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INTRODUCTION

Urgency of the Thesis

The Standard Model (SM) is a unified theory describing strong and electroweak inter-

actions based on the gauge symmetry group SU(3)C ⊗ SU(2)L ⊗ U(1)Y . However, several

phenomena such as neutrino masses and mixing, dark matter, matter-antimatter asymmetry,

and CP violation in strong interactions have demonstrated that the SM is insufficient for a

comprehensive description of nature. This motivates the study of beyond Standard Model

(BSM) extensions.

One important property of the SM is lepton flavor universality (LFU), whereby theW±

and Z bosons interact equally with the three lepton generations e, µ, τ . However, recent

experimental data suggest possible LFU violation (LFUV), manifested through anomalies in

semileptonic B meson decays: i) b→ c transitions with ratios R(D), R(D()) from BaBar and

LHCb deviating from SM predictions, and ii) b → sℓ+ℓ− transitions with ratios RK , RK()

smaller than SM values (≃ 1). These anomalies can be explained by BSM models featuring

tree-level flavor-changing neutral currents (FCNC), such as the 3-3-1 models. The minimal

3-3-1 flipped model (MF331), with fermion sector as in F331 and scalar multiplets reduced

to two triplets, can generate tree-level LFUV and explain these anomalies.

With the expectation of elucidating the aforementioned anomalies of current interest,

we choose to investigate the topic: "B-physics anomalies in the minimal 3-3-1 flipped model".

Research Objectives of the Thesis

Within the MF331 model framework, investigate lepton flavor universality violation in

the anomalous decay channels b → sℓ+ℓ−, b → cℓ−ν̄ℓ, and the transitions s → u, d → u

through one-loop corrections. From the explanatory results obtained, focus on the parameter

space regions in the MF331 model.

Main Research Contents of the Thesis

Overview of the SM and several BSM models. Present lepton flavor universality in the

SM. Lepton flavor universality violation in some flavor physics anomalies. General introduc-

tion to the MF331 model. Examine lepton flavor universality violation in the anomalous

semileptonic decay channels b→ sℓ+ℓ−, b→ cℓ−ν̄ℓ, and the transitions s→ u, d→ u.
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Chapter 1. Overview of Lepton-Quark Universality, the Standard

Model, and new physics anomalies

In this chapter, we first briefly introduce the universality of lepton-quark currents,

present an overview of the SM structure, and discuss the advantages and limitations of

the SM. The universality of leptons in the SM and physical anomalies that violate lepton

universality, along with experimental data, are also introduced.

1.1. Lepton-quark universality

The universality of lepton and quark flavors (or generations) confirms that physics

occurs identically across generations. The universality of leptons and quarks was known even

before the Standard Model, in the theory of weak 4-fermion interactions (V-A theory).

1.1.1. Pion decay

A pion can decay into a muon or an electron. The ratio

Γ(π− → e− + ν̄e)

Γ(π− → µ− + ν̄µ
=

(
me

mµ

)2(
m2
π −m2

ℓ

m2
π −m2

µ

)2

, (1.1)

is in perfect agreement with the experimental result 1.23x10−14.The above observation shows

that the interaction is of the form V −A which allows a good for meson decay.

1.1.2. Cabibbo current

Cabibbo proposed that the hadronic current consists of the sum of two currents:

J (h)
µ = cos θcJ

(0)
µ + sin θcJ

(1)
µ

The d and s quarks are not eigenstates of the weak interaction operator. Instead, the

weak interaction eigenstates are given by: d′ = cos θcd+ sin θcs, s′ = − sin θcd+ cos θcs.

More generally, in the presence of three generations of quarks, the weak eigenstates are

related to the flavor eigenstates through the CKM (Cabibbo-Kobayashi-Maskawa) matrix:
d′

s′

b′

 = VCKM


d

s

b

 .

The Cabibbo theory established the universality of the quark-lepton interaction.
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1.2. The Standard Model of particle physics

The Standard Model with its two parts - the Glashow-Weinberg-Salam (GWS) elec-

troweak theory and quantum chromodynamics (QCD) - is based on the corresponding gauge

symmetry groups SU(2)L⊗U(1)Y and SU(3)C . In the SM, particles are arranged as follows:

corresponding to transformations under gauge transformation groups,

ψaL =
(
νaL eaL

)T
∼ (1, 2,−1) , eaR ∼ (1, 1,−2),

QaL =
(
uaL daL

)T
∼ (3, 2, 1/3) , uaR ∼ (3, 1, 4/3), daR ∼ (3, 1,−2/3)(1.2)

and a = 1, 2, 3 is the generation index.

The Standard Model (SM) predicts the existence of 12 gauge bosons that mediate the

strong interaction, electromagnetic interaction, and weak interaction. The strong and electro-

magnetic interactions are long-range interactions, and their mediating particles are massless.

Specifically, the strong interaction involves 8 massless gauge bosons called gluons, which me-

diate the interaction. The electromagnetic interaction is mediated by the photon, Aµ. The

weak interaction, on the other hand, is a short-range interaction, requiring the mediating

particles to have mass: the two charged gauge bosonsW± and the neutral boson Z. However,

mass terms for these gauge vector bosons are forbidden by the SU(2)L × U(1)Y symmetry.

To generate mass for the weak interaction mediators, scientists propose that spontaneous

symmetry breaking is necessary. In the SM, a Higgs doublet ϕ is introduced into the model:

ϕ =

(
φ+

φ0

)
∼ (1, 2, 1) are positive and neutral complex scalar fields, respectively.

1.2.1. Scalar Mass Spectrum

After spontaneous symmetry breaking, the scalar potential yields a single physical field,

H, with mass:mH =
√

2µ2 =
√
2λ v. The remaining scalar fields, ϕ+ and ξi, are massless and

are identified as the Goldstone bosons. These are absorbed by the gauge fieldsW± and Z via

the Higgs mechanism, providing the longitudinal components of the corresponding massive

gauge bosons.

1.2.2. Gauge Boson Mass Spectrum

The two charged gauge bosons are defined as: W±
µ = 1√

2
(A1µ ∓ iA2µ) , and acquire

masses given by: m2
W± = g2

4 v
2. Among the neutral gauge bosons, the field Aµ remains

massless and is identified as the photon. The massive neutral boson Z has a mass: MZ =
1
2v
√
g2 + g′2.

1.2.3. Fermion mass spectrum

. The Yukawa Lagrangian Llepton
Yukawa for leptons in the unitary gauge is

Llepton
Yukawa = −

∑
a,b=1,2,3

hℓabēaL
(v +H)√

2
ebR + h.c
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= −
∑

a,b=1,2,3

(
ēaLMℓ

abebR + ēaL
Mℓ

ab

v
ebRH

)
+ h.c (1.3)

where Mℓ
ab = hℓab

v√
2
is the mass mixing matrix, V l†L MℓV lR =M ℓ.

Since there are no right-handed neutrinos νR in the SM, neutrinos have zero mass. The

SM forbids decay channels that transition from one lepton generation to another.

The expression of the Yukawa Lagrangian that generates mass for quarks

Lmass
Yukawa = −

∑
a,b

(
ūaLMu

abubR + d̄aLMd
abdbR

)
−
∑
a,b

(
ūaL

Mu
ab

v
ubRH + d̄aL

Md
ab

v
dbRH

)
+ h.c, (1.4)

with Mu,d
ab = hu,dab

v√
2
being the quark mass mixing matrix.

1.2.4. Weak Interaction Currents in the Standard Model

The fermion Lagrangian in the unitary gauge can be rewritten as:

Llepton = ψ̄′
Liγ

µ∂µψ
′
L + ē′Riγ

µ∂µe
′
R + g

−→
J µ

−→
A ′µ +

g′

2
JYµ B

′µ, (1.5)

Charged current interaction:

LleptonCC = g
(
J1
µA

′1µ + J ′2
µ A

′2µ) = g√
2

(
J−
µ W

−µ + J+
µW

−µ) (1.6)

with J±
µ = J1

µ ± iJ2
µ.

Neutral current interaction:

LleptonNC = g′ cos θWJ
em
µ Aµ +

g

cos θW
(J3
µ − sin2 θWJ

em
µ )Zµ (1.7)

Charged current interaction of quarks is

Lquark
CC

g

2
√
2
ū′iγ

µVijd
′
jW

+
µ + h.c. (1.8)

where the matrix V = V u†L V dL is a 3×3 unitary matrix, also called the CKM matrix. The

charged current interaction of leptons preserves flavor number, but with quarks, it changes

one quark generation to another quark generation.

The neutral current interaction of quarks has the form

Lquark
NC = eJem

µ Aµ +
g

cos θW
JZµ Z

µ, (1.9)

The neutral current interaction of fermions in the SM always preserves flavor.

1.3. Experiments on lepton universality in the Standard Model

1.3.1. The electroweak sector

Measurements of the branching ratios of Z → e+e−, Z → µ+µ−, Z → τ+τ− are equal,

completely consistent with the predictions of the SM.

LEP, Tevatron, and LHC experiments have also performed precise measurements using

W boson decay. All experimental results are consistent with LU.
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1.3.2. Decay of Quarkonia

The leptonic decay of quarkonium resonances can also be used to test lepton universality

(LU). The most precise test is obtained from the branching ratio, J/ψ → e+e− and J/ψ →
µ+µ−: Γ(J/ψ→e+e−)

Γ(J/ψ→µ+µ−) = 1.0016± 0.0031, which is in good agreement with LU.

1.4. Standard Model contributions to new physics anomalies, violation of lepton

universality

1.4.1. Anomalies in the decay channel b→ cℓ−ν̄ℓ

The ratios R(D), R(D(∗)) for quark transition Vcb are defined as the branching ratio

between third-generation leptons and first and second generations:

R(D) = B(B→Dτντ )
B(B→Dlνl)

; R(D(∗)) = B(B→D(∗)τ−ν̄τ )
B(B→D(∗)ℓ−ν̄ℓ)

(1.10)

Most recently, these ratios have been averaged in as

R(D(∗))SM = 0.254± 0.005, R(D)SM = 0.298± 0.008, (1.11)

The global average of experimental results, extracted from the most recent LHCb announce-

ment on R(D), R(D(∗)), gives the value.

R(D(∗))Exp = 0.284± 0.013total, R(D)Exp = 0.356± 0.029total. (1.12)

The SM prediction is lower than the measurement.

1.4.2. Anomalies in the Decay Channel b→ sℓ+ℓ−

In the Standard Model (SM), there are no flavor-changing neutral currents (FCNC) at

tree level. Since there are no tree-level contributions in the SM, FCNC decays provide higher

sensitivity to the possible existence of new physics (NP). In the SM, the ratios RK and R∗
K

are approximately equal to 1.

LHCb has announced the measured value ofRK :RLHCb
K

(
[1.1, 6]GeV2

)
= 0.846+0.042+0.013

−0.039−0.012,

with a deviation of 3.1σ from the Standard Model (SM) prediction of ≃ 1,providing evidence

for lepton flavor universality violation in this decay channel.

Another ratio observed by LHCb and Belle,

RK∗ ≡ Br (B → K∗µ+µ−)
Br (B → K∗e+e−)

,

is measured in two regions of the squared invariant mass of the outgoing lepton pair,

RLHCb
K∗ =

0.66 + 0.11
− 0.07 (stat)± 0.03 (syst) with 0.045 < q2 < 1.1 GeV2/c4 ,

0.69 + 0.11
− 0.07 (stat)± 0.05 (syst) with 1.1 < q2 < 6.0 GeV2/c4 .

These ratios are determined to be lower than the SM expectation with corresponding devia-

tions of 2.1σ and 2.5σ.
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However, with the combination of Run 1 and Run 2 data at LHCb, the precision of the

two ratios RK and RK∗ has been improved.The reported values of RK and RK∗ are:RK = 0.994+0.090
−0.082(stat)

+0.027
−0.029(syst) with 0.045 < q2 < 1.1 GeV2/c4 ,

RK = 0.949+0.042
−0.041(stat)

+0.023
−0.023(syst) with 1.1 < q2 < 6.0 GeV2/c4

(1.13)

with a deviation of 0.2σ from the SM prediction ≃ 1, and

RLHCbK∗ =

0.927+0.093
−0.087(sat)

+0.034
−0.033(syst) with 0.045 < q2 < 1.1 GeV2/c4 ,

1.027+0.072
−0.068(sat)

+0.027
−0.027(syst) with 1.1 < q2 < 6.0 GeV2/c4.

These ratios also exhibit a deviation of 0.2σ from the SM prediction.

Experimental results for the ratios RK and RK∗ have been shown to be quite close to

the Standard Model (SM) predictions. However, experimental measurements of the ratios RD
and RD∗ have remained largely unchanged compared to analyses based on pre-2022 data. This

necessitates waiting for further experimental results to test lepton flavor universality (LFU)

and searching for other signs of new physics (NP) at future accelerators.

Although current experiments are not yet sufficient to confirm the precise violation of

LFU, there are still many other limitations of the SM, such as neutrino mass,dark matter and

dark energy,Big Bang and inflation,charge quantization, and the large hierarchy between the

electroweak and Planck scales. Among these challenges, new physics anomalies at accelerators

and exotic physics hypotheses, such as the number of fermion generations, mass hierarchy

between generations, and B physics, are being actively explored and remain a hot topic of

research.

1.5. Conclusion of Chapter 1

This chapter has presented an overview of lepton and quark flavor universality in the

Standard Model (SM), the role of the CKM matrix and the Higgs mechanism in particle mass

generation. Although the SM describes well the three fundamental interactions and agrees

with most experimental data, it still cannot explain neutrino masses, dark matter, and some

recent anomalies in B meson decays. Processes such as b→ cℓν̄ℓ and b→ sℓ+ℓ− may be signs

of lepton flavor universality violation, suggesting the existence of new interactions.

In the next section of this dissertation, we will introduce several BSM frameworks,

including extensions of the particle spectrum and enlargements of the electroweak symmetry

group, which could incorporate new interactions capable of explaining the observed violations

of lepton flavor universality in these flavor physics anomalies.



7

Chapter 2. Lepton Flavor Universality Violation in Some Extended

Models

Lepton Flavor Universality (LFU) violation mechanisms typically involve intergenera-

tional lepton mixing or novel interactions that violate the universality of weak interactions.

LFU violation mechanisms generally entail mixing between lepton generations or the emer-

gence of new interactions beyond the Standard Model (SM). To explain this phenomenon,

new physics models such as leptoquarks or gauge symmetry extensions featuring Z ′ bosons

have been proposed.

2.1. Model with Leptoquarks

The leptoquark model is one of the leading candidates for addressing the anomalies in

RK , RK∗ and RD, RD∗ . In this framework, leptoquarks are bosons that transform as triplets

under the SU(3)C gauge group and are introduced as extensions to the Standard Model

(SM). Leptoquarks carry both lepton and baryon numbers and mediate interactions between

quarks and leptons. These interactions induce FCCC at tree level, providing an explanation

for RD, RD∗ , and FCNC at the one-loop level, contributing to an explanation for RK , RK∗ ,

through their connection with the CKM and PMNS matrices.

2.2. 3-3-1 Models

We classify 3-3-1 models based on particle arrangements, universal according to leptons

(normal) or universal according to quarks (fipped).

2.2.1. Normal 3-3-1 Model

The 3-3-1 model has several theoretical advantages, such as explaining the number

of fermion generations being exactly three, accounting for the small masses of neutrinos,

addressing the strong CP problem, charge quantization, and the unusually large mass of

the top quark. There are multiple versions of 3-3-1 models, depending on the value of the

parameter β in the electric charge operator: Q = T3 + βT8 + N where T3 and T8 are the

diagonal generators of SU(3)L, and N is the U(1)X charge. In the normal version, the three

lepton generations are arranged identically, so the extra neutral gauge boson Z ′ couples

universally to all leptons. As a result, this version does not induce lepton flavor universality

violation (LFUV) and therefore cannot explain the observed anomalies in B-meson decays

such as RK and RD∗ . To generate LFUV, other versions of the model must be considered —

for example, the flipped 3-3-1 model.
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2.2.2. Flipped 3-3-1 Model

IIn the flipped 3-3-1 model, the arrangement of lepton generations is non-homogeneous:

the first generation transforms differently from the other two generations and from all three

quark generations. This configuration eliminates tree-level Flavor-Changing Neutral Cur-

rents (FCNCs) in the quark sector while permitting tree-level FCNCs in the lepton sector.

This leads to natural flavor-mixing effects in the lepton sector, such as: Decay processes like

µ → 3e, µ → eνµν̄e, Nuclear µ − e conversion processes, and Non-standard neutrino inter-

actions with matter. Consequently, the flipped 3-3-1 model emerges as a suitable candidate

to explain anomalies in B meson decay channels, particularly those associated with Lepton

Flavor Universality Violation (LFUV).

2.3. Minimal Flipped 3-3-1 Model

2.3.1. Gauge symmetry and particle spectrum

The F331 model possesses a complex Higgs spectrum comprising three triplets and

one sextet, leading to high risk of unwanted lepton flavor-violating interactions in Higgs

decay channels. To address this issue, the Minimally Flipped 3-3-1 (MF331) model has been

proposed. The model features the gauge symmetry group SU(3)C ⊗ SU(3)L ⊗ U(1)X with

the electric charge operator and weak hypercharge defined by: Q = T3 +
1√
3
T8 +X, Y =

1√
3
T8 + X, where T3, T8 are the diagonal generators of SU(3)L, and X is the generator of

U(1)X ."

ψ1L =

 ξ+ 1√
2
ξ0 1√

2
ν1

1√
2
ξ0 ξ− 1√

2
e1

1√
2
ν1

1√
2
e1 E1


L

∼
(
1, 6,−1

3

)
, ψαL =

 να
eα
Eα


L

∼
(
1, 3,−2

3

)
,

QaL =

 da
−ua
Ua


L

∼
(
3, 3∗,

1

3

)
, eaR ∼ (1, 1,−1), EaR ∼ (1, 1,−1),

uaR ∼ (3, 1, 2/3),daR ∼ (3, 1,−1/3),UaR ∼ (3, 1, 2/3). (2.1)

The MF331 model was introduced, where the fermion content is the same as in the F331

model, but the Higgs sector is reduced to only two scalar triplets: ρ =

 ρ+1
ρ02
ρ03

 ∼ (1, 3, 1/3), χ =

 χ+
1

χ0
2

χ0
3

 ∼ (1, 3, 1/3). The MF331 model helps prevent dangerous lepton flavor violation in

Standard Model-like Higgs decay channels. Simultaneously, it can generate LFU violation at

the tree-level approximation, directly related to recent anomalies observed at the LHC.

2.3.2. Scalar Sector

The physical mass states:

m2
H ≃

(
4λ1λ2 − λ23

)
v2

2λ2
, m2

H1 ≃ 2λ2w
2, m2H′ ≃ λ4

2

(
v2 + w2

)
, (2.2)
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and the Higgs triplets, ρ, χ, are represented through the physical states in the form of

ρ ≃

 G+
W

1√
2
(v +H+ iGZ)
1√
2
w′ +H′

 , χ ≃

 G+
X

1√
2
v′ +G0

Y
1√
2
(w +H1 + iGZ′ )

 , (2.3)

where GW,X,Y,Z,Z′ are the Goldstone bosons.

2.3.3. Femion mass spectrum

The d-quarks gain masses via the following non-renormalizable Yukawa terms:

[Md]ab =
hdab
2Λ

(wv − w′v′). (2.4)

The SM u-quarks, u = (u1, u2, u3), and new U -quarks, U = (U1, U2, U3), are mixed via the
following mass matrix

Mup =
1√
2

(
huv + suv′ hUv′ + sUv

−huw′ − suw −hUw − sUw′

)
=

(
Mu MuU

MUu MU

)
.. (2.5)

In the basis, e±a , E
±
a , ξ

±, the charged lepton mass matrix has the form:

Ml =

 Mee MeE Meξ

MEe MEE MEξ

Mξe MξE Mξξ

 , (2.6)

The physical neutrino states are related to the flavor states as follows

ν′ =
(
ν′1 ν′2 ν′3

)T
L,R

= V ν
L,R

(
ν1 ν2 ν3

)T
L,R

(2.7)

2.3.4. Gauge Bosons

The model generates 3 physical states:

A = sWA3 +

 cW tW√
3

A8 + cW

√
1− t2W

3
B

 , (2.8)

Z = cWA3 −

 sW tW√
3

A8 + sW

√
1− t2W

3
B

 , (2.9)

Z′ =

√
1− t2W

3
A8 − tW√

3
B, (2.10)

and their corresponding masses
(
0, g

2v2

4c2W
,
g2[c22W v2+4c4Ww2]

4c2W (3−3s2W )

)
where cW = cos θW, sW = sin θW,

θW is the Weinberg angle defined by sW =
√
3tX√

3+4t2X
with tX = gX

g .

There is a slight mixing between two neutral gauge bosons, Z,Z ′, with a mixing angle
defined as follows t2φ = − c2W

√
1+2c2W v2

2c4Ww2 . There are six non-hermitian gauge boson states,

W± =
A1 ∓ iA2√

2
, X± =

A4 ∓ iA5√
2

, Y 0,(0∗) =
A6 ∓A7√

2
(2.11)

with the mass expressions given by m2
W ≃ g2v2

4 , m2
X ≃ g2ω2

4 , m2
Y ≃ g2(v2+ω2)

4 . The

presence of vacuum expectation values (VEVs), v′ and w′, leads to the mixing of the charged

gauge bosons W± and X±: W ′
µ = cos θWµ − sin θXµ, X

′
µ = sin θWµ + cos θXµ where θ is a

small mixing angle defined by t2θ ≡ tan 2θ = −2(w′v+wv′)
v2+v′2+w2+w′2 .
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2.3.5. Charged Current and Neutral Current

LC.C = J−µ
W W+

µ + J−µ
X X+

µ + J0µY Y0
µ +H.c, (2.12)

J−µ
W = − g√

2

{
ν̄aLγ

µeaL + ūaLγ
µdaL +

√
2
(
ξ̄+L γ

µξ0L + ξ̄0Lγ
µξ−L

)}
, (2.13)

J−µ
X = − g√

2

{
ν̄αLγ

µEαL +
√
2
(
ν̄1Lγ

µE1L + ξ̄+L γ
µν1L

)
+ ξ̄0Lγ

µe1L − ŪaLγ
µdaL

}
, (2.14)

J0µY = − g√
2

{
ēαLγ

µEαL +
√
2
(
ē1Lγ

µE1L + ξ̄−L γ
µe1L

)
+ ξ̄0Lγ

µν1L + ŪaLγ
µuaL

}
. (2.15)

LN.C = − g

2cW
f̄γµ

{
gZV (f)− gZA(f)γ5

}
fZµ − g

2cW
f̄γµ

{
gZ

′
V (f)− gZ

′
A (f)γ5

}
fZ′

µ, (2.16)

The neutral bosons Z and especially Z ′ interact differently with each fermion generation,

leading to LFU violation. Although all three quark generations transform identically under

the SU(3)L × U(1)X group, FCNCs can still emerge at the one-loop level – particularly in

relation to the b→ s transition.

f gZ
′

V (f) gZ
′

A (f) gZ
′

L (f) gZ
′

R (f)

e1 1−2c2W
2
√
1+2c2W

− 1
2
√
1+2c2W

−c2W
2
√
1+2c2W

s2W√
1+2c2W

eα 2−c2W
2
√
1+2c2W

c2W
2
√
1+2c2W

1
2
√
1+2c2W

s2W√
1+2c2W

da −
√
1+2c2W

6 − 1
2
√
1+2c2W

− 2+c2W
6
√
1+2c2W

s2W
3
√
1+2c2W

Ua
7c2W−1

6
√
1+2c2W

c2W√
1+2c2W

1+5c2W
6
√
1+2c2W

− 2s2W
3
√
1+2c2W

f gZV (f) gZA(f) gZL (f) gZR(f)

ea − 1
2 + 2s2W − 1

2 − 1
2 + s2W s2W

da − 1
2 + 2

3 s
2
W − 1

2 − 1
2 + 1

3s
2
W

1
3s

2
W

Ua − 4
3 s

2
W 0 − 2

3s
2
W − 2

3s
2
W

Bảng 2.1: Some interaction vertices of Z and Z ′ with fermions.

2.4. Conclusion of Chapter 2

We emphasize that in the Standard Model (SM), the semileptonic decay process b →
cℓ+ν̄ℓ is mediated by the charged current at tree level, whereas the decay process b→ sℓ+ℓ−

is associated with the neutral current and occurs only through one-loop corrections. Exper-

imental results (2014) indicate a deviation of approximately 25%. from the SM predictions

for both processes. This suggests the possible existence of a light mediator particle. Several

theoretical proposals have been put forward, including models based on extended gauge sym-

metries, leptoquarks, strong interactions, and effective field theory approaches, all of which

can provide potential explanations. One such approach has been discussed earlier. Specifi-

cally, in non-universal gauge extensions of the SM, B-meson decay anomalies can be explained

through non-trivial adjustments of the scalar and gauge field parameters as well as mixing

effects, while gauge mixing effects are suppressed. The minimal flipped 331 (MF331) model

offers a viable explanation for the observed deviations from SM expectations in B-meson

decays. The MF331 model retains all the advantages of the 331 model, including solutions

for dark matter, neutrino mass generation, cosmic inflation, baryon asymmetry, the existence
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of exactly three SM fermion families, strong CP conservation, and charge quantization. The

key distinction of the MF331 model from other versions of the 331 framework lies in the

arrangement of fermions within each generation. In the F331 model, the first-generation lep-

tons transform as a sextet under SU(3)L, while the remaining two lepton generations and all

three quark generations transform as triplets. Consequently, the model predicts non-universal

interactions between SM leptons and new particles (new fermions and new gauge bosons),

naturally providing solutions to explain the observed anomalies in B-meson decays.
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Chapter 3. Lepton universality violation processes in the minimal

flipped 3-3-1 model

3.1. Lepton universality violation in b → sl+l−

The MF331 model permits LFU violation through neutral current and charged current

interactions, with the capability to explain experimental anomalies in the decay ratios RK ,

RK∗ , RD, and RD∗ , which constitute one of the verification channels for the existence of new

physics beyond the SM.

3.1.1. The effective Hamiltonian for decay processes induced by transitions b− s

In the MF331 model, the transition processes b→ sℓ+ℓ− are determined by dimension-

six operators, O7,8,9,10. The corresponding effective Hamiltonian can be written as:

Heff = −4GF√
2
VtbV∗

ts ×
∑

i=7,8,9,10

{Ci(µ)Oi(µ)}+H.c., (3.1)

The Wilson coefficients (WCs) are decomposed into the following contributions:

C7 = C
eff-SM
7 + ∆C7, C8 = C

SM
8 + ∆C8, C9 = C

eff-SM
9 + ∆C9, C10 = C

SM
10 + ∆C10. (3.2)

The NP contribution to the aforementioned WCs can be decomposed as follows:

∆Ce9,10 = ∆Ce,γ9,10 +∆Ce,Z9,10 +∆Ce,Z
′

9,10 +∆Ce,box9,10 ,

∆C
µ(τ)
9,10 = ∆C

µ(τ),γ
9,10 +∆C

µ(τ),Z
9,10 +∆C

µ(τ),Z′

9,10 ,

∆C7,8 = ∆CX7,8. (3.3)

γ, Z, Z ′

sb

l+l−

1

Hình 3.1: The penguin diagrams are induced by new charged gauge bosons W ′, neutral

bosons γ, Z, Z ′, and the exotic boson X±
µ . The dashed part represents the combination of the

boson X± and the new quark U inside the loop.
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∆CZ9 =
c2W − 2s2W

s2W

[
−3x2c2W
8(x− 1)2

lnx+
(x2 + 5x− 3)c2W + 3

16(x− 1)

]
,

∆CZ10 = − 1

s2W

[
−3x2c2W
8(x− 1)2

lnx+
(x2 + 5x− 3)c2W + 3

16(x− 1)

]
, (3.4)

Since the first-generation lepton transforms differently from the other two generations under

the SU(3)L group, the gauge boson Z ′ interacts with it in a fundamentally different way

compared to the other two generations. As a result, we obtain the following contributions for

different generations:

∆Ce,Z
′

9 = −g̃Z
′

V (e)f(x) , ∆Ce,Z
′

10 = g̃Z
′

A (e)f(x),

∆Cµ(τ),Z
′

9 = −g̃Z
′

V (µ, τ)f(x) , ∆Cµ(τ),Z
′

10 = g̃Z
′

A (µ, τ)f(x), (3.5)

The different arrangements of fermion generations also lead to significantly different con-

tributions to the Wilson coefficients (WCs). Only Ce9,10 receive contributions from the box

diagram shown in Figure (3.2). These additional contributions are given in the form:

∆Ce,box
9 = − 1

s2W

m2
W

m2
X

{
x2[4 + (x− 8)y]

16(y − x)(x− 1)2
lnx− xy[(y − 4)2 − 12]

16(y − x)(y − 1)2
ln y +

x(−4 + 7y)

16(y − 1)(x− 1)

}
,

∆Ce,box
10 =

1

s2W

m2
W

m2
X

{
x2[4 + (x− 8)y]

16(y − x)(x− 1)2
lnx− xy[(y − 4)2 − 12]

16(y − x)(y − 1)2
ln y +

x(−4 + 7y)

16(y − 1)(x− 1)

}
(3.6)

b
X±

e−

s
X± e+

U ξ0
b

X±
e−

s
φX±

e+
U ξ0

b
φX±

e−

s
X± e+

U ξ0
b

φX±
e−

s
φX±

e+
U ξ0

1

Hình 3.2: The box diagram contributes only to the first-generation lepton

The additional bsγ interaction is generated by the photon penguin diagram induced by

the new charged bosons X±
µ , as shown in Figure 3.1. The electromagnetic currents of leptons

couple to this interaction, leading to additional contributions to C7,9.

∆Cγ9 =
4

9
lnx− x2(5x2 − 2x− 6)

18(x− 1)4
lnx− −19x3 + 25x2

36(x− 1)3
,

∆CX7 = −8x3 + 5x2 − 7x

24(x− 1)3
− x2(2− 3x)

4(x− 1)4
lnx. (3.7)

3.1.2. Lepton universality violation in B+ → K+l+l−

The differential branching fraction for B+ → K+l+l− :

d2Γ
(
B+ → K+l+l−

)
dq2d(cos θ)

= a(q2) + b(q2) cos θ + c(q2) cos2 θ, (3.8)

We obtain

a =
Γ0λ3/2βl

4

{
|G|2 + |

(
CSM

10 +∆C10

)
f+(q2)|2 + |(CSM

10 +∆C10)f0(q
2)|2 4m

2
l

λq2

(
m2

B −m2
K

)2}
,
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b = 0,

c = −Γ0λ3/2β2
l

4

{
|G|2 + |

(
CSM

10 +∆C10

)
f+(q2)|2

}
(3.9)

The LHCb experiment measured the ratio RLHCb
K

(
[1.1, 6]GeV2

)
= 0.846+0.042+0.013

−0.039−0.012 with a

deviation of 3.1σ from the SM prediction, as described in the introduction. In the MF331

model, RK also depends on unknown parameters, such as the masses of new particles mUa ,mξ0

and mZ′ . The study examines two scenarios

• Case 1: Mass Degeneracy ∆m ≡ mU,Z′ −mξ0 = δ, δ ≪ 1.

• Case 2: No Mass Degeneracy mU = a1mξ0 , mZ′: = a2mξ0 , a1,2 ∼ O(1).

mZ ' =mξ

mZ ' =mξ + δ

4000 5000 6000 7000 8000
10-9

10-8

10-7

10-6

10-5

mξ

δ

Hình 3.3: The plot shows the viable parameter space obtained from the latest measurement,

RLHCb
K

(
[1.1, 6]GeV2

)
= 0.846+0.042+0.013

−0.039−0.012. Here, mU = mξ0 + δ.

Results indicate:

• In scenario 1: RK exhibits minimal dependence on the mass degeneracy between Z ′

and the new lepton mξ0 , but is significantly influenced by the mass degeneracy between

new quarks and new leptons. The permissible range for δ spans from 10−6 to 10−7,

with the LHC constraint of mZ′ > 4000 GeV.

• In scenario 2: RK asymptotically approaches 1, coinciding with the SM prediction and

failing to explain the experimental value.

a1 = 0.2, a2 = 0.4

a1 = 2, a2 = 4

4000 5000 6000 7000 8000

1.00075

1.00080

1.00085

1.00090

1.00095

mξ

R
K

Hình 3.4: The ratio RK as a function of the mass of new fermions in the case of no mass

degeneracy.
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The contributions from the penguin diagrams depend only on the parameter x, while the box

diagram contributions depend on both y and x, particularly due to terms containing 1
x−y .

As a result, the box diagram contributions, ∆Cbox−e
9,10 ≫ 1, play a significant role in the RK

ratio. In the absence of mass degeneracy, the factor 1
y−x ≃ 1, which leads to the cancellation

of all diagrammatic contributions in Wilson coefficients by two factors m2
W

m2
X

and m2
W

m2
Z′
. Thus,

the RK anomaly can only be explained in the case of mass degeneracy, with the box diagrams

serving as the primary source of this anomaly.

We examine the contribution of penguin diagrams to the RK anomaly induced by lep-

ton flavor non-universal (LFU) interactions of the new gauge boson Z ′ with leptons, where

gZ
′
(e) ̸= gZ

′
(µ, τ). Consequently, RK is determined by the mass of the new boson Z ′ and the

new quarks. Figure (3.5) illustrates the relationship between RK and the new quark mass

mU , while fixing the mass of Z ′.

If the new gauge boson has a mass of mZ′ = 500 GeV, then the ratio RK can reach the

experimental value. However, if mZ′ = 4000 GeV, the ratio will approach 1. On the other

hand, LHC constraints indicate that the lower mass limit of Z ′ is several TeV, which means

the value of RK is close to the SM prediction RSM
K ≃ 1. This implies that the contribution

of box diagrams for the first lepton generation is a relevant source for explaining the RK
anomaly. Therefore, we conclude that the question of RK in the MF331 model can only be

addressed if both mass degeneracy of the new particles and the box diagram contributions

for only the first-generation leptons are considered.

RK (mZ ' = 500GeV)

RK (mZ ' = 4000GeV)

4000 5000 6000 7000 8000

0.85

0.90

0.95

1.00

mU

R
K

Hình 3.5:

3.1.3. Lepton Flavor Universality Violation in B0 → K0∗l+l−

The differential decay rate of the process B0 → K0∗l+l− can be expressed as the sum
of longitudinal and transverse polarization components

dΓ(B0 → K0∗l+l−)

dq2
=
dΓL(B

0 → K0∗l+l−)

dq2
+
dΓT(B

0 → K0∗l+l−)

dq2
. (3.10)

The LHCb experiment has measured the ratio RK∗ in the invariant squared mass region

q2 ∈ [1.1, 6] GeV2, obtaining the result RLHCb
K∗ = 0.685+0.113

−0.069 ± 0.047, which deviates by

approximately 2.5σ from the SM prediction. Now, we proceed to analyze the numerical results

for the ratio RK∗ .
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mZ ' =mξ

mZ ' =mξ + δ

4000 5000 6000 7000 8000
10-9

10-8

10-7

10-6

10-5

mξ

δ

Hình 3.6:

Figure (3.6) illustrates the parameter space that satisfies experimental constraints by

randomly sampling the parameters mξ0 and δ within the ranges mξ0 ∈ [4000, 8000] GeV and

δ ∈ [10−8, 10−5]. The obtained parameter values, shown in Figure (3.6), overlap with the

parameter space constrained by the measurement of RK .

3.1.4. Conclusion

In the MF331 model, the interaction of the new neutral gauge boson Z ′ with the electron

pair e+e− differs from its interaction with the µ+µ− and τ+τ− pairs, whereas the three

generations of quarks couple to the Z ′ boson with the same strength. The photon and Z-

penguin diagrams contribute equally to the Wilson coefficients (WCs) for all three lepton

generations. However, the Z ′-penguin diagrams provide different contributions between the

first-generation leptons and the other two generations.

The new charged lepton current, ξ̄0γµe, interacts with the new charged gauge boson

X+
µ , leading to box diagrams that contribute only to the first-generation leptons in the

Wilson coefficients. This explains why the MF331 model provides two possible sources of

contributions to effective interactions that violate lepton flavor universality (LFU), allowing

us to account for the anomalies in RK and RK∗ . The contribution of the Z ′-penguin diagram

is negligible compared to the Standard Model (SM) contributions.

We demonstrate that the anomalies in RK and RK∗ can be explained by the contribu-

tions from the box diagrams under the condition of mass degeneracy among the new particles.

3.2. Lepton Flavor Universality Violation in b → c Quark Transitions in the

MF331 Model

3.2.1. Effects of New Physics on Charged Currents

The non-universal interactions of Z ′ and the charged bosons X±, Y 0(0∗) with leptons

are manifested through the charged current 2.3.5.

Lepton flavor universality (LFU) violation arises from charged currents associated with

the complex gauge bosons X± and Y ∗. In addition to the differing couplings of lepton gener-

ations with these bosons, the interactions ξ̄0γµe1LX−
µ + ξ̄0γµν1LY

0
µ , which exist only for the
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first generation, provide a plausible explanation for the observed deviations in LFU.

3.2.2. Effective Hamiltonian for Flavor-Violating ui − dj Transitions

The contribution of the charged current to lepton-flavor-violating processes such as

ui − dj transitions is contained in the effective Hamiltonian:

Heff =
[
C

uidj
νaeb

] (
ū
′
iLγ

µ
d
′
jLν̄

′
aLγµe

′
bL

)
. (3.11)

At tree level, the Wilson coefficients
[
Cuidj
νaeb

]
tree

decompose as follows:

[
C

uidj
νaeb

]
tree

=
[
C

uidk
νaec

]
SM

(
δ
[
C

ukdj
νceb

]
W

′
µ

+ δ
[
C

ukdj
νceb

]
X

′
µ

)
(3.12)

The non-universal interactions of both SM leptons and new leptons with the new gauge

bosons also generate four-fermion interactions via penguin and box diagrams at the one-loop

level, as illustrated in Figures (3.7), (3.8), and (3.9).

W±

⌫L

Z

eL

du

eL⌫L

W±

W±

eL

Z

du

eL⌫L

W±

Z

⌫L

W±

du

eL⌫L

W±

W±

eL

�

du

eL⌫L

R

1a 1b 1c 1d

Hình 3.7: Penguin diagrams obtained from the SM

W±

Y 0,0⇤

⇠0
L

X±

du

eL⌫L

W±

X±

⇠L

Y 0,0⇤

du

eL⌫L

W±

X±

EL

Y 0,0⇤

du

eL⌫L

UL

X± Y 0,0⇤

W±

d u

eL ⌫L

W±

⌫L

Z 0

eL

du

eL⌫L

R

2a 2b

2e2d

2c

Hình 3.8: CPenguin diagrams obtained from new interactions
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X±

UL

Y 0,0⇤

EL

d ⌫L

u eL

X±

UL

Y 0,0⇤

⇠0L

d eL

u ⌫L

X+

UL

Y 0,0⇤

⇠L

d ⌫L

u eL

R

3a 3b 3c

Hình 3.9: Box diagrams

3.3. Lepton Flavor Universality Violation in b → c Transitions in the MF331

Model

3.3.1. Effects of New Physics on Charged Currents

The non-universal interactions of the Z ′ and the charged bosons X±, Y 0(0∗) with leptons

are manifested through the charged currents in Equation (2.3.5). Lepton flavor universality

violation arises from the charged currents involving the exotic gauge bosons X±, Y ∗. In

addition to the different couplings of the lepton generations with these exotic gauge bosons,

the interactions ξ̄0γµe1LX−
µ + ξ̄0γµν1LY

0
µ exist only for the first generation. This suggests a

potential explanation for deviations in lepton universality (LU).

3.3.2. Effective Hamiltonian for Lepton-Flavor Violating ui − dj Transitions

The contribution of the charged currents to lepton-flavor violating processes such as
ui − dj transitions is included in the effective Hamiltonian:

Heff =
[
C

uidj
νaeb

] (
ū′iLγ

µd
′
jLν̄

′
aLγµe

′
bL

)
. (3.13)

At the tree level, the Wilson coefficients
[
Cuidj
νaeb

]
tree

are decomposed as follows:

[
C

uidj
νaeb

]
tree

=
[
C

uidk
νaec

]
SM

(
δ
[
C

ukdj
νceb

]
W

′
µ

+ δ
[
C

ukdj
νceb

]
X

′
µ

)
. (3.14)

The non-universal interactions of SM leptons and new leptons with the new gauge bosons

also induce four-fermion interactions through penguin and box diagrams at the one-loop level,

as illustrated in Figures (3.7), (3.8), and (3.9).
One-Loop Contributions Taking into account one-loop contributions:

C
uidj
νaeb =

[
C

uidj
νaeb

]
tree

+
[
C

uidj
νaeb

]
penguin

+
[
C

uidj
νaeb

]
box

. (3.15)

The penguin diagram contribution is divided into two components:

[
C

uidj
νaeb

]
penguin

=
[
C

uidj
νaeb

]SM
penguin

+
[
C

uidj
νaeb

]NP

penguin
. (3.16)

Box diagrams, shown in Figure (3.9), contribute to the Wilson coefficients as follows:

[
C

uidj
νaeb

]
box

= −4GF√
2

51g2

64π2

m2
W

m2
X −m2

Y

{[
C

uidj
νaeb

]E
box

+
[
C

uidj
νaeb

]ξ0
box

+
[
C

uidj
νaeb

]ξ
box

}
. (3.17)
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3.3.3. Study of Lepton Flavor Universality Violation in b→ c Transitions

R(D(∗)) ≡
Γ
(
B → D(∗)τ ν̄

)
Γ
(
B → D(∗)lν̄

) =

∑
k |Ccb

3j |2∑
k

(
|Ccb

1k|2 + |Ccb
2k|2

) ×
[∑

k

(
|Ccb

1k|2 + |Ccb
2k|2

)∑
k |Ccb

3k|2

]
SM

× R(D(∗))SM. (3.18)

R(Xc) ≡
Γ (B → Xcτ ν̄)

Γ (B → Xclν̄)
=

∑
k |Ccb

3k|2∑
k |Ccb

1k|2
×
[∑

k |Ccb
1k|2∑

k |Ccb
3k|2

]
SM

× R(Xc)SM. (3.19)

For numerical evaluation, we use the SM parameters and assume the new physics pa-

rameters as follows:

• The lepton and quark mixing matrices are given as follows: V lL = V uL = V UL = V EL =

Diag (1, 1, 1) , V νL = UPMNS, V dL = VCKM. This corresponds to choosing a basis in

which the mass matrices of the up-type quarks and charged leptons are diagonal, so

that the observed quark and lepton mixing arises only from the down-type quarks and

neutrinos, respectively.

• To satisfy the LHC constraints, the masses of the new gauge bosons are chosen as:

mZ′ = 4500 GeV, mX = 4100 GeV, m2
Y = m2

X +m2
W .

Without loss of generality, we consider the mass hierarchy of the new fermions under

four scenarios:

– Degenerate masses for new leptons and exotic quarks, with mE1
= mE2

= mE3

and mU1
= mU2

= mU3
.

– Normal mass hierarchy (EnUn) where both new leptons and quarks follow SM-like

generation scaling.

– Inverted mass hierarchy (EiUi) where both new leptons and quarks follow SM-like

generation scaling.

– Mixed hierarchies with either normal lepton/inverted quark scaling (EnUi) or

inverted lepton/normal quark scaling (EiUn).
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In the first scenario, shown in the plots of Figure (3.10), we represent the parameter

space in the δm−mU1 plane that satisfies the experimental constraints of R(D), R(D∗), and

R(Xc) using blue, orange, and green regions, respectively. We assume mE1
= mE2

= mE3
and

mU1
= mU2

= mU3
, with mξ = mE1

+ δm and mξ0 = mE1
− δm. From the plots in Figure

(3.10), we observe that the experimentally measured values of R(D), R(D∗), and R(Xc) can

be achieved in two distinct parameter space regions for δm: one in the range of a few GeV

to several tens of GeV (2 < δm < 40 GeV) and another in the TeV range (δm < 2 TeV or

δm < 5 TeV). From the plot on the left panel of Figure (3.10), we obtain an upper limit

on the mass of the exotic quark, mU1
< 4 TeV. We illustrate the allowed parameter space

consistent with experimental values in the δm−mU1 plane in Figure (3.11). The parameter

δm is constrained by the experimental values of these ratios and by the mass hierarchy of

the new leptons and quarks, as shown in Figure (3.11). For all scenarios (EiUi, EnUn, EiUn,

EnUi), the correction δm reaches values at both the electroweak and TeV energy scales. The
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allowed parameter space depends on the mass hierarchy of the exotic quarks. For the cases

EiUn and EnUn, the parameter space of δm is limited to a few GeV to several tens of GeV.

The allowed TeV energy range is constrained by a curved boundary, imposing an upper limit

on the mass of the exotic quarks. For the cases EiUi and EnUi, the parameter space of δm

reaches either a few GeV or a few TeV. The allowed TeV-scale energy region is a portion of the

plane, bounded by lines where δm remains constant in the δm−mU1 plane. This corresponds

to the absence of an upper bound on the mass of the exotic quarks. The above predictions

strongly depend on δm and the mass hierarchy of the new leptons and quarks.

3.3.4. Investigating Some Observations Related to Flavor Non-Universality in

Interactions

Transition s→ u

We consider the ratios:

Γ(K → µν̄)

Γ(K → eν̄)
,

Γ(τ → Kν)

Γ(K → eν̄)
,

Γ(K+ → π0µ̄ν)

Γ(K+ → π0ēν)

in the MF331 model. We obtain:

Γ(K → µν̄)

Γ(K → eν̄)
=

∑
k |C

us
2k|2∑

k |C
us
1k|2

×
[∑

k |C
us
1k|2∑

k |C
us
2k|2

]
SM

×
[
Γ(K → µν̄)

Γ(K → eν̄)

]
SM

,

Γ(τ → Kν)

Γ(K → eν̄)
=

∑
k |C

us
3k|2∑

k |C
us
1k|2

×
[∑

k |C
us
1k|2∑

k |C
us
3k|2

]
SM

×
[
Γ(τ → Kν)

Γ(K → eν̄)

]
SM

,

Γ(K+ → π0µ̄ν)

Γ(K+ → π0ēν)
=

∑
k |C

us
2k|2∑

k |C
us
1k|2

×
[∑

k |C
us
1k|2∑

k |C
us
2k|2

]
SM

×
[
Γ(K+ → π0µ̄ν)

Γ(K+ → π0ēν)

]
SM

.

The experimental values for these ratios are given:[
Γ(K → µν̄)

Γ(K → eν̄)

]
exp

= 4.018(3)× 104;

[
Γ(τ → Kν)

Γ(K → eν̄)

]
exp

= 1.89(3)× 107;

[
Γ(K+ → π0µ̄ν)

Γ(K+ → π0ēν)

]
exp

= 0.660(3),(3.20)

as well as the values predicted by the SM:[
Γ(K → µν̄)

Γ(K → eν̄)

]
SM

= 4.0037(2)× 104;

[
Γ(τ → Kν)

Γ(K → eν̄)

]
SM

= 1.939(4)× 107;

[
Γ(K+ → π0µ̄ν)

Γ(K+ → π0ēν)

]
SM

= 0.663(2).(3.21)

In all three cases, the allowed parameter space for δm, which can explain these experimental

values, is also divided into either the electroweak scale or the TeV scale. The allowed parameter

space regions are determined by their consistency with the experimental values of R(D),

R(D(∗)), and R(Xc) as previously analyzed.
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.

Transition d→ u. Experimental values for these decay ratios are:[
Γ(τ → πν)

Γ(π → eν̄)

]
exp

= 7.90(5)× 107,

[
Γ(π → µν̄)

Γ(π → eν̄)

]
exp

= 8.13(3)× 103. (3.22)

Meanwhile, the predictions from the Standard Model (SM) are:[
Γ(τ → πν)

Γ(π → eν̄)

]
SM

= 7.91(1)× 107,

[
Γ(π → µν̄)

Γ(π → eν̄)

]
SM

= 8.096(1)× 103. (3.23)

The MF331 model predicts the following expressions:

Γ(π → µν̄)

Γ(π → eν̄)
=

∑
k | Cud

2k |2∑
k | Cud

1k |2
×
[∑

k |Cud
1k |2∑

k |Cud
2k |2

]
SM

×
[
Γ(π → µν̄)

Γ(π → eν̄)

]
SM

,

Γ(τ → πν)

Γ(π → eν̄)
=

∑
k | Cud

3k |2∑
k | Cud

1k |2
×
[∑

k |Cud
1k |2∑

k |Cud
3k |2

]
SM

×
[
Γ(τ → πν̄)

Γ(π → eν̄)

]
SM

. (3.24)

In Figures (3.13), (3.14), we plot the contour lines for the ratios Γ(τ→πν)
Γ(π→eν̄) and Γ(π→µν̄)

Γ(π→eν̄)

as functions of mU1
and δm in the possible cases considered in the previous sections. For the

case where mE1
= mE2

= mE3
and mU1

= mU2
= mU3

, we find that in the TeV-scale region,

there exist certain values of δm that predict these ratios to be consistent with experimental

values. Meanwhile, the GeV region of δm is predicted to explain these values. In the range

2 GeV < δm < 20 GeV, the upper bound on mU1
is less than 4 TeV. These conclusions also

apply to the cases EiUn and EnUi.
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Let us consider the allowed parameter space obtained from studying the transition
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processes b− c, s− u, d− u. The parameter space in the first case, where mE1
= mE2

= mE3

and mU1 = mU2 = mU3 , is determined by the intersection of the mU1 − δm planes shown in

Figures (3.10), (3.12), and (3.13). We conclude that the allowed region is a part of the plane

bounded by δm and mU1
as follows: 2 < δm < 20 GeV, mU1

< 4 TeV, or δm < 2 TeV.

The parameter space arising from the cases EiUn and EnUi must simultaneously be consistent

with the values described in Figures (3.11) and (3.14). Specifically, when δm is at the GeV

energy scale, there is no common set of mU1
− δm values. However, at the TeV energy scale,

there exists a narrow region of mU1
− δm that is compatible with the experimental values

of lepton flavor universality observables. In summary, the above predictions strongly depend

on the mass splitting δm and the hierarchical structure of the masses of the new leptons and

new quarks.

3.4. Analysis of the Ratios RK , RK∗ Based on New Experimental Data from 2022

In December 2022, an updated LHCb analysis of RK and RK∗ based on the complete

Run 1 and 2 datasets was presented. These new results are consistent with SM predictions.

Based on this, the authors conducted a reassessment of New Physics (NP) effects in the RK

and RK∗ ratios within the MF331 model framework. Through random parameter scanning in

the ranges δm ∈ [2, 20] GeV and mU1
∈ [200, 5000] GeV, three mass hierarchy scenarios were

examined: (i) homogeneous new fermion masses mE1 = mE2 = mE3 ,mU1 = mU2 = mU3 ,

(ii) mixing states of type EiUn, and (iii) mixing states of type EnUi. Results indicate that in

the first two scenarios, the model can effectively predict RK and RK∗ values consistent with

recent experimental data, with the EiUn scenario showing the highest degree of compatibil-

ity. Conversely, the EnUi scenario generates a nearly linear point distribution and not only

reproduces the new data but also encompasses pre-2022 results, although the relevant param-

eter spaces exhibit distinct differences. This demonstrates that the MF331 model maintains

the capacity to reasonably describe B-meson decay anomalies under appropriate parameter

configurations.
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CONCLUSION AND RECOMMENDATIONS

1. The dissertation has approached the latest experimental results related to recent anoma-

lies, specifically those associated with lepton flavor universality violation in weak in-

teraction currents. The anomaly associated with charged currents is observed in the

decay channel b → cℓ−ν̄ℓ. This decay channel is predicted in the Standard Model

(SM) at the tree level approximation. However, recent experimental results indicate

a significant discrepancy compared to SM predictions. Specifically, the experimentally

measured values of RD and RD∗ are over 25% larger than the SM predictions. More-

over, in a 2014 experiment at the LHC, the research group led by R. Aaij published

findings in Physical Review Letters related to the violation of lepton flavor universal-

ity in the decay channel b → sℓ+ℓ−, within the invariant mass-squared range of the

outgoing leptons
(
1.0 ≤ q2 ≤ 6.0 GeV2

)
. This decay channel is predicted to exist in

the SM through loop-level contributions. However, the experimental results measured:

RLHCb
K

(
[1.1, 6]GeV2

)
= 0.745+0.090

−0.074 ± 0.036, while the SM predicts R(K) ≃ 1. Our

research group, based on these experimental results, has explored new physics models

in search of explanations for lepton flavor universality violation. In addition to studies

conducted by the theoretical physics research community, we have identified that a pos-

sible solution to these anomalies could stem from extending the particle spectrum by

introducing scalar leptoquarks. However, leptoquark-based models may face stringent

constraints from proton decay processes.

At this point, we have identified that constructing a physical model in which lepton

number universality is inherently violated could provide a strong theoretical expla-

nation for these experimental results. We have discovered that the F331 model is

a relatively simple framework for lepton flavor universality violation. In the MF331

model, the first-generation leptons transform as a sextet, while the other two genera-

tions transform as a triplet under the SU(3)L transformation. All three generations of

quarks transform as an anti-triplet under SU(3)L. With this arrangement, we observe

that:

• The existence of interactions between leptons and gauge bosons leads to a viola-

tion of lepton flavor universality.

• The first-generation leptons possess new interactions that are absent in the other

two generations.

• All three generations of quarks transform identically, ensuring quark flavor uni-



versality at the tree-level approximation. No tree-level flavor-changing neutral

currents exist.

Based on the characteristics of lepton flavor universality-violating interactions men-

tioned above, we investigate flavor-changing processes associated with the neutral cur-

rent transition b→ sℓ+ℓ− and subsequently calculate their contributions to the ratios

RK and RK∗ . We conduct a numerical analysis to explain the experimental data on

RK and RK∗ published by the LHC in 2014. The results indicate that the ratios RK
and RK∗ can only be explained if the model allows for mass degeneracy between the

new leptons appearing in the sextet of the first-generation leptons and the new quarks.

In the absence of this degeneracy, the model predicts negligible new contributions,

meaning that the ratios RK , RK∗ ≃ 1, similar to the Standard Model predictions.

2. In addition to anomalies arising from neutral currents, we further explore the contri-

butions of new physics to charged currents. The new physics contributions to the

observables RD and RD∗ are strongly dependent on the mass splitting parameter

δm = mξ± − mE1 = mE1 − mξ0 . We find that when δm is on the order of several

tens of GeV or around the TeV scale, the model successfully explains the experimental

values of RD and RD∗ .

Based on the parameter space that explains RD and RD∗ , we further investigate and

evaluate processes related to RXc as well as flavor-changing transitions such as s→ u

and d → u. Our predictions for these processes are found to be fully consistent with

experimental data. Furthermore, if the parameter space explaining the experimental

results for RD, RD∗ , and RXc
, as well as for the transitions s→ u and d→ u, requires

a mass separation between the new leptons and new quarks, then the model cannot

explain the 2014 measurements of RK and RK∗ . However, in December 2022, LHCb

reanalyzed the experimental data using the full Run 1 and Run 2 datasets, revealing

that the ratios were consistent with RK ≃ 1 and RK∗ ≃ 1. Consequently, we revisited

our analysis and found that when the mass splitting δm is of the order of several tens

of GeV or around the TeV scale, the predicted values of RK and RK∗ in our model

approach 1, aligning with the updated experimental results.

3. We also discuss the potential for discovering new physics (NP) at accelerators such

as the LHC and LEP. The LEPII experiment has searched for a neutral boson Z ′,

setting a lower mass limit of 1.13 TeV, while constraints from meson mixing push this

limit above 4 TeV in the 331 model. At the LHC, heavy exotic quarks and leptons can

be produced through gluon-gluon interactions and the Drell-Yan mechanism. Due to

small mass differences, the exotic leptons exhibit unique decay modes, including decays

into Standard Model particles such as leptons, and the bosons W and Z. Notably, the

exotic leptons ξ0 and ξ± carry zero lepton number, leading to certain decay processes

that violate lepton number conservation. Additionally, heavy neutral scalars H ′ can be

efficiently produced at the LHC via mechanisms involving heavy exotic quarks, with

significantly higher production rates compared to traditional Higgs models.
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PHỤ LỤC

A. Mô hình cực tiểu với leptoquark

Mô hình có cấu trúc giống như SM cộng thêm phần mở rộng hạt là một hạt đơn tuyến

của SU((2)L, mang cả số baryon và số lepton nên hạt sẽ tương tác với đồng thời với lepton và

quark, có siêu tích Y = − 1
3 [71]. Dưới biến đổi chuẩn SU(3)C ⊗ SU(2)L ⊗U(1)Y leptoquark

được biểu diễn như sau (3,1,−1
3 ). Lagrangian của mô hình lúc này bao gồm Lagrangian của

SM cộng thêm Lagrangian của Φ,

LΦ = (DµΦ)
†DµΦ−M2

Φ |Φ|2 − ghΦ |ϕ|2|Φ|2

+ Q̄cλLiτ2LΦ∗ + ūcR λReR Φ∗ + h.c. ,
(A.1)

trong đó ϕ là lưỡng tuyến Higgs, λL,R là các ma trận trong không gian vị, và ψc = Cψ̄T là

các spinor liên hợp điện tích. Tương tác của các leptoquark được khai triển theo (A.1), cụ

thể ở đây là thành phần ở dòng thứ 2. Với sự đóng góp của các tương tác mới này sẽ cho

đóng góp để giải quyết vấn đề của vật lý vị. Khai triển chúng trong cơ sở các trạng thái vật

lý của quark và lepton tích điện trong đó ma trận quay Uf (Vf ) với fL,R là fermion phân

cực trái, phải.

u′L = U †
uuL, d′L = U †

ddL, e′L = U †
e eL, ν′L = U †

ννL

u′R = V †
u uR, d′R = V †

d dR, e′R = V †
e eR, ν′R = V †

ν νR (A.2)

Ta có

LΦ ∋ ūcLλ
L
ueeL Φ∗ − d̄cLλ

L
dννLΦ

∗ + ūcR λRueeR Φ∗ + h.c. , (A.3)

trong đó

λLue = UT
u λ

LUe , λ
L
dν = UT

d λ
L , λRue = V T

u λRVe , (A.4)

và ma trận CKM và ma trận PMNS

VCKM = U †
uUd,UPMNS = U †

νUe. (A.5)

Vì số lepton là bảo toàn trong phần lepton mang điện ở gần đúng cây nên Ue có thể coi ma

trận là bằng ma trận đơn vị, dẫn tới UPMNS = Uν .

Với số hạng thứ 1 và 3 trong (A.3) sẽ cho chúng ta đóng góp vào quá trình rã bán lepton

B meson với leptoquark làm trung gian ở ngay ở gần đúng cây, được mô tả trong hình 16.

Lagrangian hiệu dụng cho quá trình này có dạng

L(Φ)
eff =

1

2M2
Φ

[
− λL∗uiℓjλ

L
bνk
ūiLγµbL ℓ̄

j
Lγ

µνkL (A.6)

+ λR∗
uiℓjλ

L
bνk

(
ūiRbL ℓ̄

j
Rν

k
L −

ūiRσµνbL ℓ̄
j
Rσ

µννkL
4

)]
,

trong đó i, j, k là các chỉ số vị. Khai triển chúng trong hệ cơ sở các trạng thái vật lý thì thành

phần đầu tiên sẽ tạo ra các đóng góp tỷ lệ với các phần tử của ma trận CKM Vub và Vcb.
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Hình 16: Giản đồ mức cây đóng góp vào phân rã yếu.

Các hệ số VubVcb với vị lepton khác nhau là khác nhau vì nó tỷ lệ với λL∗uiℓj
λLbνk , hay đối với

vị ljνk thì các hằng số tương tác này là khác nhau. Thành phần thứ hai bao gồm các tương

tác mới không có trong mô hình chuẩn. Chính vì vậy nó có thể giúp giải thích được tất cả

các tỷ số rã từ phân rã B-meson.

Một trong kênh rã đang được chú ý hiện nay là kênh rã B̄ → D(∗)τ ν̄. Thực nghiệm cho thấy

rằng tỷ số rã này là lớn hơn khoảng 30% so với tiên đoán của SM. Bằng một phân tích độc

lập không phụ thuộc vào mô hình thì người ta đã tính toán toán tử hiệu dụng và cho sự ảnh

hưởng của các toán tử hiệu dụng này khi mà cho chạy từ µ = MΦ đến µ = mb [179, 180]. Ở

bài báo sau cùng, người ta tìm ra được một kết quả cho các hằng số tương tác mới là phù

hợp rất tốt với thực nghiệm cho tỷ số rã B̄ → D(∗)τ ν̄

λL∗cτ λ
L
bντ ≈ 0.35 M̂2

Φ , λR∗
cτ λ

L
bντ ≈ −0.03 M̂2

Φ, (A.7)

với giả sử rằng chỉ có neutrino ντ là liên quan đến quá trình rã (vì có biên độ lớn và do đó

tạo ra hiệu ứng lớn). Trong mô hình với vô hướng đơn tuyến leptoquark, M̂Φ ≡ MΦ/TeV.

Như vậy, với khối lượng leptoquark ở gần thang TeV thì λL∗cτ λ
L
bντ

cỡ bậc O(1) và các hằng số

tương tác của leptoquark phân cực phải là nhỏ hơn rất nhiều so với các hằng số tương tác

của các leptoquark phân cực trái.

Ngoài ra trong mô hình này cũng xuất hiện dòng trung hòa thay đổi vị ở gần đúng

cây và thể hiện thông qua Hình 16. Hình 16 cho phép giải thích các tỷ số rã B̄ → K̄νν̄ và

D0 → µ+µ−. Cụ thể toán tử Lagragian hiệu dụng mô tả cho kênh rã B̄ → K̄νν̄ có dạng

L(Φ)
eff =

1

2M2
Φ

λL∗sνiλ
L
bνj s̄LγµbL ν̄

i
Lγ

µνjL . (A.8)

Công thức (A.8) cho phép ta xác định tỷ số rã Rνν̄ = Γ/ΓSM với đóng góp của hạt leptoquark

dưới dạng

R
(Φ)
νν̄ = 1− 2r

3
Re

(
λLλL†

)
bs

VtbV ∗
ts

+
r2

3

(
λLλL†

)
bb

(
λLλL†

)
ss∣∣VtbV ∗

ts

∣∣2 , (A.9)

trong đó
(
λLλL†

)
bs

=
∑
i λ

L
bνi
λL∗sνi ..., và

r =
s4W
2α2

1

X0(xt)

m2
W

M2
ϕ

≈ 1.91

M̂2
ϕ

. (A.10)

Tại đây X0(xt) = xt(2+xt)
8(xt−1) + 3xt(xt−2)

8(1−xt)2
lnxt ≈ 1.48 với xt = m2

t/m
2
W , s2W = 0.2313 là bình

phương của góc trộn yếu. Một trong những ràng buộc rất mạnh mẽ là tỷ số rã B− → K−νν̄



và B− → K∗−νν̄ được đưa ra bởi BaBar [181] và Belle [182], đưa đến ràng buộc Rνν̄ < 4.3

và Rνν̄ < 4.4 tại 90% CL [183]. sử dụng bất đẳng thức Schwarz, người ta thu được từ công

thức (A.9)

−1.20 M̂2
Φ < Re

(
λLλL†

)
bs

VtbV ∗
ts

< 2.25 M̂2
Φ . (A.11)

Quá trình FCNC trong kênh rã D0 → µ+µ− có thể xuất hiện ở gần đúng cây trong mô

hình của chúng ta. Ở đây chúng ta giả thiết rằng trong SM không có sự đóng góp của kênh

rã D0 → µ+µ−. Người ta tìm thấy tỷ số rã từ các tương tác hiệu dụng đưa ra bởi phương

trình A.8, chúng tôi tìm thấy tốc độ phân rã

Γ =
f2Dm

3
D

256πM4
ϕ

(
mD

mc

)2

βµ

[
β2
µ

∣∣λLcµλR∗
uµ − λRcµλ

L∗
uµ

∣∣2 (A.12)

+

∣∣∣∣λLcµλR∗
uµ+λ

R
cµλ

L∗
uµ +

2mµmc

m2
D

(
λLcµλ

L∗
uµ+λ

R
cµλ

R∗
uµ

)∣∣∣∣2
]
,

trong đó fD = 212(1) MeV là hằng số phân rã meson D và βµ = (1−4m2
µ/m

2
D)

1/2. Chúng tôi

sử dụng khối lượng quark charm đang chạy cỡ mc ≡ mc(MΦ) ≈ 0, 54 GeV, MΦ ∼ 1 TeV. Với

những giả thiết như vậy và sử dụng giới hạn trên thực nghiệm Br(D0 → µ+µ−) < 7.6 · 10−9

(tại 95% CL) [184] ta thu được điều kiện ràng buộc√∣∣λLcµ∣∣2∣∣λRuµ∣∣2 + ∣∣λRcµ∣∣2∣∣λLuµ∣∣2 < 1.2 · 10−3 M̂2
ϕ ,∣∣λLcµλL∗uµ + λRcµλ

R∗
uµ

∣∣ < 0.051 M̂2
ϕ .

(A.13)

Như vậy với phương trình A.7 cho chúng ta ràng buộc về giải quyết tỷ số rã B̄ → D(∗)τ ν̄,

phương trình A.11 cho ràng buộc về tỷ số rã và phương trình A.13 cho ràng buộc về tỷ

số rã D0 → µ+µ−. Như vậy chúng ta có 3 điều kiện ràng buộc về các hằng số tương tác

của leptoquark phân cưc trái và phải λL, λR. Ở đây chúng ta thấy nếu như λL cỡ vào bậc

O(1), λR nhỏ hơn rất nhiều so với λL thì tự động giải quyết về thực nghiệm các tỷ số rã

B̄ → D(∗)τ ν̄, B− → K∗−νν̄ và D0 → µ+µ−.

Mô hình tiếp tục đi khảo sát kênh rã b → sℓ+ℓ− nhằm giải thích các kết quả thực

nghiệm tại LHCb

RLHCb
K

(
[1.1, 6]GeV2

)
= 0.745+0.090

−0.074 ± 0.036,

với khối lượng bất biến của cặp lepton đi ra là
(
1.0 ≤ q2 ≤ 6.0 GeV2

)
. Kết quả này được

nhóm tác giả R. Aaij công bố trên tạp chí Phys. Rev. Lett. năm 2014.

Trong một phân tích không phụ thuộc vào mô hình [188] để giải thích dữ liệu người ta

sử dụng hàm Hamiltonian hiệu dụng

Heff = −4GF√
2
VtbV

∗
ts

αe
4π

∑
i

Ci(µ)Oi(µ) , (A.14)

với các toán tử dạng V,A mô tả quá trình b→ sℓℓ ứng với các lepton mang điện

O9 = [s̄γµPLb] [ℓ̄γ
µℓ] , O10 = [s̄γµPLb] [ℓ̄γ

µγ5ℓ] , (A.15)
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Hình 17: Giản đồ hộp đóng góp vào dịch chuyển b→ sµ+µ−.

với

Oℓ
LL ≡ (Oℓ

9 −Oℓ
10)/2 , Oℓ

LR ≡ (Oℓ
9 +Oℓ

10)/2 , (A.16)

do đó

CℓLL = Cℓ9 − Cℓ10 , CℓLR = Cℓ9 + Cℓ10 . (A.17)

Trong mô hình cực tiểu với leptoquark, dị thường RK có thể nhận được từ bổ đính một vòng

của các hạt leptoquark được mô tả bởi hai giản đồ trong Hình 17. Một giản đồ với các đường

trong là hạt gauge boson W và hạt leptoquark Φ. Một giản đồ với các đường trong chỉ là hạt

leptoquark Φ. Hai giản đồ sẽ cho đóng góp vào các hệ số Wilson. Trong giới hạnM2
Φ ≫ m2

t,W ,

chúng ta thu được cho các đóng góp vào hệ số Wilson [188]

C
µ(Φ)
LL =

m2
t

8παM2
ϕ

∣∣λLtµ∣∣2
− 1

64πα

√
2

GFM2
Φ

(
λLλL†

)
bs

VtbV ∗
ts

(
λL†λL

)
µµ
,

C
µ(Φ)
LR =

m2
t

16παM2
ϕ

∣∣λRtµ∣∣2 [ lnM2
Φ

m2
t

− f(xt)

]
− 1

64πα

√
2

GFM2
ϕ

(
λLλL†

)
bs

VtbV ∗
ts

(
λR†λR

)
µµ
,

(A.18)

trong đó mt ≡ mt(mt) ≈ 162, 3 GeV là khối lượng của top quark và f(xt) = 1+ 3
xt−1

(
ln xt

xt−1 −
1
)
≈ 0, 47. Khi nghiên cứu độc lập với mô hình, điều kiện để có thể giải thích tốt nhất các

kết thực nghiệm về các tỷ số rã RK,RK∗ thì tương ứng với −1, 5 < CµLL < −0, 7 và CµLR ≈ 0

tại thang năng lượng µ ∼MΦ [188]. Và ở đây với dữ liệu của chúng tôi thì trong mô hình này

sẽ có CµLL ≈ −1 và CµLR ≈ 0. Điều này hoàn toàn đồng thuận với tài liệu [178,186,187,189].

Với giả thiết trên thì mô hình không chỉ giải quyết tốt vấn đề RK,RK∗mà thậm chí nó còn

có thể giải thích tốt vấn đề tỷ số rã Br(Bs → µ+µ−)/Br(Bs → µ+µ−)SM = 0.79± 0.20 được

đưa ra bởi LHCb [185] và CMS [190].

Các đóng góp từ giản đồ hộp W–Φ hỗn hợp trong (A.18) bị ràng buộc bởi các liên kết

của leptoquark với top-quark và muon. Các đại lượng này được dự đoán là dương trong mô

hình và do đó riêng chúng không thể giải thích được dị thường RK . Các đóng góp từ giản

đồ hộp với hai leptoquark Φ là đường trong là cần thiết để tái tạo giá trị chuẩn CµLL ≈ −1.



Điều này đòi hỏi

∑
i

∣∣λLuiµ

∣∣2 Re (λLλL†)bs
VtbV ∗

ts

− 1.74
∣∣λLtµ∣∣2 ≈ 12.5 M̂2

ϕ . (A.19)

Để thu được CµLR ≈ 0 thì đóng góp của các hằng số tương tác với các leptoquark phân cực

phải phải nhỏ hơn nhiều so với các leptoquark phân cưc trái. Kết hợp (A.19) với giới hạn

trên trong A.11 tạo ra √∣∣λLuµ∣∣2 + ∣∣λLcµ∣∣2 + (1− 0.77

M̂2
ϕ

)∣∣λLtµ∣∣2 > 2.36 , (A.20)

Như vậy ở đây ta cũng thu được với khối lượng của leptoquark ở thang TeV thì các hệ số

tương tác λLtµ, λ
L
uµ, λ

L
cµ rơi vào bậc O(1) của MΦ, các hằng số tương tác với các leptoquark

phân cực phải là nhỏ. Điều này hoàn toàn phù hợp với không gian tham số trong trường hợp

RD,RD∗ . Với CµLL = −0.7 hoặc −1.5 thay thế cho −1 thì vế phải của giới hạn này phải bằng

2.0 hoặc 2.9.

Như vậy bằng các kết quả lập luận [71], mô hình cực tiểu với một vô hướng đơn tuyến

leptoquark sẽ cho chúng ta giải thích được đồng thời tỷ số RD,RD∗ và RK,RK∗ .

Mô hình cũng giải thích được cho dao động Bs − B̄s. Tỷ lệ (λLλL†)bs/(VtbV ∗
ts) trong

(A.19) cũng có thể bị giới hạn bởi các phép đo hiện có của biên độ trộn Bs−B̄s. Đóng góp

của leptoquark vào hệ số lưỡng cực C7γ cho sự phân rã B̄ → Xsγ dẫn đến

C7γ = CSM
7γ +

(
v

12MΦ

)2
(
λLλL†

)
bs

VtbV ∗
ts

. (A.21)

Mối quan hệ [71] ngụ ý rằng sự thay đổi tương ứng trong tỷ lệ phân nhánh B̄ → Xsγ nhỏ

hơn khoảng 1% và do đó an toàn dưới giới hạn thực nghiệm. Mô hình thậm chí cũng giải

thích được mômen từ dị thường của muon [71].

B. Các tham số xuất hiện trong ma trận khối lượng lepton

Khai triển của các hàm fEEab , feEab , f
ee
ab , f

eξ
1b , f

Eξ
1b trong ma trận trộn khối lượng lepton

Ml được đưa ra bởi
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2
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′, (B.1)
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fξe
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fEξ
b1 = δb1f
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11 , (B.12)

fξξ = s11ww′ + s′11w
′2. (B.13)
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C. Hàm Γfifjfk

ΓWZeb = (m2
Z −m2

W )

(
1 +

1

ϵ
− γ + ln 4π − lnm2

eb

)
−m2

Z

lnx
eb
Z

x
eb
Z − 1

+m2
W

lnx
eb
W

x
eb
W − 1

,

(C.1)

ΓWZνa = (m2
Z −m2

W )

(
1 +

1

ϵ
− γ + ln 4π − lnm2

νa

)
−m2

Z

lnxνa
Z

xνa
Z − 1

+m2
W

lnxνa
W

xνa
W − 1

,

(C.2)

Γ
Wνaeb
Z = (m2

eb −m2
νa)

(
1 +

1

ϵ
− γ + ln 4π − lnm2

Z

)
−m2

eb

lnxZ
eb

xZ
eb − 1

+m2
νa

lnxZ
νa

xZ
νa − 1

,

(C.3)

Γ
Wνaeb
Z′ = (m2

eb −m2
νa)

(
1 +

1

ϵ
− γ + ln 4π − lnm2

Z′

)
−m2

eb

lnxZ′
eb

xZ′
eb − 1

+m2
νa

lnxZ′
νa

xZ′
νa − 1

,

(C.4)

ΓWγec =

(
1 +

1

ϵ
− γ + ln 4π − lnm2

ec

)
− lnxec

W

xec
W − 1

, (C.5)

ΓXY Ec = (m2
X −m2

Y )

(
1 +

1

ϵ
− γ + ln 4π − lnm2

Ec

)
−m2

X

lnxEc
X

xEc
X − 1

+m2
Y

lnxEc
Y

xEc
Y − 1

,

(C.6)

ΓXY ξ0 = (m2
X −m2

Y )

(
1 +

1

ϵ
− γ + ln 4π − lnm2

ξ0

)
−m2

X

lnxξ0

X

xξ0

X − 1
+m2

Y

lnxξ0

Y

yξ0

Y − 1
,

(C.7)

ΓXY ξ = (m2
X −m2

Y )

(
1 +

1

ϵ
− γ + ln 4π − lnm2

ξ

)
−m2

X

lnxξ
X

xξ
X − 1

+m2
Y

lnxξ
Y

xξ
Y − 1

,

(C.8)

ΓXY Uc = (m2
X −m2

Y )

(
1 +

1

ϵ
− γ + ln 4π − lnm2

Uc

)
−m2

X

lnxUc
X

xUc
X − 1

+m2
Y

lnxUc
Y

xUc
Y − 1

,

(C.9)
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b
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D. Hàm Γfifj
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