dim phang FGM c6 thiét dién ngang hinh chit nhat (b x h). DAm dugc 1am
tir vat liéu phdi tron gitta gdm va kim loai, v6i ty phan thé tich ctia vat liéu thanh phan
bién thién theo chiéu cao dam theo quy luat ham Idly thira

V, = (5+1>n, V,=1-V. G.1)

h 2

trong d6 z 12 toa do theo chiéu cao dam, tinh tit mét gitta ciia dAm; n 12 chi s6 mii (con
goi 13 tham sb vat liéu) xdc dinh su thay ddi ctia ty phan thé tich cic vat liéu thanh
phan. Mit duéi ctia dam, tGng véi z = —h /2, dudc lam hoan toan tu kim loai; va mat
trén clia dAm, dng vé6i z = h/2, dudc lam hoan toan tit gdm. Ta c6 thé nhan thiy tu
phuong trinh (3.1) ring, tham sb vt lidu n cang cao, ham lugng gém trong dim cang
thip. Chi s6 dudi ‘c’ va ’m’ trong phuong trinh (3.1) dudc dung tuong ting dé biéu thi
cac dai luong thudc pha gdm va pha kim loai.

Hai m6 hinh dong nhat héa vat lidu dugc sit dung trong chuong nay dé tinh
toan cac tinh chét dan hoi hiéu dung ctia vat liéu FGM 1a mo hinh Voigt va mo hinh

Mori-Tanaka. Cong thiic cho cac hé s6 dan hoi ctia vt liéu FGM hai pha tinh toan theo
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mo hinh Voigt va Mori-Tanaka da dugc trinh bay trong chudng 2 cho dim sandwich
FGM. Do ty phan thé tich ctia ddm FGM cho bdi phuong trinh (3.1) khic véi dam
sandwich FGM va d¢ tién theo déi, cong thic dé tinh todn cac hé s6 dan hdi ctia dam
FGM dudgc trinh bay lai dudi day.

Theo md hinh Voigt, tinh chét vat liéu hiéu dung (), dugc tinh theo quy luit
phdi tron nhu sau

P (2) = PVe(2) + PV (2) (3.2)
véi P, P, tuong ting 1a tinh chat vat liéu clia gdm va kim loai. Thay phuong trinh
(3.1) va phuong trinh (3.2) ta nhan dudc céac dic trung dan hodi hiéu dung. Chéng han
md-dun dan hdi Young (E) ciia dim FGM dugc tinh nhu sau

Ef(z) = (Ec —Ep) (2 + %) +E, (3.3)

St dung mo6 hinh Mori-Tanaka [137], m6-dun hiéu dung Young (E f) va hé s
Poisson (vf) lién hé v6i cdc mo-dun khdi hiéu dung (Kf) va mod-dun trugt hiéu dung
(G¢) theo phuong trinh

9K G 3K —2G
fm e, vy =L (3.4)
3Ky +Gy 6K +2Gy

Céac mo-dun Ky va Gy dude xac dinh tif mo-dun cuia cdc vat liéu thanh phan

nhu sau
Ky — Ky, B V.
K.— K, 1—|—<1_VC>(KC_K'")
(Kp+4G,,/3)
3.5)
Gr—Gm V.
Gc_Gm 1+ (I_VC) (GC—Gm)

Gu+ G (9K, +8Gy,) / (6K, +12G,)
voi K., K, va G., G, tuong tng 1a m6-dun khoi va mo-dun trudt cia g6m va kim
loai; V, 1a ty phan thé tich ctia pha gdm, cho bdi phuong trinh (3.1). Mic du ly thuyét
dam Euler-Bernoulli dugc st dung trong chuong nay nhung mo-dun trugt G rvahé s6

Poisson Vy, nhu ta thay dudi dy, vAn cn cho viéc phan tich két cdu kich thude micro.
3.3. Hé toa do dong hanh va véc-to chuyén vi nit

Hinh 3.1 minh hoa phan ti dim phing hai niit trong hé toa do tdng quat (x,z)
va hé toa do dong hanh (x;, z;). Theo Iy thuyét dim Euler-Bernoulli, chuyén vi theo
hudng cac truc toa do dia phuong x; va z; cia mot diém bén trong phan ti dam, ii(X, )

va w(£,Z), cho béi

i(X,2) = ip(X) —2wo(X) , wW(X,Z) =wo(X) (3.6)
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trong d6 iip(X) va wo(X) tuong tng la chuyén vi theo phuong & va chuyén vi theo
phuong 7 clia mot di€m trén truc x; xét theo hé toa do dia phuong; X va Z 1a hoanh
do va toa do theo chiéu cao ctia diém dang xét trong hé toa do (x7,z;). Trong phuong
trinh (3.6) va duéi day, ddu phdy dudc st dung dé chi dao ham theo bién tiép theo,

chang han wg z = dwy/dx.

'1 ) 09 ciu hinh ban dau X

>
Hinh 3.1. Hé toa do dong hanh, céc bac tu do dia phuong va téng quét clia

phan tif dAm hai nit.

Véc-td chuyén vi nit, bao gdm chuyén vi va géc quay tai nt, (d), ciia phan ti

trong hé toa do téng quat (x,z) gdm 6 thanh phan
d={u; wi 6 uy wy 6,}" (3.7

trong do u;, w; va 6; (i = 1,2) tuong dng 1a chuyén vi theo phuong x, chuyén vi theo
phuong z va géc quay tai nit i xét trong hé toa do tong quat (x,z).

Heé toa do dong hanh (con goi 1a hé toa do dia phuong) (x;, z;) dudc chon sao
cho gbc toa dd ludn nam & niit 1, truc x huéng ti nit 1 sang nit 2. V6i lua chon nay
clia hé toa do dia phuong, chuyén vi theo phuong x; tai nit 1 va chuyén vi theo phucng
z; 6 ca hai niit ctia phan tif ludn bang khong, ii; = w1 = W, = 0. Véc-to chuyén vi nuit
clia phan tif trong hé toa do dia phuong (d), vi thé, chi con 3 thanh phan khéc khong

d={a 6, 6}, =i (3.8)
v6i i 12 chuyén vi clia it tai nit 2; 6; va 6, 1a géc quay tai cac niit 1 va 2 xét trong hé
toa do dia phuong (x;,z;). Trong phuong trinh (3.8) va & dudi day, thanh ngang trén
mot dai lugng ndo dé dudc sit dung dé chi dai luong d6 dugc dinh nghia trong hé toa
do dia phuong (x;,z;).



66

Do dai phan ti trudc va sau bién dang, (I,) va (I,), c6 thé tinh hodc xap xi qua

toa do cac nut va chuyén vi hién tai nhu sau [145]

lo= \/(Xz—xl)2+(22—21)2 (3.9)

ln:\/(X2+M1_Xl—M1)2+(Z2+W2—Zl—W1)2 (3.10)

trong d6 (x1,71), (x2,22) 12 toa do cta niit 1 va niit 2 clia phan ti trudc bién dang (xét
trong hé toa do tdng quat). Mdi lién hé giita cac chuyén vi niit trong hai hé toa do dé
dang nhan dudc tu xem xét hinh hoc Hinh 3.1

u=10—1,; é1:91—9r; é2:92—9r (3.11)

v6i 6, 1a géc quay ctia phan ti nhu 1a vat thé ciing. Tir Hinh 3.1 ta c6

(oo +uy—x1—up)+(za+war—z1—wi) (22 —21)
loly

cos 6, = (3.12)

(w2 —w1) (2 —x1) — (up — 1) (22— 21)
loln
Phuong trinh (3.12) hodac phuong trinh (3.13) cho phép xac dinh goc quay 6,

sin 6, = (3.13)

ctia phan t& nhu vat thé cting. Tay vi tri phin ti ndm & géc phan tu ndo clia mit phang
ta c6 thé xac dinh 6, nhu sau [145]

6, =arcsin(s)  khi (s>0), (¢ >0)
0, =arccos(s) khi (s>0), (c<0) (3.14)
6, = —arccos(s) khi (s <0), (¢ <0)

v6i ¢ = cos 6,, s = sin 6,, dinh nghia bdi cac phuong trinh (3.12), (3.13).
3.4. Ma tran chuyén doi

Véc-td nodi luc phan ti (f;,) trong hé toa do dia phuong tuong dng véi cac
chuyén vi nit trong phuong trinh (3.8) c6 dang

fo={N> M, Mr}" (3.15)

trong d6 N, 1a Iuc doc truc trong hé toa do dia phuong tai nut 2; M; va M, tudng tng
la cac mo-men tai cac nuat 1 va nut 2.

Véc-to noi luc phan i trong hé toa do tong quat (f;,) tuong ting véi cac chuyén
vi nut trong phuong trinh (3.7) c6 dang

fo={N1 N Q1 M; Oy M}T (3.16)
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véi N;, Q; va M; (i = 1,2) tuong tng 1a cac luc doc truc, luc cit va md-men tai niit .
V6i vt lidu dan hoi, véc-to Iuc nit va ma tran do ciing tiép tuyén c6 thé nhan

dugc bang cach vi phan ning lugng bién dang dan hdi theo cdc chuyén vi nit. Ning

lugng bién dang dan hoi 1 dai luong v hudng, bat bién véi hé toa do nén ta c6 thé

tinh véc-td luc nit va ma tran do ciing phan ti trong hé toa do téng quat nhu sau

dU  9U ad

fn=53=5553 =T1Tfin,
ad od
2y Jd (3.17)
k¢ = Srr i T]k(T +NoTy + (M +M>)T3
trong do
- U . _ 0
fin:a—a, va kt:ﬁ (318)

tuong tng la véc-to Iuc nit va ma tran do cing tiép tuyén dia phuong; Ty, T», T; la
cic ma trin chuyén d6i, dudc xac dinh tif mdi lién hé gitta cac chuyén vi va géc quay
trong hé toa do dia phuong vdi cdc dai luong trong hé tong quat (3.11)
od 0%l 026,
o =22 1=
ad d0d? 0d?

v6i 6, xac dinh bdi phuong trinh (3.14). Nhu vay, v6i su trg gitp cia cac ma tran

T = (3.19)

chuyén d6i T, T, T3, phuong trinh (3.17) hoan toan xac dinh véc-to luc nit va ma
tran do ciing tiép tuyén phan ti trong hé toa do tdng quat (x,z) qua cic dai lugng
tuong ung trong hé toa do dia phuong.

3.5. Nang lugng bién dang dan hoi

Trong phan tich chuyén vi 16n ciia khung, dim bang phuong phdp hé toa dd
dong hanh ta c6 thé st dung biéu thiic cung thoai (shallow arch expression) cho bién

dang doc truc nhu sau [145]

e(£.2) = 0. () + S (D) — ZH0ee(D) = BH(®) 2K (3:20)

[\

1 .
VoI & (X) = itp (%) + EW%J(X) la bién dang mang va k(X) = wo (%) 1a do cong
clia dam.
3.5.1. Dam Euler-Bernoulli
Gia st vat liéu dam 1a dan hoi tuyén tinh, khi d6 tng suét va bién dang doc truc

tuan theo dinh luat Hook

5:(%,2) = Er(2)8 = E(2) [80(%) — 2R (3)] (3.21)
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Tir cac phuong trinh (3.20) va (3.21) ta c¢6 thé viét biéu thifc cho ning luong

bién dang dan hoi ctia mot phan ti dam v6i do dai ban dau [, dudi dang

1
U: 5// _j_)fdAd.)E
0 A
(3.22)
lo )
1 — 1 -2 _ 1 -2 — ) _
= z/ A[l l/t()j—f— EWO’X - 2A12 MO,)E+ EWO’X W0, xx +A22W0,Xi dx
0
trong d6 A1, A12 va Ay 12 cdc do cing ctia dam, dinh nghia nhu sau
h/2
(A11,A12,A2) =b h/zE(Z) (1,z,2) dz (3.23)

3.5.2. Ly thuyét lién tuc bdc cao

Céc phan ti két cAu kich thudc nho, chiéu day dudi 100 um, nhu khung, dam,
tAm micro dudc st dung nhiéu trong cac hé vi co dién ti (Micro-Electro-Mechanical
Systems, viét tat la MEMS). Céc nghién cttu thuc nghiém trén mot sd loai vt liéu da
chi ra riang cac tinh chit co hoc va dap dng ctia phan tif két ciu kich thuéc micro bi
dnh hudng dang k€ bdi hiéu dng kich thude [151, 152]. Tuy nhién, cic 1y thuyét co
hoc két cAu truyén théng khong c6 kha ning mo phéng anh hudng ctia hiéu tng kich
thu6c t6i tinh chit vat liéu va ding xd cd hoc clia phan ti két ciu. D€ khic phuc cho
thiéu sét nay, mot sb ly thuyét lién tuc bac cao (Higher-order Continuum Theories)
c6 chifa cac tham s6 kich thudc chiéu dai vat liéu (Material length scale parameters,
con goi 1a tham sd ty 1& kich thuée) da dudc dé xuat. PE nghién ciiu tng xi co hoc
phu thudc vao kich thudc cia két ciu, 1y thuyét co hoc két cAu truyén thong can dugc
st dung két hop v6i mot 1y thuyét lién tuc bac cao dé xay dung cic phuong trinh can
bang hay chuyén dong cta két cdu. Mot s6 ly thuyét lién tuc bac cao dung trong md

phéng hiéu ting kich thudc ctia dam kich thudc micro dugc tém luge duéi day.
3.5.2.1. Ly thuyét cdp ting sudt sita doi

Ly thuyét cip ting suit stta d6i (Modified Couple Stress Theory - MCST) do
Yang va cdng su dé xuit nim 2002 [51]. Ly thuyét nay dudc xay dung trén co 6 trén
co sd ly thuyét cip ting suat (Couple Stress Theory) dé xuit vao nhitng nim 60 ctia
thé ky truéc bsi Mindlin va Tiersten [49], Toupin [50], Koiter [153]. Ly thuyét cip
ting suat nguyén ban c6 hai tham s ty 1¢ kich thudc nhung do c6 nhiing phtc tap vé
miit toan hoc nén khé 4p dung. MCST chi chita mot tham sb ty 1€ kich thude, ning
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lugng bién dang ctia mot vat thé dan hoi (U) 1a ham s clia ca bién dang va do cong

1
U:E/(G:eer:x)dV (3.24)
\%

trong d6 V 1a thé tich ctia vat thé dan hoi; 6 va € tuong dng 1a ten-xo ing sult va
ten-xo bién dang; m 1 ten-xo dng suat 1éch va y 1a ten-xo do cong d6i xing. Ten-xo
ting suét léch m lién hé véi ten-xo do cong ¥ thong qua cac hé sd dan hoi va tham sb
ty 1€ kich thudc nhu sau

m= ﬁ 2x (3.25)
trong d6 1,, 1a tham sb ty 1& ¢ thid nguyén 12 um. Gid tri ctia tham s6 /,, phu thudc vao

loai vat liéu ciing nhu chiéu day cta phan ti két ciu [154].
3.5.2.2. Ly thuyét gradient bién dang svia doi

Ly thuyét gradient bién dang stta d6i (Modified Strain Gradient Theory - MSGT)
do Lam va cong su dé xuat nim 2003 [52]. MSGT dudc xay dung véi y tudng tuong
tu nhu MCST (ciing mot nhém tac gia). Ning luong bién dang ctia mot vat thé dan
hdi trong MSGT ngoai cac thanh phan c6 trong MCST con ¢6 su déng gép clia ten-xo
gradient gian nd (dilatation gradient) ¥ va ten-xo gradien kéo 1éch (deviatoric stretch

gradient) 7). Cu thé nhu sau

1
UZE/(O':S—I—p:'}'—l—T:n—Irm:x)dV (3.20)
14

Céc ten-xo ting suit p, T va m cho béi
E

E
By, t=———1in, m=

2
21+ v)0 20+v) 32D

P= 2(1+v)

véi o, I} va I, 1a cac tham sb ty 1& tuong ting véi cdc gradient gian nd, gradient kéo
léch va gradient do cong. Nhu vy, so v6i MCST, s6 tham sb ty 1é kich thudc trong
MSGT ting thém hai. Tir cac phuong trinh (3.24) va (3.27) ta c6 thé thiy rang MCST
¢6 th€ nhan dugc tt MSGT nhu 1a trudng hop riéng khi bé qua anh hudng ctia sy gian
nd va su cang 1&ch.

Ngoai céac ly thuyét MCST va MSGT, ly thuyét dan hodi khong dia phuong
(Nonlocal Elasstic Theory) do Eringen dé xuat [155, 156] ciing dudc mdt sb tac gia
st dung d& mo phdong hiéu ting kich thudc trong két cAu micro. Do nhiing phiic tap vé
miit todn hoc khi phan tich két cAu c6 chuyén vi 16n nén dé don gian Luén 4n st dung
MSCT két hop véi ly thuyét dam Euler-Bernoulli, hai Iy thuyét gian don nhét, dé xay
dung md hinh dam phi tuyén cho phan tich chuyén vi 16n ctia khung, dim FG.



70

3.5.3. Dam FG Euler-Bernoulli kich thudc micro

Nhu trinh bay trong Muc 3.4, véc-to noi luc va ma tran do cing tiép tuyén ctia
phan t dim trén co s& phuong phap hé toa do6 dong hanh dudc xiy dung trong hé toa
do dia phuong va sau d6 chuyén vé hé toa do tdng quat nhd cic ma tran chuyén déi.
Dé xay dung cong thic phan tii trong hé toa do dia phuong ta ap dung MCST cho mot
phan tif dim kich thuéc micro véi chiéu dai [, va thiét dién ngang A. Tu phuong trinh
(3.24), ta c6 thé viét ning luong bién dang dan hoi ctia phan ti dam trong hé toa do
dia phuong nhu sau

U=

N =

0
/(6‘:‘+ﬁ1:‘)dV:% /(6:é+m:)2)dAdx (3.28)
\% A

trong d6 V = [, x A 1a thé tich ctia phan ti dam; & va & tuong ting 1 ten-xo Ung suat
va ten-x0 bién dang; m 1a ten-xo ting suit 1éch va ¥ 1a ten-xo do cong ddi xiing. Biéu

dién clia cdc ten-x6 nay ¢ dang [51]

& = A tr(8) 1+ 20,8, E— %[Vﬁ—l— (va)T],

E=5[VB +(VB)l, m=2Ln%

(3.29)

trong d6 A va iy 1a cac hing s6 Lame hiéu dung (effective Lame’s constants) ctia vt
liéu FG, dudc dinh nghia nhu sau

Ervy __ Ey
(rvy) (1—2v) " 204wy

Af = (3.30)

V61 V¢ va Ey tuong ung la hé s6 Poisson hiéu dung va mo-dun Young hiéu dung dudc
xdc dinh bdi phuong trinh (3.4); I, 12 tham sb ti 1& chiéu dai vat liéu; B va @ tuong
ting 1a véc-to goc quay va véc-to chuyén vi
= 1
B = icurl(ﬁ), a={a 0 w}l (3.31)
Theo ly thuyét bién dang trudt Euler-Bernoulli, cic thanh phan clia véc-to quay
trong phuong trinh (3.31) c6 dang

B=1{0 —wo: 0}7 (3.32)
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Thay biéu thiic (3.32) vao bi€u dién ctia ¥ va m trong (3.29), ta dugc

_ WO x5
0 #es O f) _ ‘;’“ 0
Z=|xs 0 0= —W%ﬁ 0 ol
0 0 O 0 0 0
- . - (3.33)
0.xx
0 2%
) 2
i =21 X = 2y -5 000
0 0 0

Ten-x0 ting suat va ten-xo bién dang ctia dam Euler-Bernoulli c6 dang don gian

>SYI)I

6z 0 O 0 O
6=|0 0 0|, =0 0 O (3.34)
0 0 O 0 0 O
trong d6 Gz dudc xac dinh trong phuong trinh (3.29) véi dang dudi day

0x(X,2) = (Ar+21y)Es
Epvy E; (3.35)

T Trvpa-av) Ty (8 — 2K (X))

Diéu ding chu y 1a viéc két hop 4nh hudng ctia hé sd Poisson vao ting suét
doc truc nhu trong biéu thiic (3.35) di dudc mot sd tac gia dé cap, chang han nhu Liu
va Reddy [157], Zhang va cong su [158]. Trong khi d6, mot sd nghién cifu, chéng
han trong céc tai liéu tham khao [159, 160], cdc tic gia bd qua anh hudng ctia hé sb
Poisson trong qu4 trinh xdy dung cdc md hinh dam kich thuéc micro. Trong trudng
hop nay, tng suit doc truc trong 63(%,Z) quay vé dang truyén thong don gian nhu
trong phuong trinh (3.21).

C4 hai biéu thiic cta tng suat doc truc (3.21) va (3.35) sé dudc dung trong
chuong nay dé xdy dung cong thiic phan ti hitu han cho dam kich thuc micro. Anh
hudng ctia hé sb Poisson t6i ting x phi tuyén hinh hoc ctia két cAu khung kich thuéc

micro sé& dudc khao st chi tiét trong phan phan tich sd.

St dung cac phuong trinh (3.33) va (3.34), ta viét lai biéu thiic ning luong bién
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dang dan hoi (3.28) dudi dang
Iy

1 1 2 1
U= 5/ [All (ﬁo,x + EW%’X> —2A12 (b_lo,x + EW%,X> W0 %
0 (3.36)

trong d6 A1, A12, Axs va Asz 1a cdc do ciing cia dam

h/2

(A11,A12,A2) =b h/ZEf(Z) (1,z,2%) dz
b2 (3.37)
A3z = bly, / ur(2)dz
—h/2
v6i mo-dun dan hdi Young £  xac dinh nhu sau
A Ar+2 &u c6 tinh dén hé s6 Poi
£ — F+2U ne,:u co tin en, é Sf) oisson (3.38)
Ey neu bo qua hé so Poisson

Can nhin manh riang, do tinh khong thuan nhit ctia vit liéu FGM, d6 ciing
tuong hd gitta doc truc va chéng udn A, khong bi triét tiéu trong mo hinh dim FGM.
Hon nifa, b3i vi anh hudng cta hiéu tng kich thudc micro, dd ciing chdng trugt Ass,
c6 chiia tham sb ty 1& chiéu dai vat liéu /,,, van xuét hién trong biéu thifc ning lugng
bién dang dan hoi, thim chi ngay ca khi 1y thuyét dim Euler-Bernoulli dugc dung dé

mo hinh héa khung, dam kich thudc micro.
3.6. Cong thitc phan tir trong hé toa do dia phuong
3.6.1. Nogi suy

Céc ham ndi suy cho chuyén vi theo phuong x, ifg, va chuyén vi theo phuong
z, Wo, dudc xdy dung trong muc nay trén co sd gidi phuong trinh vi phan can bang
phi tuyén cho mot phan ti dam. St dung nguyén ly diing cho ning lugng bién dang
(3.36), ta thu dudc hé phuong trinh vi phan can bang phi tuyén cho phan ti dudi dang

An <b707xx + WO,)EWO,JE)E) —Apwo g =0,
(3.39)

3
_ _ _ 2 _ _
Anr (Mo,xxwo,x + o xWo % t+ iwo,xwo,xx) + Ao gex — (A22 +A33)Wo giee =

Hé phuong trinh (3.39) 12 hé phuong trinh vi phan phi tuyén, khong thé gidi
bing phuong phép gidi tich. D& gidi phuong trinh nay, chuyén vi theo phuong &, ito (),
tif phuong trinh dau tién dudc biéu dién thong qua chuyén vi theo phuong z, wo (%),
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va thay vao phuong trinh thi hai. Phuong trinh thu dugc dugc giai dudi dang chudi.
Trong bi€u thiic nghiém ctia wo (%) ta chi gitl lai cac s6 hang c6 bac khdng vugt qua bac
3. Cac tinh toan symbolic 1a cong cu httu ich cho viéc giai phuong trinh (3.39). Luan
an st dung code tinh todn bang symbolic Matlab duéi day dé giai phuong trinh (3.39)

Hinh 3.2. Chuong trinh Matlab gidi hé phuong trinh vi phan phi tuyén

dam Euler-Bernoulli.

clear
clc
syms lo A11 A12 A22 A33 u2L ti1L t2L cl1 c¢2 c¢3 c4 cb5 c6 uOL(x) wOL(x)
assume ([lo A11 A12 A22 A33 u2L ti1L t2L cl1 c2 c3 c4 c5 c6],’real’)
wOLx=diff (wOL);
wOL2x=diff (wOLx) ;
wOL3x=diff (wOL2x) ;
wOL4x=diff (wOL3x) ;
u0L2x=(A12*wOL3x-A11*wOLx*wOL2x) /A11;
uOLx=int (u0L2x)+c1;
uOL3x=diff (u0L2x) ;
eqn = A11%(uOL2x*wOLx+uOLx*wOL2x+3/2*wOLx"~2*w0L2x) . . .
+A12%u0L3x- (A22+A33) *w0L4x == 0;
wOL=dsolve(eqn, ’ExpansionPoint’,0,’0rder’,4,wOL(0)==c3,...
wOLx (0)==c4,w0L2x (0)==c5,w0L3x(0)==c6) ;
wOLx=diff (wOL) ;
wOL2x=diff (wOL,2) ;
wOL3x=diff (wOL,3);
uOL=int (int ((A12*wOL3x-A11*wOLx*w0L2x) /A11)+cl1)+c2;
eqn=[subs (ulL,x,0)==0, subs (uOL,x,1l0)==u2L,subs (wOL,x,0)==0, . ..
subs (wOL,x,10)==0, subs (wOLx,x,0)==t1L,subs (wOLx,x,1l0)==t2L];
[C1,C2,C3,C4,C5,C6]=solve(eqn, [c1,c2,c3,c4,c5,c6]) ;
uOL=subs (uOL, [c1,c2,c3,c4,c5,c6],[C1,C2,C3,C4,C5,C6]);
uOL=collect (uOL, [u2L,t1L,t2L])
wOL=subs (wOL, [c1,c2,c3,c4,ch5,c6],[C1,C2,C3,C4,C5,C6]);
wOL=collect (wOL, [u2L,t1L,t2L])

VGi code symbolic Matlab trén ta nhan dudc dang nghiém dudi day
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2 2
o __&_5_C5C6_4_6'5—|—C4C6_3_C4C5_2 _
i (%) = 4Ox g X e X — + X4 (3.40)
-/ C6_3 C5 9 _
wo(x)—gx —l—?x +cax+c3

Sdu hing s6 cq, c3.. . .,ce trong phuong trinh trén dudc xdc dinh tif cic diéu
kién bién ctia phan tir

ii0(0) = 0, Wo(0) =0, 1o.((0) = 6, (3.41)

iio(lo) = it2, wo(lo) =0, Wwo(lo) =62

Sau khi x4c dinh dudc céc hing sb, ta thu dudc ham ndi suy cho cic chuyén vi

theo phuong X va chuyén vi theo phuong 7 trong hé toa do dia phuong nhu sau

o ) (614 6,)

<2x2 13x 118 3z 9x5>_2

X _ 3A12)f2 3A10%
= — _|— _
(%) " ( Anly  Anl

b 30 32 @108
(xz ¥ 112 ox 9)25) -
+

1

6,6, (3.42)

28 3% 9 5,
15 32 op 10m ) &2
15 32 " 233 104
28 B\ A 2 2\ -
() = (= "+ | 61+ -+ ) 6
o) = (=503 B () @
Céac thanh phan chuyén vi trong (3.42) dudgc sit dung dé xay dung véc-td luc

nit va ma trin do ciing tiép tuyén cta phan t& dim trong hé toa do dia phuong.
3.6.2. Véc-to néi luc va ma tran do ciing tiép tuyén dia phuong

V6i phép ndi suy (3.42), ta c6 thé bi€u dién ning luong bién dang dan hoi
(3.36) theo trudng chuyén vi trong hé toa do dia phuong. Véc-td Iuc nit va ma tran do
cling tiép tuyén ctia phan ti dam trong hé toa do dia phuong, nhu di dé cap & trén, thu
dugc bing cach dao ham mot 1an va hai 1an biéu thifc ning luong bién dang dan hoi
(3.17). Dang hién clia cac véc-to luc niit v ma trn do cing tiép tuyén nay dé dang

nhén dudc bang code symbolic Matlab duéi day
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Hinh 3.3. Chuong trinh Matlab xac dinh véc-to luc niit va ma trin do cing tiép tuyén
clia phan tif dAm trong hé toa do dia phuong.

clear

clc

syms x lo u2L ti1L t2L A1l A12 A22 A33

assume([x lo u2L ti1L t2L A11 A12 A22 A33],’real’)

% below local axial and transverse displacements

% u2L: local axial disp. at node 2

% tiL, t2L: local rorations at nodes 1 and 2

uOL=(x/1lo)*u2L +(3*A12*x~2/(A11%10°2)-3*%A12*x/(A11%10))*(t1L+t2L)
+(2%x~2/10-13%x/30-11%x~3/(3%10"2)+3*x~4/10"3 ...
-9%x~5/(10%1074) ) *t1L"2 +(x~2/1o-x/30-11%x"3/(3*10"2)
+9%x74/(2%1073) -9%x~5/ (5%10~4) ) ¥t 1L*t2L+(x/15-2%x~3/(3%x10"2) . ..
+3%x~4/(2%1073)-9%x~5/(10%10"4) ) *t2L"2;

wOL=(x-2%x"2/1o+x"~3/10"2) *t1L+(x~3/10"2-x"2/10) *t2L;

% below derivatives of displacements
uOLx=diff (uOL,x) ;

wOLx=diff (wOL,x) ;

wOLxx=diff (wOLx,x) ;

% below strain energy
U=1/2%int ((A11% (uOLx+0.5%w0Lx"~2) ~2-2*%A12% (u0Lx+0.5%wOLx"2) *wOLxx ...
+(A22+A33) *w0Lxx"2) ,x,0,10) ;

% below local force vector finL

% and tangent stiffness matrix ktL
finl=gradient (U, [u2L,t1L,t2L])
ktL=hessian(U, [u2L,t1L,t2L])

V6i code symbolic Matlab trén ta nhan dudc ba thanh phan ctia véc-to luc niit

f,, nhu sau
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U An(Bf+67) Aubi6, An(6i—6) Ani
N _ 11(1+ 2)_ 1112+ 12(61 2)+ 11U2

2= Ji 15 30 lo lo
M = U _Alzélz A]Zézz _Alzélég +2A11é117£2 _Allégb_tz +2A1110é13
706, 5 10 5 15 30 225
A11l003  4A»0; 2400, 4A330, 24330, Api
. 11409, + 22 1+ 22 2+ 33 1+ 33 2+ 12U2
450 lo lo lo lo lo
A11l816;  Anl676 345,60 3A%L6, (3.43)
100 150 Aule Ao’
W — U A60,6, _Alzézz _Alzélz Aubiin +2A1192b72 _Anloél3
2796, 5 5 10 30 15 450
24111003 240, 4A»0, 24336, 4A330, Api
+ 11109, + 22Y1 + 2202 + 3301 + 3302 . 12U2
225 I lo I Iy l
~ Aul66; +A1110912é2 343,61 31,6
150 100 Anlo Anlo

Ma tran d6 ciing tiép tuyén trong hé toa do dia phuong k; c6 thé viét dudi dang

ki,g, K

2y My

ko =@ = [kad kas kae, (349

6,

l_(ﬁzéz ]_Céléz I_Cézéz
trong do
CAn - 2446 _A11é2+A12

k. =
T 6 15 30 lo’

i _2A16, A6 Ap
20 15 30 &’
- C2A11106F  A11106,6, +2A1291 A111063
o 75 75 5 100
AnG 2404 | 4Ap N 443 3A3,

5 15 ly o  Anly’
s :Alzéz _Alzél _Allu_z 2420 2433 B 3A%2
CAnbb; Anl6; +Auloélé2

150 150 50
- Allloélz_Allloéléz+A1291+2A1110922

(3.45)

k =
9267 100 75 5 75

24126, 240  4Ayn | 4A 3AG,

5 15 l() l() Alll()
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Vi cac véc-to luc niit va ma tran do cling tiép tuyén trong hé toa d dia phuong,
cac phuong trinh (3.17) va (3.19) hoan toan xac dinh dugc véc-td luc nut va ma tran
do ciing tiép tuyén trong hé toa do tdng quat cho dam Euler-Bernoulli kich thudc
micro. Véc-to luc nit va ma trin do ciing tiép tuyén cho phan t& dim Euler-Bernoulli
thong thudng nhan dudc bing cach loai bd cic s6 hang c6 chita As3 trong biéu thiic

ctia véc-to luc niit va ma trin do ciing phan ti micro.
3.7. Phuong trinh cén bing va thuit toan so

Phuong trinh cin bing (2.44), Muc 2.6, van sit dung cho phan tich chuyén vi
16n ctia khung, dim FGM trong chuong nay. Tuy nhién dng x{ phi tuyén ctia khung
phtic tap hon nhiéu so véi ting xi cia dam. Dic biét, trong mot sd trudng hop khung
c6 ting xt ‘snap-through’ hay ‘snap-back’, trong d6 ma trin do cting tiép tuyén ctia
khung khong con xac dinh duong, thdm chi xac dinh am. Trong truong hgp nay ta
khong thé gidi truc tiép phuong trinh (2.44) d€ nhan dugc gia s6 chuyén vi cho qua
trinh ldp.

Crisfield [161] d& xuat phuong phap do dai cung dé khac phuc khé khin nay.
Y tudng ctia phuong phap 1a viéc dua vao phuong trinh rang budc dudi dang ‘cung
tron’ va thay cho viéc giai truc tiép phuong trinh (2.44) bang cach tim giao diém ctia
dudng can bing vdi dudng cong clia phuong trinh rang budc. Dang cu thé clia phuong

trinh dang budc nhu sau
a=ApT Ap+ AL Bl — Al =0 (3.46)

trong d6 Al 1a ban kinh ctia cung tron; 8 1a tham sb ty 1&; Ap va AL 1a cdc gia s
chuyén vi va gia s6 tham sb tai trong. Trong phuong phap do dai cung, tham sb tai
trong A khong con 1a gia tri cho trudc ma tré thanh mot bién sb can tinh. Nhu vay,
cung véi m bac tu do can tim 14 cdc chuyén vi va géc quay tai cac nit, ching ta c6
tong s6 (m+ 1) 4n can tim. Ching ta ¢6 thé tim (m + 1) 4n ndy bing cich 4p dung
phuong phdp Newton-Raphson véi cic phuong trinh (2.44) va (3.46). Cu thé, khai
trién Taylor bic nhit tai diém can bang cia cic phuong trinh (2.44) va (3.46) c6 dang

P P)
g, — go+8—g5p+a—g(m — o, + K, 5p—F. 54 =0
P A (3.47)

ay = Ay +2ApT Sp+2AA 84 B fs = 0

trong d6 K, l1a ma trdn do cing cua toan ket cau. Cac chi so dudi ‘n’ va ‘o’ trong

phuong trinh (3.47) dai dién tuong ung cho ‘méi’ (new) va ‘ci’ (old). Phuong trinh
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(3.47) cho phép tim cac chuyén vi lip Sp va tham sb tai trong lip SA duéi dang
-1
R S (3.48)
SA 2Ap 2AABHLL
Nhu ta thiy tif phuong trinh (3.48), dinh thiic Jacobi clia ma tran do ciing trong
vé phai clia (3.48) khong suy bién ngay c4 khi ma tran do ciing tiép tuyén K, khong
xé4c dinh duong. Mot s6 dang bién thé clia phuong phap do dai cung da dudc dé xuat.
Lu4n 4n nay st dung phuong phap do dai cung hinh cau, trong d6 tham sty 1é f = 1.
Véi B = 1, phuong trinh rang budc (3.46) xac dinh mot mit cau, va vi thé thay cho
viéc gidi phuong trinh cin bing (2.44) ta tim giao ctia hinh cau (3.46) v6i dudng can
bing. Chi tiét ctia phuong phap do dai cung hinh ciu dudgc trinh bay trong [145, 161].

3.8. Két qua s6 va thao luin

St dung hé phuong trinh can bang (2.44) trong Muc 2.6 cho bai toan phan tich
ting xu phi tuyén cta két cAu khung, dam FGM, muc nay tién hanh cdc nghién ctiu sd
nham khang dinh tinh ding dan cta cong thic phan tif xdy dung dudc va chi ra anh
hudng clia cac tham sd vat liéu, hinh hoc t6i ting xtt chuyén vi 16n ctia khung, dam
FGM va khung, dim FGM kich thuéc micro.

3.8.1. Khung, dam FGM kich thudc macro

Muc nay trinh bay két qua sb trong phan tich chuyén vi 16n ctia mot sd khung
dam, FGM kich thudc macro. Phan tich sb dudc thuc hién trén co s& st dung phan ti
dam x4y dung trong chuong vdi viéc bd qua cac hé sd c6 chiia tham sb kich thudc 1,
va quan hé dng suét bién dang tuan theo phuong trinh (3.21). M6-dun dan hoi hiéu
dung E cho khung, dam FGM kich thuc macro trong muc nay duge tinh theo mo
hinh Voigt, cong thiic (3.3). C4c m6 hinh khung, dim FGM kich thuéc macro ding

trong céc nghién citu s6 & day dudc minh hoa trén Hinh 3.4.

Hinh 3.4. M6 hinh khung, dim cong-xdn FGM kich thuéc macro:

(a) Dam chiu luc doc truc, (b) Dam chiu md-men udn, (c) Khung khong d6i xting.
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3.8.1.1. Dam cong-xén FGM chiu udn béi mé-men uon

Xét dam cong-xon kich thuée L = Sm, (b x h) = (0.15 x 0.1)m, chiu ubn bsi
mo-men M tai dau tu do ctia dam (Hinh 3.4(b)). Gia dinh rang dim dudc tao bdi hai
vat liéu 1a Silicon Nitride (SizNis) va Aluminum (Al) (viét tat 13 dAm SizNis/Al). Mo-
dun dan hdi va hé sb Poisson ctia SizNiy tuong ung la 322.3 GPa va 0.24 [162]. Cac
gid tri tuong tng ctia Al 1a 70 GPa va 0.3 [146]. Chuyén vi theo phuong x va chuyén
vi theo phuong z, ug(L) va wo(L), thu dugc béi Kang va Li [147] bing phuong phdp
giai tich dua trén ly thuyét dim Bernoulli c6 dang

uo(L) = 22 gin (AKL) _L, wo(L) =22 l1 —cos <A£L)] (3.49)

M 22 M 22
trong d6 A»» 14 d6 cling chéng ubn xic dinh bang cong thiic (3.23) v6i mod-dun dan hoi
tinh theo (3.3). V6i cac gia tri cho trudc cua vat liéu va kich thude hinh hoc, phuong
trinh (3.23) v6i mo-dun dan hoi E tinh theo md hinh Voigt cho gi4 tri do ciing chong
udn hiéu dung Ay = 3.0757 x 10°, 2.1138 x 10°, 1.4741 x 10° va 1.3451 x 10° Nm?
tng v6i n = 0.3, 1.0, 5.0 va 10.

Béng 3.1 liét ké cac chuyén vi chuin héa theo phuong x va theo phuong z clia
dam Si3Nig/Al chiu md-men M = 5E,, I /L (v6i E,, 1a mo-dun Young clia Al) v6i cac
gi4 tri khac nhau ctia tham s6 vt liéu n. D€ so sanh, cac gia tri tuong ting ctia chuyén
vi tinh bdi biéu thiic (3.49) ciing dudc liét ké trong Bang 3.1. C6 thé thiy rang, két
qua st dung cong thidc phan ti trong nghién ctiu nay hdi tu rat nhanh, ca chuyén vi
theo phuong truc x va truc z, hdi tu t6i két qua clia nghiém giai tich chi véi 6 phan

tif, khong phu thudc gid tri ctia tham s vat liéu n. Do phan tif dAm dudc nghién ctiu

Bdng 3.1. Su hoi tu cia phan t dAm trong danh gia chuyén vi 16n ctia dam cong-xon
Si3Niy/Al mé-men M = 5E,,,I /L (nELE s6 phan tt )

Dio nELE
ap un n
p e 1 2 4 6 PT (3.49)
L
|u0£ ) 0.3 0.3063 0.3048 0.3047 0.3047 0.3047
1 0.5805 0.5760 0.5758 0.5757 0.5757
0.9451 0.9419 0.9418 0.9417 0.9418
10 1.0310 1.0339 1.0340 1.0340 1.0340
L
WOIE ) 0.3 0.5978 0.5990 0.5991 0.5991 0.5991
1 0.7063 0.7139 0.7143 0.7143 0.7143
0.6306 0.6670 0.6687 0.6688 0.6688

10 0.5583 0.6106 0.6129 0.6130 0.6130
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trong bai toan nay st dung cac ham ndi suy chinh xac, nén n6 c6 kha nang xac dinh
chuyén vi chinh x4c tai cac diém nit [163]. Luu y riang, md hinh dam xét dén trong

c4 nghién ctiu nay va Tai liéu [147] dudc tinh toan véi ty s6 d6 manh cao, L/h = 50.

Trong Hinh 3.5, cac dudng cong mo-men-chuyén vi ctia dam cong-xon SizNig/Al
dugc mo ta v6i cac gid tri khac nhau cia tham sb vat liéu n. Kha ning chiu tii cta
dam, nhu thiy trong hinh, yéu hon dbi véi dam c6 tham s6 vat liéu n cao hon, bt ké
tai trong dudc 4p dung. Piéu nay 12 do thuc té 13, nhu thiy trong phuong trinh (3.1),
dam c6 tham s6 vat liéu n cao hon chifa nhiéu nhom hon. Do mo-dun dan hodi cia
nhom thip hon nhiéu so véi silicon nitric, cac hé s6 do ciing ciia dam nhé hon khi
tham sb vit liéu n cia dam 16n hon. Két qua 1a chuyén vi cia dAm dng vdéi gia tri n
cao hon sé 16n hon. Anh hudng cia tinh khong ddng nhit ctia vat liéu 1én dap tng
clia dam ciing c6 thé dudc thiy tif sy phan bd ing suit doc truc theo chiéu day dam
tai ddu ngam nhu minh hoa trén Hinh 3.6 dbi véi hai gié tri mo-men, M = 2E,,I /L va
M = 4E,,I/L. Hinh 3.6 cho thiy ting suét doc truc nén va kéo cuc dai ctia dam ting
khi ting tham s6 vat liéu n, va diéu nay khong phu thudc gia tri cia mod-men tic dung.
Hon nifa, sy phan bd ting suét doc truc trong dam FGM rit khic so véi trong dim
thuin nhit. Chang han, nhu thiy r6 tit Hinh 3.6, trong khi ting suit doc truc 1a tuyén
tinh va ddi xdng qua tAm mit gitta d6i v6i dAm 1am hoan toan tif gbm (thuan nhat),
nhung n6é khong con tuyén tinh va déi xiing déi v6i dim FGM. Ngoai ra, ting suat
doc truc nén va kéo cuc dai trong dam FGM khong phai ltic nao ciing x4y ra & bé miit
ngoai ciing nhu trong trudng hop dam thuan nhat.

6

ML/E |
w

e S|3N|4
*~ n=0.5
— n:l

—=— n=5

0 Il Il Il Il /l
-1.2 -1 -08 -06 -04 -0.2 0 0.2 0.4 0.6 0.8
u/L & w/L

Hinh 3.5. BPudng cong mo-men-chuyén vi 16n ctia dam cong-xon SizNig/Al

v6i cdc gia tri khac nhau ctia tham s vat liéu .
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Hinh 3.6. Phan bd theo chiéu cao clia ting suit doc truc tai dau ngam ctia dam

cong-x0n SizNig/Al chiu tic dung cia md-men.
3.8.1.2. Dam cong-xén FGM chiu luc doc truc

Mit 6n dinh ctia dim chiu tai trong doc truc 1a bai todn quan trong trong co
hoc. Muc nay nghién cttu ting x& sau mat &n dinh ctia dAm céng-xon FGM chiu luc
doc truc P tai dau tu do. DAm xem xét trong muc nay c6 kich thuéc hinh hoc nhu
dam trong Muc 3.8.1.1, minh hoa trén Hinh 3.4(a). Pudng cong tai-chuyén vi ctia
dam cong-xon thuin nhét, dang huéng do Wood va Zienkiewicz tinh todn bang cach
stt dung céc phan tit dang tham s6 tuyén tinh [164] cho thiy @ng x{ ‘snap-back’ trong
viing bién dang 16n va do d6 phuong phap do dai cung can dudc sit dung dé€ thu nhan
cdc dudng can bang ctia dam. D€ thiy dugc anh hudng cta vat liéu thanh phan téi tng
XU sau t6i han ctia dim FGM, ngoai dam Si3Nis/Al nghién ctfu & trén, mot dam dudc
tao thanh tif Zirconia (ZrO,) va Nhom (goi 12 dam ZrO,/Al) va mdt dam khic dudc
tao thanh tu Alumina (Al;O3) va Aluminum (goi la Al,O3/Al) ciing dudc phan tich
dudi day. Mo-dun Young va hé s6 Poisson clia Zirconia lan ludt 1a 151 GPa va 0.3,
trong khi céc gia tri tuong ng clia Alumina 1an lugt 1a 380 GPa va 0.3 [146].

Hinh 3.7 minh hoa cic dudng cong tai-chuyén vi ctia dim cong-xon ZrO,/Al
véi cdc gid tri khdc nhau cta tham s vat liéu n. Anh hudng cia tham sb vt liéu n
dbi v6i ting xit sau t6i han ciia dam FGM dudc thay rd tir hinh, cu thé dd bén sau t6i
han ctia dAm gidm rd nét khi dam c6 tham s6 vat liéu n cao hon. Két qua nay, nhu gii
thich trong chuong truéc va nhu thiy tif phuong trinh (3.1), dAm sé giau kim loai hon

khi tham s6 n 16n hon va nhu vay do cing ctia dam sé nhd hon.
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Hinh 3.7. Pudng cong tai-chuyén vi ctia ddm cong-xon ZrO,/Al

véi cac gia tri khac nhau cua tham so vat liéu n.

Anh hudng cta vat liéu thanh phan t6i dng xi cia dim cong-x6n FGM chiu
luc doc truc dugc minh hoa trén Hinh 3.8, trong d6 cau hinh bién dang ctia dam tng
véi gia tri clia tham sb vat liéu n = 3 dugc minh hoa cho hai gi tri ctia luc doc truc
12 P =5E,I/L?* va P = 10E,I/L?. Hinh 3.8 cho thiy vit liéu thanh phan déng vai tro
quan trong t6i ting xi ctia dim, trong d6 v6i cling mot gia tri clia tai tic dung thi dAm

dudc tao tli cac vat liéu thanh phan v6i mo-dun dan hoi thip hon sé bi bién dang dang

ké hon.

0.8

Zr0 /Al

SiNi /Al
0.6
,—\\" 0.4 ALO_/Al
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@) P:5Em|/|_2
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Hinh 3.8. Céu hinh bién dang ctia dam cong-x6n FGM dudc tao thanh bdi

0.8
Si Ni, /Al

Zro, /Al
0.6

0.4

z/IL

0.2

_ 2
(b) P=10E_I/L

AI203/AI

0
-0.4 0

x/L

cac cap vat liéu khac nhau chiu tac dung cua luc doc truc (n = 3).

0.4
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3.8.1.3. Khung khong doi xiing

Muc nay nghién ctiu chuyén vi 16n ctia khung khong dbi xiing chiu tiac dung
ctia luc P c¢6 chiéu huéng xubng nhu minh hoa trén Hinh 3.4(c). Ung xt cta khung
dang hudng dudc nghién citu bdi mot sb tac gia, chang han [41, 165], cho thiy khung
c6 ung xu ‘snap-through’ va ‘snap-back’. Bai toan nay thudng dudc cac tac gia su
dung dé€ kiém tra kha ning ctia phan tif dim va thuat toan sb trong phan tich két
cAu c6 chuyén vi 16n c6 ting x{ phiic tap. Cac tham s6 hinh hoc cho khung nhu sau:
L=120cm,b=3cmvah=2cm.

Puong cong tdi-chuyén vi ctia khung lam tir Zirconia va Nhom dudc minh hoa
trén Hinh 3.9 v6i cic gi4 tri khac nhau ctia tham s6 vt liéu n. Trong hinh, cdc chuyén
vi theo phuong x va phuong z dudc tinh todn tai diém chiu tai v6i luéi mudi phan ti,
niam phan ti cho mdi dAm. Anh hudng ctia sy phan bd vét liéu dén ting xi ciia khung
dugc thiy 16 tif Hinh 3.9, trong d6 tdi trong gidi han ctia khung gidm dan khi ting
tham sb vt liéu n. Hinh 3.10 va Hinh 3.11 minh hoa méi lién hé gitta dng suét doc
truc tai cac diém trén cung va dudi cung cua thiét dién chiu tai vdi tai trong P tGng
véi cac gi4 tri khac nhau ctia tham sd vat lidu z va cdc vat liéu thanh phan khic nhau.
Nhu thiy tir Hinh 3.10, trong khi tng suit doc truc ctia khung dang huéng dbi xiing
v4i mit phang gitta, bién do cla dng suit nén cta khung FGM cao hon dang ké so
v6i ting suit kéo, bt ké gid tri ctia luc tac dung. Céc vat lidu thanh phan, nhu thiy tir
Hinh 3.11, ¢6 vai trd quan trong tSi gid tri ca dng suét doc truc ctia khung FGM. Gi4
tri clia ting suat doc truc cao hon dang ké khi vat liéu thanh phan c6 mo-dun dan hoi

16n hon.

50 ; ; ; 50

PL%E |

P
—o— ZrO2
—— n=05 L u
w

—-— n=1
—— n=5
-25 ‘ ‘ ‘ -25 ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
u/L wi/L

Hinh 3.9. Pudng cong tai-chuyén vi ctia khung khong ddi xing ZrO,/Al.
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Hinh 3.10. Ung sut doc truc tai cac diém trén ciing va dudi cung cia

phan chiu ti trong khung khong ddi xing ZrO,/Al.
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Hinh 3.11. Ung suit doc truc tai cdc diém trén cung va dudi cung cla

phan chiu ti trong khung khong ddi xiing véi cac cip vat liéu khac nhau.
3.8.2. Khung, dam FGM kich thudc micro

Ung xi chuyén vi 16n ctia khung, dim FGM kich thudc micro dudc nghién ciiu
s6 trong muc ndy. Bén canh anh hudng cta su phan bd vat lidu, hiéu tng kich thudc

va hé s Poisson tdi ting xi ctia khung, dim FGM micro ciing dugc quan tAm nghién
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cifu. V6i muc dich nay, khung, dim FGM micro dudgc gia dinh dugc 1am tir hai vat liéu
thanh phan 12 Nhom (Al) va Zirconia (ZrO,). Tham s6 vat liéu ciia Nhom va Zirconia
dung trong phan tich nhu sau [166]: E,, = 70 GPa (Al), E. = 151 GPa (ZrO»). Hé sb
Poisson v = 0.3 dudc st dung cho c4 hai vat liéu ciu thanh. D€ thuén tién, cic tham
s6 khong thi nguyén cho chuyén vi, tham sb ty 1& chiéu dai vt liéu ciing nhu tai trong

dudc dua vao nhu sau

u*:@ w*:@ n:lﬂ,M*:ML *_PLZ

L’ L’ h E.l'~  E.lI

(3.50)

trong d6 uy va wy la cac chuyén vi theo phuong x va chuyén vi theo phuong z tai vi
tri dudc néu cho mdi bai todn cu thé. Céc tinh chit hiéu dung cta khung, dim micro
st dung trong muc nay dugc tinh theo moé hinh Mori-Tanaka trong Muc 3.1. Cac mo
hinh khung, dam FGM kich thuc micro ding trong cdc nghién cifu s6 ¢ muc nay
dudc minh hoa trén Hinh 3.12.

Hinh 3.12. M6 hinh khung, ddm c6ng-xon FGM kich thuéc macro:
(a) Dam chiu tai trong ngang, (b) DAm chiu mé-men uén, (c) Khung khong dbi xiing,

(d) Khung hinh vudng chiu kéo.
3.8.2.1. Su hoi tu cuia phan tit

Vi chua c6 két qua nghién ctu ndo vé dap tng chuyén vi 16n ctia khung, dam
kich thudc micro, nén tinh chinh xdc cta phan ti dudc dugc kiém ching cho dam
FGM kich thudc macro, va diéu nay da dugc thuc hién trong Muc 3.8.1.1. Muc nay,
vi thé s& chi trinh bay su hoi tu ctia phan ti trong tinh toan chuyén vi 16n ctia dim
FGM kich thuéc micro.

Bang 3.2 minh hoa su hdi tu cia phan t& dim xay dung trong chuong cho tinh

toan dap ting chuyén vi 16n ciia dam FGM kich thuéc micro chiu tai trong ngang
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Bdng 3.2. Su hoi tu clia phan t& dim trong tinh todn ddp tng chuyén vi 16n ctia dam

cong-xon FGM kich thude micro chiu tai trong ngang P* = 10

Dio S6 phan ti
n ap un
1 prne 1 2 3 4 5 6
02 05 |u*| 0.5039  0.5222  0.5242 0.5246  0.5247  0.5247
w 0.7726  0.7963  0.7993  0.7999  0.8000  0.8000
1 u* 0.5250  0.5449 0.5471 0.5475 0.5476  0.5476
w* 0.7831 0.8086  0.8118 0.8124 0.8125  0.8125
5 u* 0.5558 0.5787 0.5816  0.5821  0.5823  0.5823
w* 0.7958  0.8239  0.8278  0.8287  0.8289  0.8289
04 05 u* 0.3650 0.3742  0.3750 03751 0.3752  0.3752
w* 0.6939  0.7081  0.7095  0.7097  0.7097  0.7097
1 |u*| 0.3922  0.4028 0.4037 0.4038 0.4038  0.4038
w* 0.7129  0.7287  0.7302  0.7304  0.7305  0.7305
5 |u*| 0.4405 0.4543 04556  0.4559 0.4559  0.4559
w* 0.7412  0.7602  0.7623  0.7627  0.7628  0.7628

P* = 10 véi cac gia tri khac nhau cta tham sb vat liéu va tham sb ty 1& khong thi
nguyén. Cac chuyén vi khong thd nguyén trong bang dudc dinh nghia theo phuong
trinh (3.50) v6i ug va wy 12 cdc chuyén vi tai dau tu do ctia dim. Nhu ¢6 thé thiy tir
Béng 3.2, su hdi tu ctia cong thiic phan ti 1a rit nhanh va su hdi tu c6 thé dat dudc véi
lu6i ndm phan t, bat ké gid tri cia tham s6 vat liéu n va tham sb ty 1¢ kich thudc 1.
Can luu ¥ rang su hdi tu phu thudc vao ciu hinh cu thé ciia két ciu ciing nhu tai trong

tac dong, vi thé su hdi tu can dudc ki€m tra cho tliing bai toan cu thé.

3.8.2.2. Dam cong-xén FGM micro chiu tdi tai ddu tw do

Xét dam cong-xon FGM kich thude micro véi ty s6 do manh L/h = 20 chiu
tac dung cua tai trong ngang P tai dau tu do, nhu minh hoa trén Hinh 3.12(a). Bang
3.3 liét ké chuyén vi 16n khong thit nguyén tai dau tu do ctia dim, ting véi hai gid tri
tai trong ngang P* = 5 va P* = 10, va céc gia tri khac nhau cta tham s6 vat liéu n va
tham s ty 1 khong thd nguyén ) = 1,,/h. Két qué trong bang dudgc tinh cho cé hai
trudng hop xét dén va bd qua anh hudng ctia hé sb Poisson. Anh hudng déng ké cia
tham sb vt liéu va hiéu ting kich thuéc micro d6i v6i ing xi chuyén vi 16n cia két
cAu micro dugc thiy rd trong bang. Chuyén vi 16n ting khi ting tham s6 vat liéu n, va
gidm bdi su ting cla tham s ti 1& 7. Khi xem xét Bang 3.3 mot cach ky cang hon,
ta c6 thé thdy riang su phu thudc cta chuyén vi 16n vao tham s vat liéu n chiu anh
hudng ctia tham s6 ty 1& khong thi nguyén 1. Su ting ctia chuyén vi & dau tu do cia
dam khi ting tham s6 vat liéu n nhiéu hon khi dam c6 tham s6 ti 1¢ kich thuéc 1 16n

hon. Vi du, v6i 1 = 0.1, chuyén vi theo phuong z, w*, tuong ting v6i P* = 5 thu dudc
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Bdng 3.3. Chuyén vi 16n khong thi nguyén ctia dim cong-xdn FG kich thudc micro

chiu tai trong ngang

Xét dén hé s6 Poisson Bd qua hé s6 Poisson

P* Pap un
n b ung n=~0.5 n=1 n=>5 n=20.5 n=1 n=>5
5 0.1 |u*| 0.3776  0.4039 0.4437 0.4497 04750 0.5124
w* 0.7106 0.7296 0.7543 0.7579  0.7736  0.7935
0.25 |u*| 0.3333  0.3607 0.4053 0.3943 0.4216 0.4657
w* 0.6774 0.6992 0.7299 0.7225 0.7414 0.7678
0.5 |u*| 0.2208 0.2475 0.2989 0.2562 0.2845 0.3391
w* 0.5719 0.6011 0.6490 0.6092 0.6370 0.6827
0.75 |u*| 0.1228 0.1434 0.1899 0.1387 0.1611 0.2119
w* 0.4404 0.4735 0.5360 0.4658 0.4993 0.5626
10 0.1 |u*| 0.5468 0.5685 0.6001 0.6048 0.6243 0.6524
w* 0.8112 0.8227 0.8372 0.8392 0.8490 0.8614
0.25 |u*| 0.5089 0.5327 0.5695 0.5606 0.5827 0.6171
w* 0.7918 0.8051 0.8229 0.8185 0.8300 0.8458
0.5 |u*| 0.4000 0.4280 0.4778 0.4367 0.4644 0.5140
w* 0.7269 0.7462 0.7755 0.7511 0.7687 0.7960
0.75 |u*| 0.2777 03070 0.3652 0.3003  0.3303 0.3902
w* 0.6304 0.6575 0.7032 0.6513 0.6774 0.7218

bang cong thiic phan tii c6 tinh dén anh hudng ctia hé sd Poisson ting 5,79% khi ting
ntir 0.5 1én 5, trong khi cac gia tri tuong ting 12 7.19, 11.88 va 17.84 dbi véi n = 0.25,
0.55 va 0.75. Bang 3.3 ciing cho thiy vai trd quan trong ctia hé s6 Poisson dbi véi dap
ting chuyén vi 16n ctia dim micro, va dam kich thudc micro tré nén cing hon khi tinh

den anh hudng cua hé so Poisson.

20
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Hinh 3.13. Pudng cong tai-chuyén vi ctia dim cong-xdn FGM kich thudc micro

chiu tai ngang véi céac gia tri khac nhau ctia tham sé ty 1& kich thudc.

Pudng cong tai-chuyén vi ctia dam cong-x6n FGM kich thuéc micro, nhu minh
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Hinh 3.14. Phan bd theo chiéu cao clia tng suét doc truc ctia dim cong-xon FGM

kich thuée micro véi P* = 10.

hoa trén Hinh 3.13a va Hinh 3.13b cho hai gi4 tri ctia tham s6 vat liéu, n = 0.5 va
n =5, ciing khang dinh lai cac nhin xét trén vé anh hudng cta tham sb ty 1& kich
thudc va hé s6 Poisson d6i véi ting xt& chuyén vi 16n cia dam cong-xon kich thuée
micro. Ca tham s6 kich thudc micro va hé s6 Poisson déu 1am cho dam micro ciing
hon. Nhan xét nay khong phu thudc vao gid tri clia tai trong ngang va tham sd vat
liéu. Anh hudng ctia tham sb kich thudc micro va hé s6 Poisson ciing ¢ thé dudgc
thiy tit Hinh 3.14, trong d6 phan bd theo chiéu cao clia ting suat doc truc tai cta thiét
dién ngam ting v6i P* = 10 dudc minh hoa véi cac gid tri khac nhau ctia tham sb ty 1&
khong thi nguyén va hai gia tri ctia tham s6 vt liéu, n = 0.5 v n = 5. Ta c6 thé thay
rang ing suit doc truc giam di khi ting tham s6 ty 1é khong thii nguyén va khi tinh
dén 4nh hudng ctia hé sd Poisson. Nhan xét nay khong phu thudc va gia tri cia tham
so vat liéu.

3.8.2.3. Dam céng-xén kich thuéc micro chiu mo-men

Ung xt chuyén vi 16n ciia dim FGM kich thu6c micro & Muc trén nhung dudi
tac dong ctia mod-men udn M nhu minh hoa trén Hinh 3.12(b) dudc nghién citu trong
muc nay. Trén cac Hinh 3.15a va 3.15b, cic dudng cong mo-men-chuyén vi cia dim
cong-xdn FGM micro dugc minh hoa cho cic gid tri khac nhau ciia tham sb ty 1&
khong thd nguyén va hai gid tri ca tham s6 vat liéu, n = 0.5 va n = 5. Ti cac hinh
nay ta c6 thé thiy anh hudng rd nét ctia tham sd ty 1¢ kich thudc va hé s6 Poisson d6i
véi dap dng ctia dam kich thudc micro. Anh hudng ciia hai yéu t6 nay c¢é xu hudng

dang ké hon trong vung chuyén vi 16n cia dam. Céac ciu hinh bién dang cida dam
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Hinh 3.15. Pudng can bang ctia dAm cong-xon FGM kich thudc micro chiu tic dung

ctia md-men véi cdc gia tri khac nhau ctia tham s6 ty 1¢ kich thudc.

0.8 ; ; : ‘ ‘ \ \ 0.8
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051
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z/L
z/L

03}

0.21

0.1}

x/L x/L
(a) Xét dén hé s Poisson (b) B6 qua hé s Poisson
Hinh 3.16. Cu hinh bién dang ctia dim FGM micro ting véi M* =5.6,n =1

va céac gia tri khac nhau ctia tham sb ty 1& khong thi nguyén.

micro dng véi gid tri clia tham s6 vat liéu n = 1 va gid tri md-men M* = 5.6 nhu minh
hoa trén Hinh 3.16 cling thé hién rd vai trd quan trong ctia hé s6 Poisson db6i véi ting
Xt phi tuyén ctia dam micro. Tai gia tri cia md-men M* = 5.6, ddm micro Ung vdi
1 = 0.25 da ubn thanh mot vong tron dbi véi trudng hop bd qua anh hudng clia hé sb
Poisson, trong khi diéu nay khong xay ra khi tinh dén anh hudng cia hé sb Poisson.
Luu y rang su hdi tu ctia chuyén vi 16n ctia dim micro dudi tac dong ctia md-men

cling dat dugc véi lu6i sdu phan ti, nhung mudi phan tir da dudc st dung dé c6 dudc
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Hinh 3.17. Phan bd theo chiéu cao clia ting suat doc truc ctia dAm cong-x6n micro
ung véi M* = 5.6.
cAu hinh trong Hinh 3.16. Viéc st dung ludi nhiéu phan ti d&€ dam bdo d6 min cla cic
dudng cong. Su phan b theo chiéu cao cia ing suit doc truc tuong tng v6i M* = 5.6
ctia dAm micro nhu dudc minh hoa trén Hinh 3.17 ciing cho thdy 4nh hudng cta hiéu
ting kich thudc micro va hé sd Poisson dbi v6i chuyén vi 16n cia dAm cong-xon FGM
kich thuéc micro. Viéc ting tham sb ty 1é khong thi nguyén va két hgp véi anh hudng
ctia hé s6 Poisson din dén giam déng k€ bién do ting suat. Hinh 3.17 ciing cho thiy
bién do ting suit ctia dAm micro c6 tham s6 vat liéu cao hon 1a 16n hon so véi bién do

ting suat ctia dam c6 tham s6 vt liéu n thap hon.
3.8.2.4. Khung FGM khéng doi xvng kich thudc micro

Khung FGM khong d6i xting kich thudc micro chiu tai trong huéng xubng
dud6i P, nhu minh hoa trén Hinh 3.12(c), dudc phan tich trong muc nay. Kich thuéc
hinh hoc d€ tinh todn nhu sau: L = 120 ym, b = 3 pm va & = 2 um. Hinh 3.18 minh
hoa cdc dudng cong luc-chuyén vi ctia khung ting véi cac gid tri khac nhau cta tham
s6 ty 1& khong thi nguyén 1. Ta c6 thé thay tit Hinh 3.18 ring tham s6 ty 1& khong thi
nguyén c6 anh hudng quan trong téi ing xu cua khung. Tai trong giGi han cia khung
cang 16n hon khi gid tri cia tham s ty 1€ kich thudc cao hon, va nhan xét nay khong
phu thudc vao gia tri cia tham sb vat liéu. Viéc xét t6i anh hudng clia hé s6 Poisson
vao cdng thifc phan ti hitu han, nhu thiy tif Hinh 3.18, ciing 1am khung ciing hon va
tai trong gidi han ctia khung ting 1én. Hinh 3.18 ciing cho thay tinh uu viét ctia phan
t dAm dudc xay dung va thuat todn sb trong viéc md hinh hda ng xt phi tuyén phic
tap ctia khung kich thudc micro. Can luu y rang ddp dng ciia khung khong dbi xing
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Hinh 3.18. Pudng cong tai-chuyén vi ctia khung FGM khong ddi xiing
kich thuSc micro vé6i cc gia tri khac nhau ctia tham sb ty 18.
dat dudc vdi ba phan ti, cu thé 1a hai phan ti cho dAim ngang va mot phan ti cho
dam doc. Viéc ting s6 lugng phan ti khong 1am thay d6i dudng cong luc-chuyén vi
cua khung.

3.8.2.5. Khung FGM micro hinh vuéng chiu kéo

Khung FGM kich thuéc micro hinh vudng chiu tai trong kéo 2P, nhu minh hoa
trén Hinh 3.12(d), dudc nghién ctiu trong muc nay. Ty s6 do manh ctia mdi dam dugc

20 w : '
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5 L
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-0.6 -03 , ., O 0.3
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Hinh 3.19. Pudng cong tai-chuyén vi ctia khung FGM hinh vudng chiu téi trong kéo

kich thuéc micro v6i cic gid tri khac nhau ctia tham s6 ty 1&.
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Bdng 3.4. Chuyén vi va goc quay ciia khung FGM hinh vudng

kich thuéc micro chiu tai trong kéo

Xét dén hé s6 Poisson Bd qua hé sb Poisson
P* n bap ung
n=05 n=1 n=>5 n=05 n=1 n=3>5
5 0.1 |u*| 0.3664 0.3810 0.4034 0.4067 0.4202 0.4409
w* 0.2167 0.2208 0.2279 0.2287 0.2320 0.2381
6o 1.3901 1.4070 1.4345 1.4381 1.4517 1.4744
0.25 |u*| 0.3411  0.3566 0.3820 0.3758 0.3908 0.4155
w* 0.2085 0.2133 0.2218 0.2199 0.2240 0.2316
6o 1.3577 1.3769  1.4095 1.4019 14188 1.4480
0.5 |u*| 0.2728 0.2896 0.3209 0.2950 0.3121 0.3444
w* 0.1826 0.1893 0.2019 0.1920 0.1984 0.2105
6o 1.2627 1.2864 1.3310 1.2950 1.3182 1.3625
0.75 |u*| 0.2031 0.2192 0.2523 0.2155 0.2322  0.2669
w* 0.1496 0.1578 0.1741 0.1564 0.1645 0.1810
6y 1.1562  1.1812 1.2327 1.1761 1.2016  1.2547
10 0.1 |u*| 04596 04710 0.4884 0.4909 0.5009 0.5164
w* 0.2425 0.2450 0.2499 0.2502 0.2522 0.2567
6o 1.4918 1.4999 1.5156 1.5172  1.5219 1.5334
0.25 |u*| 04391 04516 0.4719 0.4671 04785 0.4975
w* 0.2376  0.2405 0.2463 0.2449  0.2474 0.2527
6o 1.4724  1.4830 1.5028 1.4985 1.5061 1.5220
0.5 |u*| 0.3790 0.3943 04221 0.3994 0.4143 0.4417
w* 0.2214  0.2257 0.2343 0.2280 0.2319 0.2401
6o 1.4059 14231 1.4554 1.4303  1.4458 1.4756
0.75 |u*| 0.3082 0.3254 0.3593 0.3217 0.3390 0.3734
w* 0.1977 0.2039 0.2163 0.2033  0.2094 0.2216
6y 1.3137 1.3367 1.3821 1.3326  1.3550 1.3999

gia dinh 1a L/h = 20. C4c chuyén vi va goc quay ctia khung micro tuong tng véi hai
gia tri cua luc ngoai P* =5 va P* = 10 dugc liét ké trong Bang 3.4 véi cac gia tri
khdc nhau ctia tham sd vt liéu n va tham sb ty 1& khong thd nguyén 7n7. Cac chuyén
vi khong thi nguyén |u*| va w* trong bang dudc dinh nghia theo cong thiic (3.50) véi
chuyén vi uy va wg dudc tinh tai cdc vi tri minh hoa trén Hinh 3.19a. Bang 3.4 cho
thiy vai tro quan trong ctia tham s6 ty 1& chiéu dai vat liéu va 4nh hudng ctia hé sb
Poisson dbi v6i chuyén vi 16n ctia khung. Gibng nhu trudng hogp clia dAm cong-xdn
FGM kich thuéc micro chiu tac dung cua tai trong ngang da nghién ctu & trén, su
ting cla cac chuyén vi va géc quay khi ting tham s6 vt liéu n cling phu thudc vao gia

tri cia tham s6 ty 1¢ chiéu dai vat liéu va su ting nay 1a c6 y nghia hon dbi v6i khung
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Hinh 3.20. Ciu hinh bién dang ctia khung FGM hinh vudng kich thudc micro

chiu tai trong kéo véi céc gia tri khac nhau cia Iuc kéo va tham s ty 1é.
micro ting vdi tham sb ty 1& chiéu dai vat liéu cao hon. Vi du, chuyén vi theo phuong
Z, cia khung ung vdéi tai trong P* = 5 dudgc tinh theo cong thuc c6 xét t6i anh hudng
ctia hé s6 Poisson, nhu ta thay tit Bang 3.4, ting 5,15% khi ting tham s n tir 0.5 1én 5
cho trudng hop n = 0.1, trong khi cdc gid tri tuong ting cho ) = 0.25, 0.5 va 0.75 lan
lugt 12 6.38, 10.57 va 16.38%. Anh hudng ctia tham sd vat liéu t6i chuyén vi khong
thu nguyén theo phuong z nhan dugc theo cong thic khong xét t6i anh hudng ctia hé
s6 Poisson nhe hon mdt chiit so véi két qua nhan dudc tif cong thic c6 xét t6i hé sb
Poisson, nhung ciing theo cung xu huéng. Chuyén vi theo phuong z, ting 4.11, 5.32,
9.64 va 15.73% dbi véi n = 0.1, 0.25, 0.5 va 0.75 khi tinh toan bang cong thiic khong
xét t6i anh hudng ctia hé s6 Poisson. Tuy nhién, su ting ctia cdc chuyén vi khi ting
tham s6 vat liéu 7 ¢6 xu huéng gidm di & viing chuyén vi 16n va dbi véi trudng hop
P* = 10, chuyén vi theo phudng z, dudc du dodn bdi cong thiic xét t6i anh hudng clia
hé s6 Poisson chi ting 3.05, 3.66, 5.83 va 9.41% tuong tng véi ) = 0.1, 0.25, 0.5 va
0.75. Ta ciing c6 thé thiy tir Bang 3.4 ring, su ting cia chuyén vi theo phuong x khi
ting tham s vat liéu 7 ro nét hon so vdi su ting ctia chuyén vi theo phuong z. Anh
hudng ctia hé sd Poisson va tham s6 ty 1& chiéu dai vat liéu dbi véi tng xit chuyén vi
16n ctia khung FGM hinh vudng kich thudc micro ciing c6 thé dudc thiy tif cac duong
cong luc-chuyén vi va cac cau hinh bién dang ctia khung nhu dugc minh hoa trén cic
Hinh 3.20a va 3.20b cho truong hgp n = 0.5 va n = 5. Khung hinh vuéng FGM kich
thuéc micro bién dang dang ké khi ting tai trong kéo (Hinh 3.20a) va né it bién dang
hon khi gid tri tham s6 ty 1& khong thd nguyén 16n hon (Hinh 3.20b).
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Két luin Chuong 3

Chuong 3 da xay dung phan ti dim phi tuyén va thuit todn sd cho phan tich
khung, dam FGM kich thu6c micro c¢é chuyén vi 16n. Phan ti dudc xay dung trén co
s cong thiic hé toa do dong hanh trong d6 ly thuyét dam Euler-Bernoulli dugc st
dung két hop v6i MCST dé mo ta bién dang dam va hiéu ng kich thudc. D€ ting su
hdi tu ctia phan i, cac ham ndi suy nhan dudc tif 10i gidi hé phuong trinh vi phan can
bing phan tif dudc st dung dé nodi suy trudng chuyén vi. Biéu thic cho ma trin do
ciing tiép tuyén va véc-to ndi luc clia phan ti dugc thu nhan dudi dang hién. Phan ti
dam cho két ciu FGM kich thuéc macro dugc thu nhan nhu 13 trudng hop riéng ctia
phan tif xay dung dudc véi viée loai bd cac s6 hang c6 chifa tham sb ty 1& kich thudc.

Mot s6 két qua va nhan xét chinh riit ra tit chuong nay c6 thé tém ludc nhu sau:

e Phin tit dim phi tuyén xay dung trén co s phuong phap hé toa do dong hanh
trong chuong 3 c¢6 kh4 ning md ta tét ting xt phi tuyén hinh hoc ctia két ciu khung,
dam. Su hdi tu ctia phan ti dam xay dung dudc 13 nhanh, c6 thé tinh todn chuyén vi

16n ctia khung, ddm FGM kich thuc macro va micro véi ludi mot sb it phan ti.

e Tham s6 vt liéu va tham sb kich thudc c6 vai trd quan trong t6i dap tng
chuyén vi 16n ctia khung, dam FGM kich thuéc micro. Chuyén vi ctia khung, dam
ting v6i tham s6 vat lidu cao hon 1a 16n hon. Tuy nhién, 4nh hudng cta tham sd vat
liéu bi chi phdi bdi gid tri cia tham sd kich thudc vat lidu va su ting ctia chuyén vi
16n khi ting tham s6 vt liéu rd nét hon khi khung, dim c6 tham sb ty 1 kich thudc

cao hon.

e Hé 56 Poisson c6 4nh hudng quan trong tSi dap ting chuyén vi 16n ctia khung
dim FGM kich thudc micro. Anh hudng ctia hé s6 Poisson tucng tu nhu anh hudng
ctia tham sb ty 1& chiéu dai vat liéu va cic két cAu khung, ddm FGM micro trd nén
cting hon khi tinh todn bang phan t& dam c6 xét t6i anh hudng ctia hé s6 Poisson.

Két qua ctia chuong 3 da dudc cong bd trén 03 bai bao, cac bai tir s6 8 dén sb
10 trong ‘Danh muc cong trinh lién quan t6i Ludn an’ (trang 98), trong dé c6 02 bai

ding Tap chi Scopus va 01 bai trén Tuyén tip Hoi nghi khoa hoc Quéc té.
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KET LUAN

Luan 4n "Mo hinh phan ti hitu han trong phan tich phi tuyén hinh hoc két ciu
dam FGM va CNTRC" da xay dung mot s6 mo hinh phan tit hitu han phi tuyén cho
phan tich chuyén vi 16n ctia khung, dim phang FGM va CNTRC. Hai mé hinh phan
tt hitu han xay dung trong Lu4n 4n 14 phan t& dam dua trén cong thiic Lagrange toan
phan va phan tif ddm dua trén phuong phap hé toa d6 dong hanh. St dung cac phan
tl xdy dung dudc va thuit todn s trong phan tich phi tuyén két ciu, Luin 4n da xay
dung chuong trinh tinh to4n s va ap dung dé phan tich mot s6 bai toan cu thé. Anh
hudng ctia su phan bd vat liéu, ciu hinh két ciu va cdc tham s6 tai trong, mot sd yéu td
thuc té t6i ting xt phi tuyén ctia khung, dim lam tir cac vat liéu FGM, CNTRC dugc
khao sat chi tiét. Mot s6 két qua, nhan xét chinh va cac kién nghi huéng nghién ctiu

rut ra t Luan an dugc tom luge dudi day:
1. Céc két qua chinh

« Di xdy dung dugc hai mo hinh phan tt dim phi tuyén cho phan tich chuyén vi
16n ctia khung, dAm 1am tif cdc vat liéu mdi 1a vat liéu c6 co tinh bién thién va
vat liéu composite gia cudng bing cac dng nano carbon. Cu thé: (1) Phan ti
dam xay dung trén co s& cong thiic Lagrange toan phan cho phan tich chuyén
vi 16n ctia dam sandwich FGM va dam sandwich CNTRC. Ly thuyét bién dang
trugt bac nhit dudc st dung d€ danh gia ning luong bién dang dan hodi phan
tt, trong khi phép cau phuong giam bac dugc st dung dé€ tranh cho phan ti bi
nghén trudt. (2) Phan ti dim x4y dung trén co sé phuong phap hé toa do dong
hanh cho phan tich chuyén vi 16n ctia khung, dim FGM kich thuéc micro, trong
d6 ly thuyét dam Euler-Bernoulli dudc st dung két hop véi ly thuyét cip tng
suit stra d6i d€ mo phong bién dang va hiéu tng kich thuéc micro ctia khung,
dam FGM. Dé€ cai thién tdc do hdi tu va tinh chinh x4c ctia 10i giai s6, nghiém
ctia hé phuong trinh vi phan cin bing phi tuyén cta phan ti dugc st dung 1am

ham noi suy cho trudng chuyén vi.

» Trén co s6 cac phan tif dim xay dung dudc va thuit toan sb trong phan tich két
cAu phi tuyén, Luan 4n da xay dung cac chuong trinh tinh todn sd dung trong
phan tich khung, dim FGM va CNTRC c6 chuyén vi 16n. Pa tién hanh kiém
chiing, khang dinh tinh ding dan va hiéu qua ctia cdc phan ti dim va chuong

trinh tinh toan s xay dung dugc.
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* St dung chuong trinh tinh toan s6 xiy dung dudc, Luin 4n di tién hanh phan
tich mot sd két cau cu thé, dua ra cdc nhan xét vé anh hudng cla tinh khong
dong nhat vé vat liéu, ciu hinh hinh hoc, tham sb kich thu6c micro va nén dan

hdi t6i dng x phi tuyén ctia két ciu khung, dam FGM va CNTRC.

2. Cac nhan xét chinh

* Céc phan tif dAm phi tuyén va chuong trinh tinh todn sé xay dung trong Lu4n 4n
c6 kha ning tot trong mo phéng ting xi phi tuyén phic tap ctia két cAu khung,
dam FGM va CNTRC. Dic biét, phan tit dim x4y dung trén co sé phuong phap
hé toa do dong hanh c6 biéu thiic todn hoc don gidn nhung cé tdc dd hoi tu
nhanh. Chuyén vi 16n ctia khung, dim FGM kich thudc macro va micro c6 thé

dugc md phong chinh xdc bdi ludi chi gdm 6 phan ti.

« Su phan bd vat liéu cling nhu cac yéu t6 thuc té nhu su két tu ctia CNTs trong vat
liéu composite gia cuing bang CNTs cé vai trd quan trong téi Ung xd phi tuyén
ctia khung, ddm FGM va CNTRC. Chuyén vi 16n ctia ddm sandwich CNTRC
phu thudc r6 nét vao mic do két tu ctia CNTs va su két tu nay khong thé bd qua
trong nghién ctu ting x{ phi tuyén ctia két ciu CNTRC. Thém vao dé, su két tu
ctia CNTs, nhu thay tif chuong 2 ctia Luén 4n, khong chi 1am cho dam tré nén

mém hon ma con 1am ting hiéu dng ctia bién dang truct dbi véi do vong 16n.

+ M0 hinh ddng nhit héa vt liéu dé xac dinh c4c tinh chat hiéu qua ctia vat liéu
composite ¢ vai trd quan trong tSi két qua sd nhan dugc tif phan tich phan ti
hitu han két cAu FGM phi tuyén. Trong boén md hinh dong nhit héa dugc xét
dén trong Lu4n 4n thi mo hinh Voigt 14 cting nht, trong khi mo6 hinh Tamura-
Tomota-Ozawa 12 mém nhit. Mic du md hinh Voigt c6 cic biéu thic todn hoc
don gidn va dudc st dung rong rai trong danh gid cc tinh chét hidu qua cla
FGM nhung chiing ta can cin than trong viéc danh gid cac két qua thu dudc tir

mo hinh nay.

* Hiéu tng kich thuc micro dong vai trd quan trong téi ing xd phi tuyén cla
khung, dam FGM c6 kich thudc micro. Chuyén vi 16n cta khung, dim FGM
kich thudc micro bi danh gia cao ddng k€ (significantly overestimated) khi bo
qua 4nh hudng clia hiéu ting kich thudc. Hiéu tng kich thudc ciing lam thay doi

su phu thudc clia ing x1 phi tuyén ctia khung, dim FGM vio tham s6 vat liéu.
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3. Huéng nghién ciu tiép theo

Két qua ctia Luan 4n mdi chi 1a bu6c dau ciia tdc gid trong nghién ctu ting xi
phi tuyén ctia két cAu khung, dam 1am tif cac vat liéu méi. Mot sd huéng nghién ctiu

sau ddy can dudc tiép tuc quan tdm nghién ctu va phat trién:

* Nghién cifu ¥ng xi phi tuyén hinh hoc ctia khung, dim kich thuéc micro gia
cudng bdi ciac 6ng nano carbon xét téi dnh hudng ctia mdt s6 yéu td thuc tién

nhu nén dan héi, nhiét do, su két tu ctia dng nano carbon.

» Nghién ciu dng xt phi tuyén vat liéu ctia khung, dim FGM kich thu6c micro.
Trong nhiéu trudng hop khi két ciu chiu tai trong 16n, ting suit tai mot hoic vai
vi tri ctia két cAu vudt qua gidi han dan hoi, va vi thé 4nh hudng ctia bién dang

déo can dudc tinh t6i khi nghién cifu ubn phi tuyén ctia khung, dim FGM.

« Phat trién c4c phan t sang trudng hop phan tich khung, dam ba chiéu. C4c bién
ddi todn hoc trong viéc xay dung phan tif dAm phi tuyén cho phan tich khung,
dam trong khong gian rat phic tap va cong kénh. Diéu nay doi hoi viéc dau tu

nhiéu thdi gian hon nita va can c¢6 su phdi hop clia cac nha nghién ciu.



98

DANH MUC CONG TRINH LIEN QUAN TOI LUAN AN

Két qua ctia Luan 4n da dudc cong bd trén cac Tap chi Quéc té, Tap chi Qudc

gia, Tuyén tap Hoi nghi Khoa hoc Qudc gia, cu thé:

1. Bui Thi Thu Hoai, Tran Thi Thu Huong, Nguyen Dinh Kien, Vu Thi An Ninh,
Large deflection of cantilever functionally graded sandwich beam under end
forces based on a total Lagrange formulation, Vietnam Journal of Science and
Technology, 57 (6A) 2019, 32-42. doi:10.15625/2525-2518/57/6A/14008 (Tap
chi Scopus).

2. Bui Thi Thu Hoai, Nguyen Dinh Kien, Tran Thi Thu Huong, Le Thi Ngoc Anh,
Large displacements of FGSW Beams in thermal environment using a finite
element formulation, Vietnam Journal of Mechanics, VAST, 42(1) 2020, 43-61.
DOI: https://doi.org/10.15625/0866-7136/14628

3. Bui Thi Thu Hoai, Tran Thi Thu Huong, Nguyen Dinh Kien, Large deflection of
FGSW beams partially supported by a two-parameter elastic foundation using a

finite element formulation, Tap chi Co khi Viét Nam, 2020.

4. Bui Thi Thu Hoai, Nguyen Dinh Kien and Tran Thi Thu Huong, Large deflec-
tions of cantilever FG-CNTRC sandwich beams, Hoi nghi khoa hoc toan qudc
Co hoc vt rdn lan thi XV, Truong Dai hoc ky thuat cong nghiép, Dai hoc Thai
Nguyén, 2021

5. Dinh Kien Nguyen, Thi Thu Hoai Bui, Thi Thu Huong Tran, Sergei Alexandrov,
Large deflections of functionally gradedsandwich beams with influence of ho-
mogenization schemes, Archive of Applied Mechanics, 2022.
https://doi.org/10.1007/s00419-022-02140-2 (Tap chi IST)

6. Thi Thu Hoai Bui, Thi Thom Tran, Dinh Kien Nguyen, Geometrically non-
linear analysis of sandwich composite beams reinforced by agglomeration car-
bon nanotubes, Vietnam Journal of Mechanics, 44(4) 2022, 376 — 391 DOI:
https://doi.org/10.15625/0866-7136/17911

7. Thi Thu Hoai Bui, Thi Thu Huong Tran, Vu Nam Pham, Dinh Kien Nguyen,

Large deflections of agglomerated carbon nanotubes reinforced sandwich can-



10.

99

tilever beam partially embedded on foundation, Comptes Rendus Mécanicque,
2024 (Accepted).

. Thi Thu Hoai Bui, Thi Thu Huong Tran, and Dinh Kien Nguyen, Geometrically

nonlinear behaviour of functionally graded beam and frame structures under
mechanical loading, RCTEMME 2021, LNME, 326-342, 2022.
https://doi.org/10.1007/978-981-19-1968-8-26

. Thi Thu Hoai Bui, Dinh Kien Nguyen, Geometrically nonlinear behaviour of

FG-CNRC sandwich beam using a co-rotational formulation, The 7th Interna-
tional Conference on Engineering Mechanics and Automation (ICEMA - 2023)
Hanoi, November 11, 2023, DOI:10.15625/vap.2023.0153

Bui Thi Thu Hoai, Le Cong Ich, Nguyen Dinh Kien, Size-dependent nonlin-
ear bending of tapered cantilever microbeam based on modified couple stress
theory, Vietnam Journal of Science and Technology, 62 (6) (2024) 1196-1209,
doi:10.15625/2525-2518/19281.



100

TAI LIEU THAM KHAO

[1] Koizumi M., 1997, FGM activities in Japan, Composites: Part B, 28, pp. 1-4.

[2] Shen H. S., 2009, Functionally graded materials — Nonlinear analysis of plates
and shells, CRC Press.

[3] Iijima S., 1991, Helical microtubules of graphitic carbon, Nature, 354, pp. 56—
58.

[4] Iijima S., Ichihashi T., 1993, Single-shell carbon nanotubes of 1-nm diameter,
Nature, 363, pp. 603-605.

[5] Shen H. S., 2009, Nonlinear bending of functionally graded carbon nanotube
reinforced composite plates in thermal environments, Composite Structures,

91, pp. 9-19.

[6] Long V. T., Tung H. V., 2019, Thermomechanical postbuckling behavior of
CNT-reinforced composite sandwich plate models resting on elastic founda-

tions with elastically restrained unloaded edges, Journal of Thermal Stresses,
42(5), pp. 658-680.

[7] Shi D. L., Feng X.-Q., Huang Y., Hwang K.-C., Gao H., 2004, The effect
of nanotube waviness and agglomeration on the elastic property of carbon
nanotube-reinforced composites, Journal of Engineering Materials and Tech-
nology, 126 (3), pp. 250-257.

[8] Apetre N., Sankar B., Ambur D. R., 2006, Low-velocity impact response of
sandwich beams with functionally graded core, International Journal of Solids
and Structures, 43, pp. 2479-2496.

[9] Aydogdu M., Taskin V., 2007, Free vibration analysis of functionally graded
beams with simply supported edges, Materials and Design, 28, pp. 1651-1656.

[10] Benatta M., Mechab 1., Tounsi A., Bedia E. A. A., 2008, Static analysis of func-
tionally graded short beams including warping and shear deformation effects,

Computational Materials Science, 44, pp. 765-773.


https://doi.org/https://www.tandfonline.com/doi/full/10.1080/01495739.2019.1571972
https://doi.org/https://www.tandfonline.com/doi/full/10.1080/01495739.2019.1571972
https://doi.org/https://www.tandfonline.com/doi/full/10.1080/01495739.2019.1571972

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

101

Li X. F, 2008, A unified approach for analyzing static and dynamic behav-
iors of functionally graded Timoshenko and Euler-Bernoulli beams, Journal of
Sound and Vibration, 318, pp. 1210-1229.

Ying J., Lii C., Chen W. Q., 2008, Two-dimensional elasticity solutions for
functionally graded beams resting on elastic foundation, Composite Structures,
84, pp. 209-219.

Sina S. A., Navazi H. M., Haddadpour H., 2009, An analytical method for
free vibration analysis of functionally graded beams, Materials and Design,
30, pp. 741-747.

Huang Y., Li X. F,, 2010, A new approach for free vibration of axially func-
tionally graded beams with non-uniform cross-section, Journal of Sound and
Vibration, 329, pp. 2291-2303.

Sankar B. V., 2001, An elasticity solution for functionally graded beams, Com-

posites Science and Technology, 61, pp. 689-696.

Huang Y., Li X. F, 2011, Buckling analysis of non-uniform and axially
graded beams with varying flexural rigidity, Journal of Engineering Mechan-
ics, ASCE, 137, pp. 73-81.

Anderson T. A., 2003, A 3-D elasticity solution for a sandwich composite
with functionally graded core subjected to transverse loading by a rigid sphere,

Computers & Structures, 60, pp. 265-74.

Kirugulige M. S., Kitey R., Tippur H. V., 2005, Dynamic fracture behavior of
model sandwich structures with functionally graded core: a feasibility study,

Composites Science and Technology, 65, pp. 1052—-68.

Di Sciuva M., Gherlone M., 2005, Quasi-3D static and dynamic analysis of
undamaged and damaged sandwich beams, Journal of Sandwich Structures and
Materials, 7, pp. 31-52.

Bhangale R. K., Ganesan N., 2006, Thermoelastic buckling and vibration be-
havior of a functionally graded sandwich beam with constrained viscoelastic
core, Journal of Sound and Vibration, 295, pp. 294-316.

Antonio F. A., 2007, Failure mode investigation of sandwich beams with func-

tionally graded core, Composite Structures, 81, pp. 323-330.



[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

102

Kashtalyan M., Menshykova M., 2009, Three-dimensional elasticity solution
for sandwich panels with a functionally graded core, Composite Structures, 87,
pp. 36-43.

Amirani M., Khalili S., Nemati N., 2009, Free vibration analysis of sandwich
beam with FG core using the element free Galerkin method, Composite Struc-
tures, 90, pp. 373-379.

Bui T. Q., Khosravifard A., Zhang C., Hematiyan M. R., Golub M. V., 2013,
Dynamic analysis of sandwich beams with functionally graded core using a
truly meshfree radial point interpolation method, Engineering Structures, 47,
pp- 90-104.

Vo T. P, Thai H.-T., 2012, Vibration and buckling of composite beams using re-
fined shear deformation theory, International Journal of Mechanical Sciences,
62, pp. 67-76.

Vo T. P, Thai H.-T., Nguyen T.-K., Maheri A., Lee J., 2014, Finite element
model for vibration and buckling of functionally graded sandwich beams based

on a refined shear deformation theory, Engineering Structures, 64, pp. 12-22.

Simsek M., Al-shujairi M., 2017, Static, free and forced vibration of function-
ally graded (FG) sandwich beams excited by two successive moving harmonic

loads, Composites: Part B, 108, pp. 18-34.

Banerjee A., Bhattacharya B., Mallik A. K., 2008, Large deflection of can-
tilever beams with geometric non-linearity: Analytical and numerical ap-

proaches, International Journal of Non-Linear Mechanics, 43, pp. 366-376.

Rahimi G. H., Davoodinik A. R., 2010, Large Detection of Functionally Graded
Cantilever Flexible Beam with Geometric Non-Linearity: Analytical and Nu-

merical Approaches, Scientia Iranica, Transaction B: Mechanical Engineering,
17, pp. 25-40.

Arefi M., Rahimi G. H., 2013, Non linear analysis of a functionally graded
beam with variable thickness, Scientific Research and Essays, 8, pp. 256-264.

Reddy J. N., 2000, Analysis of functionally graded plates, International Jour-
nal for Numerical Methods in Engineering, 47, pp. 663—684.



[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

103

Chen C. S., 2005, Nonlinear vibration of a sheat deformable functionally

graded plate, Composite Structures, 68, pp. 295-302.

Aljjani F., Bakhtiari-Nejad F., Amabili M., 2011, Nonlinear vibrations of FGM
rectangular plates in thermal environments, Nonlinear Dynamics, 66, pp. 251—
270.

Kocatiirk T., Simsek M., Akbas S. D., 2011, Large displacement static analysis
of a cantilever Timoshenko beam composed of functionally graded material,

Science Engineering Composite Materials, 18, pp. 21-34.

Almeida C. A., Albino J. C. R., Menezes 1. F. M., Paulino G. H., 2011, Geomet-
ric nonlinear analyses of functionally graded beams using a tailored Lagrangian

formulation, Mechanics Research Communications, 38, pp. 553-559.

Zhang D. G., 2013, Nonlinear bending analysis of FGM beams based on phys-
ical neutral surface and high order shear deformation theory, Composite Struc-
tures, 100, pp. 121-126.

Sitar M., Kosel F., Brojan M., 2014, Large deflections of nonlinearly elastic
functionally graded composite beams, Archives of Civil and Mechanical Engi-

neering, 14, pp. 700-9.

Niknam H., Fallah A., Aghdam M. M., 2014, Nonlinear bending of function-
ally graded tapered beams subjected to thermal and mechanical loading, Inter-

national Journal of Non-Linear Mechanics, 65, pp. 141-147.

Nguyen D. K., 2004, Post-buckling behavior of beam on two-parameter elas-
tic foundation, International Journal of Structural Stability and Dynamics, 4,
pp. 21-43.

Gan B. S., Nguyen D. K., 2014, Large Deflection Analysis of Functionally
Graded Beams Resting on a Two-Parameter Elastic Foundation, Journal of

Asian Architecture and Building Engineering, 13, pp. 649-656.

Nguyen D. K., 2012, A Timoshenko beam element for large displacement anal-
ysis of planar beams and frames, International Journal of Structural Stability

and Dynamics, 12.



[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

104

Nguyen D. K., 2013, Large displacement response of tapered cantilevers beams
made of axially functionally graded material, Composite: Part B, 55, pp. 298—
305.

Nguyen D. K., Gan. B. S., 2014, Large deflections of tapered functionally
graded beams subjected to end forces, Applied Mathematical Modelling, 38,
pp- 3054-3066.

Nguyen D. K., 2014, Large displacement behaviour of tapered cantilever Eu-
ler—Bernoulli beams made of functionally graded material, Applied Mathemat-

ics and Computation, 237, pp. 340-355.

Nguyen D. K., Gan B. S., Trinh T. H., 2014, Geometrically nonlinear analysis
of planar beam and frame structures made of functionally graded materials,

Structural Engineering and Mechanics, 49, pp. 727-743.

Trinh T. H., Nguyen D. K., Gan B. S., Alexandrov S., 2016, Post-buckling re-
sponses of elastoplastic FGM beams on nonlinear elastic foundation, Structural

Engineering and Mechanics, 58, pp. 515-532.

Nguyen D. K., Nguyen K. V., Dinh V. M., Gan B. S., Alexandrov S., 2018,
Nonlinear bending of elastoplastic functionally graded ceramic-metal beams

subjected to nonuniform distributed loads, Applied Mathematics and Compu-
tation, 333, pp. 443—459.

Nguyen D. K., Tran T. T., 2016, A co-rotational formulation for
large displacement analysis of functionally graded sandwich beam
and frame structures, Mathematical Problems in  Engineering,
http://dx.doi.org/10.1155/2016/5698351.

Mindlin R., Tiersten H., 1962, Effects of couple-stresses in linear elasticity,
Archive for Rational Mechanics and Analysis, 11, pp. 415-448.

Toupin R., 1962, Elastic materials with couple-stresses, Archive for rational

mechanics and analysis, 11, pp. 385-414.

Yang F., Chong A. C. M., Lam D. C. C., Tong P., 2002, Couple stress based
strain gradient theory for elasticity, International Journal of Solids and Struc-
tures, 39 (10), pp. 2731-2743.



[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

105

Lam D., Yang F., Chong A., Wang J., Tong P., 2003, Experiments and theory
in strain gradient elasticity, Journal of the Mechanics and Physics of Solids, 51,
pp. 1477-1508.

Thai H., Vo T., Nguyen T., Kim S. E., 2017, A review of continuum mechanics
models for size-dependent analysis of beams and plates, Composite Structures,
177, pp. 196-219.

Roudbari M. A., Jorshari T., Lii C., Ansari R., Kouzani A. Z., Amabili M.,
2022, A review of size-dependent continuum mechanics models for micro- and
nano-structures, Thin-Walled Structures, 170, 108562.

Ke L., Wang Y. S., Yang J., Kitipornchai S., 2012, Nonlinear free vibration
of size-dependent functionally graded microbeams, International Journal of

Engineering Science, 50, pp. 256-267.

Asghari M., Kahrobaiyan M., Nikfar M., Ahmadian M., 2012, A size-
dependent nonlinear Timoshenko microbeam model based on the strain gra-
dient theory, Acta Mechanica, 223, pp. 1233-1249.

Zhao J., Zhou S., Wang B., Wang X., 2012, Nonlinear microbeam model based
on strain gradient theory, Applied Mathematical Modelling, 36, pp. 2674-2686.

Mohammadi H., Mahzoon M., 2013, Thermal effects on postbuckling of non-
linear microbeams based on the modified strain gradient theory, Composite
Structures, 106, pp. 764-776.

Farokhi H., Ghayesh M., Amabili M., 2013, Nonlinear resonant behavior of
microbeams over the buckled state, Applied Physics A, 113, pp. 297-307.

Farokhi H., Ghayesh M., Gholipour A., Hussain S., 2018, Resonant responses
of three-layered shear-deformable microbeams, Microsystem Technologies, 24,
pp- 2123-2136.

Farokhi H., Ghayesh M. H., 2016, Size-dependent parametric dynamics of im-
perfect microbeams, International Journal of Engineering Science, 99, pp. 39—
55.

Farokhi H., Ghayesh M. H., 2017, Nonlinear resonant response of imperfect
extensible Timoshenko microbeams, International Journal of Mechanics and

Materials in Design, 13, pp. 43-55.


https://doi.org/10.1016/j.tws.2021.108562
https://doi.org/10.1016/j.tws.2021.108562

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

106

Ghayesh M., Amabili M., Farokhi H., 2013, Three-dimensional nonlinear size-
dependent behaviour of Timoshenko microbeams, International Journal of En-

gineering Science, 71, pp. 1-14.

Ghayesh M. H., Farokhi H., Alici G., 2015, Subcritical parametric dynamics of

microbeams, International Journal of Engineering Science, 95, pp. 36—48.

Ghayesh M. H., Farokhi H., Hussain S., 2016, Viscoelastically coupled size-
dependent dynamics of microbeams, International Journal of Engineering Sci-
ence, 109, pp. 243-255.

Ansari R., Faghih Shojaei M., Ebrahimi F., Rouhi H., 2015, A non-classical
Timoshenko beam element for the postbuckling analysis of microbeams based

on Mindlin’s strain gradient theory, Archive of Applied Mechanics, 85(7),
pp- 937-953.

Ansari R., Faghih Shojaei M., Gholami R., Mohammadi V., Darabi M. A.,
2013, Thermal postbuckling behavior of size-dependent functionally graded

Timoshenko microbeams, International Journal of Non-Linear Mechanics, 50,
pp- 127-135.

Ansari R., Shojaei M. F., Gholami R., 2016, Size-dependent nonlinear mechan-
ical behavior of third-order shear deformable functionally graded microbeams
using the variational differential quadrature method, Composite Structures,
136, pp. 669-683.

Kahrobaiyan M. H., Asghari M., Hoore M., Ahmadian M. T., 2011, Nonlin-
ear size-dependent forced vibrational behavior of microbeams based on a non-
classical continuum theory, Journal of Vibration and Control, 18(5), pp. 696—
711.

Vatankhah R., Kahrobaiyan M. H., Alasty A., Ahmadian M. T., 2013, Non-
linear forced vibration of strain gradient microbeams, Applied Mathematical
Modelling, 37(18-19), pp. 8363-8382.

Simsek M., 2014, Nonlinear static and free vibration analysis of microbeams
based on the nonlinear elastic foundation using modified couple stress theory

and He’s variational method, Composite Structures, 112, pp. 264-272.


https://doi.org/10.1016/j.ijengsci.2013.04.003
https://doi.org/10.1016/j.ijengsci.2013.04.003
https://doi.org/10.1007/s00419-015-1002-y
https://doi.org/10.1007/s00419-015-1002-y
https://doi.org/10.1007/s00419-015-1002-y
https://doi.org/10.1016/j.ijnonlinmec.2012.10.010
https://doi.org/10.1016/j.ijnonlinmec.2012.10.010
https://doi.org/10.1016/j.compstruct.2015.10.043
https://doi.org/10.1016/j.compstruct.2015.10.043
https://doi.org/10.1016/j.compstruct.2015.10.043
https://doi.org/10.1177/1077546311414600
https://doi.org/10.1177/1077546311414600
https://doi.org/10.1177/1077546311414600
https://doi.org/10.1016/j.apm.2013.03.046
https://doi.org/10.1016/j.apm.2013.03.046
https://doi.org/10.1016/j.compstruct.2014.02.010
https://doi.org/10.1016/j.compstruct.2014.02.010
https://doi.org/10.1016/j.compstruct.2014.02.010

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

107

Simsek M., 2015, Size dependent nonlinear free vibration of an axially func-
tionally graded (AFG) microbeam using He’s variational method, Composite
Structures, 131, pp. 207-214.

Sahmani S., Bahrami M., Ansari R., 2014, Nonlinear free vibration analysis
of functionally graded third-order shear deformable microbeams based on the
modified strain gradient elasticity theory, Composite Structures, 110, pp. 219—
230.

LiL., Hu Y., 2015, Buckling analysis of size-dependent nonlinear beams based
on a nonlocal strain gradient theory, International Journal of Engineering Sci-
ence, 97, pp. 84-94.

Dai H. L., Wang Y. K., Wang L., 2015, Nonlinear dynamics of cantilevered
microbeams based on modified couple stress theory, International Journal of

Engineering Science, 94, pp. 103-112.

Shafiei N., Kazemi M., Ghadiri M., 2016, Nonlinear vibration of axially func-
tionally graded tapered microbeams, International Journal of Engineering Sci-
ence, 102, pp. 12-26.

Shafiei N., Mousavi A., Ghadiri M., 2016, On size-dependent nonlinear vibra-
tion of porous and imperfect functionally graded tapered microbeams, Interna-

tional Journal of Engineering Science, 106, pp. 42-56.

Dehrouyeh-Semnani A. M., Mostafaci H., Dehrouyeh M., Nikkhah-
Bahrami M., 2017, Thermal pre- and post-snap-through buckling of a geomet-
rically imperfect doubly-clamped microbeam made of temperature-dependent

functionally graded materials, Composite Structures, 170, pp. 122—134.

Patel B. N., Pandit D., Srinivasan S. M., 2017, A simplified moment-curvature
based approach for large deflection analysis of micro-beams using the con-
sistent couple stress theory, European Journal of Mechanics - A/Solids, 66,
pp. 45-54.

Li X., Luo Y., 2017, Size-Dependent Postbuckling of Piezoelectric Mi-
crobeams Based on a Modified Couple Stress Theory, International Journal
of Applied Mechanics, 09(04), 1750053.


https://doi.org/10.1016/j.compstruct.2015.05.004
https://doi.org/10.1016/j.compstruct.2015.05.004
https://doi.org/10.1016/j.compstruct.2013.12.004
https://doi.org/10.1016/j.compstruct.2013.12.004
https://doi.org/10.1016/j.compstruct.2013.12.004
https://doi.org/10.1016/j.ijengsci.2015.08.013
https://doi.org/10.1016/j.ijengsci.2015.08.013
https://doi.org/10.1016/j.ijengsci.2015.05.007
https://doi.org/10.1016/j.ijengsci.2015.05.007
https://doi.org/10.1016/j.ijengsci.2016.02.007
https://doi.org/10.1016/j.ijengsci.2016.02.007
https://doi.org/10.1016/j.ijengsci.2016.05.007
https://doi.org/10.1016/j.ijengsci.2016.05.007
https://doi.org/10.1016/j.compstruct.2017.03.003
https://doi.org/10.1016/j.compstruct.2017.03.003
https://doi.org/10.1016/j.compstruct.2017.03.003
https://doi.org/10.1016/j.euromechsol.2017.06.002
https://doi.org/10.1016/j.euromechsol.2017.06.002
https://doi.org/10.1016/j.euromechsol.2017.06.002
https://doi.org/10.1142/s1758825117500533
https://doi.org/10.1142/s1758825117500533

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

108

Taati E., 2018, On buckling and post-buckling behavior of functionally graded
micro-beams in thermal environment, International Journal of Engineering
Science, 128, pp. 63-78.

Chen X., Li1Y., 2018, Size-dependent post-buckling behaviors of geometrically

imperfect microbeams, Mechanics Research Communications, 88, pp. 25-33.

Pourasghar A., Chen Z., 2019, Effect of hyperbolic heat conduction on the
linear and nonlinear vibration of CNT reinforced size-dependent function-

ally graded microbeams, International Journal of Engineering Science, 137,
pp- S7-72.

Sheng G. G., Wang X., 2019, Nonlinear forced vibration of size-dependent
functionally graded microbeams with damping effects, Applied Mathematical
Modelling, 71, pp. 421-437.

Yin S., Xiao Z., Zhang G., Bui T. Q., Wang X., Liu J., 2022, Size-dependent
postbuckling for microbeams: analytical solutions using a reformulated strain
gradient elasticity theory, Acta Mechanica, 233(12), pp. 5045-5060.

Attia M. A., Mohamed S. A., 2020, Nonlinear thermal buckling and postbuck-
ling analysis of bidirectional functionally graded tapered microbeams based on

Reddy beam theory, Engineering with Computers, 38(1), pp. 525-554.

Tang Y., Qing H., 2023, Size-dependent nonlinear post-buckling analysis of
functionally graded porous Timoshenko microbeam with nonlocal integral

models, Communications in Nonlinear Science and Numerical Simulation,
116, 106808.

Lau T., Gu C., Hui D., 2006, A critical review on nanotube and nanotube/nan-
oclay related polymer composite materials, Composites: Part B, 21, pp. 425—
436.

Ghorbanpour A. A., Maghamikia S., Mohammadimehr M., 2011, Buckling
analysis of laminated composite rectangular plates reinforced by SWCNTs us-

ing analytical and finite element methods, Journal of Mechanical Science and
Technology, 25, pp. 809-820.

Esawi A. M. K., Mahmoud M. F., 2007, Carbon nanotube reinforced compos-

ites: Potential and current challenges, Materials and Design, 28, pp. 2394—
2401.


https://doi.org/10.1016/j.ijengsci.2018.03.010
https://doi.org/10.1016/j.ijengsci.2018.03.010
https://doi.org/10.1016/j.mechrescom.2017.12.005
https://doi.org/10.1016/j.mechrescom.2017.12.005
https://doi.org/10.1016/j.ijengsci.2019.02.002
https://doi.org/10.1016/j.ijengsci.2019.02.002
https://doi.org/10.1016/j.ijengsci.2019.02.002
https://doi.org/10.1016/j.apm.2019.02.027
https://doi.org/10.1016/j.apm.2019.02.027
https://doi.org/10.1007/s00707-022-03360-x
https://doi.org/10.1007/s00707-022-03360-x
https://doi.org/10.1007/s00707-022-03360-x
https://doi.org/10.1007/s00366-020-01080-1
https://doi.org/10.1007/s00366-020-01080-1
https://doi.org/10.1007/s00366-020-01080-1
https://doi.org/10.1016/j.cnsns.2022.106808
https://doi.org/10.1016/j.cnsns.2022.106808
https://doi.org/10.1016/j.cnsns.2022.106808

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

109

Ke L.-L., Yang J., Kitipornchai S., 2010, Nonlinear free vibration of function-
ally graded carbon nanotube reinforced composite beams, Composite Structure,
92, pp. 676-683.

Ke L.-L., Yang J., Kitipornchai S., 2013, Dynamic stability of functionally
graded carbon nanotube reinforced composite beams, Mechanics of Advanced

Materials and Structures, 20, pp. 28-37.

Yas M. H., Heshmati M., 2012, Dynamic analysis of functionally graded
nanocomposite beams reinforced by randomly oriented carbon nanotube under

the action of moving load, Applied Mathematical Modelling, 36, pp. 1371-94.

Yas M., Samadi N., 2012, Free vibrations and buckling analysis of carbon
nanotube-reinforced composite Timoshenko beams on elastic foundation, In-

ternational Journal of Pressure Vessels and Piping, 98, pp. 119-128.

Shen H.-S., Xiang Y., 2013, Nonlinear analysis of nanotube-reinforced com-
posite beams resting on elastic foundations in thermal environments, Engineer-

ing Structures, 56, pp. 698—708.

Wattanasakulpong N., Ungbhakorn V., 2013, Analytical solutions for bend-
ing, buckling and vibration responses of carbon nanotube-reinforced compos-

ite beams resting on elastic foundation, Computational Materials Science, 71,
pp. 201-208.

Wu H., Kitipornchai S., 2015, Free vibration and buckling analysis of sand-
wich beams with functionally graded carbon nanotube-reinforced composite

face sheets, International journal of structural stability and dynamics, 15.

Mohammadimehr M., Shahedi S., Rousta N. B., 2017, Nonlinear vibration
analysis of FG-CNTRC sandwich Timoshenko beam based on modified couple
stress theory subjected to longitudinal magnetic field using generalized differ-
ential quadrature method, Proceedings of the Institution of Mechanical Engi-
neers, Part C: Journal of Mechanical Engineering Science, 231, pp. 3866—
3885.

Ebrahimi F., Farazmandnia N., 2016, Thermo-mechanical vibration analysis
of sandwich beams with functionally graded carbon nanotube-reinforced com-
posite face sheets based on a higher-order shear deformation beam theory, Me-

chanics of Advanced Materials and Structures, 24, pp. 820-829.


https://doi.org/10.1142/S0219455415400118
https://doi.org/10.1142/S0219455415400118
https://doi.org/10.1142/S0219455415400118

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

110

Rubel R. 1., Ali M. H., Jafor M. A., Alam M., 2019, Carbon nanotubes ag-
glomeration in reinforced composites: A review, AIMS Materials Science, 6
(5), pp. 756-780.

Heshmati M., Yas M. H., 2013, Free vibration analysis of functionally graded
CNT-reinforced nanocomposite beam using Eshelby-Mori-Tanaka approach,
Journal of Mechanical Science and Technology, 27(11), pp. 3403-3408.

Nejati M., Eslampanah A., Najafizadeh M., 2016, Buckling and Vibration
Analysis of Functionally Graded Carbon Nanotube-Reinforced Beam Under
Axial Load, International Journal of Applied Mechanics, 08(01), 1650008.

Kamarian S., Shakeri M., Yas M. H., Bodaghi M., Pourasghar A., 2015, Free
vibration analysis of functionally graded nanocomposite sandwich beams rest-
ing on Pasternak foundation by considering the agglomeration effect of CNTs,

Journal of Sandwich Structures and Materials, pp. 1-34.

Pan J., Bian L., 2017, Influence of agglomeration parameters on carbon nan-
otube composites, Acta Mechanica, 228(6), pp. 2207-2217.

Kiani F., Ariaseresht Y., Niroumand A., Afshari H., 2022, Thermo-mechanical
buckling analysis of thick beams reinforced with agglomerated CNTs with
temperature-dependent thermo-mechanical properties under a nonuniform
thermal loading, Mechanics Based Design of Structures and Machines, 52(1),
pp- 477-497.

Yue X.-G., Sahmani S., Luo H., Safaei B., 2022, Nonlocal strain gradient-based
quasi-3D nonlinear dynamical stability behavior of agglomerated nanocompos-

ite microbeams, Archives of Civil and Mechanical Engineering, 23(1).

Ha L. T., 2015, Phdn tich dim FGM cé mqit cdt ngang thay doi chiu tdi trong
di dong, Luan an Tién si, Hoc vién Khoa hoc va Cong nghé, VAST, Ha Noi.

Tuyén B. V., 2018, Dao dong ciia dam FGM c6 16 rong vi mé trong moi truong
nhiét do chiu tdi trong di dong, Luan 4n Tién si, Hoc vién Khoa hoc va Cong
nghé, VAST, Ha Noi.

Thom T. T., 2019, M6 hinh phan ti hitu han trong phdn tich dao déng ciia dam
6 co tinh bién doi theo hai chiéu, Luan an Tién si, Hoc vién Khoa hoc va Cong
nghé, VAST, Ha Noi.


https://doi.org/10.3934/matersci.2019.5.756
https://doi.org/10.3934/matersci.2019.5.756
https://doi.org/10.1007/s12206-013-0862-8
https://doi.org/10.1007/s12206-013-0862-8
https://doi.org/10.1142/s1758825116500083
https://doi.org/10.1142/s1758825116500083
https://doi.org/10.1142/s1758825116500083
https://doi.org/10.1007/s00707-017-1820-9
https://doi.org/10.1007/s00707-017-1820-9
https://doi.org/10.1080/15397734.2022.2117194
https://doi.org/10.1080/15397734.2022.2117194
https://doi.org/10.1080/15397734.2022.2117194
https://doi.org/10.1080/15397734.2022.2117194
https://doi.org/10.1007/s43452-022-00548-9
https://doi.org/10.1007/s43452-022-00548-9
https://doi.org/10.1007/s43452-022-00548-9

111

[110] Anh L. T. N., 2022, M6 hinh phdn tit hitu han trong phdn tich két cdu ddam
sandwich FGM, Luan 4n Tién si, Hoc vién Khoa hoc va Cong nghé, VAST, Ha
Noi.

[111] Nam P. V., 2022, Phdn tich dao dong ciia dam, tdm san dwich 2D-FGM hai va
ba pha bdang phuong phdp phdn tit hitu han, Luan an Tién si, Hoc vién Khoa
hoc va Cong nghé, VAST, Ha Noi.

[112] Huyén N. N., 2017, Phdn tich dao dong va chdn dodn vét niet dim FGM, Luan
an Tién si, Hoc vién Khoa hoc va Cong nghé, VAST, Ha Noi.

[113] Pic N. T., 2018, Phdn tich dam Timoshenko cé nhiéu vét niit bang vt liéu co
tinh bién thién (FGM) va iing dung vao nhdn dang tham sé, Luan an Tién si,
Truong Pai hoc Xay dung, Ha Noi.

[114] Duy N. B., 2019, Analysis of functionally graded sandwich beams under hygro-
thermo-mechanical loads, Luan 4n Tién si, Pai hoc Su pham Ky thuat, Thanh
phd Ho Chi Minh.

[115] Nguyen T.-K., Nguyen T.-P., Vo T. P., Thai H.-T., 2015, Vibration and buckling
analysis of functionally graded sandwich beams by a new higher-order shear

deformation theory, Composites: Part B, 76, pp. 273-285.

[116] Nguyen T.-K., Vo T. P., Nguyen B.-D., Lee J., 2016, An analytical solution for
buckling and vibration analysis of functionally graded sandwich beams using a

quasi-3D shear deformation theory, Composite Structures, 156, pp. 238-252.

[117] Phung V. P., Abdel-Wahab M., Liew K. M., Bordas S. P. A., Nguyen X. H.,
2015, Isogeometric analysis of functionally graded carbon nanotube-reinforced
composite plates using higher-order shear deformation theory, Composite
Structures, 123, pp. 137-149.

[118] Nguyen T. N., Thai C. H., Nguyen-Xuan H., Lee J., 2018, NURBS-based anal-
yses of functionally graded carbon nanotube-reinforced composite shells, Com-

posite Structures, 203, pp. 349-360.

[119] Nguyen T. N., Lee S., Nguyen P.-C., Nguyen-Xuan H., Lee J., 2020, Geomet-
rically nonlinear postbuckling behavior of imperfect FG-CNTRC shells under
axial compression using isogeometric analysis, European Journal of Mechan-
ics - A/Solids, 84, 104066.


https://doi.org/10.1016/j.compstruct.2014.12.021
https://doi.org/10.1016/j.compstruct.2014.12.021
https://doi.org/10.1016/j.compstruct.2018.06.017
https://doi.org/10.1016/j.compstruct.2018.06.017
https://doi.org/10.1016/j.euromechsol.2020.104066
https://doi.org/10.1016/j.euromechsol.2020.104066
https://doi.org/10.1016/j.euromechsol.2020.104066

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

112

Tran H. Q., Vu V. T., Tran M. T., Nguyen-Tri P., 2020, A new four-
variable refined plate theory for static analysis of smart laminated functionally

graded carbon nanotube reinforced composite plates, Mechanics of Materials,
142, 103294.

Dung D. V., Hoa L. K., 2013, Research on nonlinear torsional buckling and
post-buckling of eccentrically stiffened functionally graded thin circular cylin-

drical shells, Composites Part B: Engineering, 51, pp. 300-3009.

Dung D. V., Hoa L. K., 2013, Nonlinear buckling and post-buckling analysis
of eccentrically stiffened functionally graded circular cylindrical shells under

external pressure, Thin-Walled Structures, 63, pp. 117-124.

Hoa L. K., 2015, Phdn tich 6n dinh tinh ciia vé bdng vdt liéu co co tinh ién
thién, Luan 4n tién si Co hoc, Trudng Pai hoc Khoa hoc Tu nhién, Pai hoc
Qudc gia Ha Noi, Ha Noi.

Dung D. V., Hoai B. T. T., Hoa L. K., 2017, Postbuckling nonlinear analysis
of FGM truncated conical shells reinforced by orthogonal stiffeners resting on
elastic foundations, Acta Mechanica, 228(4), pp. 1457-1479.

Hoa L. K., Hoai B. T. T., Chan D. Q., 2018, Nonlinear thermomechanical post-
buckling analysis of ES-FGM truncated conical shells resting on elastic foun-
dations, Mechanics of Advanced Materials and Structures, 26(13), pp. 1089—
1103.

Nam V. H., 2015, Phdn tich phi tuyén dong lyc ciia vé lam bang vit liéu cé co
tinh ién thién, Luan 4n tién si Co hoc, Trudng Dai hoc Khoa hoc Tu nhién, Dai
hoc Quédc gia Ha Noi, Ha Noi.

Dong D. T., 2018, Phdn tich 6n dinh va déng luc phi tuyén ciia vé thodi sand-
wich co tinh ién thién chiu tdc dung cia tdi co va nhiét, Luan 4n tién si Co hoc,

Truong Pai hoc Khoa hoc Tu nhién, Pai hoc Qudc gia Ha Noi, Ha Noi.

Trang L. T. N., Van Tung H., 2018, Tangential Edge Constraint Sensitivity of
Nonlinear Stability of CNT-Reinforced Composite Plates under Compressive

and Thermomechanical Loadings, Journal of Engineering Mechanics, 144(7).

Trang L. T. N., Tung H. V., 2018, Thermomechanical nonlinear analysis of

axially compressed carbon nanotube-reinforced composite cylindrical panels


https://doi.org/10.1016/j.mechmat.2019.103294
https://doi.org/10.1016/j.mechmat.2019.103294
https://doi.org/10.1016/j.mechmat.2019.103294
https://doi.org/10.1016/j.compositesb.2013.03.030
https://doi.org/10.1016/j.compositesb.2013.03.030
https://doi.org/10.1016/j.compositesb.2013.03.030
https://doi.org/10.1016/j.tws.2012.09.010
https://doi.org/10.1016/j.tws.2012.09.010
https://doi.org/10.1016/j.tws.2012.09.010
https://doi.org/10.1007/s00707-016-1768-1
https://doi.org/10.1007/s00707-016-1768-1
https://doi.org/10.1007/s00707-016-1768-1
https://doi.org/10.1080/15376494.2018.1430274
https://doi.org/10.1080/15376494.2018.1430274
https://doi.org/10.1080/15376494.2018.1430274
https://doi.org/10.1061/(asce)em.1943-7889.0001479
https://doi.org/10.1061/(asce)em.1943-7889.0001479
https://doi.org/10.1061/(asce)em.1943-7889.0001479
https://doi.org/10.1080/01495739.2017.1409093
https://doi.org/10.1080/01495739.2017.1409093
https://doi.org/10.1080/01495739.2017.1409093

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

113

resting on elastic foundations with tangentially restrained edges, Journal of
Thermal Stresses, 41(4), pp. 418-438.

Trang L. T. N., Van Tung H., 2021, Thermomechanical postbuckling of higher
order shear deformable CNT-reinforced composite plates with elastically re-
strained unloaded edges, Polymers and Polymer Composites, 29(9), pp. S857—
S875.

Kién N. D., 2004, Phdn tich két cdu khung ddm bdng phwong phdp phan tit
hitu han cé tinh dén yéu té phi tuyén hinh hoc va vdt liéu, Luan an Tién si, Vién

Khoa hoc va Cong nghé Viét Nam, Ha Noi.

Nguyen H. X., Nguyen T. N., Abdel-Wahab M., Bordas S. P. A., Nguyen-
Xuan H., Vo T. P,, 2017, A refined quasi-3D isogeometric analysis for function-
ally graded microplates based on the modified couple stress theory, Computer
Methods in Applied Mechanics and Engineering, 313, pp. 904-940.

Le C. 1., Tran Q. D., Lam V. D., Nguyen D. K., 2022, Size-dependent behav-
ior of a MEMS microbeam under electrostatic actuation, Vietnam Journal of
Mechanics, 44(1), pp. 69-81.

Antman S. S., 2005, Problems in nonlinear elasticity, Nonlinear Problems of
Elasticity, pp. 513-584.

Pignataro M., Rizzi N., Luongo A., 2013, Stability, bifurcation and postcritical

behaviour of elastic structures, volume 39, Elsevier.

Eshelby J. D., 1957, The determination of the elastic field of an ellipsoidal
inclusion and related problems, Proceedings of the Royal Society of London.,
241 (1226), pp. 376-396.

Mori T., Tanaka K., 1973, Average stress in the matrix and average elastic en-

ergy of materials with misfitting inclusions, Acta Metallurgica, 21, pp. 571-74.
Christensen R. M., 1979, Mechanics of Composite Materials, Wiley, New York.

Hashin Z., Shtrikman S., 1963, A variational approach to the theory of the elas-
tic behaviour of multiphase materials, Journal of the Mechanics and Physics of
Solids, 11, pp. 127-140.


https://doi.org/10.1080/01495739.2017.1409093
https://doi.org/10.1080/01495739.2017.1409093
https://doi.org/10.1080/01495739.2017.1409093
https://doi.org/10.1177/09673911211025961
https://doi.org/10.1177/09673911211025961
https://doi.org/10.1177/09673911211025961
https://doi.org/10.1016/j.cma.2016.10.002
https://doi.org/10.1016/j.cma.2016.10.002
https://doi.org/10.15625/0866-7136/16834
https://doi.org/10.15625/0866-7136/16834

114

[140] Tamura I., Tomota Y., Ozawa M., 1973, Strength and ductility of Fe-Ni—C
alloys composed of austenite and martensite with various strength, Proceedings

of 3rd International Conference on Strength and Metal Alloys, 1, pp. 611-615.

[141] Jin Z. H., Paulino G. H., Dodds R. H. J., 2003, Cohesive fracture modeling
of elastic plastic crack growth in functionally graded materials, Engineering
Fracture Mechanics, 70, pp. 1885-1912.

[142] Pacoste C., Eriksson A., 1997, Beam elements in instability problems, Com-
puter Methods in Applied Mechanics and Engineering, 144, pp. 163—-197.

[143] Antman S. S., 1995, Nonlinear problems of elasticity, Springer-Verlag, New
York.

[144] Cook R., Malkus D., Plesha M., Witt R. J., 2002, Concepts and Applications
of Finite Element Analysis, 4th edn, Wiley, New York.

[145] Crisfield M. A., 1991, Non-linear finite element analysis of solids and struc-

tures, Volume 1: Essentials, John Wiley and Sons, Chichester.

[146] Praveen G. N., Reddy J. N., 1998, Nonlinear transient thermoelastic analysis of
functionally graded ceramic-metal plates, International Journal of Solids and
Structures, 35, pp. 4457-76.

[147] Kang Y. A., Li X. F.,, 2010, Large deflection of a non-linear cantilever func-
tionally graded beam, Journal of Reinforced Plastics and Composites, 29,
pp. 1761-1774.

[148] Daghigh H., Daghigh V., Milani A., Tannant D., Jr T. E. L., Reddy J. N., 2020,
Nonlocal bending and buckling of agglomerated CNT-Reinforced composite

nanoplates, Composites Part B: Engineering, 183.

[149] Masjedia P. K., Maheri A., Weaver P. M., 2019, Large deflection of function-
ally graded porous beams based on a geometrically exact theory with a fully

intrinsic formulation, Applied Mathematical Modelling, 76, pp. 938-957.

[150] Zuiker J. R., 1995, Functionally graded materials: Choice of micromechanics
model and limitations in property variation, Composite Structures, 5, pp. 807—
819.

[151] Poole W. J., Ashby M. F., Fleck N. A., 1996, Micro-hardness of annealed and
work-hardened copper polycrystals, Scripta Materialia, 34(4), pp. 559-564.


https://doi.org/10.1016/j.compositesb.2019.107716
https://doi.org/10.1016/j.compositesb.2019.107716
https://doi.org/10.1016/1359-6462(95)00524-2
https://doi.org/10.1016/1359-6462(95)00524-2

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

115

McFarland A. W., Colton J. S., 2005, Role of material microstructure in plate
stiffness with relevance to microcantilever sensors, Journal of Micromechanics
and Microengineering, 15(5), pp. 1060-1067.

Koiter W. T., 1969, COUPLE-STRESSES IN THE THEORY OF ELASTIC-
ITY, [ & II.

Akbarzadeh Khorshidi M., 2018, The material length scale parameter used in
couple stress theories is not a material constant, International Journal of Engi-

neering Science, 133, pp. 15-25.

Eringen A. C., 1972, Linear theory of nonlocal elasticity and dispersion of
plane waves, International Journal of Engineering Science, 10(5), pp. 425—
435.

Eringen A. C., 1972, Nonlocal polar elastic continua, International Journal of

Engineering Science, 10(1), pp. 1-16.

Liu Y., Reddy J. N., 2011, A nonlocal curved beam model based on a modified
couple stress theory, International Journal of Structural Stability and Dynam-
ics, 11 (3), pp. 495 -512.

Zhang B., He Y., Liu D., Gan Z., Shen L., 2014, Non-classical Timoshenko
beam element based on the strain gradient elasticity theory, Finite Elements In
Analysis And Design, 79, pp. 22-39.

Xia W., Wang L., Yin L., 2010, Nonlinear non-classical microscale beams:
static bending, postbuckling and free vibration, International Journal of Engi-
neering Science, 48 (12), pp. 2044-2-53.

Asghari M., Kahrobaiyan M., Ahmadian M. T., 2010, A nonlinear Timoshenko
beam formulation based on the modified couple stress theory, International
Journal of Engineering Science, 48 (12), pp. 1749-1761.

Crisfield M. A., 1983, An arc-length method including line searches and accel-
erations, International Journal for Numerical Methods in Engineering, 19(9),
pp- 1269-1289.

Fallah A., Aghdam M. M., 2011, Nonlinear free vibration and post-buckling
analysis of functionally graded beams on nonlinear elastic foundation, Euro-
pean Journal of Mechanics - A/Solids, 30, pp. 571-583.


https://doi.org/10.1088/0960-1317/15/5/024
https://doi.org/10.1088/0960-1317/15/5/024
https://doi.org/10.1016/j.ijengsci.2018.08.005
https://doi.org/10.1016/j.ijengsci.2018.08.005
https://doi.org/10.1016/0020-7225(72)90050-x
https://doi.org/10.1016/0020-7225(72)90050-x
https://doi.org/10.1016/0020-7225(72)90070-5

116

[163] Cook R. D., Malkus D. S., Plesha M. E., 1989, Concepts and applications of
finite element analysis, 3rd edition, John Wiley & Sons, New York.

[164] Wood R. D., Zienkiewicz O. C., 1977, Geometrically nonlinear finite element
analysis of beams, frames, arches and axisymmetric shells, Computers & Struc-
tures, T, pp. 725-735.

[165] Hsiao K. M., Huo F. Y., 1987, Nonlinear finite element analysis of elastic
frames, Computers and Structures, 26, pp. 693-701.

[166] Lee Y., Zhao X., Reddy J. N., 2010, Postbuckling analysis of functionally
graded plates subject to compressive and thermal loads, Computer Methods

in Applied Mechanics and Engineering, 199, pp. 1645-1653.



	LỜI CAM ĐOAN
	LỜI CẢM ƠN
	MỤC LỤC
	DANH MỤC CÁC KÝ HIỆU VÀ CHỮ VIẾT TẮT
	DANH MỤC HÌNH VẼ
	DANH MỤC BẢNG
	MỞ ĐẦU
	Chương 1. Tổng quan vấn đề nghiên cứu
	Vật liệu composite thế hệ mới
	Vật liệu FGM
	Vật liệu CNTRC

	Phân tích kết cấu FGM
	Phân tích tuyến tính
	Phân tích phi tuyến

	Phân tích phi tuyến dầm micro
	Phân tích kết cấu dầm gia cường ống nano carbon
	Tình hình nghiên cứu trong nước
	Định hướng nghiên cứu

	Chương 2. Chuyển vị lớn của dầm sandwich FGM và CNTRC
	Mở đầu
	Dầm sandwich FGM
	Dầm sandwich CNTRC
	Các tính chất hiệu dụng
	Hệ số đàn hồi của dầm FGSW
	Tính chất hiệu dụng của dầm CNTRC

	Phần tử dầm Lagrange toàn phần
	Véc-tơ chuyển vị nút
	Năng lượng biến dạng và phép nội suy
	Véc-tơ nội lực
	Ma trận độ cứng tiếp tuyến

	Phương trình cân bằng
	Nghiên cứu kiểm chứng
	Kết quả số và thảo luận
	Chuyển vị lớn của dầm FGSW
	Dầm công-xôn FGSW chịu tải trọng P
	Dầm công-xôn FGSW chịu mô-men

	Chuyển vị lớn của dầm sandwich CNTRC
	Ảnh hưởng của CNT gia cường
	Ảnh hưởng của nền đàn hồi
	Ảnh hưởng của cấu hình sandwich
	Ảnh hưởng của tỷ số độ mảnh dầm



	Chương 3. Chuyển vị lớn của khung, dầm FGM
	Mở đầu
	Dầm FGM
	Hệ tọa độ đồng hành và véc-tơ chuyển vị nút
	Ma trận chuyển đổi
	Năng lượng biến dạng đàn hồi
	Dầm Euler-Bernoulli
	Lý thuyết liên tục bậc cao
	Lý thuyết cặp ứng suất sửa đổi
	Lý thuyết gradient biến dạng sửa đổi

	Dầm FG Euler-Bernoulli kích thước micro

	Công thức phần tử trong hệ tọa độ địa phương
	Nội suy
	Véc-tơ nội lực và ma trận độ cứng tiếp tuyến địa phương

	Phương trình cân bằng và thuật toán số
	Kết quả số và thảo luận
	Khung, dầm FGM kích thước macro
	Dầm công-xôn FGM chịu uốn bởi mô-men uốn
	Dầm công-xôn FGM chịu lực dọc trục
	Khung không đối xứng

	Khung, dầm FGM kích thước micro
	Sự hội tụ của phần tử
	Dầm công-xôn FGM micro chịu tải tại đầu tự do
	Dầm công-xôn kích thước micro chịu mô-men
	Khung FGM không đối xứng kích thước micro
	Khung FGM micro hình vuông chịu kéo



	KẾT LUẬN
	DANH MỤC CÔNG TRÌNH LIÊN QUAN TỚI LUẬN ÁN
	TÀI LIỆU THAM KHẢO

