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Trudc hét, toi xin bay to 1ong biét on chan thanh va siu sic nhit téi tap thé hudng
din khoa hoc cia t6i, PGS. TS. Pham Vin Cénh va PGS. TS. Nguyén Long Giang. Trong
subt qud trinh thyc hién hoc tip va nghién ctfu, cdc thiy di luon tin tinh chi bao, dinh
hudng nghién citu va danh nhiéu thdi gian trao ddi hoc thudt quy béu, gidp t6i titng budc
hoan thién cong trinh nay.

Téi xin chan thanh cim on cdc Thay, Cb tai Vién Cong nghé thong tin, Ban Lanh
dao, Phong Dao tao cung cic phong chic ning cia Hoc vién Khoa hoc va cong nghé,
Vién Han lam Khoa hoc va Cong nghé Viét Nam, nhitng ngusi da giang day, tao diéu
kién thuan Igi va cung cip méi trudng nghién cifu hoc thuit nghiém tic trong subt qui
trinh t6i hoc tdp va thyuc hién luan an.

Téi xin trin trong gt 18i cdm on téi Ban Linh dao Trudng Pai hoc Kién tric Ha
Noi da ludn quan tim, tao diéu kién thuin 1¢i trong subt qua trinh hoc tip, nghién citu
va thuc hién luén 4n. T6i ciing xin chin thanh cam on Ban Chi nhiém Khoa Cong nghé
théng tin cing cic dong nghiép tai Trudng Pai hoc Kién triic Ha Noi da ludn dong vién,
hé trg va chia sé nhiéu kinh nghiém quy bau trong qué trinh cdng tic va nghién citu.

Toi xin giti 18i cAm on t8i céc nha khoa hoc tai Phong thi nghiém Tbi wu héa cic hé
théng 16n (ORLab), Pai hoc Phenikaa, dd danh nhiéu thdi gian trao ddi hoc thuit, dong
g6p nhiing ¥ kién quy bau va hé trg t6i hoan thién cdc y tudng nghién citu, gép phin
quan trong vao viéc hoan thanh luén 4n nay.

Toi dic biét cam on gia dinh, chong, con va ban bg clia tdi di ludn dong vién va
giup da 161 trong sudt qua trinh hoc tap, nghién ctu, tham gia cdc hi nghi trong va ngoai

nudc ciing nhu thuc hién luan 4n nay.
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MO PAU

Céc bai toan t6i uu t& hgp (Combinatorial Optimization - CO) hinh thanh tif nhu
cAu ra quyét dinh trong nhiéu hoat dong kinh té, k§ thuat va ddi séng xa hoi. Trong thuc
té, ngudi ra quyét dinh thudng phai lua chon mot phuong 4n tdi uu tif tip cac phuong
an hop 1¢, dong thdi phai théa man nhiéu diéu kién va rang budc khac nhau. Nhiing tinh
hudng nhu x4c dinh tuyén dudng van chuyén hiéu qua, xay dung lich 1am viéc, phan
cong nhiém vu hay phan bd ngudn luc déu cé thé dugc mo hinh héa thanh cac bai toan
CO. Nho kha ning bi€u dién da dang cic bai todn thuc tién dudi mot khudn khé toan
hoc théng nhit, CO da trd thanh mdt linh vuc nghién cifu quan trong trong khoa hoc mdy
tinh, toan hoc ung dung va nghién ctu tac nghiép. Cac mo hinh va phuong phap cua linh
vuc nay khong chi gitp phan tich va giai quyét hidu qua cac bai toan c6 ciu triic rdi rac
ma con déng vai trd nén tang trong viéc phat trién cdc thuit toan xd ly di liéu quy md
16n va cac hé thong hd tro ra quyét dinh hién dai.

Buéc sang ky nguyén tri tué nhan tao, céc bai todn CO ngay cang trd nén cp thiét
khi déng vai trd trung tAm trong nhiéu hé thdng hién dai ctia khoa hoc dit liéu, nhu ti
da anh hudng trén cidc mang xa hoi [[1, 2], tém tat thong tin [3, 4] 5], phan tich dic trung
ngudi ding, hé thong khuyén nghi, hay bai toan tdi da héa doanh thu trong cac chién
dich tiép thi lan truyén [6), 3] [7]. Viéc ting nhanh quy md dit liéu dan tSi cac yéu cau xd
ly hiéu qua trong thoi gian ngan dit ra nhu cau cap bach vé céc thuat todn t6i vu c6 kha
ning xt ly céc bai todn quy md 16n. Mot dic diém quan trong cta I6p bai todn nay la
chung c¢6 thé dudc bi€u dién dudi dang cac bai toan CO trén tap hop, trong d6 ham muc
tiéu hodc rang budc thudng mang tinh submodular, con dudc goi 1a tinh chét lgi nhudn
bién gidm dan. Tinh chat nay cho phép thiét ké cac thuat toan hiéu qua v6i cac dam bao
ly thuyét vé chit luong 15i gidi, dong thdi phi hop véi cic ting dung xi ly dif liéu quy
mo 16n. Nhitng bai toin nay dudc cac nha nghién citu goi chung 1a tdi uu submodular
(Submodular Optimization-SO).

Dudi dang téng quét nhét, bai todn SO dudc phat biéu nhu sau: Cho tap nén hitu
hanV = {ey,es,..., ey}, v6i ham muc tiéu f : 2V — RAH c6 tinh chét submodular, nghia

N

la
f(AU{u}) = f(A) > f(BU{u}) — f(B),

v6imoi A C B C V vau e V\ B.Baitodn SO yéu cau tim tdp con S C V théa min
rang budc € cho trudc sao cho gid tri ctia f 1a cuc dai hodc cuc tiéu.

Bai toan SO thudc 16p bai toan NP-khé, tiic 12 khong ton tai thudt todn tim 16 gidi

12V: Tap tit ca cdc tap con cia V bao goém tap rong.



chinh xac chay trong thdi gian da thic, trit khi P = NP. Do d6, trong thuc té, cac hudng
tiép can chi yéu tip trung vao viéc thiét ké cac thuat toan gan ding nham dat dudc 16i
giai tot trong thdi gian tinh toan chip nhan dudc. Trong hon mot thip nién trd lai day,
viéc nghién citu cac bai todn SO lién tuc dudc md rong dau tu khi cac nha khoa hoc tim
thiy ng dung clia cdc bai todn trén trong nhiéu linh vuc trong CO, tri tué nhan tao, hoc
mdy. Nhiéu phuong phap hién dai lién tuc dugc cong bd va trinh bay trén céc tap chi uy
tin vi hang dau vé t6i vu héa nhu Mathematics of Operations Research, Mathematical
Programming, Computer & Operations Research, SIAM Journal on Computing, Euro-
pean Journal of Operational Research, v.v. cling nhu tai cdc hoi nghi hang dau (A*) vé
hoc may va tri tu€ nhan tao nhu NeurIPS, ICML, AAAI IJCAI ICLR, UAI, v.v. cho
thiy vai trd ngly cang quan trong ctia 16p bai toan nay trong ca nghién ctu ly thuyét 1an
cac ung dung lién quan dén khoa hoc dit liéu véi quy mo 16n.

Lich st nghién ctiu vé cac bai toan SO tif rat sém, xuit phat tif cic yéu cau thiét
yéu trong van dé kinh té ndi bai todn lua chon tip phuong 4n tbi vu duéi cic giéi han
ngudn luc dudc nghién ciu rong rai [8, 9, [10, 6, 11}, (12, [13]]. Nemhauser va cong su [[14]
12 nhitng nha nghién ctiu tién phong tim thiy ting dung to 16n ctia bai todn nay trong kinh
té hoc va phat trién céc thuat toan dat ty 1& xAp xi 1 — 1/e cho céc bai todn véi rang budc
kich thudc, dit nén méng cho viéc khai thac tinh chit submodular trong thiét ké thuat
toan xap xi (TTXX). Nhitng nim gan day, SO di dugc mé rong nghién citu dusi nhiéu
dang rang budc khac nhau nham phén 4nh da dang cic yéu cau thuc té. C4c dang rang
budc phé bién bao gdm: rang budc kich thudc 19i giai (cardinality constraints) [15, 16} 8],
rang budc tong chi phi clia 18i gidi (knapsack constraints) [[13], 17, 18], tim 15i gidi véi
chi phi tdi thiéu véi rang budc cho trude [16) [8, [19]], cling nhu cic rang budc céu triic
tong quat hon nhu matroid hodic giao ctia nhiéu matroid [3]. Nhitng m& rong nay cho
phép md hinh héa cac bai todn thuc t& phic tap hon, noi 16i gidi khong chi can dat gia
tri muc tiéu cao ma con phéi tuan thd céc clu tric hay gi6i han tai nguyén da dang. Vi

16p bai todn SO rit rong cac nha nghién ciiu chia bai toan thanh dang cu thé nhu sau:

- Dang 1 (Cuc tiéu) - Bai toan phi submodular véi chi phi t6i thiu (MCSC): Trong

bai toan niy, mdi phan tif e € V ¢6 mot chi phi c(e) > 0. V6i ngudng gid tri T’ cho
trudc va mot ham danh gid ¢ : 2" — R, 1a submodular, bai todan MCSC yéu cau tim
tap con S C V ¢6 tdng chi phi Y ees c(e) 1anho nhét sao cho ¢(S) > T.

Dang bai todn nay phd bién trong cac tng dung c6 thé ké dén nhu: t6i da 4nh hudng
ngudng [20], tém tat dif liéu anh [21} 3, [10, 13} [5], tim 14t cat véi chi phi tbi thicu [22],

V.V.



- Dang 2 (Cuc dai) - Bai toan t6i da ham submodular (SM): V6i hAm muc tiéu nhan

gia tri thuc khong am f : 2V — R 13 submodular, bai toan SM yéu cau tim tip con
S C V théa man rang budc € cho trudc sao cho f(S) dat gid tri 16n nhét.

Dang bai toan nay bao trim nhiéu bai todn dién hinh trong khoa hoc dit liéu va hoc
may, chaamg han nhu ti da héa anh hudng trong mang xa hdi [1]], Iva chon dic trung
trong hoc may [53, [10], tbi da héa doanh thu trong mang xa hoi [23]], bai toan dit cam
bién [6) [12]], va lua chon tap dai dién nham t6i da héa luong thong tin thu dudc dudi
cac rang budc tai nguyén [10, 24], v.v. Cac rang budc trong C thudng gdp trong cac
bai toan CO bao gém: rang budc kich thudc (cardinality constraint), rang budc ba 16
(knapsack constraint), rang budc matroid (matroid constraint), v.v.

Trong LA, ky hiéu SM dudc dung cho bai todn tdi da ham submodular téng quét véi
rang budc € bat ky. Céc trudng hop riéng dng véi tiing dang rang budc cu thé ducc
ky hiéu riéng: SMC la bai toan SM v6i rang budc kich thuéec, SMK 1la bai toan SM
vOi rang budc chi phi (knapsack), va SMFC la bai toan SM véi rang budc chi phi cong
bing dudc LA dé xuit nghién cifu tai Chuong 4.

Tan dung cic tinh chét quan trong ctia ham submodular ddi véi bai todn SO, nhiéu nghién
cuiu da tap trung phat trién cdc TTXX hiéu qua theo hai huéng chinh.

Thi nhit, mot s6 cong trinh tip trung nang cao chét lugng nghiém thu dudc thong
qua viéc cai thién ty 1& xap xi [23, 26, 27, 28]. Ddi véi cac bai toan CO NP-kh6 nhu
SO, viéc tim nghiém tbi wu trong thdi gian da thiic thudng 13 khong kha thi. Vi vay, cac
TTXX dudgc thiét ké nham bao dam nghiém thu dugc dat it nhat mot ty 1é nhét dinh so
v6i nghiém ti vu. Ty 1é x4p xi cang 16n thi nghiém clia thuét toan cang gan véi nghiém
t6i wu. Nho khai thac cdc tinh chat dic trung ctia hAm submodular nhu tinh 10i ich gidm
dan (diminishing returns) va kha ning xay dung nghiém hiéu qua bing chién lugc tham
lam, nhiéu nghién ctiu da dé xuét céc thuat todn vdi can x4p xi ngay cang chit hon, dong
thdi van duy tri dudc do phuc tap tinh toan hop ly.

Thi hai, nhiéu nghién ctiu huéng t6i cai thién thdi gian tinh todn va bo nhé sit dung
nham md rong kha ning dp dung cho dit lidu quy mé 16n. Trong thuc té, cac bai toan
t6i vu submodular thudng phat sinh trén cdc hé théng dif liéu 16n nhu mang xa hoi, hé
théng goi y hoiic cac ing dung trong khoa hoc dif liéu hién dai, noi kich thudc dit liéu c6
thé 1én t6i hang triéu hodic hang ty phan ti. Diéu nay khién cic thuit todn truyén thong
khé dép ting dudc yéu cau vé tbc do xt ly va tai nguyén tinh toan. Vi viy, nhiéu huéng
tiép can da dugc dé xuét nham gidm chi phi tinh toan nhung van duy tri dugc chét lugng
nghiém tot. Cac huéng tiép can tiéu bi€u, cho huéng nay bao gdom:

(1) Phdt trién cdc thudt todn cé dé phiic tap truy vdn thdp, titc gidm sé lan goi ham
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muc tiéu submodular [28, 13,24, [10]. Trong nhiéu bai toan thuc té, viéc danh gia gia tri
ctia hAm muc tiéu thudng 1a budc tén kém nhét do phai xt 1y luong dit liéu rat 16n hoic
thuc hién cic phép md phdng phiic tap. Vi vy, gidm s6 1an truy vin him muc tiéu ¢
y nghia dic biét quan trong trong viéc ting toc thuat toan. Cac nghién ctiu gan day tap
trung vao cac ky thuét nhu chién lugc ngudng, iy mau hoic danh gid xip xi nham giam
dang ké s6 luong truy van nhung van bao dam dudc ty 1& xap xi ly thuyét;

(2) Khai thdc mé hinh tinh todn song song va phdn tdn dé’lién tuc rit ngdn thoi
gian tim loi gidi [29, 30, 31) 132, (12} [19]. Muc tiéu chinh ctia huéng tiép can nay la phan
chia khéi lugng tinh todn thanh nhiéu tdc vu c6 thé xi Iy dong thdi trén nhiéu bo xir ly
hoic nhiéu mdy tinh khac nhau, tif d6 riit ngan ddng ké thdi gian thuc thi. C4c thuit toan
truc tuyén cho phép xii 1y dif liéu ngay khi dit liéu xuat hién ma khong can biét trudc toan
bd dit liéu dau vao. Tuy nhién, viéc thiét ké cac thuit todn song song hiéu qua cho tbi uu
submodular thudng phai cin bang giita tbc do xi 1y, s6 vong thich nghi (adaptivity) va
chit lugng nghiém, do d6 day van 1a mot huéng nghién citu day thach thiic.

(3) Xut Iy dit liéu dang dong (streaming) vdi yéu cdu gidi han vé bé nhd va so lan
duyét toan bé dir liéu. 23], 33] Trong md hinh nay, dit liéu xuét hién lién tuc theo thoi
gian va thuat todn chi dudc phép truy cip tuan tu tiing phan ti v6i so 1an quét dit lidu rat
han ché. Piéu nay dic biét phi hop véi cc ting dung thdi gian thuc hodc cic hé thdng
c6 dit liéu vudgt qua kha nang luu trit cia bo nhé chinh. Vi vay, cac thuat toan streaming
thudng dudc thiét ké v6i yéu cau st dung bd nhd nho, tdc do xit Iy nhanh nhung vin duy
tri dugc cac bao dam x4p xi tét cho nghiém thu dudc.

Miic du nhiéu két qua quan trong da dat dugc hién tai, 16p cac bai toan SO van con
nhiéu thach thifc can phai gidi quyét ca vé phuong dién moé hinh héa 14n thiét ké thuat
toan.

Thit nhdt, su gia ting nhanh chong vé quy mo dit lidu ddt ra yéu cdu cdn bdng
giita chdt luong 10i gidi va hiéu qud tinh todn cua cdc thudt todn toi wu submodular [7].
Trong nhiéu tng dung, viéc danh gia ham muc tiéu 1a cong doan tén kém nhat. Chang
han, d6i v6i bai toan tdi da anh hudng, gia tri anh hudng ky vong thudng phai dudc uée
lugng thong qua nhiéu 1an moé phong qua trinh lan truyén trén mang [[1]. Vi vy, nhiéu
nghién cifu tip trung vao viéc giam do phic tap truy van va sb vong tinh todn phu thudc
tuan tu bang cac ky thuat iy mau va xi ly song song [34, [7]. Viéc xdy dung céc thuit
todn c6 do phiic tap truy van va do phiic tap song song thap, dong thdi van duy tri cac
bdo dam ly thuyét vé chat luong nghiém, do d6 trd thainh mot huéng nghién ciiu quan
trong d6i v6i cdc bai todn tbi uu submodular trén di liéu quy md 16n.

Thit hai, nhiéu bién thé cé ¥ nghia thuc tién cua cdc bai todn toi wu submodular



vdn cdn tiép tuc dwoc nghién citu va phdt trién. Cac nghién ctiu gan day da xem xét yéu
ciu cong bang giita cic nhém thong qua nhiing rang budc vé miic do dai dién, s6 lugng
phan tf dugc lua chon hoic chi phi phan bd cho titng nhém [35, 36]. Bén canh do, trong
nhiéu ting dung, bai todn con phai dong thdi théa min cdc gidi han vé tai nguyén va cac
rang budc cau tric phic tap nhu knapsack hoic matroid [37, 36]. Nhitng yéu ciu nay
khé dudc mo ta diy da bdi cac mo hinh truyén thdng chi xét mot rang budc luc lugng
hoac ngan sach don 1€. Vi vay, viéc xay dung cac mod hinh va thuit toan c6 kha nang xu
ly ddng thdi cic rang budc phiic tap, dong thdi duy tri bdo dam Iy thuyét vé chit lugng
nghiém, van 12 mot huéng nghién ciu nhan dugc nhiéu sy quan tam [37, 35, 36].

Xuét phat tif nhitng thach thdc da néu, luan dn (LA) huéng dén viéc phat trién cac
thuit todn x4p xi nham nang cao hiéu qua giai quyét cac bai todn tbi uu trong khoa hoc
dit liéu quy mo 16n, c6 xét dén yéu td chi phi va yéu ciu cong bang. Véi dinh huéng do,
LA dugc thuc hién véi d@ tai Nghién citu thut toan xap xi cho mét sé bai toan tbi uu
submodular vé6i rang budc chi phi, véi cac muc tiéu sau:

1. Nghién ctiu cic bai todn tbi wu submodular (SO) va mé rong k-submodular gin véi
yéu cau tdi uu chi phi va rang budc cong bang. Cu thé, LA tip trung vao bai toan phu
submodular véi chi phi tdi thi€u (MCSC), bai todn phi k-submodular (kSC) trén khong
gian 16i giai da tap va bai todn t6i da hda ham submodular v6i rang budc chi phi cong
bing (SMFC). Céc bai todn niy mo hinh héa yéu cau dat ngudng gia tri muc tiéu véi chi
phi nhd nhit hoic t6i da héa gia tri muc tiéu dudi cac gidi han ngan sich tdng va ngan
sach riéng cho tung nhom.

2. Bé xuit va phan tich cac thuat toan xip xi (TTXX) cho céc bai todn trén nham bao
dam chit luong 15i gidi va hiéu qua tinh todn trong bdi canh viéc tim nghiém tbi uu chinh
x4c thuong khong kha thi. Cac thuit toan dudc thiét ké v6i nhiing bio dam 1y thuyét vé
ty 1& x4p xi va do phiic tap tinh todn, dong thdi chii trong gidm sb lugng truy vin ham
muc tiéu va khai thac kha ning song song ddi véi cac bai toan phit hop. Hiéu qua cia
cac thuat toan dudc danh gia thong qua phan tich ly thuyét va thuc nghiém, huéng dén
kha nang ting dung trén di liéu quy mo 16n.

V6i muc tiéu trén, LA tap trung nghién ciu ba bai toan thudc hai dang cd ban cua
SO. Thudc Dang 1, LA nghién cttu bai toan MCSC va bai toan phu k-submodular (kSC),
mdt mé rong cia MCSC trén khong gian 16i giai da tap. Thuoc Dang 2, LA nghién ctu
bai toan SMFC, mdt bién thé clia bai todn SM tdng quat trong d6 rang budc € gdm rang
budc ngan sich tdng va rang budc chi phi cong biang gitta cic nhom. Hai 16p bai toan
MCSC va SM 1a nén tang ctia nhiéu mo hinh t6i vu trong khai phd dit liéu, hoc may va tri

tué nhan tao hién dai. Trong khi bai toan phu submodular huéng t6i viéc dat dugc mot



mtc 1gi ich mong muén véi chi phi nhd nhét, thi bai todn tdi da submodular tip trung
tim kiém tap nghiém c6 gia tri 16n nhat dudi cac rang budc vé tai nguyén hoic ciu tric.
Miic du c6 ban chit tdi uu khac nhau, ca hai déu khai thac sau sic cac tinh chit ciia ham
submodular va c6 mdi lién hé chit ché vé mit ly thuyét cling nhu ky thuat thiét ké thuat
todn. Mdi lién hé gilta cac bai toan niy dudc minh hoa trong Hinh Trén co sé do, LA

SO
Bai toan 1 Bai toan 2
Pht Submodular vdi chi phi t6i thiéu (MCSC) T6i da héa ham submodular véi
» Péng gop cua LA: Thuat toan song song rang buéc (SMC)
hda dam bao ty 1& x&p xi tiéu chuan kép

Bai toan SMFC
Bai tosn KSC T6i da héa hém submodula‘lr véirang budc
chi phicéng bang

Mé& réng clia bai Bai toan 1 o R e
» Pong gop cua LA: Thuat toan xap xi

> Poéng gop ctia LA: Thuat toan xap xi tiéu chudn kép

Hinh 0.1: Céac dang cuia bai toan SO va dong gép cua LA.

tap trung nghién cfu dinh nghia bai toan, tinh chat 1y thuyét va dé xuit cic thuit toan

hiéu qua cho tling 16p bai toan tuong ting. Cac két qua dat dugc nhu sau:

1. LA nghién cifu bai todn MCSC va dé xuét thuat todn c6 kha ning song song
hiéu qua dong thoi dat dudgc ty 1& tiém can véi TTXX t6t nhat hién nay [19] trong khi
giam rat dang ké do phiic tap song song ca vé phuong dién ly thuyét 1an thuc nghiém.
Ciac két qua nghién cifu vé bai todn nay dudc cong bb trén tap chi chuyén nganh vé
tdi wu héa va van trii hoc Asia-Pacific Journal of Operational Research (SCIE/Q3)
nam 2024.

2. LA nghién ctiu bai toan kSC, mot md rong cua bai toan MCSC trén khong gian
161 giai da tap

(k+1)" ={(Vi,Va,.... Vi) | Vi CV, Vi € [k], ViNV} =0, Vi # j}.

Déi v6i bai toan nay, LA dé xuat cac TTXX tiéu chuin kép cho hai trudng hop chi phi
dong nhit va chi phi ty y. Vé mit 1y thuyét, cdc thuat todn dé xuit dat dudc cac bao



dam xAp xi tét hon so v6i nhiing két qua da dudc cong bd trude d6. Bén canh d6, LA
xay dung hé théng thuc nghiém va danh gia cac thuit toan trén nhiéu bo dif liéu tng
dung thuc té. Két qua thuc nghiém cho thiy cic phuong phdp dé xuét khong chi dat
chit luong 13i giai cao hon ma con cé chi phi tinh toan thip hon so vé6i cac phuong
phap hién co.

Cac két qua lién quan dén bai toan kSC da ducc cong bd trén tap chi Asia-Pacific
Journal of Operational Research (SCIE/Q3) nam 2026 va tai héi nghi SOICT nam
2025.

3. LA nghién ctiu bai toan t6i da ham submodular v6i rang budc chi phi cong bing
(SMFC), mot bién thé ctia bai toan SM tdng quat (Dang 2). Cu thé, cho mot ham muc
tiéu submodular don diéu f : 2" — R, tip nén V dudc phan hoach thanh K nhém
C1,Cy, ..., Ck, mdt ngan sach tdng B va tham sb cong bang « € (0,1). Mi phan tir
u € V ¢6 chi phi duong c(u). Muc tiéu 1a tim tdp con S C V ¢6 gia tri f(S) 16n nhit,
dong thai théa man céc rang budc chi phi tdng 12 gidi han ¢(S) < B, va ngan sich clia
tung nhom khong vugt qua aB, tic la ¢(S N C;) < aB, Vi€ [K].

Dé6i v6i bai todn nay, LA dé xuit cac TTXX cho ca trudng hop chi phi dong nhét va
chi phi tdng quat. Cac két qua ly thuyét ching minh ring cdc thuit toan dé xuét dat
dudc bao dam xap xi hang s6 d6i vdi bai toan. Bén canh dé, LA tién hanh danh gia
thuc nghiém trén nhiéu bd dif liéu mang xa hdi thuc té. Két qua thu dudc cho thiy
cac phuong phap dé xuit dat chét luong 19i gii canh tranh hodic vuot trdi so véi cic
phuong phép hién c6, dong thsi duy tri hiéu qua tinh ton cao.

Cic két qua lién quan dén bai toan SMFC da dudc cong bd tai hoi nghi Asian Confer-
ence on Intelligent Information and Database (ACIIDS), Rank B nam 2025 va tai
hoi nghi Symposium on Information and Communication Technology (SOICT)
nam 2024.

Cac két qua va déng gop ciia LA da ducc cong bd thong qua 02 bai bao trén tap chi
SCIE, 03 bai bo ding trong ky yéu cac hoi nghi qudc té c6 phan bién thudc danh muc
SCOPUS, cling véi 01 bai bdo trong ky yéu hdi nghi qudc gia c6 phan bién.

Ngoai phan M& dau va Két luan, noi dung chinh cda luin an dudc t§ chic thanh
bdn chuong nhu sau:
Chuong 1 trinh bay co s6 1y thuyét va tdng quan cic nghién cifu lién quan dén CO va tbi
uu submodular, 1am nén tang cho cdc ndi dung nghién ciu ctia luan 4n.
Chuong 2 nghién cifu bai todn MCSC, dé xuit cac thuét toan song song mdi cling cic

phan tich Iy thuyét va thuc nghiém nham danh gid chit luong 16i gidi, do phiic tap va kha



nang ma rong.

Chuong 3 nghién ctiu bai toan kSC, dé xuat cac TTXX tiéu chuin kép cho ci trudng hop
chi phi dong nhét va chi phi tdng quét, kém theo cic phan tich ly thuyét va danh gia thuc
nghiém.

Chuong 4 nghién cifu bai toan SMFC, dé xuit cac TTXX cho cdc md hinh chi phi khéc
nhau, dong thdi phén tich bdo dam ly thuyét va kiém chiing hiéu qua trén cac bo dit liéu

thuc té.
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CHUONG 1
TONG QUAN VE CAC BAI TOAN TOI UU SUBMODULAR

Chuong ndy trinh bay téng quan vé cdc bai toan Toi uu t& hop (CO) va tbi uu
submodular (SO), cuing véi mot s6 ting dung tiéu biéu nhu tém tit thong tin, tdi da héa
anh hudng trén OSN va lya chon dac trung. Thong qua céac dng dung nay, chuong lam
16 cach thifc md hinh héa cic van dé thuc tién dudi dang céc bai toan CO.

Tiép theo, chuong gidi thiéu cac khdi niém nén ting, cdc mo hinh thut todn cd ban
va téng quan cdc nghién ctu tiéu bi€u dbi v6i 16p bai toan SO. Pong thdi, cac dic diém
quan trong cua ham submodular va nhiing dang rang budc thudng gap ciing dudc trinh
bay.

Cubi cling, chuong tdng hop céac khdi niém vé do phic tap tinh toan va cic ky thuat
thiét ké thuat todn hién dai cho SO. Nhiing cd s ly thuyét nay tao nén tang cho viéc md
hinh héa, phat trién va phan tich cic thuat todn dudc nghién citu trong cac chuong tiép
theo.

1.1. BAI TOAN TOI UU TO HOP

Cic bai todn CO bit ngudn tif nhitng nhu ciu thuc tién clia con ngudi trong san
xuét va doi séng. Trong nhiéu tinh huéng khéac nhau ctia xa hdi, con ngudi thudng phai
lua chon trong s6 nhiéu kha niing cc phuong 4n t6i vu nhat, dudi cac rang budc va diéu
kién cu thé. Nhu cau nay hién dién rong rii trong nhiéu linh vuc kinh té — xa hoi, bao
gdm san xuat, kinh doanh, quan ly, ciing nhu trong cic quyét dinh thudng nhit.

Nhim mo hinh héa va xit Iy cdc vin dé néu trén, nhiéu bai toan kinh dién trong CO
da dugc phat trién. Tiéu biéu c6 thé ké dén céc bai toan nhu xéc dinh tuyén van chuyén
t6i uu vé chi phi, xay dung ké hoach va lich 1am viéc trong t6 chiic, cling nhu phan cong
nhiém vu va phan bS nguodn luc. Tham chi, nhiing tinh hudng quen thudc trong ddi séng,
chang han viéc tim dudng di ngan nhét tif nha dén noi lam viéc, ciing ¢ thé dudc bidu
dién du6i dang cdc md hinh CO. Nho kha nidng mo ta linh hoat cdc bai toan thuc tién
cung tinh khai quat cao, CO d tré thanh mdt linh vuc nén tdng trong khoa hoc may tinh.

Mot céch tong quat, c6 thé dinh nghia bai todn CO cu thé nhu sau

Dinh nghia 1.1. Mot bai toan CO dudc xéac dinh bdi cdc thanh phan sau.
Input:

- Mot khéng gian nghiém rdi rac hitu han ©Q, bao gom céc 19i gidi hop 1é cla bai

toan.

- Mot ham muc ti€u nhan gia tri thuc khong am f : Q@ — R, trong dé f(S) do
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luong chat lugng hoic 16i ich cia nghiém S € Q.
Output:
- Mot nghiém O € Q sao cho f(O) dat gid tri t6i uu (t6i da héa hoic tbi thi€u).
Bai todn ciing ¢ thé dugc phat biéu dudi dang

max  f(5)  (hodc min f(5)). (1.1)

Dudi day 1a mot s6 khai niém quan trong vé bai toan CO:

- Loi gidi hop ¢ (feasible solution): Mot tap con S € Q dude goi la mot 16i giai
chip nhan duogc.

- Loi gidi t6i uu (optimal solution): Mot 18i gidi chap nhan dudc O € Q dudc goi 1a
16 giai t6i vu néu O € arg maxgeq f(S) (hodc O € arg mingeq f(9)).

- Tdp nén V : Trong nhiéu bai todn CO, khong gian nghiém 2 thudng dudc xdc dinh
12 tAp céc 18i giai hop 1é dugc xay dung tif mot tip nén V. Cu thé, mdi nghiém 12 mot tap
con ctia V, do d6 ta c6: Q C 2V, trong d6 2" 1a tap lily thita cia V, bao gom tit ca cac
tap con cua V.

Trong nhiing nim gan day, su phat trién nhanh chéng khong ngling nghi ctia tri tué
nhan tao va khoa hoc dit liéu da lam gia ting dang k€ vai trd cua cdc bai toan CO, dic
biét trong nhitng bai toan gan lién véi dit liéu quy mé 16n. Céc nén tang truc tuyén, OSN,
hé thong cam bién va nhiéu dng dung s6 khdc lién tuc san sinh s6 lugng 16n dit lidu can
dugc xt ly va phan tich, kéo theo nhitng thich thiic méi khong chi vé kich thudc ma con
vé mifc do phic tap clia bai todn. Trong bdi canh d6, cac phuong phap tbi uu khdng con
chi huéng dén viéc tim nghiém t6t, ma con phai dam bao hiéu qua tinh toan, kha ning
mé rong va xt ly luong 16n truy van dit liéu trong thdi gian hop ly. Chinh vi vay, CO
ngay cang giil vai trd quan trong, khong chi trong cic ting dung truyén thong ma con &
vi tri trung tAm ctia nhiéu bai todn then chdt trong phan tich dif liéu va hoc may hién dai.

Khi nghién cifu céac thuat toan CO, mdt trong nhiing khia canh dugc xem xét dau

tién 1a do phtc tap vé thdi gian thyc thi clia thuat toan.

DPinh nghia 1.2 (D§ phtic tap thoi gian cta thuat toan [38]]). Xét mot thuat toan A giai
mot bai todn véi dit liéu diu vao cé kich thude n. PO phic tap thdi gian cia thuit toan
A, ky hiéu T4 (n), dugc dinh nghia 12 s6 budc tinh todn co ban nhiéu nhit ma thuit todn
can thuc hién dé€ xit Iy moi dit liéu dau vao c6 kich thuée khong vudt qua .

Trong nhiéu bai toan CO trong phan tich dif liéu, gid tri cia ham muc tiéu f thudng

c6 thé dugc tinh todn trong thdi gian da thiic theo kich thuée dau vao. O mot s trudng



11

hop thuén 10i, dic biét khi dit liéu c6 ciu triic don gian hodc di dugc tién xu ly thich hop,
viéc danh gia f tham chi c6 thé dat dd phiic tap hang sb. Tuy viy, dbi véi cac ting dung
thuc té & quy mo 16n, chi phi danh cho viéc tinh toan him muc tiéu van thudng chiém ty
trong dang ké trong tong thoi gian thuc thi cta thuat todn.

Chang han, trong cic bai todn t6i da héa dnh hudng, viéc tinh s6 lugng ngusi ding
bi 4nh hudng bdi mot tip hat gidng doi héi md phong qud trinh lan truyén trén mang,
von 1a mot budce tinh todn rat ton kém [1]]. M6 hinh do do phic tap dua trén sb 1an truy
van (query complexity) c6 ngudn gbc tif mo hinh ciy quyét dinh trong ly thuyét do phiic
tap tinh todn tif nhitng nim 1950, va sau d6 dudc phat trién thanh mé hinh oracle trong
t6i vu héa bdi Nemirovsky va Yudin (1983) [15]. Hién nay, mo6 hinh nay dudgc st dung
rong rdi trong cdc thuit todn tdi uu quy mo 16n, dic biét trong t6i wu héa submodular,

ndi chi phi chi yéu nam & viéc danh gia ham muc tiéu.

Dinh nghia 1.3 (D6 phic tap truy van (Query complexity) [7, 32, 38]]). Xét mot thuat
todn A giai mot bai toan véi dit liéu dau vao cé kich thude n. Gia st hAim muc tiéu f chi
dudgc truy cap thong qua mot md hinh truy van cho trude (hop den, black-box), trong d6
mbi truy vAn v6i tap S C V trd vé gia tri £(.S). Do phiic tap truy van cla thuat todn A, ky
hiéu Q4(n), 12 s6 1an tbi da thuat todn goi hAim muc tiéu f thong qua md hinh truy van

da cho, xét trén moi dif liéu dau vao c6 kich thudc khong vuot qua n.

Ta c6 thé so sanh dic di€ém cta do phiic tap thdi gian va do phiic tap truy van qua
Béng

Khi quy md bai todn ting, s6 lugng truy vAn him muc tiéu ma thut toan phai thuc
hién thudng ting theo, dong thdi mdi truy van ciing trd nén ton kém hon do phai xit 1y
nhiéu dif liéu hon. Su gia ting dong thdi nay c6 thé khién tong thdi gian tinh toan ting
manh, 1am han ché kha niing 4p dung thuit todn trén di liéu quy mo 16n. Vi vdy, gidm
s6 lugng truy vAn ham muc tiéu 12 mot hudng quan trong d€ nang cao hiéu qua tinh todn
cua thuat toan.

Trong thuc té, viéc xac dinh chinh xdc ham do phtc tap thdi gian, truy vin T4 (n)
va Q4 (n) ctia mot thuat toan thudng rit khé do phu thudc vao nhiéu yéu t6 nhu clu tric
dit liéu, chi tiét cai dit v mdi trudng thuc thi. Vi vy, trong phan tich thuit todn, ngudi
ta thuong st dung cac ky hiéu tiém cin nhu O(-), Q(-) va O(-) d&€ md ta téc do ting cia
thoi gian thuc thi theo kich thuéc dit liéu dau vao [38].

1.2. BAI TOAN TOI UU SUBMODULAR

Céc bai toan CO trong thuc té rat da dang. Trong pham vi dé tai, LA tip trung vao
cac bai toan phat sinh trong céac linh vuc khoa hoc du liéu, OSN, hoc may va khai pha dit
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Bang 1.1: So sanh do phiic tap thoi gian va d6 phtc tap truy van.

Tiéu chi Do phic tap thoi gian Pé phiic tap truy van
Ky hiéu Thy(n) Qa(n)
bai lugng do S6 budc tinh to4n co ban nhiéu nhdt ma  S6 1an truy vAn ham muc tiéu f nhiéu

Pham vi tinh toan

Céc yéu t6 4nh
hudng
Y nghia

Trudng hgp su
dung

thuit toan thuc hién.

Bao gdm toan bd cic phép tinh ctia
thuat todn, k€ cé chi phi ddnh gid ham
muc tiéu f.

Kich thuéc dau vao, cach trién khai va
chi phi cua cac phép tinh.

Phan 4nh téng chi phi tinh toan dé thuat
toan hoan thanh.

Khi can phan tich tdng chi phi tinh todn

cua thuét toan.

nhat ma thuit toan thuc hién.

Chi dém s6 lan goi ham muc tiéu f
thong qua hop den; khong tinh chi phi
bén trong mbi 1an goi.

Kich thuéc dau vao, chién ludc truy van
va mo hinh truy cdp ham muc tiéu.
Phan 4nh s6 1an thuat toan can thu thap
thong tin to ham muc tiéu.

Khi viéc ddnh gid hAim muc tiéu ton
kém hoac ham muc tiéu dugc truy cap

qua hop den.

liéu, dic biét trong bdi canh dit liéu quy mo 16n v6i ham muc tiéu hodc ham rang budc
c6 tinh chit submodular. Lép bai todn nay thudng dudc goi chung la céc bai toan tbi uu
submodular (SO).

Mot sb ting dung tiéu biéu ctia SO bao gom t6i da héa anh hudng trén OSN nham
thic ddy qua trinh lan truyén thong tin hodc quang ba san pham [}, 2]; tdi da héa doanh
thu trong c4c chién dich tiép thi lan truyén [6, 3, 4]]; tém tit dit liéu va noi dung da phucng
tién nham giam kich thudc dit liéu nhung van duy tri cdc thong tin quan trong [3| 4, 5],

ciing nhu lua chon tip dic trung d€ nang cao hiéu qua cia cdc mo hinh hoc may [39, 40].
1.2.1. DPinh nghia bai toan

Duéi géc do mod hinh hoda toan hoc, bai toan SO thuong dudc dinh nghia dua trén

cac khai niém sau:

- Tap nén'V = {ey,ea,...,ey}: tap hitu han gdm n phan ti hitu han, trong d6 mbi
phan ti e; dai dién cho mot dbi tuong ting vién can dudc lua chon. Tuy theo tiing
bai todn cu thé, cc phan tif nay c6 thé tuong ing véi ngudi dung trong OSN, sin
phim trong hé thong goi y, cac diém dit lidu, cac dic trung trong hoc may, hoic

céc vi tri tiém ning dé€ dat cam bién.

- Rang budc C: Nham md hinh héa cic yéu cau va han ché trong thuc té. Cic rang
budc nay c6 thé phan anh nhiing gidi han vé tai nguyén, chi phi hoic ciu tric, va

thudng xuét hién duéi cac dang quen thudc nhu rang budc luc ludng , rang bude
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chi phi hoiic ngan sach, hay céc rang budc phiic tap hon nhu rang budc cong bang,

rang budc phan hoach hoac rang budc matroid.
- Ho cdc tdp con 2": Tap hop tit ca céc tip con c6 thé clia tip V.
- Khong gian 10i giai hgp 1¢é: @ = {S C V : S théa man C}.

- Ham muc tiéu f, danh gid g: Trén khong gian nay, ta xac dinh ham muc ti€u, rang

budc nhin gia tri thuc khong am.
f7 g: 2V — R-H

trong d6 f do ludng chét luong hoic 10i ich cia mdi tip con va muc thdéa man

rang budc C cua 10i giai.

Mot dic diém chung clia nhiéu bai toan tdi uu trong phan tich di liéu 12 hAm muc tiéu
hodc ham rang budc ¢ tinh chit submodular [1,, (13, 41]]. Tinh chit nay xuét hién tu
nhién trong nhiéu ting dung nhu dit cdm bién, t6i da héa anh huéng trén OSN, tim 14t
cat cuc dai va lua chon dic trung trong hoc mdy. Nho khai thac ciu tric submodular,
nhiéu bai toan NP-khé c6 thé dudc giai bang cac thuit toan hidu qua v6i bao dam xap xi
chat ché.

Ham submodular 1a mét 16p ham tap hgp quan trong trong CO, dac trung bdi tinh
chét lgi ich bién gidm ddn: 1¢i ich khi b6 sung mot phan t vao tap nhd thudng khong
nhd hon 1¢i ich khi b6 sung phan tif d6 vio mot tap 16n hon. Tinh chét nay ph4n anh
nhiéu hién tugng thuc té, chang han 1di ich cia viéc bd sung cam bién méi hoic lua chon
thém ngudi dung hat giéng trong céc bai toan lan truyén thong tin sé giam dan khi quy
mo hé théng ting 1én. Do d6, ham submodular da tré thanh mot cong cu md hinh héa

nén tang trong khoa hoc dit liéu, hoc mdy va khoa hoc mang 1u6i.

DPinh nghia 1.4 (Ham submodular [42] [15]]). Cho m{t tdp hitu han V, mot ham tap hgp
f: 2"V = R dudc goi 1a submodular néu v6i moi cip tip con A C B C V va véi moi

phan tif e € V' \ B, diéu kién sau dugc théa man:
f(AU{e}) = f(A) = f(BU{e}) — f(B).
Bit dang thic trén thé hién o tinh chét 1gi ich bién giam dan ctia ham f.
Mot cach phat biéu tuong duong ctia tinh chét submodular 1a:

f(A)+f(B) = f(AUB) + f(ANB), VA BCV.
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Hai cach dinh nghia nay la tuong duong va thuong dugc st dung luan phién trong phan

tich 1y thuyét. Ngoai ra, mdt ham submodular f dudc goi 1a don diéu néu
f(A) < f(B), YVACBCYV.

Tinh don diéu thudng xuét hién trong cic bai toan do luong thong tin hodc miic dd bao
phu, trong d6 viéc md rong tap lua chon khong lam giam gia tri ham muc tiéu.
Trén co sG cac thanh phan da néu & trén, mot 16p 16n céac bai toan CO trong phan

tich dit liéu c6 thé dugc phat biéu mot cach tong quat nhu sau.

Dinh nghia 1.5 (Bai todn SO). Mot bai toan CO dudc xac dinh bdi cic thanh phan sau.
Input:

- Mot tap nén hitu han V = {ey, ea, ..., e,}, g20m n phan ti

- Rang budc C, v6i ham danh gia rang budc ¢ 1a submodular. Khong gian 16i giai
hgpléla Qe = {S CV,S thoa man C}.

- Mot ham muc tiéu f : 2V — R, 1a submodular.

Output: Mot tip con S C V sao cho S thda man € va f(S) dat gia tri t6i uu theo yéu
cau ctia bai toan (tdi da héa hoic tdi thiéu hoa).

Bai toan c6 thé dugc phat bi€u dudi dang:

mex f(5)  (hoac %gf(s)) (1.2)
thoa man: S € Qe. (1.3)

T khudn kho tong quat cta bai todn SO, bai todn nay thé dugc phan thanh hai
dang cd ban tiy theo muc tiéu tbi uu, bao gdm dang t6i thiéu héa chi phi dé dat mot miic
chét luong yéu cau va dang t6i da héa chat luong dudi cic rang budc tai nguyén.

Dang 1 (t6i thiéu): Bai todn pht Submodular véi chi phi t6i thi€u (MCSC))
Input:

Mot tap nén hitu han V = {e1,€2,...,en}, g6m n phﬁn, moi phﬁn the €V co

mot chi phi ¢(e;) > 0.

V6i tap con S C V, ham muc tiéu 12 tdng chi phi f(S) = Y ees cle).

Ham rang budc g : 2" — R, 1a submodular, danh gid gid tri ctia tap con S.

Ngudng gia tri 7.
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Output:
- Mot tap con S C V sao cho g(S) > T.
Bai toan thudng dugc phat biéu dusi dang ngan gon

thdbaman: ¢(S)>T (1.5)

Dang bai toan nay thudng xuit hién trong cic ting dung nhu tém tat dit liéu, lua chon tip
dai dién, hoidic ddm bao miic bao phi thong tin t6i thiéu.
Trong dang thi hai, muc tiéu la tim mot tap con hdp 1€ sao cho gia tri ham muc tiéu dat
16n nhit duéi cac rang budc tai nguyén hoic kich thudc.

Dang 2 (téi da): Bai todn t6i da héa ham submodular vé6i rang budc (SM).

Input:
- Mot tap nén hitu han V = {ey, es, ..., ey}, g0m n phan.
- Vi tap con S C V, ham muc tiéu f(-) : 2V — R,.
- Rang budc C.

Output:
- Mot tap con S C Qe sao cho f(S) dat gia tri 16n nhét.
Bai toan thudng dudc phat biu dudi dang ngin gon

w2 1) e
thoaman: S e Qe (1.7)

Trong thuc té, rang budc € thudng biéu dién gidi han vé kich thudc tap chon, chi phi,
hoic cac diéu kién cong bang gitta cac nhém dif liéu. Dang bai todn nay bao gdm nhiéu
bai todn dién hinh trong phén tich di liéu nhu tdi da héa 4nh hudng trong OSN, lua chon
dic trung trong hoc mdy, va lua chon tap dai dién nhiam tbi da héa thong tin thu dudc
dudi gidi han tai nguyén.

Bai toan trén c6 thé xuat hién dudi hai dang co ban 1a bai toan tdi da hda hoic bai
toan ti thi€u héa ham muc tiéu, tily thudc vao bdi canh ting dung cu thé.

Mot sb dang rang budc € thudng gip trong cac bai toan CO bao gom:

- Rang buoc kich thude (Cardinality constraint): Loi gidi bi gidi han vé sd lugng
phan tif dugc chon, tiic 1a S| < k, v6i k 1 s6 phan tif t6i da dudc phép chon.

- Rang bugc Chi phi (Knapsack): M&i phan tii e € V ¢6 mot chi phi ¢(e) > 0, va tdng
chi phi ctia cdc phan tif dudc chon khong vudt qua ngan sach B, tic 1a Y ecs cle) < B.
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- Rang budc matroid: Mot matroid dude dinh nghia béi mot cap M = (V,Z), trong
d6 V 1a tap nén hitu han va Z C 2 12 ho cac tap doc 1ap (cac nghiém hop 18), thda man

hai tinh chét cd ban sau:
(i) Tinh chdt di truyén (hereditary property): Néu Ac TvaB C Athi Be 7.

(ii) Tinh chdt trao doi (exchange property): Néu A, B € 7 va|A| < |B|, thi ton tai mot

phantie € B\ Asaocho AU {e} € T.

1.2.2. Mot s6 bai toan cu thé

Dudi day 1a mot s6 bai toan tiéu bi€u thudc 16p cac bai toan SO thudng gip trong
thuc té.

1.2.2.1. Bai toan IM trén OSN

Bai ton tdi da héa dnh hudng (IM) 12 mdt huéng nghién cifu quan trong trong linh
vuc phan tich OSN va khai pha dif liéu. VAn dé nay dudc ting dung rong rai trong nhiéu
bdi canh thuc tién nhu tiép thi lan truyén, xdy dung hé théng khuyén nghi, mé hinh héa
su lan tda thong tin trén OSN, cling nhu kiém sodt su 1ay lan cta dich bénh. Muc tiéu
c6t 16i ctia bai toan 1a xdc dinh mot tAp nho céc nit ban dau sao cho mic dd lan truyén
4nh hudng tif tip nay dat gia tri 16n nhit theo mot mo hinh lan truyén da dugc xac dinh
trude.

Trong s6 cac md hinh lan truyén da dugc dé xuét, hai mo hinh tiéu bi€u va dugc
st dung phd bién 12 mo hinh lan truyén doc 1ap (Independent Cascade — IC) va mo hinh
ngudng tuyén tinh (Linear Threshold — LT) [43] [1]]. Trong nghién ctu nay, trong tim
dudc dit vao mo hinh IC do dic tinh xdc suat tu nhién cliing vé6i tinh chit submodular
ro rang clia ham 4nh hudng. Tir d6, bai todn tdi da hda anh hudng dudc phat bi€u chinh
thuc nhu sau:

Pinh nghia 1.6 (Bai toan IM [43] [1]]). Cho mot do thi ¢6 huéng G = (V, E) biéu dién
OSN cung v6i mdt mo hinh lan truyén thong tin c6 dinh M. Muc tiéu ciia bai toan 12 tim
mot tap niit khai tao (hay tap hat gidng) S C V sao cho miic dd anh hudng lan truyén tit
S 1én toan bd mang, dudc do biang ham anh hudng f(S), dugc tdi da hoa.

Bai toan IM thudc 16p bai todn SM. Trong thuc té, md hinh lan truyén M thudng
dudc gia dinh thudc mot trong hai khudn khd kinh dién 12 md hinh Bac doc 1ap ( In-
dependent Cascade-IC) hoic Ngudng tuyén tinh (Linear Threshold-LT), von dudc gidi
thiéu va nghién cttu mot cach hé thong trong cong trinh ctia Kempe va cong su [1]].

Mo hinh IC. Trong m6 hinh IC, méi canh c6 huéng (u,v) € E dudc gan mot xdc suat
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lan truyén p,, € [0,1], biéu thi kha ning ma nit u c6 thé kich hoat niit v. Qua trinh lan
truyén dién ra theo tiing budc roi rac. O mdi budc, néu mét nit v vira dude kich hoat &
budc truée do, né chi c6 mot co hdi duy nhit dé€ kich hoat tiing nit ké chua dudc kich
hoat v, v6i xdc sult p,,. Néu lan thit nay khong thanh cong, canh (u,v) sé khong dugc
xem xét lai trong cdc budc tiép theo. Qua trinh tiép dién cho dén khi khong con niit no
c6 thé kich hoat thém nit méi.

V6i mot tap hat gidng S C V, ky hiéu A (S) 12 tAp cac niit dugdc kich hoat khi qua
trinh lan truyén khéi phét tit S dudi mo hinh M € {IC, LT}. Ham anh huéng dugc dinh
nghia bdi

F(8) = E[1Am(S)I], (1.8)

trong d6 ky vong ducc lay theo tinh ngiu nhién ctia mo hinh lan truyén (xdc suét kich
hoat trong IC hoic ngudng trong LT). Trong thuc t&, f(S) thudng dudc uéc lugng bing

mo phéng Monte-Carlo:

R

~ 1 ,

J(S) = % > 1ANS), (1.9)
r=1

vGi ASQ(S) 1a tap nit kich hoat & 1an mo phéng thi r va R 13 s6 1an mo6 phong.

M6 hinh LT Trong mé hinh LT, méi canh (u,v) € E dudc gan mot trong s6 w,,, > 0,
thdéa man Zu:(w) e Wuw < 1 v6i moi nit v € V. Moi nit v duge gdn mot ngudng kich
hoat 6, trong d6 6, 1a mot bién ngiu nhién dudc chon doc 14p va phan b déu trong
khoang [0, 1]. Mot niit chua dugc kich hoat sé tré nén kich hoat khi téng trong s tii cac
nit 1an can da dudc kich hoat vuot qua ngudng 6,. Qua trinh lan truyén tiép tuc cho dén
khi khong con nit nao théa mén diéu kién kich hoat.

Trong ca hai mo hinh IC va LT, ham anh huéng f(S) dudc dinh nghia la ky vong
s6 luong niit dudc kich hoat khi qu4 trinh lan truyén bat dau tir tap hat giéng S. Kempe
va cong su da chi ra ring ham f(S) trong hai md hinh nay déu 12 ham don diéu va
submodular, tao co s& ly thuyét quan trong cho viéc thiét ké cac TTXX hiéu qua cho bai
toan IM [11]].

V6i mdi niit v, chon ngiu nhién mot tdp kich hoat T(v) € N~ (v) tif mdt phan phbi
phtt hgp v6i cic trong s6 {wyw }yen-(v)- MOt cach cai ddt phd bién la: chon nhiéu nhat
mot ndt w € N~ (v) lam “tac nhan kich hoat” cho v, trong d6 v chon u v6i xdc suét w,, , va
chon “khong ai” v6i xdc sudt 1 — " N~ () Wup- Tl d6 thu duge mot dd thi ngau nhién
GMT gdm cédc canh (u,v) sao cho u € T'(v). V6i mot hién thuc G*T, qua trinh lan truyén

kich hoat diing cic nit c6 thé di téi tir S, tic 12 Reachgur (S), va vi thé

f(S) = EGLT“ReaChGLT(S)”. (110)



18

Céac nghién cu da chiing minh riang, dusi hai mo hinh lan truyén LT va IC, ham anh
hudng (f) 1a ham submodular va don diéu tang [[1]].

1.2.2.2. Bai toan Anh huéng ngudng

Bai todn Anh hudng nguong (Threshold Influence—TI) 12 mot bién thé quan trong
ctia bai toan tdi da héa 4nh hudng trong OSN, trong dé muc tiéu khong chi 1a lan truyén
thong tin dén cang nhiéu nit cang tot, ma con yéu cau mifc do anh hudng dat dén hoic
vugt qua mot ngudng xac dinh. M6 hinh nay phu hop véi nhiéu kich ban thuc té, chang
han nhu chién dich tiép thi can dat dugc mot mic do nhan biét tdi thi€u, hodc cic tng
dung lan truyén thong tin doi héi mot ty 1é chip nhan du 16n trong mang [20]].

Xét mot do thi c6 huéng G = (V, E) biéu dién OSN, cling véi mot mo hinh lan
truyén thong tin M. Véi mdi tap hat gibng S C V, ky hiéu f(S) 1a ky vong sb lugng niit
dudc kich hoat khi qud trinh lan truyén két thiic, hay n6i cach khéc 1a gid tri anh hudng

cua S.

Dinh nghia 1.7 (Bai toan IT). Cho mot OSN G = (V, E), mdt mo hinh lan truyén thong
tin M, vd mot ngudng 7. Muc tiéu 13 tim mot tap hat gidng S C V sao cho

fS)>r

véi lugng ngan sach 1a t6i thiu, chang han nhu sb lugng tap hat gidng |S| hodc tdng chi
phibdra)  _qc(v).

Bai toan IT 12 mot trudng hop ctia bai todn MCSC, ¢6 nhiéu ting dung trong dau tu,
tiép thi lan truyén va tém tit thong tin, khi muc tiéu la dat duge mot mic do anh hudng

hoic lugng thong tin ti thi€u da dinh trudc.
1.2.2.3. Bai toan Téi da doanh thu

Bai toan ti da doanh thu (Revenue Maximization—-RM) trong céc chién lugc tiép
thi lan truyén trén OSN khong chi huéng t6i muc tiéu md rong pham vi lan tda thong
tin, ma con nham t6i uu héa tong doanh thu thu dudc ti chién dich. Khac véi bai toan
IM, vbn chi do luong s luong ngudi ding dudc kich hoat, bai todn tbi da doanh thu con
xét dén miic d6 dong gép kinh té clia tiing ngudi dung sau khi bi 4nh hudng. Piéu nay
thudng dudc md hinh héa thong qua cidc ham doanh thu phi tuyén, cho phép phan anh
hién tuong bio hoa trong hanh vi tiép nhan va tiéu dung san phdm clia ngudi dung.

Bai toan dudc mo hinh héa trén OSN biéu dién dudi dang do thi nhu sau.

Pinh nghia 1.8 (Bai toan RM [44] 45]]). Cho mdt OSN dudc md hinh héa béi dd thi c6
huéng G = (V, E), trong d6 mdi canh (u,v) € E dudc gan mdt trong s6 khong am w, ,,
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thé hién muc do anh hudng clia ngudi dung « 1én ngudi ding v. V6i moi nut v € V, gid
st ton tai mot ham doanh thu R, (S) phu thudc vao tip ngudi ding S C V da dugc kich
hoat hoidc mua san pham. Tong doanh thu thu dugc tir tap S dudc xdc dinh bdi

£(S) = Ru(S). (L.11)
ueV
Bai todn RM yéu cau x4c dinh mot tap hat gidng S C V ¢6 kich thuéc khong vuot qua k
nham tdi da héa tdng doanh thu thu dudgc.

Bai toan RM thudc nhém SM va c¢6 nhiéu ting dung trong céc hé thdng gdi ¥, tém
tat dit liéu, lua chon dic trung va phan bd tai nguyén, khi muc tiéu 1a lua chon mét tap
phan ti c6 gia tri 16n nhat dudi cac rang budc vé ngudn luc hodc ngan sich. Trong bai

todn nay ham muc tiéu c6 thé khong don diéu.
1.2.2.4. Bai toan tém tit thong tin anh

Su phé bién ctia cic nén tang chia sé truc tuyén nhu TikTok, Facebook va Instagram
da kéo theo su gia ting nhanh chéng ctia dit liéu hinh 4nh. Diéu nay dit ra nhu cau ngay
cang ro rét dbi v6i cac phuong phap t6 chic va tém Iudc nhitng bo suu tip anh cd quy
mo 16n. Trong bbi canh d6, bai toan tém tat hinh anh hudng dén viéc lua chon mot tap
con c6 tinh dai dién cao tif tap dif liéu ban dau, sao cho van phan 4nh dudc ca noi dung
chinh 14an sy da dang ctia toan bd bd anh.

Bén canh viéc hd trd Iuu trit va chia sé ca nhan, cic phuong phap tom tat hinh anh
con déng vai trd quan trong trong nhiéu ting dung nhu tém tit video, hé théng giam sat
an ninh va nhan dién canh. Mot ban tém tit hiéu qua can dong thdi dap dng hai tiéu chi
quan trong: mifc do dai dién (fidelity) va tinh da dang (diversity) ctia cac phan ti dudc
chon [21} 3} 110} [13} 5]. Tur goc do t6i wu hoa, bai todn Tom tit thong tin anh (Image
Summarization-IS) nay thuong dugc mod hinh héa nhu mot bai toan lya chon tap con c6

rang budc vé kich thude

Dinh nghia 1.9 (Bai toan IS [21} 3,10, [13,5]]). Xét mot tap 4nh ban dau V' cling v6i mot
nguong kich thudc £ cho truée. Bai toan dat ra la xac dinh mot tap con S C V' thda man
|S| < k nham t6i da héa mot ham do ludng miic d6 thong tin ctia tip anh dugc chon, tiic

la

max  f(S5), (1.12)
SCV, |S]<k

trong d6 f : 2V — R, 12 ham ddnh gid chit luong tém tat.

Mot dang cu thé ctia ham f thudng dudc si dung trong bai todn tom tit hinh anh
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dudc xac dinh nhu sau:

f(S):Zr?eagmw - ‘%ZZwu (1.13)
ueV

ueV ves

O day, w,,» biéu dién mic do tuong dong gitia hai &nh u va v. Gid tri ndy dugc suy
ra tir do tuong phan (contrast) cia cac anh tuong ung theo cong thic

IRMS(u) — RMS(v)|
Wy = 1

! ~ max{RMS(u), RMS(v)} (1.1

Do tuong phan ctia mot anh u dugc do thong qua chi s6 RMS(u), dudc tinh bang phuong

sai clia cuong do diém anh:

N
RMS(u) = %Z(Ii — )2, (1.15)
=1

trong d6 I; 1a cudng do cua pixel thi i trong anh u, N 1a tdng s6 pixel, va x ky hiéu cho
gia tri cuong do trung binh ctia anh. Ham muc ti€u F' trong mo hinh trén thudng c6 tinh
chit submodular, phan anh hién tuong 1oi ich bién giam dan khi bS sung thém anh méi
vao tip tom tit. Bén canh céc ing dung di néu bai toan SO con c6 nhiéu ing dung khéc

nhu tim 14t cat cuc dai [46, [13], dit cam bién tbi wu [41].
1.2.3. Ham k-submodular: mé rong cua ham submodular

Trong nhiéu bai toan thuc tién, hAm submodular dudc md rong thanh ham k-
submodular nham md hinh héa cac vin dé c6 hai dic trung chinh: (i) ton tai k loai
hoic k phuong 4n khic nhau; va (ii) mdi phan tir, néu dudc lua chon, phi dudc gin vao
dung mot trong k loai do.

Cu thé, cho tip nén V = {ey, o, ..., e,} va mot s6 nguyén duong k. Ky hiéu [k] =
{1,2,...,k} vadat

k+1)Y ={(V,Va,..., Vi) | ViCV,Vic[k], VinV;=0,Vi#j}.

Mbi phan ti cta (k + 1)V 1a mot bd gdm k tap con ddi mot rdi nhau cla V va dudc
goi 1a mot k-tap (k-ser). V6i x = (X1, Xa,..., X;) € (k+ 1)V, ta dinh nghia supp;(x) =
X;  vad supp(X) = Usepq Xi- Tap X; duge goi 1a tap thanh phan thit i ciia x, con
supp(x) 12 tap tit ca cac phan tif da dudc gan vao mot trong k vi tri. Ngoai ra, ky hiéu
0=(0,...,0) dudc dung d€ chi k-tap rong.

Néu e € X;, ta viét X(e) = i va néi rang i 1a vi tri cia phan tif e trong x. Ngudc lai,

néu e ¢ supp(x) thi ta quy uéc x(e) = 0, nghia 12 phan ti e chua dugc lua chon.
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Véi e ¢ supp(x), viéc thém phan tif e vao tap thanh phan X; dugc ky hiéu bdi
X L (e,i). Cuthé, xU (e,i) = (X1,...,X;-1, X; U{e}, Xi41,...,X}). Taciing c6 thé bi€u
dién mot k-tdp dudi dang x = {(e1,i1), (e2,i2),..., (er,i¢)}, trong d6 e; € supp(x) va
i; =X(ej) voimoi 1 < j < t. Trong truong hop X; = {e} va X; = () v6i moi j # i, k-tap
tuong ung dudc ky hiéu gon 1a (e, ).

Véi hai k-tap x = (X1, Xo, ..., Xp) vay = (Y1, Ys,...,Y}) thuoce (k + 1)V, ta viét
x C y néu va chi néu X; C V;,Vi € [k]. Trong bbi canh nghién ciiu ta gia st ham g 13
khong am, tic 1a g(x) > 0,Vx € (k+1)V, va dugc chuan hoa, nghia 1a ¢(0) = 0. Mot ham
g: (k+1)V — R, dudc goi la k-submodular néu v6i moi x = (X1, Xo,..., X}.),y =
(Y1,Ya,...,Y;) thude (k + 1), taco

9(x) +g(y) = g(xMy) +g(xUy),
trong d6 phép gap M dudc dinh nghia bdi
XAOy=(Xi1NYy,..., XpNYy),
va phép hop U dugc dinh nghia béi
xUy=(2Z1,..., %),

v6i Z; = (X; UY;) \Ujem (X5 UY)), Vi € [k]. Trong phép hgp x Uy, mot phan tif dugc gitt
lai & vi tri i néu né dué?gén vao vi tri i trong it nhit mot trong hai k-tp va khong ducc
gan vao bat ky vi tri ndo khac. Néu mot phan ti duge gan vao hai vi tri khac nhau trong
X va y, phan tif d6 bi loai khoi két qua do xay ra xung dot. Dic biét, khi k& = 1, khai niém
k-submodular trg thanh khai ni€m submodular thong thudng.

Vi du, trong bai todn tdi da héa anh hudng véi nhiéu chién dich, tip nén V biéu
dién tip ngudi dung trong mang xa hdi, con & bi€u dién s san pham, chi dé hodc chién
dich truyén thong. Mbi ngudi dung dugc Iva chon 1am hat giéng chi c6 thé dudc gan cho
mot chién dich. Khi d6, X; 1a tip ngudi dung hat gidng cta chién dich thi i, va cac tap
X1, Xa, ..., X, phai d6i mot r&i nhau. Haim muc tiéu g(X1, X, ..., X}) c6 thé bi€u dién
tong s6 ngudi ding ky vong dudc tic dong bdi cac chién dich. Trong nhiéu md hinh lan
truyén, ham muc tiéu nay thé hién tinh chét 1gi ich bién gidm dan va c6 thé dugc md hinh

hoa duéi dang mot ham k-submodular.
1.3. THUAT TOAN XAP Xi

Thuat toan x4p xi (TTXX) 1a mot hudng tiép can quan trong dé€ giai quyét cac bai

toan CO NP-kho, trong d6 muc tiéu 13 tim nghiém gan tbi vu cung vdi cac bao dam ly
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thuyét vé chat luong nghiém. Pic biét, trong bdi canh dit liéu quy md 16n va cac bai toan
c6 cau tric phic tap, cac bdo dam niy dong vai trd quan trong trong viéc danh gia va so
sanh hiéu qua cda thuat toan.

Trong LA, NCS tap trung nghién cttu va phat trién cdc TTXX cho cdc bai toan CO
trong phan tich dit liéu quy md 16n, huéng t6i viéc can bang gitta chit luong nghiém theo
ly thuyét va hiéu qua tinh todn trong thuc té.

1.3.1. Dinh nghia

Xét mot bai toan t6i wu trong d6 mbi nghiém hop 1 déu c6 mot gid tri chi phi (hoic
gid tri muc tiéu) duong. Ty theo bai toan, muc tiéu c6 thé la: (i) tim nghiém c6 gia tri
16n nhét (bai toan ti da héa), hoic (ii) tim nghiém c6 gid tri nho nhét (bai todn tbi thiéu
hoa).

Pinh nghia 1.10 (TTXX [38]). Cho bai toan ti uu P véi ham muc tiéu f, véi kich thuéc
dit liéu dau vao 1a n, trong d6 muc tiéu c6 thé 1a tim gia tri cuc dai hoic cuc tiéu. Mot

thuat toan A dudc goi 1a TTXX cho bai todn P vdi hé sd xap xi p(n) néu:
(i) Thuét todn A chay trong thdi gian da thic theo kich thu6c dau vao n;

(ii) Ludn tra vé 10i gidi hop 1& cho bai todn, goi 16 giai 12 S. Goi S* 16i giai tdi uu, ta

co:
e Dbi véi bai toan tim cuc dai: f(S) > p(n) - £(S*), (0 < p <1).
e Dbi v6i bai toan tim cuc tiéu: f(S) < p(n) - f(S*), (p > 1).

Mot thuat toan c6 ty 1& xAp xi p(n) dudc goi 1a thuit toan p(n)-xap xi.

N6i cach khic, nghiém do thuit todn tim dudc khong sai khdc qua mot hé sb p(n) so véi

nghiém t6i uu.

Khdi niém ty 1& x4p xi dudc xay dung sao cho c6 thé 4p dung théng nhét cho ca hai

loai bai toan t6i uu. Cu thé:

- V6i bai todn tbi thi€u hda, ta ludn c6 C* < C, trong d6 C* = f(S*) la gia tri tdi
wu va C' = f(S) 1a gia tri nghiém do thuét todn tra vé; khi d6 ty s C//C* phan 4anh
muc do sai 1éch ctia nghiém thu dudc so v6i nghiém tdi vu.

- V6i bai todn t6i da héa, ta c6 C' < C*; khi d6 ty sd C*/C biéu thi mic d6 nghiém
t6i uu 16n hon nghiém do thuét todn tim dudc.
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Nho cdch dinh nghia nay, mot khudn kho phan tich chung c6 thé dudc st dung cho
ca hai 16p bai toan ma khong can thay ddi ban chit cia khai niém TTXX.

TTXX trong CO thudng c6 mdt s6 dic diém co ban sau.

Mot tiéu chi quan trong d€ phan biét TTXX véi cac phuong phap tim kiém nghiém
gan ding khdc 1a yéu cau thuat todn phdi chay trong thdi gian da thic theo kich thudc
dit liéu dau vao. Piéu nay dam bao thuit todn c6 kha ning ap dung trén cac bai toan quy
md 16n trong thuc té. Ngudc lai, cac phuong phap khong dam bao thdi gian chay da thic
thudng c6 chi phi tinh todn rat cao va khé hop 1é khi kich thude dit liéu ting 1én.

Trong nhiéu bai todn, ty 1& x4p xi p(n) vé mit tdng quat 1a mdt ham sb theo n. Néu
ty 1& x4p xi p(n) khong phu thudc vao kich thudc dau vao n ma chi 1a mot hing s6, thuat
todn tuong tng dudc goi 1a TTXX hdng sé (constant-factor approximation algorithm).
Téng quat hon, néu mot thuét toan dat dudc ty 1& xAp xi p(n) thi né dudc goi 12 thudt
todn p(n)-xdp xi. Cac thuat todn dat hé s6 xap xi hang sé thuong dugc xem la c6 gia tri

thuc tién cao vi chit lugng nghiém dudc ddm bio dn dinh khi quy mo dif liéu ting.
1.3.2. Uu diém va nhugc diém ciia thuét toan xap xi

TTXX mang lai nhiéu 10i thé quan trong trong viéc gidi cac bai toan CO kho, dic
biét khi viéc tim nghiém tbi uu chinh x4c 1a khong hop 1& vé mit tinh toan.

TTXX cung cap cac bao dam ly thuyét ro rang thong qua hé s6 xip xi nhung van
dong thdi ddm bao kha ning trién khai hiéu qua trong thuc nghiém trén dit liéu quy mo
16n. Hé s6 xap xi dong vai trdo nhu mot tiéu chuén dé€ danh gia chét lugng nghiém thu
dudc, cho phép so sanh mic do gan tdi wu cla cidc phuong phap khac nhau mot cach
dinh lugng va c6 co s6 ly thuyét. Cac TTXX thudng c6 ciu triic don gian, dé mé rong va
c6 thé st dung nhu thanh phan nén cho cac phuong phap tdi uu hodc heuristic nang cao
hon.

Bén canh nhiing vu diém trén, viéc thiét k& va phan tich TTXX ciing dit ra nhiéu
thach thuc.

Thi nhét, viéc chiing minh ty 1& xap xi thudng khé khin, doi hoi phai khai thac sau
cAu tric ctia bai toan ciing nhu st dung cdc k¥ thuat phan tich toan hoc chiit ché. Trong
nhiéu trudng hop, can xay dung cdc cin trén va can dudi tinh vi d€ lién hé nghiém thuat
to4n v6i nghiém tbi uu, khién qua trinh phan tich tré nén phic tap.

Thi hai, khi bai todn xuét hién thém céc rang budc phiic tap (nhu knapsack, fair-
ness, hodc nhiéu rang budc dong thai), viéc duy tri hé s6 xap xi tot dong thoi dam bao

hiéu qua tinh toan tré nén dac biét thach thuc.
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1.3.3. Thuét toan xap xi tiéu chuin kép

Trong nhiéu bai toan CO thuc té, viéc thiét ké TTXX theo tiéu chuin c6 dién thudng
gip kh6 khin do ciu tric bai toan phiic tap hoiic do su xuét hién dong thdi ctia nhiéu
loai rang budc. Vi du céc bai todn: ngudi chao hang tdng quat, bai todn tip phi déu 1a
nhiing bai toan NP-kh6 khong ton tai TTXX hing sb [47, 48].

Trong cac trudng hop nay, rat khé dé€ duy tri dong thdi ca nghiém hop 18 tuyét d6i
va hé s6 xap xi tét cho ham muc tiéu d6i khi tré nén qua han ché.

Vi vay, mot huéng tiép can thuong dudc st dung 12 nSi 16ng mdt phan cic yéu cau
ctia TTXX, cho phép nghiém thu dudc c6 thé vi pham nhe mot s6 rang budc, trong khi
van ddm bao chit luong nghiém theo nghia ly thuyét. Cach tiép can nay din dén khai
niém TTXX tiéu chudn kép (bicriteria approximation algorithms), trong d6 thuit todn
dong thdi kiém sodt hai yéu t6: chat luong cia hAm muc tiéu va mic do vi pham rang
budc.

Cu thé, thay vi yéu cau nghiém phai hoan toan théa min cic rang budc ban dau,
thuat toan c6 thé cho phép nghiém vi pham cic rang budc trong mot hé sé cho phép,
dong thdi van dam bao gid tri muc tiéu dat mot ty 1& xAp xi nhét dinh so v6i nghiém tdi
wu. Cé4ch tiép can nay gitip md rong kha ning thiét ké thuit toan cho nhiéu 16p bai toan
khé, trong khi van giit dugc cdc bao dam ly thuyét can thiét.

Déi v6i bai MCSC, TTXX tiéu chuin kép dudc dinh nghia nhu sau:

DPinh nghia 1.11 (TTXX tiéu chuin kép [49]). Xét mot bai todn tdi wu véi hai tiéu chi

gdm ham muc tiéu f va ham rang budc g. Bai todn ¢ dang

min f(S) (1.16)
thod man: ¢(S) > C (1.17)

Mot thuat toan dudc goi 14 TTXX tiéu chudn kép, hay thut toan (a,b)-xap xi, néu
trong thdi gian da thiic theo kich thudc dit liéu dau vao n, né tim dugc mot nghiém S sao
cho gia tri ctia hAm rang budc chi vi pham nhiéu nhit mot hé sb a, va dat ducc ty 1& xip
X1 b, tuc la:

g(S)>a-C,
f(S) <b- f(S%),

(1.18)

Vv6i0 < a < 1,b>1vaS*1anghiém tdi vu.

TTXX tiéu chuin kép c6 thé dudc xem nhu mot phién ban ndi 16ng cia TTXX

truyén thong trong cdc bai toan CO c6 rang budc. Thay vi yéu cau nghiém tim dudc phai
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hoan toan thda man moi rang budc cla bai toan, cach tiép can nay cho phép nghiém cé
thé vi pham rang budc & modt mic do kiém soat dugc, dong thdi van ddm bao mot chin
ly thuyét 16 rang ddi véi chat lugng ctia ham muc tiéu so v6i nghiém tdi wu.

Do do, 13i gidi thu dugc c6 thé khdng hoan toan hdp 1€ theo nghia chit ché, nhung
mtc dd vi pham rang budc va do suy gidm chit luong nghiém déu dugc khdng ché béi
cdc hé sd xAp xi xdc dinh truéc. Quan trong hon, phuong phap nay cho phép diéu chinh
su danh ddi giita chat lugng hAim muc tiéu va midc d6 vi pham rang budc thong qua viéc
lua chon cdc tham s6 xAp xi phit hop véi tliing ting dung cu thé.

Trong thuc nghiém, cic TTXX tiéu chuén kép thudng cho nghiém cé chét lugng
tot, mic vi pham rang budc nhé va hiéu qua tinh todn cao, do d6 trd thanh mot huéng

tiép can thuc t& va hitu ich cho nhiéu bai todn quy mo 16n hién nay.
1.4.MOT SO PHUONG PHAP THIET KE TTXX HIEN DAI

Trong phan nay, luin 4n gi6i thiéu mot s6 cach tiép can thiét ké TTXX hién dai
danh cho cac bai toan tdi uu quy mo 16n, trong d6 muc tiéu 1a tim dugc nghiém cé chit
luong dugc ddm bao bdi cac chin 1y thuyét so véi nghiém tdi uu, dong thdi duy tri do
phtic tap tinh toan va lugng dit liéu Ivu trit 3 mic hop 1é trong thuc té.

Khi quy mé dit liéu tiép tuc gia ting va do phiic tap cta bai toan ngay cang 16n,
viéc tim nghiém tbi wu chinh xdc thudng tré nén khong thuc té do chi phi tinh todn qua
cao. Trong bdi canh d6, cac phuong phap xap xi hién dai huéng dén viéc dung hoa giiia
chét lugng nghiém, thoi gian xi 1y va yéu cau vé bo nhé, qua d6 cho phép trién khai hiéu
qua trén cac hé thong dit liéu 16n ciing nhu trong nhitng méi trudng tinh todn c¢6 han ché
vé thi nguyén. Phan tiép theo sé gidi thiéu mot s6 hudng tiép can tiéu biéu dang dudc 4p

dung rong rai trong ca nghién ctu va thuc tién.
1.4.1. Thuat toan tham lam

Thuit todn tham lam 12 mét phuong phép kinh dién trong thiét ké cdc TTXX, néi
bat nhd ciu tric don gian nhung van dat hiéu qua tbt ca vé mit ly thuyét 14n thuc nghiém.
Y tudng cd ban ciia phucng phap nay 1a xdy dung 16i gidi mot cach tuan tu qua nhiéu
budc; tai mdi budc, thuat toan lua chon phan tir hoic hanh dong dudc xem 1a tot nhét
theo mdt tiéu chi danh gia cuc bo, thuong dua trén muc cai thién cia ham muc tiéu hodc
muc do phu hgp véi cac rang budc hién co.

Mic du quyét dinh tai mdi bu6c chi dua trén thong tin cuc b, trong nhiéu 16p bai
toan quan trong, dic biét 1a cdc bai todn lién quan dén ham submodular hoic céc bai toan
bao pht, phuong phap tham lam van dat dudc cc hé s6 xAp xi manh véi chi phi tinh toan

thap. Bén canh do, tu tudng tham lam con déng vai tro nén tang cho nhiéu ky thuat hién
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dai hon, chang han cdc thuat toan song song, thuit toan xi Iy dit liu dang ludng, hay céc
bién thé ngiu nhién va tham lam ngudng, qua d6 cho phép md rong phuong phap nay dé
Xt 1y cdc bai toan quy mo rat 16n trong thuc té. Thuit toan tham lam co ban (thuét toan
dugc mo ta nhu sau:

Thuat toan 1.1: Thuét toan tham lam [38] 47]]
Input: Tap phan tif V, ham muc tiéu f, tip rang budc hop 1é
Output: Loi giai S

1 Khdi tao nghiém rong: S < 0;

> while diéu kién ditng chua thod man do

3 Xdc dinh tap cdc phan ti C C V' \ S thda min cdc rang budc

4 Chon phan tif tot nhit ¢ € C theo tiéu chi tham lam (dua trén miic cai thién

cua f hoac mdt ti€u chi danh gia khac);

5 if viéc thém c vao S van thod man rang budc then
6 S« SuU{ch;
7 end

8 Loai bo ¢ khoi tap ung vién: C' + C'\ {c};

9 end

10 return S

Phuong phap tham lam s hitu nhiéu wu diém khién n6 tré thanh mot trong nhiing
cong cu phd bién nhit trong thiét k& TTXX. Trude hét, ciu tric cia thuat todn thudng
don gian, dé cai dit va dé md rong cho cédc bai todn khac nhau. Mbi budc chi can danh
gi4 10i ich cuc bd cta viéc thém mdt phan ti vao 15i giai hién tai, do d6 chi phi tinh toan
thuong thap hon dang ké so vdi cac phuong phdp tbi uu chinh xdc. Ngoai ra, trong nhiéu
16p bai todn quan trong nhu t6i da héa ham submodular, bai todn bao phii hay céc bai
toan lua chon tap con dudi rang budc kich thuée, thuit toan tham lam dat dudc cac ty 1€
xap xi manh véi dam bdo 1y thuyét rd rang. Mot vu diém khac 1a phuong phdp nay cé
thé dugc diéu chinh dé€ hoat dong hiéu qua trong cdc mdi trudng dit liéu 16n, chang han
nhu cic bién thé song song, phan tan hodc xi ly dit liéu dang ludng.

Tuy nhién, thuit todn tham lam ciing ton tai mot sd han ché. Do mbi quyét dinh
dugc dua ra dua trén thong tin cuc bo tai ting budc, 18i gidi cudi ciing khong phai liic
nao ciing gan véi nghiém tdi wu trong cic bai todn téng quat, dic biét khi hAm muc tiéu
khong c6 ciu triic thuin 10i nhu tinh submodular. Ngoai ra, cdc quyét dinh dudc thuc
hién & giai doan dau c6 thé 1am mét di co hoi xdy dung nhiing 10i gidi t6t hon  cac buée
sau, do thuat toan thudng khong c6 cd ché quay lui hay diéu chinh lai Iya chon trudc do.
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Trong cic bai toan c6 nhiéu rang budc phiic tap hoiic clu tric tuong tdc manh gitta cac
phan t, hiéu qua cia phuong phap tham lam c6 thé suy giam dang ké.

Trong nhiéu trudng hop, thuit toan tham lam dudc st dung nhu mot thanh phan
nén tang hoic mot bude khdi tao cho cac phuong phap niang cao hon. Cac hudng tiép
cn nay thudng két hop thém nhiing k¥ thut nhu ngiu nhién héa, t6i uu cuc bd hoic cic

quy trinh nhiéu giai doan nham cai thién chit luong 15i gii.
1.4.2. Thuéit toan ludng

Trong md hinh dif liéu ludng (data streaming), dif liéu dau vao khong dugc cung
cAp toan bd ngay tif dau ma xuit hién dan theo thdi gian dudi dang mot chudi cac cap
nhat lién tiép. Cu thé, ta c6 thé xem dit liéu nhu mot tin hiéu mot chiéu A : [1..n] — R,

trong d6 trang thdi ctia A dugc hinh thanh thong qua mot chudi cic phép cap nhat
ar, ag, ...

dén theo tht tu thoi gian. M&i phép cap nhat 1am thay d6i gia tri tai mot vi tri nao d6 cia
tin hiéu A.

Tuy theo céch dién gidi cac phép cip nhat, ngudi ta thudng xét ba md hinh ludng
di lidu tiéu biéu sau:

M6 hinh chudi thoi gian (time series). Mdi phan ti ctia ludng chinh 12 mot gia tri
dudc ghi nhén theo thdi gian, tic 1a Afi] luu tri gia tri quan sat dugc tai thoi diém .

M6 hinh mdy tinh tién (cash register). Mdi cap nhat c6 dang a; = (j, A), biéu dién

vi€c tang gia tri tai vi tri 7 1€én mot lugng khong am A, tic la
Alj] < Alj] + A

M6 hinh turnstile. M6i cap nhat c6 dang a; = (j, A) v6i A c¢6 thé duong hodc am,
cho phép ca viéc ting va giam gid tri tai mot vi tri. Trong bién thé strict turnstile, ta ludn
yéu cau A[j] > 0 tai moi thoi diém.

Ba mo hinh trén tao thanh mot hé phan cip tu nhién, trong d6 mo hinh turnstile 1a
t6ng quat nhit va bao ham cac md hinh con lai nhu nhiing trudng hop riéng.

Duéi géc do thiét ké thuat todn, thuit todn ludng ducc thdng nhit va dinh nghia

nhu sau:

Dinh nghia 1.12 (Thuat toan ludng [50]). Thuat todn ludng 1a mot TTXX x ly dif lidu
dau vao dudi dang mot chudi cac cip nhat lién tiép, trong d6 mdi phan t dit liéu thudng
chi c6 thé dudc truy cip mot hodc mot sd rat it 1an. Do han ché vé kha ning Iuu trit toan
bd dif liéu, thudt todn chi duy tri mot trang thai tém tit c6 kich thudc nhd dé phuc vu cho

viéc tinh toan.
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Hiéu qua cia mot thuat toan ludng thudng dudc danh gia dua trén céc tiéu chi sau:

- Dung luong dit liéu can luu trit (space complexity): Biéu thi lugng bd nhé can
thiét d€ duy tri trang thai trung gian ctia thuat toan. Trong nhiéu thiét k&, muc tiéu
la gilt dung lugng bo nhé & miic dudi tuyén tinh theo kich thuée dit liéu dau vao.

- 86 luot quét dit liéu (number of scans/passes): Thé hién sd 1an thuit toan can
duyét qua toan bd ludng dit liéu. Cac thuat todn hiéu qua thudng chi yéu cau mot

hodc rét it 1an quét dit liéu.

- Dé phiic tap truy vdn: Do sb luong truy van t6i ham muc tiéu hoic ciu tric dif
liéu dugc duy tri trong qud trinh xi 1y, dic biét quan trong khi c4c truy vin nay

c6 chi phi cao.

- Ddm bdo ty 1¢ xdp xi: Do khong thé Ivu trif toan bo dit lidu, thuat todn ludng
thuong chi tim dugc nghiém gan ding. Vi vy, mot tiéu chi quan trong 12 ddm bao

nghiém thu dugc dat mot ty 1& xap xi nhat dinh so v6i nghiém tdi vu.

1.4.3. Thuat toan song song

Trong bdi canh thiét ké thuat toan hién dai, cdc thuat todn song song (parallel
algorithms) déng vai tro then chdt, dic biét ddi v6i cdc bai toan xit Iy dit liéu quy mo 16n
trén nhiing hé théng da 16i hoic hiéu ning cao. Khi cac phuong phap tuan tu dan boc 1o
nhiing han ché vé thdi gian xt ly va tai nguyén tinh toan, viéc tan dung kha ning thuc
thi dong thdi trén nhiéu bd xit 1y trd thanh mot hudng tiép can hiéu qua nham giam thoi
gian chay va nang cao kha ning md rong ctia hé thong.

Trong linh vuc nay, m6 hinh PRAM (Parallel Random Access Machine) thuong
dugc st dung nhu mdt khudn khd 1y thuyét co ban, cho phép nhiéu bd xit ly truy cap
chung vao mot khong gian bd nhd. Dua trén co ché diéu phdi truy cap dong thsi, mo
hinh PRAM dudc phan thanh c4c bién thé nhu EREW (Exclusive Read Exclusive Write),
CREW (Concurrent Read Exclusive Write) va CRCW (Concurrent Read Concurrent
Write).

Ngoai md hinh bd nhé chia sé, cac hé thong thuc t& con 4p dung kién tric bo nhé
phan tan, trong d6 dif liéu dudc phan bd trén nhiéu niit tinh todn va viéc trao d6i thong
tin giffa cdc nit dugc thuc hién thong qua mang truyén thong. Trong qua trinh thiét ké
thuat todn song song, mot sd ki thuét co ban thudng dudc st dung:

- Chia dé'tri song song (parallel divide-and-conquer) [51)] Bai toan dugc phan tich
thanh c4c bai toan con doc 1ap c6 thé xi Iy dong thdi, sau d6 két hop két qua dé thu ducc
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161 giai cudi cung. Phuong phdp nay dudc dp dung rong rai trong sap xép, xit Iy ma trin
va nhiéu bai toan sb hoc 16n.

- Ky thudt nhdy con tré (Pointer jumping). Ky thuat nay cho phép riit ngin chiéu
sdu clia cdc cu tric dif liéu dang danh sach lién két hoiic ciy bang cach cap nhat con trd
song song, qua d6 gidm sb budc tinh todn can thiét.

- Ky thudt Euler Tour [52]] Thong qua viéc bién d6i ciu tric cdy thanh mot biéu
dién tuyén tinh dua trén chu trinh Euler, nhiéu phép toan trén cay nhu tinh do siu, x4c
dinh tS tién chung gan nhit hay truy van dudng di c6 thé dugc thuc hién hiéu qua trong
moi trudng song song.

- Tinh todn tién t6 (Prefix computation) [53]] K§ thuat nay thuc hién phép tich liiy
trén mang dit liéu dau vao va 1a mot thanh phan co ban trong nhiéu thuit todn song song,
dac biét trong xu ly di liéu trén GPU va CPU da 16i.

Xét mot thuat toan song song xu ly dit liéu dau vao kich thuée n. Po phiic tap song
song cua thudt toan thuong dudc mo ta thong qua hai dai lugng co ban:

- Tong cong viéc (Work) W (n). La tdng s6 phép toan dugc thuc hién bdi toan bo
cac bo xu ly trong quad trinh thuc thi thudt toan. Pai lugng nay tuong duong véi
do phiic tap ctia thuat toan khi thuc hién trong moi trudng tuan tu.

- Chiéu sdu tinh todn (Depth) D(n). La s6 budc tinh toan tuan tu tdi thi€u can thuc
hién khi gia st ¢6 s6 lugng bo xit 1y khong gidi han. Dai lugng nay con dudc goi
la thai gian chay song song ly tuéng.

Khi st dung P bd xt ly, thoi gian thuc thi song song 7»(n) thuong dudc udc lugng

bdi cong thic Brent:
W(n)

Tp(n) = O( + D(n)) :

Mot thuit todn song song dudc xem 1a hiéu qua néu téng cong viéc 1 (n) khong
16n hon déng k€ so véi thuat toan tuan tu tét nhat, dong thdi chiéu sdu D(n) di nhd dé&
khai thac hiéu qua kha ning thuc thi dong thdi ctia hé thdng tinh todn.

Theo dinh luat Brent, néu st dung P bd xi 1y thi thdi gian thuc thi song song ¢
thé dudc ude lugng boi

w
Tp=0(—=+D
P <P + > ’
cho thiy su danh ddi gitta tdng luong cong viéc va miic do song song hoa.

Ngoai hai dai luong trén, cac yéu té nhu téc do ting téc (speedup), kha ning md

rong (scalability), can bang tai (load balancing) va chi phi truyén thong giita cac bo xir
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ly ciing déng vai trd quan trong trong viéc danh gia hiéu qua thuc té ctia thuit toan song
song.

Trong céc bai todn CO quy mo 16n va phan tich dit liéu, nhiéu bai todn quan trong
nhu liét ké tap con, téi da héa ham submodular, phidn cum hay matching c6 thé dugc
khai thac theo hudng song song, toan phan hoic titng phan. C4c nghién cifu gan day cho
thiy ring nhiing thuit toan tham lam va cdc bién thé ctia ching van c6 thé duy tri ty 1é
xap xi tuong ducng vdi phién ban tuan tu, dong thdi giam dang ké do sau tinh todn nho
4p dung cic ky thuat nhu chon mau hoic xit ly doc 1ap trén tiing khéi dit lidu.

K€ tir khoang ndm 2018, cdc md hinh tinh todn song song ngay cang dudc tng
dung rong rdi trong cac bai toan hoc mdy va tri tué nhan tao. Trong cic hé thong nay,
nhiéu phép truy van t6i ham muc tiéu f c6 thé dudc thuc hién dong thdi va doc 1ap trén
cac ludng xi ly song song. Dua trén md hinh tinh todn nay, Balkanski va cic cong su 1an
dau tién dua ra khéi niém do phiic tap song song (adaptive complexity) [34]], va tir d6
khdi niém nay da tr§ thanh mot cong cu quan trong trong viéc thiét ké cac thuit toan tdi

uu hién dai cho dit liéu quy mo 16n [54, 130, 132, 31]].

DPinh nghia 1.13 (b6 phtc tap song song [34]). V6i mot ham muc tiéu f, do phuc tap
song song ctia mot thuat toan 1a sé vong lip tdi thiéu can thiét sao cho trong mdi vong
lip, thuat todn thuc hién O(poly(n)) truy vin doc lap dén ham muc tiéu, trong d6 n 1a

kich thudc dit liéu dau vao clia thuat todn.

Mot dic diém phd bién ctia nhiéu thuit todn t6i wu 12 tinh chit tuan tu, trong d6 mbi
budc thuc hién thudng phu thudc vao két qua cta cac budc trude d6. Diéu nay 1am han
ché kha ning khai thdc tinh todn song song mdt cach tu nhién, vi cic phép tinh khong
thé thuc hién dong thdi khi chua c6 két qua trung gian can thiét.

Khdi niém do phiic tap song song khic phuc han ché nay bing cich dua ra mot
tiéu chuan do ludng s6 lugng vong lip bat budc phai thuc hién tuan tu trong thuit todn.
Theo do, nhiing thuat toan cé dd phic tap song song cang nho thi cang cho phép thuc
hién nhiéu phép tinh doc 1ap trong cling mot thdi diém, tir d6 khai thac hiéu qua hon cac
hé thong tinh toan song song hién dai. Tiéu chuin nay vi vdy mang y nghia thuc tién cao

trong viéc thiét ké cac thuit toan tdi vu cho dit liéu quy mo 16n.

Vi du 1.1. Xét bai toan t6i da héa mot ham submodular f : 2V — R, duéi rang buoc
|S| < k, trong d6
V =A{e1,ea,...,en}.

Thuét todn tham lam khdi tao Sy = 0. Tai vong thi ¢, véi 1 < t < k, thudt todn can tim



31

phan ti

e € arg max Alel|S;_
max g€€V\St71 ( | t 1)7

trong do
Ale | Si—1) = f(Si—1U{e}) — f(Si-1)
12 10i ich bién ctia phan ti e dbi véi tap hién tai S;_;.

P& xdc dinh ep.y, thut toan thuc hién dong thdi cac truy van
f(St,1 U {6}), ecV \ St_1.

Do tat ¢4 cdc truy van nay chi phu thudc vao tap S;_; va khong phu thudc 14n nhau,
chiing c6 thé dugc thuc hién song song trong cling mot vong. Sau khi nhan dudc két qua
clia cdc truy van, thuat todn dong thdi tinh céc gia tri A(e | S;_1), xdc dinh phan tdf ey

c6 10i ich bién 16n nhat va cap nhat
Sy =Si1 U {6max}~

Nhu vay, toan b0 qua trinh xac dinh va lua chon e, dugc thuc hi€n trong mot vong
song song. Tuy nhién, céc truy van tai vong thi ¢ phu thudc vao tap S; 1 thu dudc tir
vong trudc. Vi vdy, vong thi ¢ chi c¢6 thé bat dau sau khi vong thi ¢ — 1 két thic. Thuat
todn can thuc hién tuan tu k vong d€ lua chon & phan ti. Do d6, do phiic tap song song
clia thuat toan 1a O(k), trong khi téng s6 truy van dén ham muc tiéu 12 O(nk).

Chang han, v6i n = 1000 va k = 5, qud trinh thuc hién cla thuét toan dudc minh
hoa trong Bang

Bang 1.2: Minh hoa cdc vong truy vin song song v6i n = 1000 va k = 5.

Vong lap Tap hién tai S6 truy vAn dong thdi | Phan tit dugc chon
1 S =0 1000 el
2 S1 = {etans} 999 ehmx
3 So = {efuax, i 998 elmx
4 Sy = {elihe, eiohs ek} 997 el
5 Si = {ehi, - - e} 996 elx
Tong s6 truy van 4990

Trong m&i vong, tAt ca cdc truy van dugc thuc hién ddng thdi dé xdc dinh e{,.. Tuy
nhién, vong thif ¢ phai chd két qua ctia vong thii t — 1 d€ x4c dinh tap S;_;. Do d6, mic
du thuat toan thuc hién téng cong 4990 truy van, cic truy van nay chi dudc t3 chiic thanh

5 vong phu thudc tuan tu. Vi vy, do phtc tap song song ctia thuét todn 12 5.
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Trong luan 4n nay, cic thuc nghiém dudc xdy dung bam sit dinh nghia vé do phuc
tap song song va Vi du Trong d6 moi thuat toan dugc td chiic thanh cic vong song
song. Tai mdi vong, thuat todn xdy dung mot tdp gom O(poly(n)) truy vin doc lap va
thuc hién dong thdi cdc truy vAn nay dén ham muc tiéu, nhu dugc mo ta cu thé trong
gia ma thuat toan. Két qua ctia vong hién tai dudc st dung dé xay dung cic truy van cho
vong tiép theo. Do d6, néu thuit toan can r vong phu thudc tuan tu thi do phiic tap song

song cua thudt toan la O(r).
1.5. TONG QUAN VE BAI TOAN TOI UU SUBMODULAR

Nhu da dé cap, cc bai todn tdi uu submodular (SO) thudng dugc chia thanh hai
nhém chinh 12 t6i da héa hAim submodular (SM) va phii submodular véi chi phi tbi thiéu
(MCSC). Trong muc ndy, LA trinh bay tong quan cic két qua nghién cifu tiéu biéu dbi
v6i hai 16p bai toan nén tang nay, tip trung vao cac huéng tiép can chinh, cac két qua ly

thuyét da dat dugc, ciing nhu nhitng thach thic va vin dé nghién ciiu con bd ngd.
1.5.1. Bai toan t6i da ham submodular

George L. Nemhauser va cic cong su [14] 1a nhitng ngudi du tién nghién citu mot
cach hé thdng bai todn SM dudi rang budc luc lugng (SMC). Trong cong trinh kinh dién
nay, nhém tdc gid da dé xut thuat toan tham lam tuan tu, dat ty 1& xap xi chit 1 — é
thong qua viéc lua chon lién tiép phan tif ¢ do 10i bién 16n nhat. Thuat toan c6 dd phic
tap truy vin O(nk), trong d6 n 12 kich thu6c tap nén va k 1a gidi han luc lugng. Két qua
nay dudc xem la nén tang clia linh vuc SO va da thic ddy su phat trién ctia nhiéu hudéng
nghién cfu nham cai thién hiéu qua tinh toan ctia cac TTXX cho bai todn SM.

Mot trong nhitng han ché ctia thuit toan tham lam Ia tinh tuan tu cao, dan dén thoi
gian thuc thi 16n khi kich thudc dit liéu ting. D€ khac phuc nhudc diém nay, nhiéu nghién
cifu da tap trung vao viéc giam do phtc tap truy van va thdi gian chay. Cong trinh [24]] dé
xuét thuét toan xic dinh dua trén mo hinh streaming, gidm thdi gian thuc thi xudng con
O(nlogn). Gan day, [55] va [18] da dong thoi phat trién cac thuit todn thdi gian tuyén
tinh, dat ty 1& x4p xi tiém can 1 — 1, md ra hudng tiép can hiéu qua cho céc bai todn quy
mo 16n.

Song song vdi viéc giam do phiic tap tinh todn, mot hudng nghién citu khac 13 thiét
ké céc thuét toan c6 kh ning song song héa. Cong trinh tién phong ctia [34] da 4p dung
k§ thuat iy mau thich nghi (adaptive sampling) cho bai toan SM, dat ty 1& xAp xi hing
s6 cuing dd phiic tap thich nghi O(logn). Y tudng chinh 12 loai bd mot phan cd dinh céc
phan tit 8 mdi vong lip nham giam s6 budc tuan tu. Sau do, [56] tiép tuc cai thién hudng
tiép can nay, dat ty 1 xip xi gan 1 — 1 v6i O(log nlog k) vong thich nghi va O(n loglog k)
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truy van. Nhiing két qua nay cho thiy kha ning gidi quyét hiéu qua céc bai toan SO trén
cac hé thong tinh toan song song va dit liéu quy mo 16n.

Bén canh rang budc luc lugng, bai toan SM con dudc mé rong sang trudng hgp
rang budc chi phi (SMK), trong d6 mdi phan tit dugc gan mdt chi phi va téng chi phi
lua chon khong vuot qua mot ngan sach cho trude. Laurence A. Wolsey [9] 12 ngudi dau
tién nghién cifu bai toan nay, chitng minh tinh NP-khé va dé xuét thuat toan dat ty 1& xip
xil-— % Tiép theo, cdc cong trinh [57, 58] phat trién cac thuat toan tham lam két hop
ky thuat doan truéc mot sd phan tir, dat ty 1& xap xi tdi wu nhung phai danh d6i bang do
phiic tap truy van rit 16n.

Céc nghién ciu gan day tap trung vao viéce duy tri ty 1& xap xi t6t dong thdi gidm
chi phi tinh toan. Cong trinh [59] gidm s& phép dodn va ha do phiic tap xuéng O(n? log n)
trong khi van git ty 1& 1— 1. Sau do, [60] st dung ky thuat mé rong da tuyén (multilinear
extension) dé dat ty 1& x4p xi gan tdi vu, mic du chi phi tinh todn van con rat cao. Trong
bdi canh dit lidu 16n, [18]] da dé xuét thuat toan thdi gian tuyén tinh véi ty 1& xap xi 1/2,
dong thai chi ra cac gi6i han co ban vé do phiic tap truy van clia bai todn.

Bén canh viéc tap trung giam do phiic tap tinh todn, bai todn SM con dugc nghién
ctfu trong xu ly dif liéu online nhu thut todn ludng. Trong mo hinh nay, di lidu lién tuc
v6i bd nhé han ché. Cac cong trinh [61, [62] dat ty 1& x4p xi 1/(2.5 + €) v6i mdt hoic
hai luot quét dit liéu, trong khi [63] cdi thién chit luong nghiém thong qua viéc st dung
nhiéu luct quét hon. Pang chu y, [18] da dé xuét thuat todn streaming véi sb luong truy
van gan tuyén tinh, phit hop cho cac dng dung dit liéu quy mo rat 16n.

Ngoai rang budc mot ngan sach, nhiéu nghién ctiu cling xem xét trudng hop ton tai
dong thdi nhiéu rang budc chi phi. Tuy nhién, cic két qua hién nay thuong dat ty 1& xp
xi phu thudc tuyén tinh vao sd lugng rang budc, dan dén chit luong nghiém suy giam
khi s6 rang budc ting. Dic biét, bai todn tdi da héa ham submodular véi cic ngan sach
riéng cho tiing nhém dbi tugng van con 12 mot hudng nghién ciiu mé va chua ¢ nhiéu

két qua ly thuyét hiéu qua.
1.5.2. Bai toan phi submodular véi chi phi t6i thiéu

Song song véi bai todn SM, bai toan MCSC dudc xem 12 bai todn d6i ngiu tu nhién
va ¢6 nhiéu ting dung trong lan truyén anh hudng, trién khai cam bién, thu thap di liéu
va phan bd tai nguyén. Thay vi tdi da héa 1gi ich dudi mdt ngan sach cho truée, MCSC
tim nghiém c6 chi phi nhd nhit d€ dat dudc mot ngudng 1oi ich mong mudn.

Bai toan MCSC da dudc nghién ciu tif rat sém thong qua cac thuét toan tham lam
va cac phuong phap xap xi [42, 64, [16] (65, 66]. V& mit 1y thuyét, Feige [67] da ching
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minh MCSC 1a NP-khé va khong thé dat ty 1& x4p xi hang s6 trong thoi gian da thifc. Cac
thuat toan tham lam ctia Wolsey [42] va cac nghién ciu tiép theo [64, [16, [65] dat ducc
cic bao dam ly thuyét t6t nhung c6 tinh tuan tu cao, gdy khé khin khi xi ly dit liéu 16n.
Gan day, nhiéu nghién cifu tip trung vao viéc giam do phiic tap truy van va ting kha
ning song song hda. Cong trinh [66] dé xuit thuat toan tién hda véi bao ddm xap xi tiéu
chuén kép, trong khi [[19] phat trién thuit todn song song dau tién cho MCSC véi dd phiic
tap thich nghi da thiic theo logarit. Tuy nhién, cdc phuong phéap hién nay van con han
ché vé kha niing méd rong hoiic chi 4p dung cho cdc ham nhén gia tri nguyén.

Song song véi MCSC, t6i wu ham k-submodular cling thu hiit nhiéu su quan tim.
K& tlf c4c cong trinh nén tang vé t6i da hoéa ham k-submodular khong rang budc [68,69],
nhiéu két qua da dugc phat trién cho cic rang budc luc luong, matroid, chi phi va md
hinh dit liéu ludng [[11},[70, (71}, 72}, [73]]. Tuy nhién, phan 16n c4c nghién ctiu tap trung vao
bai todn t6i da hoa.

Ddi véi bai toan pha k-submodular (kSC), cac két qua hién nay con khé han ché.
Cong trinh [74] 12 nghién cifu dau tién xem xét bai todn nay, trong khi [75] md rong sang
mo hinh dit liéu ludng vé6i cac bdo dadm xAp xi tiéu chudn kép. Mic du vay, viéc thiét ké
cac thuat todn da thic c6 ty 1 xap xi tot, do phiic tap thap va kha ning md rong trén dit

liéu 16n van 1a mot thach thiic md.
1.5.3. Cac thach thirc trong nghién ciru bai toan SO

Tu t6ng quan trén, c6 thé nhan thly mot s6 hudng nghién cifu quan trong can tiép

tuc dugc quan tam nhu sau:

- Phdt trién cdc thudt todn hiéu qud cho dit liéu quy mé Ién. Mic du da c6 nhiéu TTXX
cho cé4c bai todn SM, MCSC va c4c bién thé, phan 16n van doi hoi s6 luong truy van 16n
hoic c6 do phic tap thich nghi cao. Do d6, viéc thiét ké cac thuat todn c6 do phiic tap
truy van thip, kha ning song song héa tt va phit hop véi dit liéu quy mo rat 16n van

la mot thach thic quan trong.

- Nghién citu cdc mé hinh xit ly dit liéu hién dai. Trong nhiéu ung dung thuc té nhu
OSN, hé théng goi y va phan tich dit liéu truc tuyén, dif liéu thudng xuét hién dudi
dang ludng hodc thay ddi lién tuc theo thdi gian. Diéu nay dit ra nhu cau phat trién

cac thuat toan SO trong cac md hinh ludng, song song héa va phan tan.

- MGd rong sang cdc bién thé mdi ciia bai todn. Cac bai toan thuc té ngay cang doi hoi
cac md hinh t6i wu phan 4nh tot hon cic yéu cau ting dung nhu nhiéu rang budc chi
phi, cong bang gitta cic nhom dbi tuong, da cong dong hoic dii liéu dong. Viéc nghién

cu cac bién thé nay khong chi c6 y nghia thuc tién ma con md ra nhiéu bai toan ly
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thuyét méi.

- Thu hep khodng cdch giita Iy thuyét va thuc nghiém. Mot hudéng nghién ctiu quan trong
1a x4y dung cic thuit toan vira c6 bao ddm x4p xi chiit ché, vira dat hiéu niing cao trén
cic bo dit liéu thuc té, tit d6 nang cao kha ning ting dung cla cic phuong phap SO

trong khoa hoc du li€u va hoc may.

1.6. KET LUAN CHUONG

Chuong nay da trinh bay tdng quan vé CO va SO, trong d6 tip trung vao hai 16p
bai toan nén tang 1a SM va MCSC. Bén canh d6, chuong ciing gidi thiéu céc khai niém
co ban vé thiét k& thuat todn, do phiic tap tinh toan va cac thuc do danh gia hiéu ning
thuat toan.

Trén co s§ d6, chuong da tdong hdp va phan tich cac cong trinh nghién cifu tiéu
biéu lién quan dén SM, MCSC va cic bién thé md rong clia chiing. Tit nhiing két qua da
dat duodc ciing nhu cdc han ché con ton tai, chuong da chi ra cac huéng nghién cifu tiém
ning, qua d6 tao nén tang ly thuyét va dinh huéng cho cic nodi dung nghién citu dugc

trinh bay trong cic chuong tiép theo clia luan an.
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CHUONG 2
BAI TOAN PHU SUBMODULAR VOI CHI PHI TOI THIEU

Bai toan Phi Submodular véi chi phi téi thiéu (MCSC) xuét hién trong nhiéu tng
dung quan trong ctia nghién ctiu tic nghiép va tri tué nhan tao, chang han nhu hoc chi
dong (active learning) [76} 39]], khai pha du liéu [[77, [78]], toi uu phuc 1¢i xa hoi [79],
cling nhu cdc bai toan lan truyén anh huéng trong OSN [1} [80, [81]]. Trong cac bbi canh
ndy, muc tiéu thudng 12 Iya chon mot tip phan ti c6 tdng chi phi nhé nhit nhung van dat
dugc miic 10i ich hoidc d6 bao phii yéu ciu, qua d6 phan anh bai todn can bang gitta hiéu
qua va chi phi trong thuc té.

Xuét phat tir ca gia tri ly thuyét va y nghia ting dung ctia bai todn, chuong nay tap
trung nghién ctiu bai toan Phti Submodular véi chi phi tdi thiéu theo hai dinh hudng
chinh: nang cao chit luong 19i gidi va tdi uu chi phi tinh toan, dic biét trong bdi canh
dit liéu quy mo 16n. Noi dung chuong trinh bay cac thuat toan dugc dé xuat, di kem véi
phan tich 1y thuyét va danh gia thuc nghiém, qua d6 1am rd kha ning rit ngan khoang
cach gitta cc két qua ly thuyét va hiéu qua trién khai trong thuc té.

Cu thé, LA dé xuit mot thut todn song song hiéu qua, dat ty 1& x4p xi tiém cin
v6i phuong phap tot nhat hién nay trong [19], dong thdi gidm ding ké do phiic tap song
song ca vé mit ly thuyét va thuc nghiém. Cac két qua lién quan da dugc cong bd trén
tap chi chuyén nganh vé t6i uu héa va van trit hoc Asia-Pacific Journal of Operational
Research (SCIE/Q3) nim 2024, ciing nhu trong Ky yéu Hoi thao Qubc gia 1an thi

XXVII v& mot s6 van dé chon loc ctia Cong nghé thong tin va Truyén thong nim 2024.
2.1. PHAT BIEU BAI TOAN

Muc nay, LA trinh bay va phan tich cu thé hon vé bai toan MCSC (Dang 1 ctia bai
toan SO). Bai todn SO dudc phét bi€u nhu sau:
Input:

Mot tip nén hitu han V' = {ej,e,...,¢,}, 20m n phan, mdi phan ti e; € V ¢c6

mot chi phi ¢(e;) > 0.

V6i tap con S C V, ham muc tiéu la tong chi phi ¢(S) = f(S) = >, g c(e).

Ham rang budc g : 2V +— R, 1a submodular, ddnh gid gi4 tri ctia tap con S.

Nguong gia tri 7T'.

Output:
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- Mot tap con S C V sao cho g(S) > T v6i ¢(S) 1a nhd nhét, tdc 12 tim:

S = arg SQVI:I;I(I;)ZT c(S). 2.1

Bai todn MCSC c6 gia tri ting dung rat 16n trong thuc tién, b&i trong nhiéu bdi canh,
muc tiéu dit ra khong phai 12 t6i da hoa gid tri tuyét d6i, ma 12 tim nghiém c6 chi phi
nhd nhit sao cho dat dugc mot miic chit lugng chip nhan dudc. Ung dung dién hinh cia
MCSC la bai toan Bai toan anh hudng ngudng (IT) trong mang OSN nhu sau:

Bai toan TI (Threshold Influence-TI) 12 mot bai toan quan trong trong lan truyén
anh hudng trén OSN, trong d6 muc tiéu 1a lan truyén thong tin sao cho mic d &nh hudng
dat dén hoidc vuot qua mdt ngudng xac dinh cho truée (quy mo). Md hinh nay phit hop
v6i nhiéu kich ban thuc té, chang han nhu chién dich tiép thi cin dat dugc mot mic do
nhan biét tbi thi€u, hoic cac ting dung lan truyén thong tin doi hdi mot ty 1é chip nhan
dua 16n trong mang.

Xét mot dd thi ¢6 huéng G = (V, E) biéu dién OSN, cling v6i mot md hinh lan
truyén thong tin M (chang han nhu mé hinh Independent Cascade hoic Linear Thresh-
old). V6i mbi tap hat gibng S C V, ky hiéu ¢(5) 1a ky vong s Iugng niit dudc kich hoat
khi qua trinh lan truyén két thic, hay néi cach khac 1a gid tri &nh hudng ctia S. Ham ¢
trong truong hgp nay dudc chitng minh la submodular va don diéu tang [1]].

Cho trudc mot ngudng dnh hudng 7' > 0, muc tiéu 1a tim mot tap hat gidng S C V
sao cho ¢(S) > T véi lugng ngan sach 1a ti thi€u, chang han nhu sb luong tap hat gidng
S| hodc tong chi phibdra y", 4 c(v).

Bén canh d6, ting dung ctia MCSC xuit hién trong nhiéu linh vuc nhu lan truyén
anh hudng trong OSN [64, [82] 81, [83]], phdn bé ngdn sdch téi wu [65]], phu do thi tong
qudt (84, tom tdt dit liéu 85,1861, ngan chdn thong tin sai léch [80, 87]], v.v.

Tuy nhién, viéc giai bai toan MCSC trong quy md 16n phai doi mit véi nhiéu thach
thic dang k€. Thi nhat, cac thuat toan doi hdi sb lugng 16n cac phép truy van téi ham g.
Thit hai, su gia ting nhanh chéng cia kich thudc dit liéu dau vao khién khong gian tim
kiém ting theo cip s6 mii. Cudi cuing, cdc rang budc vé bo nhé va thdi gian tinh todn tré

thanh rao can nghiém trong ddi véi viéc trién khai trong thuc té.
2.2. CAC NGHIEN CUU LIEN QUAN

MCSC dudc nghién ciiu tif rit sém véi céc tiép can tham lam dé thu dudc céc ty 1é
x4p xi vé mit ly thuyét, tiéu biéu 1a cac nghién citu [42, 64, (16, 163, 66]]. V& mit do phiic
tap tinh toan, Feige [67]] da chiing minh rang MCSC 12 NP-kh6 va khong thé dugc xap xi
v6i ty 18 hing s6, trit khi NP ¢ DTIM E(nCUcglogn)y Két qua nay cho thiy nhiing gi6i
han ly thuyét nghiém ngit dbi v6i kha ning thiét ké cac TTXX da thiic cho bai todn.



38

Mot huéng tiép can cb dién cho MCSC 1a chién Iudc tham lam, trong d6 thuat todn
xdy dung nghiém bang cach tuan tu chon phan ti c6 1gi ich bién 16n nhét tai mdi budc.
Wolsey [42] 12 mot trong nhiing cong trinh tién phong nghién cifu bai toan nay va da dé
xudt thudt todn tham lam véi t§ 16 xAp xi 1 + In (maxeev %)  trong d6 4 1a gid trj 1i
ich bién duong nhé nhit ctia mot phan ti dudc thém vao trong qud trinh thuc hién thuat
todn. Sau do, [64] phat trién mot thuat toan tham lam khac cho mot trudng hop dic biét
clia MCSC trong OSN, v6i ham muc tiéu 1a sé ngudi dung ky vong bi 4nh hudng. Thuat
toan nay ddm béo chi phi khong vugt qué 1+ log(7T/¢) va gia tri ham muc tiéu dat it nhat
T — €, v6i € > 0 1a tham s dau vao.

Céc chién lugc tham lam tiép tuc dudc md rong va phan tich trong nhiing nghién
ctfu sau nay. Cu thé, [16, 65 da dé xuit va phan tich cac thuit toan tham lam cho nhiing
truong hop tdng quat hon ctia MCSC ciing vé6i cac bdo dam ly thuyét tuong ting. Trong
do, [[16] xét trusng hop ham chi phi ¢ 1a ham con diéu hoa va chiing minh rang thuit toan
tham lam dat ty 1& xAp xi pIn T, v6i p = mingcy % la do cong (curvature) cia ham
chi phi. Tuy nhién, két qua nay chi con hiéu luc khi ham phd g nhan gid tri nguyén.

Mic du céc thut toan tham lam truyén thong mang lai hiéu qua tot vé chat luong
nghiém cho MCSC, cach tiép can tuan tu, tifc 12 mdi 1an chi bd sung mdt phan td vao
nghiém hién tai dan tdi kha ning thuc thi trén dit liéu thuc bi gidi han khi kich thudc di
liéu n ting 1én. Nham cai thién han ché nay, [66] da dé xuit mot thuit toan tién hoa hidu
qua, cung cap nghiém xip xi tiéu chuan (1 + log(1/e),1 — €) vdi € > 0. Tuy nhién, thut
to4n nay van doi hoi s6 vong ldp tuan tu ky vong 1én t6i O(n?), do d6 chua thuc su hiéu
qua dbi véi cac bai toan quy mo 16n.

Mot huéng tiép can phd bién nham vudt qua cic thach thic trén 1a song song
héa thuit toan. Trong bdi canh ndy, dé phiic tap song song (adaptive complexity, hay
adaptivity) (da dudc dé cap trong Chuong 1) déng vai trd nhu mot thude do quan trong
d€ danh gia kha ning song song hda clia mot thuét toan. Thudc do nay dudc dinh nghia
12 s6 vong lip tuan ty ti thiéu, trong d6 tai mdi vong, thuit todn c6 thé thuc hién song
song mdt s6 da thiic cic truy vin doc 1ap d€ danh gia ham ¢. Tuy vay, nhudc diém tinh
toan chinh ctia cac phuong phap néu trén nam & viéc phai lién tuc danh gia ham muc tiéu
cho nhiéu nghiém trung gian, khién do phiic tap song song clia ching dat t&i O(poly(n))
trong truong hop xAu nhit, va do d6 khoé c6 thé song song hiéu qua.

Vao nam 2022, tai hoi nghi Qudc té uy tin dau nganh vé Ly thuyét hoc mdy (Con-
ference on Learning Theory (COLT, Rank A*)) nim 2022, Ran va cong su [19] da dé
xuét mot thuat toan song song cho bai todn MCSC véi ty 1& xap xi

H(min{max,cs g(e), T})
1 — 5e ’
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va do phtc tap song song la

O <log(nT) log(T)(log T + log log(nT)))
e ’

trong d6 ¢ > 0 1a tham sb chinh xdc, ham H(-) : N — R, dugc dinh nghia H(n) =
1+ % +...+ 4] Tuy nhién, d6 phic tap song song ctia thut todn nay van con khd 16n do
phu thudc vao log 7" va }4 khién kha ning song song héa trong thuc tién bi han ché. Hon
nita, thuit todn nay chi 4p dung cho cdc ham ¢ nhan gia tri nguyén, diéu nay 1am giam
dang ké tinh phu hop ddi vé6i cac ting dung thuc té, noi ham tién ich thudng nhan gia tri
thuc.

Bén canh bai toan MCSC tong quat, bai toan Tdp phii, cling thu hiit sy quan tdm cia
cong dong hoc thuat. Blelloch va cong su [88]] 12 nhitng ngudi dau tién song song hoa
thuat toan tham lam cho bai toan Tap phii va céc bai todn lién quan, dé xuét thuat toan
ngau nhién véi O(log® M) vong lip tuan tu, dat ty 1& xip xi 1+ H(n), trong d6 M 1a tdng
kich thudc cua tt ca cac tap.

Bén canh d6, [85] nghién ctiu bai toan TAp phi trong md hinh phan tdn va dé xuét
thuat toan chay trong O(log(|S*| + log T')) vong, trd vé nghiém S thdéa man g(S) > T\
véi kich thudc khong vudt qua 2(1 + log T)|S*|/A, trong d6 A > 0 la tham sb dau vao.
Gan day hon, Fahrbach va cong su [89] da gidi thiéu thuat toan Threshold Sampling, cho

phép giai bai toan Tap phu v6i nghiém S thdéa man ¢g(S) > T va |S| = O(logT) - OPT

theo ky vong, v6i do phuc tap song song la O(log(nlogT)logT).

Khong chi MCSC va bai toan Tap phd, md hinh tinh todn song song con dudc khai
thac cho nhiéu bai todn tdi uu khac, chang han nhu bai toan tap phi ngiu nhién [90].
Cdc két qud nay nhdan manh tam quan trong ngay cang lon ciia viéc phdt trién cdc thudt
todn vita ddm bdo ty 1é xdp xi tot, vita hoat dong hiéu qud trong moi truong tinh todn
song song, tir do gop phdn riit ngdn ddng ké'thoi gian tim kiém 10i gidi.
Péng gop cha LA dbi vdi bai toan MCSC va thao ludn vé két qua. Xuit phat tir cic
han ché va khoang trng nghién dbi v6i cac nghién ctiu lién quan (xem Bang 2.1), LA
dé xuat thuat toan AdaptMCSC, mdt TTXX tiéu chuin kép bai toan MCSC véi ham tién
ich ¢ nhan gid tri thuc tong quat (c6 thé nhan gid tri thuc duong). Cu thé, thuat toan
AdaptMCSC dat dugc do phuc tap song song la

0 (log(n) log(l/)\)) 7

€2

do phiic tap truy van

€3

O <n2 log?(n/e) log(ﬁ) ) |

'H dugc goi 1a ham diéu hoa.
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Bang 2.1: Bang so sanh cac thuat toan hién c6 cho bai toan MCSC va SC. Ky hiéu (a, b)
tuong tng v6i TTXX tiéu chuan kép (a, b).

’ Nghién citu ‘ Ty 1¢ xAp xi (tiéu chuéin kép) ‘ Truy van ‘ D6 phiic tap song song
Bai toan Phu Submodular (MCSC)
Thuit todn trong [42] 1+ log(max%sg(e)) O(n?) O(n)
Tham lam [64] (1+logl,1—¢) O(n?) O(n)
MinSMC [19] H(min{ma{xjges g(e),T}) O(nlog(nT) log(T)(EIZg T+loglog(nT)) ) O(log(nT) log(T)(1:4g T+loglog(nT)) )
Zlog?(n/e)log(3) log(n) log(1/))
O(”—gx) O(feeln) osll/) )
LA (I4+e)(1+Int),1-21) e loa(n) e (n/e) log( L PV
A hOéCO( vlog(n)1 ge:(3 /—)108()\)) hoécO(logz(n):zog(l/A))
Pht submodular véi chi phi dong nhét
[89] O(logT) O(nlog(nlogT)logT) O(log(nlogT)logT)
Zlog?(n) log(¥) log(n) log(1/\)
O(—=—5—522) O(=E= 552
LA (14+e)(1+Int),1-2x) 5 It ¢
’ hojie O(“ 5150 hojic O( 122" (m1o=(1/2)

va tra vé mot nghiém S thda man:
1
g(S) > T(1 = N),¢(S) < (1+¢) (1 +1n X) opt

theo ky vong, trong d6 e, A € (0,1) 1a c4c tham s dau vao va opt 1a tdng chi phi clia
nghiém t6i wu. So vé6i cic thuit todn hién nay, thuit todn dé xult dat dugc nhiing dong

gop sau

- Ty I¢é xdp xi tiéu chudn kép: Thuit todn AdaptMCSC dat ty 1& xap xi tiéu chudn
kép tiém can véi thuit toan tham lam [64]], thuat toan hién dang c6 ty 1& xp xi tot
nhit v6i bai todn nay. Cu thé, néu thiét 1ap tham sd X = ¢, AdaptMCSC cho ty 1&
xap xi tiéu chuéin kép ((1 + €)(1 + In(2)),1 — ¢): dat duge chin tuong ty véi thudt
toan tham lam vé& ham g, chiin vé chi phi 13i giai chi cao hon mdt dai luong rat
nhd 1+ ¢ véi thut toan tham lam [64]. AdaptMCSC c6 do phiic tap song song thip

hon so véi thuat todn tham lam [64] sb 1an 1a

n 62 n

= ()

logn log(%) log(n)

Day 1a hé s6 rat ddng vé vi n ting nhanh hon nhiéu so véi log n.

- D¢ phiic tap song song: So sanh v6i MinSMC [19]], thuat toan c6 dd phuc tap
song song thip t6t nhat hién nay, AdaptMCSC loai bé hoan toan su phu thuéc
vio tham s6 log 7 va dong thoi lam giam dang k€ sw phu thudc vao 1 Cuthé,

AdaptMCSC gidm do phtic tap song song so véi [19] s6 1an la:

1 log® T log?(T
O = (12T + 22 >> og ).
€2 logn €2
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lan so

N 2 o . % . 2 2
Tic la thuat toan dé xuat c6 do phuc tap song song tot hon it nhat bgﬁ#

v6i thudt todn ctia Ran va cong su [19] vé mit 1y thuyét.

- Tinh tong qudt: Thuat toan AdaptMCSC dp dung dudc vdi trudng hop tdng quat
khi gia tri ham g la thuc, trong khi MinSMC chi ap dung dudc v6i ham ¢ nhan gia

tri nguyén.

Ddi v6i bai toan Phii submodular véi chi phi dong nhét (SC), 1a trudng hop dic biét
ctia MCSC, thuat todn dé xuat yéu cau sb vong lip tuan tu it hon so véi thuit todn tot nhat
hién nay ctia Fahrbach va cong su [89] mot hé s6

Q <logT N loglog(T") log T> .
logn

Dang chu y, cac thuat toan trong [[19, 89]] chi ap dung cho trudng hgp ham ¢ nhén gia tri
nguyén; do d6, AdaptMCSC Ia thuat todn dau tién c6 thé xi 1y bai todn MCSC va SC vdi
ham ¢ nhan gi4 tri thuc tdng quat. Ngoai ra, khi két hop k¥ thuat tim kiém nhi phan vao
thut toan, do phtc tap truy van c6 thé dugc gidm xudng gan tuyén tinh, dat O(nlog® n),
trong khi do phiic tap song song 1a O(log®n). Ngay trong trudng hop nay, thuat toan dé
xuat van cho hiéu ning song song vuot troi so véi phuong phap ctia Ran va cong su [19],

do khong con phu thudc vao tham s6 7.
2.3. THUAT TOAN SONG SONG AdaptMCSC

Vé miit k§ thuat, thuét toan AdaptMCSC két hop k§ thuat ldy mdu tudn ty [30] va
chién ludc tham lam theo nguéng ducc gidi thidu trong [24]. Thuat todn bao gdm mot
vong 1ip chinh; tai mbi 1an lip, thuat todn lua chon mot tp con c6 “mdt do lgi ich” 16n,
dugc dinh nghia la ti 1€ gitta 1gi ich bi€n va chi phi. Pang chu y, toan b qua trinh chi
yéu cau O(logn) vong lip tuan tu.

Dé hién thuc héa y tudng nay, LA dé xuit mot thi tuc con ky hiéu 1a THRESHSEQ,
c6 nhiém vu Iya chon mdt tip phan tif thda man mot ngudng mat do 1di ich cho trudc
nham Iya chon céc tip phan ti ¢ gi4 tri vao tap 15i gidi. Trong thudt todn chinh, thuit
toan diéu chinh chién Iudc tham lam theo ngudng trong [24] theo hudng chi thuc hién
mot s6 vong lip tuan tu hang sb. Tai mdi vong, thudt toan goi THRESHSEQ nhu mdt tha
tuc con dé lua chon mdt tap phan ti c6 mat do 1gi ich khong nhd hon mot ngudng thich
hgp. Cudi cung, LA st dung k¥ thuat phan hoach tip nén V dugc dé xuét trong [19]
nham khong ché ti 1& cpax/cmin, tif d6 suy ra cdc cin chiit cho dd phiic tap truy van va do
phuc tap song song cua thuat toan.

V6i muc tiéu trén, trude hét LA gidi thiéu thudt todn Nguwdng Tudn tu (Threshold
Sequence, ky hiéu THRESHSEQ) va phan tich cdc tinh chit 1y thuyét dudc st dung trong
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thuat toan chinh (AdaptMCSC). Tiép theo, LA trinh bay thuit todn téng quét cuing véi cic
phan tich diy da vé dam bao xap xi va do phic tap.

2.3.1. Thuét todn ngudng tuan tu THRESHSEQ

Trong phan nay LA gi6i thiéu THRESHSEQ, 1a mot thanh phan quan trong trong
thuét todn chinh AdaptMCSC. Thuat todn nhan dau vao 12 mot tip cac phan ti X (g6m cd
cdc phan tif dudc xem xét lua chon vao 13i giai), mot ngudng € va tham sb e € (0,1/6).

2.3.1.1. M0 ta thuat toan

Dit liéu dau vao cta thudt todn gom: mot tip cac phan ti (ing vién) X, ham g,
ngudng # > 0 va tham sb € € (0, 1) cho trudc, thuat toan THRESHSEQ chay trong O(log n)
vong 1dp tuan tu, va trd vé mot tap con S C X c6 madt do loi ich (ty 18 giita gid tri hAm g
va téng chi phi) khong nhé hon (1 — 2¢)6, tiic 1a g(S) > (1 — 2¢)¢(S)h. Dong thoi, thuét
toan con dam bao ring v6i moi phan ti khong dude chon e € X \ S thi g(e | S) < fc(e).
V& y tudng, thuit todn nay hoat dong tuong tu nhu thi tuc Threshold-Sampling trong [89,
91, 54]). Tai mdi vong 1dp, ky thuat nay sinh ra mot chudi ngdu nhién duy nhdt A =
[a1, ..., a;x|] & X (Thuat todn . Sau d6, mot tién td A;- = [ay, ..., a;-], Vi i* < |X|,
dugc thém vao nghiém, trong d6 i* 1a chi s6 16n nhit sao cho phan tif a; c6 10i ich bién
16n d6i v6i S U A;_;. Thuat toan danh gia 1y Ié giita lgi ich bién ciia a; ddi véi S U A;_;
va chi phi ciia né. Theo d6, tai méi vong lip, thuit toan xac dinh chi s6 16n nhét i* sao
cho ty 1€ nay khong nhé hon ngudng 6.

Cu thé, thuat toan THRESHSEQ gdm hai vong ldp: vong lip ngoai (Dong 2-9)
va vong lip trong (Dong 4-6). O mbi vong lip ngoai, thudt toan ldy miu mot chudi
A= [ay,az,...,aq) (DONg 3) thong qua thii tuc con SamSeq(X, S). Tiép theo, trong vong

lap trong, thuat toan tinh cac tap
Xi={aec X :gsua,(a)>0-cla)}, i=1,....d,

nhidm xdc dinh chi s6 i* tai Dong [8 va cip nhit cac tip S va X (Dong 8-9). Sau mdi
vong 1dp ngoai, tdng chi phi clia tip X gidm it nhit mdt hé s6 1 — e. Thuat toan tiép tuc
qua trinh nay cho dén khi X réng.

Néu 4ap dung ky thuat tim kiém nhi phan d€ x4c dinh X;- thay cho ciac Dong 3—4
cua Thuat toan [2.1] véi

i* < arg ?é?j}({dxi) > (1 —¢€)e(X)},

(thuat toan thu dugc dugc ky hiéu la Thuat toan hay THRESHSEQBI), ta c6 thé giam
do phiic tap truy vin nhung phai “tra gia" bang sd vong lip tuan tu ting 1én thém O(log n)
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1an. Viéc c6 thé ap dung dugc tim kiém nhi phan 1a do v6i A; = {ay,aq, ..., a;} thi khi
i € [d] ting thi sd phan t cla tp X; cang nho do vay ¢(X;) gidm. Do d6 c6 thé dp dung
phuong phép tim kiém nhi phan.

Thuét toan 2.1: THRESHSEQ(g, X, 6, ¢)
Input: Tap X, ngudng 6§ > 0, € € (0, 1)
Output: S

LS+ 0, X+ {ecX:gle)>0-cle)}

2. while X # () do

3. A« [ay,a9,...,aq] < SamSeq(X, S)

4, fori=1,...,d (in parallel) do

5. A A{ar,a2,...,ai}, Age1 < Ag
6. Xi <+ {a€e X :gsua,(a)>0-cla)}
7. end

8. i* <+ max{i: c(X;) > (1 —e)e(X)}

9. S SUA+4

10. X — Xj41

11. end

12. return S

2.3.1.2. Phan tich ly thuyét

Cac két qua sau day dong vai trod then chdt trong LA, bdi ching thiét 1ap mot cach
chit ché mdi lién hé gilta chdt lugng nghiém va do phiic tap song song ctia thuat toan
Ngudng tuan tf THRESHSEQ. Cu thé, cac bd dé khong chi chiing minh raing THRESHSEQ
dat dudc mat do 1gi ich mong mubn theo ky vong, ma con chi ra rang thuét toan c6 thé
dudgc trién khai véi sb vong song song logarit, ngay ca khi xt 1y cac hAim submodular
nhan gia tri thuc va chi phi tdng quat. Py chinh 1a nén tang ly thuyét quan trong cho
viéc xay dung thuat toan chinh ctia LA véi kha nang song song hda cao va kha nang mé
rong tot. PO phiic tap tinh toan cia thuat toan dugc phat biéu trong B dé

B dé 2.1. Thudt todn THRESHSEQ ¢4 dé phiic tap truy van la
2
o(vei))
€ Cmin
oom(2)
€ Cmin

va do phiic tap song song la




44

Thuat toan 2.2: THRESHSEQBI(g, X, 0, €)

16.

17.

18.

Input: Ham ¢, tip X, ngudng # > 0, tham s6 € € (0, 1)
Output: S
S+ 0, X+ {ecX:gle)>0-cle)}
while X +# () do
A <+ [ay, a9, ...,aq] < SamSeq(X, 5)
[+ 0,r«dm<+20
while [ < r do
m < [(I+7)/2]
Ay {ay,a9,...,anm},
X {0 € Xt gsua(a) > 0 cla)}
if ¢(Xm) > (1 — €)e(X) then
‘ l=m
else

‘ r=m-—1

end

end

S+ SUA L
X — X

end

return S

Thuit toan 2.3: SamSeq(X, S): Sinh mdt diy phan ti ngiu nhién nim ngoai S

Input: Hai tap X, S C V
Output: Day c6 thu ty A
A—[i+ 1L, X+ X\S
while X # () do
Chon a; ngiu nhién theo phan bd déu tit X
A<+ lar,az2,...,a;-1,a;
X« X \{a;},i+i+1
end

return A




45

Néu dp dung ky thudt tim kiém nhi phdn dé xdc dinh X;. thay cho cdc Dong 3—4 cia
Thudt todan 2.1} vdi

i* < arg Eré?i}c{dXi) > (1 —e)e(X)},

(thudt todn thu dugc dugc ky hiéu la Thudt todn 2.2) hay THRESHSEQBI), thi do phiic

tap truy vdn gidm xuéng
0 nlogn log NCmax ’
€ Cmin

0 <log(n) log (ncmax)> .
€ Cmin

Chitng minh. Thut toan gdbm hai vong 1dp chinh: vong lip ngoai (vong 1ip while, dong

va do phiic tap song song la

2-11) va vong lap trong (vong lap for, dong 4-7). Trong mdi vong 1ap ngoai, thuat todn
tinh song song d tip con X; trong vong lap trong (vi cdc tp nay ddc 1ap v6i nhau). Moi
phép tinh X; yéu cau | X | truy vin; do do, tdng sb truy vén t6i ham g trong vong lip trong
lan|X| = O(n?).

Sau mdi vong 1ip ngoai, tdng chi phi cia cac phan ti hop 1é trong X giam it nhat
mot hé s& 1 — e. Goi ¢o(X) 1a chi phi clia X tai thoi diém ban dau va [ 1a sb vong lip

ngoai. Thuat toan két thic khi X rdng, tic 12 co(X) < cmin. Do do, ta cd

CO(X)(l - E)Z < Cmin;,

1 X 1 x
| < —log(M> < _1Og<ncﬂ> )
€ Cmin € Cmin

Vi cdc phép tinh X; trong vong lip trong c¢6 thé dugc thuc hién song song trong mot

suy ra

vong song song, nén dd phuc tap song song cua thuat toan la

1 NCrmax
[ = —log )
€ Cmin

Néu 4p dung tim kiém nhi phan d€ x4c dinh i* va X;. nhu trong Thuit toan 2.2} thi vong

lip trong can O(logd) = O(logn) vong. Tai mdi vong, thuit toan tinh dong thdi céc 1oi
ich bién gs_4,, (a) v6i moi a € X d€ xdy dung X,,, do d6 can O(|X|) truy vAn nhung chi
mot vong song song. Vi vy, mdi vong lip ngoai can O(|X|logn) < O(nlogn) truy vin

va O(logn) vong song song. Két hop véi

o (1))
€ Cmin
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vong 1ip ngoai, ta thu dugc do phiic tap truy van la

0 <n10g n log <ncmax> )
€ Cmin

0 (logn log (ncmax)) .
€ Cmin

B4 dé[2.2thiét 1ap bio ddm quan trong vé chdt lugng nghiém clia thuat toan Ngudng

va do phtc tap song song la

]

tuan ty THRESHSEQ. Két qua nay cho thay ring tap nghiém thu dudc khong chi dat mat
d6 10i ich cao theo ky vong, ma con ddm bdo rang moi phan tit khong dudc chon déu
khong thé dong gop 10i ich trén chi phi vudt qua ngudng da dit. Thuodc tinh nay 1a then
chbt dé két hgp THRESHSEQ vao thuat toan chinh ctia LA va thiét 1ap cac bao ddm xap

xi toan cuc.
BG dé 2.2. Vi moi tdp X va e € (0,1/6), tai thoi diém két thiic Thudt todn2.1] ta co:
1) Elg(S)] = (1 —2€)6 - Elc(S)];

2) gs(e) < 0-cle), vdimgie € X.

Chiing minh. Khi Thuat toan[2.1]két thic, ta ky hiéu
S = {s1,52,...,54}, Sy ={s1,82,...,80-1}), 2<t<q

Xem xét qud trinh Iua chon tap 15i gii clia thuét toan nhu 14 mot qud trinh ngu nhién.
Goi #; 12 mot qua trinh ngiu nhién md t4 qua trinh nay cho dén thdi diém ngay trudc
khi phan ti s, dudc thém vao tap A. V6i diéu kién #;, trude hét ta ching minh rang

Elgs, (s)] > (1 — 26)6 - Ele(sq)] (2.2)

Xét vong 1ip while ma tai d6 phan tit s; dudc thém vao nghiém S. Gia st Soiq 12 nghiém
S tai dAu vong lip d6, va A(t) 1a tién td ctia chudi A tai vong lip tuong ting, cho dén

nhung khong bao gom s;. Khi dé, ta c6
St = Sowa U A(2),

12 tAp tat c4 cac phan tif da dudc thém vao nghiém trudc s;. V6i diéu kién H,, cac tap Sy,

Soia VA A(t) 1a x4c dinh, trong khi phan con lai ctia chudi A 12 ngiu nhién. Ky hiéu

Xy =X\ (A(t) U Soia),



47
Xe={a € Xy : gs,quaw(a) > 0-cla)}, By = X \ Xt
Theo quy tic Iya chon chi sb i* va phan tif s; trong thut toan, ta c6
c(Xy) > (1 —e)e(X), c(Ey) < ec(X).

Mbi phan tit e € X, dudc chon déu véi xdc sudt p. = 1/|X(y| thong qua thi tuc
SamSeq(X, S). Do do, ta co

Elgs,(s1)] — (1 = 2)0E[c(s)] = Y ple)gs,(e) — (1 =2€)0 Y ple)e(e) (2.3)
e€X ) e€X (4
> Y p(e)gs.(e) =0 Y ple)ee) + > ple)gs,(e)
e€eXy ec Xy eck
+ 2¢6 Z p(e)c(e) — 6 Z p(e)c(e) (2.4)
ee Xy eckE;
o g f )
> e;tp [9s.(e . be(e)] +(2e(1 — ) = )6, Xo (2.5)
o g f )
> (2¢(1 — ¢) )9‘ o (2.6)
> (1 — 26)0 “X) 5 2.7)

[ X1

trong d6 phép bién ddi tir (2.4) sang (2.5) dua trén cac bat dang thiic don gian sau:

va

c(Ey) c(X)
Zp(e)c(e) = ]X(tt)| < €|X(t)"

Pé thuan tién cho phan tich, ta gid si rang sau khi thuét toan két thic, né tiép tuc b
sung cdc phan tif gia c6 chi phi va gid tri bang khong cho dén khi hoan tit n budc. Khi
do, ta phan tich day cdc qud trinh ngdu nhién {H;}7_,. Ap dung bét dang thiic (2.2), ta
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suy ra:
Elg(S)] =E ngt(st)] =) Elgs,(s1)] (2.8)
t=1 t=1
= > E[E[gs,(st) | Hil] (2.9)
t=1
=E|> Elgs,(s:) | Hi] (2.10)
t=1
> (1= 26)0E | Y "Ele(s;) | Hi] (2.11)
Lt=1
= (1—2¢)0E " c(st)] (2.12)
Lt=1
= (1= 26)0E[c(5)), (2.13)

trong d6 (2.8) va (2.10) xuit phat tii tinh tuyén tinh cta ky vong, va la hé
qua ctia dinh luat ky vong toan phan, va theo bét dang thiic (2.2) véi diéu kién H;.
Cubi ciing, thuit toan két thic khi X = §. Theo dinh nghia cla cac tip X;, diéu nay suy
ra gs(e) < fc(e), Vee X. []

2.3.2. Thuat toan AdaptMCSC

Phan nay trinh bay chi tiét thuat todn chinh AdaptMCSC. Do qué trinh xay dung
thudt toan gan chit véi cdc budc phan tich 1y thuyét, truéc hét LA sé gi6i thiéu mot phién
ban don gian ctia AdaptMCSC, dua trén gia dinh ring da c6 mot uéc lugng gan diing cho
gia tri t6i vu (ky hiéu 12 AdaptMCSCopt). Cu thé, gia st ton tai mot gid tri v thda mén:

v(l —¢€) < opt <w.
Dudi gia thiét ndy, ta c6 thé mo ta rd rang y tudng thiét ké va cac budc phan tich clia
thuat toan. Sau d6, LA trinh bay phién ban dy di ctia thuit todn AdaptMCSC, trong d6

gia thiét vé gid tri v dudc loai bo.
2.3.2.1. Thuit toan AdaptMCSCopt (biét wéc lugng t6i uu)

Trudc hét, gia st rang ta da biét mot gia tri udc lugng v ciia chi phi tdi wu. Trong
truong hgp nay, LA trinh bay AdaptMCSCopt, mot phién ban don gian hda cta thuat toan
chinh. Thuat todn AdaptMCSCopt cho phép thu dugc mot nghiém xap xi tiéu chuin kép
(bicriteria approximation) v4i dO phtic tap song song la O(logn).

V6i mot ngudng 7" > 0, ta dinh nghia ham A(S) = min{7T,¢(S)} v6i moi S C

V. Dé thiy rang h(-) van la mot ham khong am, don diéu va submodular. Thuit todn
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AdaptMCSCopt nhan vao mot thé hién (V, g, T') ctia bai todn, cic tham sb e, A > 0 vA mot
gia tri udc lugng chi phi v thda man v(1 — ¢) < opt < v. O mic y tudng tong quat, thuat
toan dé xut ké thira va diéu chinh phuong phap tham lam ngudng [24] nhiam loc ra mot
tap con cic phan ti ¢6 “mat do 1di ich” cao, tiic 1a ti 1& gitta 10i ich bién va chi phi, tai
mdi vong lap.

Cu thé, thudt todn bao gdbm mot vong 1dp chinh vé6i nhiéu nhat 1log(3) lan ldp.
Trong mdi vong lip, thuit toan lua chon mot tip con cdc phan ti c6 mat do 1oi ich khong
nhd hon mot ngudng 6 = (1 — €)(T — h(S)) /v, tiic 1a chon ra tip X gém céc phan ti e véi

hse) _ h(S'U{e}) = h(s)

c(e) c(e)
Sau d6 thuat todn goi thii tuc THRESHSEQ chon ra tap S; "c6 gia tri cao" dé thém vao 10i
giai S (Dong[5)), thong qua viéc st dung thi tuc THRESHSEQ. Qua trinh nay dugc lap lai

> 9. (2.14)

cho dén khi gid tri ctia nghiém hién tai dat it nhit 7(1 — X) hodc s6 vong lip 1a Llog(3).
M0 ta chi tiét ctia thuét toan dudc trinh bay trong Thuit toan

Thuat toan 2.4: AdaptMCSCopt(V, g, T, €, A, v)
Input: Thé hién (V,g,T), € € (0,1/6), X € (0,1), u6c lugng t6i wu v
Output: Loi giai S.

.S« 0,h(:) =min{T,g(-)}

2. for i =110 [In(1/)\)/e] do

3. 0« (1—¢e)(T—h(S))/v

4. X «{eeV:hgle)/cle) > 6}

s. | S« THRESHSEQ(hs(-), X, 6,¢/2)

6. S <+ SUS;

7. If »(S) > (1 — \)T then break;

8. end

9. return S

P& hoan thién phan tich thuat todn AdaptMCSCopt, tiép theo LA 1an ludt chiing
trong mdi vong lip.
Trudc hét, dd phic tap clia thuit todn dugc phat biéu trong B dé

B6dé23. Vdi\>0vaec (0,1) la cdc tham s6 ddu vao Thudt todn co do phiic tap
truy vén la O(% log(+) log(%max)) va dg phiic tap song song la O(Z log(5) log(flmax)).

Doéi véi bai todn SC, thudt todn c6 dé phiic tap truy vdn la O(T;—Q2 log(%)logn) va do phiic
tap song song la O(el2 log (%) logn).
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Néu trong Thudt todn ta s dung THRESHSEQBI thay cho THRESHSEQ, thi

NCmax

Cmin

thudt todn c6 do phiic tap truy vdn la O(% log(n) log(}) log(™max)) va d¢ phiic tap song

song la O( log( ) log(n) log(Zemax)).

Cmin

Chiing minh. Thuét toén thuc hién log(1/))/e vong 13p tuan ty trong vong lip ngoai
(céc dong 2—-8). Trong mdi vong lip, thuat toan goi thi tuc THRESHSEQ nhu mot chuong
trinh con.

Két hop véi B& dé thudt toan THRESHSEQ c6 dd phtic tap song song O(% log (#mex))

va do phiic tap truy van la O( log(%max)) ta suy ra rang Thut todn co6 do phuc tap

song song la

1 ]. ]. nCmaX 1 1 ncmax
Liog(%) - 0 1og(“)) = 0( 1og( ) og(

€ Cmin Cmin

),

va do phtic tap truy van 1a

1 1 n? ne n?
(50 (o (") ) — 0 (5 o2

Cmin Cmin

Trong trudng hgp bai toan SC, do ¢ = 1, cac chan do phtic tap song song va truy vin
rdt gon 1an lugt 12
n? 1
O(5 log(5) og(n)). O( % log(5) og ().
Néu trong dong I 5| ctia Thuat todn ta st dung THRESHSEQBI v6i do phic tap song
song la O( log(% ) log(Fimex)) thay cho THRESHSEQ, thi dua trén B de .Va lap luan

hoan toan tuong tu nhu trén, ta thu dudc cac chan do phuc tap da néu. []
BG dé[2.4| dua ra tinh cht ctia 15i gidi sau mdi vong Lip.

BG dé 2.4. Ky hiéu S' la nghiém S thu duoc tai thoi diém két thiic vong ldp thit i ciia

Thudt todn Khi két thiic vong ldp thit (i + 1), ta co:

_ n(si*) < opt S (7 — p(siy). (2.15)

v

Chitng minh. Tai thoi diém két thiic vong lip thit (i 4 1), tp X trd thanh réng, theo co
ché hoat dong cta Thuat todn 2.1} Theo B dé 2.2, v6i moi phan tif e € V bi loai khéi V
tai vong 1p (i + 1), ta ¢6 hg (¢) /e(e) < 0
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Nho tinh submodular cia ham £, ta suy ra

T — h(sz—l—l) < h(S* U SH—I) . h(sH—l)
< Z hgi+1(0) (do tinh submodular cta h)

0€57\Sit
< Z c(0)8 < optd
0€5¥\Sit
_optl =€)
= ————(T'=h(5")).

]

B6 dé 2.4/ cho thiy phan chénh léch gitta T — h(S) gidm theo cAp sb nhan sau mbi
vong lip clia thuat todn. Cu thé, gid tri T — h(S*+!) dudc chin trén bdi mot ti 1& khong
d6i ctia 7' — h(S?), phu thudc vao cac tham s e, v va opt. K&t qua ndy déng vai tro quan
trong trong viéc chiting minh rﬁng thuat toan AdaptMCSCopt dat dudc toc dd hoi tu nhanh

va chi can mot s6 vong lip hitu han d€ tién gan dén ngudng muc tiéu 7.

Pinh Iy 2.1. Vdi e € (0,1/6), A € (0,1) va v thda man v(1 — €) < opt < v, thudt todn2.4|
trd vé mot nghiém S sao cho:

g(S) >T(1—N),E[e(9)] < (1+ %)(1 + ln(%))opt.

Chiing minh. Gia st rang vong lip ngoai ctia Thuét toan dudgc thuc hién trong A
vong lip. Ta chiing minh dinh ly bang cach xét cac truong hop khac nhau ctia A nhu sau.

Truong hop 1. Gid st A = log(1/))/e. Khi d6, ta ¢6 h(S2~1) < (1 — A\)T. Ap dung B8
dé[2.4] ciing véi gia thiét v(1 — €) < opt < v, ta thu dugc

opt

T — h(S2) < (1 — ) 22T — (A1)

(1—e)(T = h(S271)
(1—e)2T
AT,

VAN VAN

IA

tir d6 suy ra g(S®) > h(S®) > (1 — A\)T. Mit khdc, tf B6 d&[2.2 v6imoi 1 < i < A, ta
co
E[h(S") = h(S"™1)] > (1 — e)FE[e(S"\ 5] (2.16)
_p(qi-1
(1 _ 6)2(T h(S ))

(%

v

E[c(S"\ 7). (2.17)
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biéu nay kéo theo
(1—¢)?
v

T~ E[n(s") < (1 =P sy s“>1) (T~ Efh(s)

(2.18)

Ap dung bat dzamg thuc (2.18) nhiéu lan, cung vGi diéu kién (1 —¢e)v <opt<w,taco

AT < T — E[h(S27Y)]
< (1 (L= Ele(S8271\ 5272)]

(

) (T~ h(557%)

< o ST T B\

IA

e~ BT

_ (175)3 E[C(SAfl)]T'

e opt

IN

Ti do6 suy ra

1
In(<) - opt.

_ 1
E[C(SA 1)] < m \

Mat khac, tur (2.17)) va tinh don diéu cua h, ta co
(1—e*(T = h(S$>h)

E[r(5%) — h(s271)] 2 Ele(5%\ $27N),

opt
suy ra
o A-1 A
Bes\ 52 < e ey
< opt
T (1—e?
Do do,

Ele(5%)] = Ele(s21)] + E[e(5™ \ 521)
1
TEri

1 1
< (1+ de)(l + ln(X

IN

1+ 1In(<))opt

1
A

))opt,

(2.19)

(2.20)

2.21)
(2.22)
(2.23)

(2.24)

(2.25)

(2.26)

trong d6 bat dang thiic cudi cung ding do e € (0,1/6), suyra 1/(1 — €)? < 1+ e,
Truong hop 2. Gia st A < log(1/))/e. Khi d6, ta van ¢6 h(S2) > (1—-\)T va h(S271) <

(1 — \)T. Lap luan tuong tu nhu cic bién d6i tir (2.19) dén ([2.23)) cho théy

_ 1
E[e(S271)] < =P In(<) - opt.

DPong thdi, tuong tu nhu bién ddi trong ([2.26)), ta c6 E[c(S2 \ $2~1)] < 2=
thu dudc ¢(S2) > h(S?) > (1 —\)T va

-

Elc(5%)] = E[e(52 )] + Ele(52 \ 5271)]

<(1+ 14—96)(1 + ln(i))opt.

Két hop hai truong hop trén, ta hoan tit ching minh dinh ly.

Do do, ta
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2.3.2.2. Thuat toan chinh AdaptMCSC

Miic dui c6 thé thiét 1ap cac ddm béo ly thuyét cho phién ban don gidn AdaptMCSCopt,
viéc trién khai thudt toan ny trong thuc té van gip hai thach thiic quan trong. Thi nhit,
thuat todn yéu cau mot udc lugng v clia gia tri tdi wu theo diéu kién dau vao, trong khi v
thudng khong san cé. Thi hai, cdc chin do phic tap ctia AdaptMCSCopt con phu thudc
vao ti 1& chi phi p = cmax/Cmin, MA trong trudng hop téng quat cé thé rat 16n so véi kich
thuéc dau vao, 1am suy giam y nghia thuc tién cta cidc ddm bdo.

D€ khic phuc ddng thdi hai han ché nay, trong thuit todn chinh AdaptMCSC LA dé
xuat mot co ché két hop gdm hai y tudng then chét. (i) Tru6e hét, ta loai bod su phu thudc
Va0 p trong bai todn con trong tim bang cach phan hoach tip V thanh hai phan phu hop
(theo céu tric chi phi), sao cho trén mdi phan ta c6 thé kiém soat tot dai chi phi. (ii) Tiép
theo, ta 4p dung AdaptMCSCopt mot cach thich hop dé€ tim nghiém chit lugng trén tiing
phan, roi két hop cac nghiém thu dugc thanh nghiém cubi cung. Qua trinh két hop nay
di kém v6i mot phan tich ly thuyét chit ché nham dam bao chét lugng 15i giai va do phiic
tap tong thé cla thuét toan AdaptMCSC.

a. M6 ta thuat toan

Dua trén y tudng trén, thuat toan AdaptMCSC chia lam 2 pha nhu sau

Pha 1: Tim 16i giai hop 1€ véi chiin chi phi t6i uu

Trong pha dau tién, muc tiéu cta thuat todn 12 dua ra chin cmax /cmin theo da thic
véi n bing cach diéu chinh phuong phip dudc dé xuit bsi Ran va cong su [19]. Cu thé,

ta sap xép cac phan tif trong tip nén
V= {u1,ug,...,upy}

theo thu tu tang cua chi phi, tic 1a c¢(u1) < c(ug) ... < c¢(uy). Sau do, thuat toan xac dinh
chi s6

j=min{i:g({uy,ug,...,u;}) >T}.

Dua trén gia tri u;, ta phan hoach tap nén V thanh ba tap con rdi nhau:

Vo={ueV:clu) <t Vi={ueV:cu) >t

Vi=V\ (Vphuh),

trong d6 cac ngudng chi phi dugc xac dinh bai

- € C(uj) J
min n Y max

— je(ug).

Cach phan hoach nay ddm bao rang:
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1) Moi nghiém tdi vu déu khong chita phan ti thudc Vi: That vay, goi S* 1a nghiém
t6i uu va OPT = ¢(S*). Do g({u1,...,u;}) > T, tap {uy,...,u;} 1a mot nghiém
kha thi. Vi cac phin tif dugc sap xép theo chi phi ting din nén

J
OPT < Z C(Uz) < ]C(U]) = C;nax'
=1

Do d6, moi phan td u € V4 théa man c(u) > ¢, > OPT nén khong thé thudc
nghiém t6i vu. Suy ra S* N V; = 0.

2) Céc phan tii trong nghiém chii yéu nam trong V': Do S*NV; = 0, tacé S* C VUV,
Mat khac,
(Vo) < ncly, = ec(u;) < eOPT.

Do do,
c(S*NV') =0PT —¢(S*NVy) > (1 —¢)OPT.

Nhu vay, it nhét ty 1& 1 — ¢ tdng chi phi ctia nghiém ti uu nam trong V’, con phan

thudc V; chi chiém nhiéu nhét ty 18 .
3) Vj 1a tap c6 chi phi rat nhé nén c6 thé dudc dua truc tiép vao nghiém cubi cling.

Do vdy, ta c6 thé xac dinh dugc do phic tap truy vin & pha nay dua vao viéc tinh toan sd
phan tif t6i da trong V.
Pha 2: Giai cac bai toan con

Trong pha thi hai, thuat toan gii bai todn con trén thé hién

(ng Vla T — g(‘/b))>

trong d6 gy, (S) = g(VoUS) — g(Vp) bing cich goi thuat todn AdaptMCSCopt nhu mot tha
tuc con nhiéu lan, tuong ing vdi cac gid tri uéc luong khac nhau cta chi phi t6i uu. Goi
opt’ 12 chi phi ctia nghiém tdi wu cho bai todn con nay. Do ta c6

/

/
Cmin

max?’

< opt/ < nc

nén mot day cic udc lugng hop 1y cho opt’ c6 thé dudc xac dinh du6i dang v; = (lc,fi:)i.

V6i mdi gia tri v;, thuat toan AdaptMCSCopt dugc goi dé tim ra mot nghiém ting vién.

Trong s6 cdc nghiém ting vién thu dudc, thuit toan lua chon nghiém c6 chi phi nhé nhét
S thoa man

9(8) = (1 = N(T = 9(V)).
Cubi cling, thuat todn AdaptMCSC tra vé nghiém S U Vj. 1am nghiém dau ra cho bai toan
MCSC ban dau. Toan bd cdc budc ctia thuit toan chinh AdaptMCSC dudc mo ta chi tiét
trong Thuat toan
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Thuat toan 2.5: Thuit toan AdaptMCSC

11.

12.

13.

14.

Input: Thé hién (g,V,T), e € (0,1/6), A € (0,1).

Output: Tap loi S
S« 0, ¢ + 4¢/23

Sap xép V' = {uy, uz, ..., uy} theo thi ty ting chi phi chi phi, tiic 1

clur) <elug) ... <cluy)
J < min{i : g({uy,ue,...,u;}) > T}
Crain € € ¢(Uj) /1, Crpay < Je(ug)

max

Vo {ueV:clu mm}

) <
Vi< {ueV:clu) >yt
V7¢—¥/\(V6U‘ﬁ)

T T —=9(V0), 9'() < 9w (")

// Thuc hién vong lap sau mdt cach song song

fOI‘z = 0 to “Ogl/(l_el) (77/3/6/)-‘ dO

1=0,.

= (1=
S(z) < AdaptMCSCopt(V’, ¢', T", €', X\, v;)
end
S + argmin{c(S(7)) : g(S(i)) > T'(1 — \),

Sfinal +— SUW

return Sy;,q

ﬂogl/l €) ( 3/6 )}
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Vi du 2.1 (Vi du thuc hién thuét toan AdaptMCSC). Xét mot mang xa hoi c6 tdp ngudi
dung V = {u1,ug, ..., ui2}. Mdi ngudi ding déu c6 thé dudc chon 1am hat gidng. Chi
phi cta cac dinh dugc cho nhu sau:

u ‘ul Uz U3 U4 U5 U U U U9 UIQ Ul U2

c(u)\zo 15 10 8 4 1 100 100 100 100 100 100

Dbi v6i mbi ngudi ding u; € V, ky hiéu I(u;) 12 tap ngudi diung c6 thé bi anh hudng béi
u;. Ham anh hudng cua tap ngudi dung S C V dugc dinh nghia bai

Béng 2.2: Tap ngudi dung bi anh hudng bdi mdi ngudi dung.

Ngudi dung | Tap anh hudng
uy {ur, ug, uz, ug, us}
U2 {U27U3,U6,U7}
us {U1,U3,U7,U8,U9}
2! {U47 Us, Ulo}
Us {us, ug, ur1 }
Ug {U6, Ug, U12}
o {uz}
Ug {ug}
Ug {ug}
U10 {u10}
U11 {Un}
Uy2 {Ulz}

9(S) =

L 1w

u€es

Chang han,
g{ur, ug}) = [1(u1) U I (up)]
= [{uy, u2, us, ug, us} U {ug, us, ug, ur}|
= [{u1,ug, us, uq, us, ug, ur }| = 7.

Cho T' =12, e = A = 0.1. Thuat toan hoat dong nhu sau.

- Dong 1. Ta c6

e 04
/: _—=—— ) . 1 .
€ 5~ 93 0.01739

- Dong 2. Sap xép V theo thi tu ting dan chi phi. Mot thid tu phu hop 1a

V' = {ue, us, ug, ug, ug, ui, uz, ug, U9, Ui, Ui1, Ui}
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Céac dinh ur, . .., u12 c6 cling chi phi 100; thit ty gitta chiing khong anh hudng dén
cac phép tinh tiép theo.

Dong 3. Tinh gi4 tri clia j. Vi céc tién t6 theo thi ty trén, ta c6

9({ue, us, ug, us}) = 10,
trong khi
g({ue, us, ua, uz, uz}) = 12.

Do dé, tién td dau tién dat ngudng 7' = 12 tai j = 5.
Dong 4. Phan t thi 5 12 ug, nén c(u;) = c(uz) = 15. Suy ra

g e(u;)  0.01739 x 15
min ~— n - 12

Crnax = J c(uj) =5 x 15 = 75.

~ 0.0217,

Dong 5-7. Ta c6

Vo={ueV:clu) <} =0,

Vi={u€V:clu) >} = {ur,us, ug, ut0, u11, u12},
VI =V \ (VouW) = {uy,us, us, ug, us, ug },

T =T — g(Vp) = 12 — ¢(0) = 12.

Vil =0,taco
9 () =gvw() = g(-) = 9().

Dong 8—11. Thuat toan tao day cac gia tri du doan

c . . n’

Mot soO gia tri cua v; 1a

l ‘ 0 1 2 100 200 300 400 500 600 665
0.0217 0.0221 0.0225 0.126 0.738 4.25 24.4 140.2 804.7 2155

Vi

V6i mdi gia tri v;, thuat todn goi

S(i) < AdaptMCSCopt(V', ¢/, T", €', X, v;).
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Mot sb két qua duoc liét ké duéi day:

i S5(i) g9(8(9)) | c(S(2))
0 |0.0217 {ug) 3 1
1 | 0.0221 {us, ug} 6 5
2 10.0225 {ug, us, ug} 8 13
5 100239 | {us,us,ug) 9 15
10 | 0.0261 | {us, ua, us, ug) 10 23
20 | 0.0313 | {us,us,ug) 10 20
50 [ 0.0520 | {ue,us,us,ugs} 11 30
100 | 0.126 {uy, us, ug} 10 25
200 | 0.738 | {u1,us,ug) 10 36
300 | 4.25 {u1, ug, us, ug} 11 40
350 | 10.26 | {u1,u2,us, us, ug} 12 50

- Dong 12. V6i A = 0.1, diéu kién chon nghiém 1a
g(S(@) > T'(1 — A\) =12(1 — 0.1) = 10.8.

Vi ¢(S(i)) 1a sb nguyén, cic nghiém théa man diéu kién phdi c6 g(S(i)) > 11.
Trong céc két qua dudc liét k&, d6 1a

Nghigmhople| () | (S()
5(50) {UQ, us, us, UG} 30
5(350) {ul,UQ,U3,U5,u6} 50

Trong c4c nghiém hop 1& dudc liét k&, nghiém c6 chi phi nhd nhit 1a S(50). Do
do, S = S(50) = {ug,us, us, ug}. Cubi cliing, vi Vy = 0, do vay

Stinal = S U Vo = {ug, us, us, us }.

Céc chin ly thuyét va do phiic tap clia thuat toan AdaptMCSC dugc phat biéu trong

Dinh ly sau.

Pinh ly 2.2. Vi A € (0,1) va e € (0,1/2), Thudt toa’n trd vé mot nghiém S théa man

cdc tinh chat sau:

- dat duoc ty 1é xdp xi tiéu chudn kép theo ky vong la

(a+a(1+m G)) (1-)

Cu thé'g(S) > (1 — NT va Ele(S)] < (1+¢) (1 +In (%))opt.
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- dé phiic tap truy van:
n? 1 VAL
X <—3 g (3) 106°(%) )

- do phuc tap song song (adaptive complexity):

o1 (1))

Ngoai ra, néu tai dong (10| ciia Thudt todn 2.5|ta sit dung THRESHSEQBI thay cho
THRESHSEQ trong thu tuc AdaptMCSCopt, thi ta thu dugc cdc chan do phiic tap sau:

- do phiic tap truy van:

ofve(3) st (2)

- do phiic tap song song (adaptive complexity):
1 1 n
0 1ox(3) oatm (7)) -

Chiing minh. Tu chiing minh cta Pinh ly 13 trong [19], ta ¢6 ¢(u;) < opt < je(uj) va
c(Vp) < €opt va f(Vp) < T, tic 1a V) khong phai 1a mot nghiém hgp 1€ cta bai toan.

.....

Trudc hét, goi j’ 1a chi s6 clia phan ti c¢6 chi phi 16n nhit trong 13i gidi ti uu O, tiic 1a
c(vj) = max{c(v;) : v; € O}.

Ta ching minh c(v;1) > c(v;). Gid st ngugc lai rang c(v;) < c(vj). Do cdc phan ti da
duoc sap xép theo chi phi, ta c6 j' < j, ddng thdi O C {vy, ... ,vj}. Tinh don diéu cua g
suy ra g({v1,...,vj:}) > g(O) > T, mau thuln véi tinh tdi ti€u cha 5. Do do,

c(vj) < c(vj) < ¢(O) = opt.

Mit khdc, theo dinh nghia cta j, tp {v1,...,v;} 1a mot nghiém khé thi. Tinh t6i vu cla
O va thii tu sip xép céc chi phi cho ta opt = ¢(0) < 327, ¢(v;) < jie(vj). Vay

c(vj) < opt < jc(vj).

Ky hiéu S* 1a nghiém t6i wu ctia bai todn MCSC trén thé hién (V' ¢/, T") va opt’ = ¢(S™).

Theo cach chon cuia thuat toan, ta co

Elc(uj) /
max

S C;nin S Opt/ S &

< nc(u;).
. < ne(u;)
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Do vay
(Vo) < [Volepin < €c(uy) < €opt.

it v; = s = UL Khi i chay tir 0 dén [log1/(1 — ¢)(n/¢')], ta ¢6

!l . - "e(u;
€'c(uy) <. <= Cmin _ celu) < ne(uy). (2.27)

p = min =Y (1—¢€) n(l—¢€) —
Do do, ton tai mot vong ldp i cia vong ldp chinh sao cho v;(1 — €¢) < opt’ < v;. Theo
Pinh 1y [2.1] ta suy ra

1
Ele(S(#))] < (1 + Ige/)opt’.
Nho tinh don diéu tang va submodular cua ham g, ta co6
§/(S%) = gy, (S*) (Do dinh nghia gy;)
=g(S"U W) —9(Vo)
>T —g(Vo) >T" (Do tinh don diéu cia g).
Suy ra S* 1a mot nghiém hop 1€ cta thé hién (V/, ¢/, T"). Do d6, opt’ < opt. Mt khac,
theo Dinh 1y [2.1] va cach lua chon nghiém tng vién S, ta ¢
Elc(SUW)] = E[c(Vo) + ¢(5)] = Ele(Vo)] + E[c(S)]

19 1
< opt+ (1 + Ze')(l + log(X

23 1
<(1+ ZEI)(l + log(x))opt.

Dong thdi, tif gy, (S) > T'(1 — \) suy ra

))opt’

g(SUW) = g1, (S) + 9(Vo)
>T'(1-X)+g(V)

> (T —g(Vo))(1 = A) + g(Vo)
> T(1— ).

Thuét todn st dung n truy vAn va mot vong song song dé tim chi s6 j tai dong 3
ctia Thuat toan 2.5] Sau do, vong lap chinh (cac dong 8-11) dugc thuc hién trong
log(1_en-1(n?/€) = O(log(n/€') /') vong lap, trong d6 méi lan 1dp goi Thuit todn
nhu mot thi tuc con. Két hop véi B dé[2.4| ta thu dugc do phiic tap truy vin ctia Thuat
toan 2.5t

n3 n2 C;nx 712 n3 2j
n+loguo-(—) 5 log(A)log( 7 ) St oplog(— )10g(A)10g( )

2 n?) 3

1 n

n

- oaog(;)Z—g log2(%).

€
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Do phic tap song song (adaptive complexity) cua thuat toan la

ﬁ>

1 1 NCrmax 1 1
1+ = log(X) log( p— =14 — log()\) log(

= (5 log() log(4)).

Néu st dung THRESHSEQBi thay cho THRESHSEQ trong AdaptMCSCopt, thi do phiic
tap truy van clia Thuat toan 2.5]1a

n®, nlog(n) CinaX)

n
n + log(l 6) ( 6/ ) /2 10g<>\) log( C

min

= O(log(1) 5 log(n) log*(")).

va do phuc tap song song (adaptive complexity) la

tog(n) log("“™) = O( log( ) log(n) log(™).

1
og( A) —

Dinh ly c6 thé suy ra mot sd nhan xét quan trong sau:

Thit nhét, dinh 1y néu két qua vé mit ly thuyét ma thuat toan AdaptMCSC dat ducc
nhu sau: gia tri ham muc tiéu dat it nhit 7(1 — \) trong khi chi phi ky vong chi 16n hon
nghiém t6i tu mot hé sd logarithm theo 1/). Diéu nay cho thy thuit todn van duy tri
dugc chat lugng nghiém gan tdi wu trong khi chi can dat ngudng muc tiéu gan dung.

Thit hai, cdc chin vé do phiic tap truy vin va do phiic tap song song cho thiy thuat
todn c6 thé xit 1y cac bai toan véi kich thude dit liéu 16n mot cach hiéu qui. Dic biét, do
phtic tap song song chi phu thudc da thiic theo 1/e va logarit theo kich thuéc dau vao,
diéu nay cho phép thuit toan c6 kha ning thuc thi tot trong cdc moi trudng tinh toan
song song hodc phan tan.

Thi ba, bién thé st dung thi tuc THRESHSEQBi cho théy c6 thé cai thién ding ké
do phuc tap truy van tif bic n? xubng bac gan tuyén tinh theo » ma van gii nguyén céic
dam bdo vé chit lugng nghiém. Piéu nay mé ra kha ning dp dung thuit todn cho céc bai
toan quy mo 16n trong thuc té.

2.4. THUC NGHIEM VA KET QUA

Trong phan nay, LA trinh bay cac két qua thuc nghiém nham dénh gi hiéu qua ctia

thuat toan AdaptMCSC so v6i cac phuong phap hién co cho bai toan I7 [83,81], mot ting

dung tiéu biéu ctia bai toan MCSC (dudc md t4 tai muc [2.1), trong d6 ham anh hudng ¢

la ham submodular.
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Céc thi nghiém dugc xay dung dé danh gia dong thdi ca chat lugng nghiém va hiéu
ning tinh todn cla thut todn dé xuat trong nhiéu bbi canh dit liéu khac nhau. Cu thé,

cac thuat toan dudc so sanh theo cac ti€u chi sau:

- Chét lweng nghiém, do bing téng chi phi cla tap 15i giai cAn thiét d€ dat dugc
ngudng dnh hudng yéu cau.

- Do phirc tap song song (adaptive complexity or number of sequential iterations),

thé hién s vong truy cap dit liéu theo md hinh tinh to4n song song;
- Thei gian chay thuc té ctia thuat todn trong cac thi nghiém (running time).

Céc phuong phap dudc lua chon dé so sanh bao gom nhiing thuit toan tién tién dat
két qua tot vé c ty 1& xap xi 1an do phiic tap song song, dudc liét ké trong Bang Nhin
chung, chiing dai dién cho hai huéng tiép can chii dao trong viéc giai bai todn MCSC:
cac thuat toan tham lam truyén thong va cdc thuit todn song song hién dai. Mo ta cu thé

nhu sau:

- Thuit toan tham lam (Greedy algorithm) [64]: P4y la phuong phap dat ty 1& xap
xi hai tiéu chi tot nhat hién nay cho bai toan MCSC trong trudng hop téng quat, khi
ham ¢ nhan gid tri thuc va chi phi cdc phan ti 12 tiiy y. Thuat todn thudc nhém tiép
can tham lam c6 dién, trong d6 & mdi bu6c chon phan ti ¢6 ty 1€ 1¢i ich trén chi phi
16n nhat. Tuy nhién, do qu4 trinh Iya chon mang tinh tuan ty, do phic tap song song
clia thuat todn 1a Q(|S|) va c6 thé 1én dén O(n) trong trudng hop xAu nhét.

- Thuét toan MinSMC cua Ran va cong su [19]: Day 1a mdt trong nhiing phuong
phdp song song hiéu qua cho bai todn MCSC, véi sd vong lip tuan tu dudc gidm dang
k€ so v6i cac thuat toan tham lam truyén thong. DAu viy, thuit todn nay yéu cau ham
¢ nhan gid tri nguyén, diéu nay c6 thé han ché kha ning dp dung trong cic bai toan

thuc t& khi ham 1gi ich c6 gid tri thuc.

Viéc so sanh véi cac phuong phap trén cho phép danh gia toan dién hiéu qua cta thuat
todn AdaptMCSC, khong chi vé chét luong nghiém ma con vé kha ning giam s6 vong lip

tuan ty va chi phi tinh todn trong thuc té.
2.4.1. Thiét lap thuc nghiém
2.4.1.1. Du liéu

LA st dung cic OSN tii co s dii liéu vé cac OSN ndi tiéng ctia nhém nghién ciiu
& dai hoc Stanford SNAP (Stanford Large Network Dataset Collection) [92] bao gdm
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cac mang EmailEuCore (n = 1,005), EgoFacebook (n = 4,039), NetHEPT (n = 15, 233)

trong d6 n 1a s6 dinh trong mang.

Bang 2.3: Bang thong ké cac dit liéu dudc st dung

Tén mang Ngudn Sb dinh (n) S6 canh (m)

EmailEuCore SNAP 1,005 25,571
EgoFacebook SNAP 4,039 88,234
NetHEPT SNAP 15,233 62,774

2.4.1.2. Méi truong thuc nghiém va tham s6

LA trién khai song song cic thuit todn bing thu vién OpenMP, vé6i toan bo ma
nguodn dudc cai dit bang ngdn ngit C++. Cac thi nghiém dudc thuc hién trén hé thong
tinh toan hiéu ning cao (HPC) véi cAu hinh: partition = large, s& ludong CPU la 64, st
dung 2 node, va bo nhé tdi da dat 3,073 GB. Cau hinh mdy tinh CPU Intel Xeon Gold
6226R. Mot core c¢6 xung cd ban 2.90 GHz.

Céc tham sb dudc thiét 14p thdng nhit nhu sau: A = e = 0.1 cho tht ca céc thuat todn. Dbi
v6i md hinh lan truyén thong tin IC, x4c suit trén mdi canh e = (u,v) clia do thi dudc
khdi tao theo cong thic p. = dlv, trong do d, 1a bac vao cua dinh v, phu hgp véi cach
thiét 1ap tiéu chuén trong cac nghién ciu trude [[1, [81]. Chi phi ciia mdi phan ti dugc

Bang 2.4: Thiét 1ap cac tham s6 thuc nghiém.

Ky hiéu | Y nghia Gia tri

e,A | Tham sb sai sb6 cta cac | 0.1 [1,164]

thuat toan

De Xdc suit lan truyén trén | p, = div’ trong do d,, 1a bac ctia dinh v [ [81]]
canh ¢ = (u,v) trong md
hinh IC
¢(u) | Chi phi ctia phan ti u U(0,1) [93]
T Ngudng phi can dat {0.19(V),0.29(V),0.3g(V),0.49(V),0.59(V)}

MC S6 1an mé phong Monte- | 1000 [1} 143} 94]
Carlo d€ uéc lugng ham

muc tiéu
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khdi tao ngau nhién trong (0, 1), ngudng 7' dudc chon trong tap
T € {0.1g(V),0.2¢(V),0.3¢(V),0.4¢(V), 0.5g(V)}

d€ danh gid toan dién 4nh hudng cla cac thuat toan theo céc nghién ciu trude [93] 81].
Vi bai todn IT, luan 4n st dung phucng phap Monte-Carlo véi 1.000 1an mo phong dé
udc luong gia tri ciia hAam muc tiéu. Pay 1a mot thiét 1ap tiéu chuin va dugc st dung rong
rai trong cdc nghién ctu vé lan truyén anh hudng trén OSN [}, 43]]. S6 luong mo6 phong
nay dud 16n dé gidm dang k€ sai s6 ngau nhién trong qua trinh u6c luong, dong thdi bao
dam tinh 6n dinh, do tin ciy va kha ning tdi 1ap cta cac két qua thuc nghiém. Cac thuit

toan ngau nghién dugc thuc hién 10 lan va thong ké két qua trung binh.
2.4.2. Két qua va thao ludn
2.4.2.1. Chat luong 1vi giai

Hinh[2.1|thé hién tdng chi phi clia cdc 18i gidi do céc thuit todn tao ra trén ba bo dir
liéu Email EU, Facebook va NetHEPT tuong ing vGi cdc miic ngudng 7'. Nhin chung,
hai thuat todn MinSMC va AdaptMCSC cho chét lugng nghiém kh4 tuong dong va td hon
so vdi thuat todn tham & da sb cdc truong hop, von thudng dudc sit dung lam chuin so
sanh trong cac nghién ctu trudce.

Cu thé, trén phan 16n cac bd dit liéu va cdc gid tri T, su khac biét vé chi phi gitia cac
thuat todn 1a khong dang ké. Chang han, vé6i bd dit liéu Facebook tai 7 = 0.5¢(V'), chi phi
thu dudc tif GREEDY, MinSMC va AdaptMCSC 1an luot 1a 350, 280 va 270. Tuong tu, trén
bd dit liéu NetHEPT, cac két qua ciing rat sat nhau; vi du tai 7 = 0.3g(V'), chi phi tuong
ting 12 158, 149 va 142. Diéu nay cho thiy cic phuong phap dé xuit van duy tri dugc chét
luong nghiém t6t hon MinSMC va AdaptMCSC trong hau hét c4c trudng hop. Bang
thong ké su ca thién chat luong 15i giai (%) gitta AdaptMCSC véi MinSMC va tham lam.
Nhiing khac biét vé chi phi giita cac thuit toan 1a tuong dbi nhd, phu hop véi cac két
qua phan tich ly thuyét da trinh bay trudc d6. Cu thé, do cic thuat todn déu dat dudc cac
ty 1& x4p xi gan tuong duong, chat lugng nghiém thu dugc trong thuc nghiém ciing kha
sat nhau. Mic du vy, AdaptMCSC thudng cho chi phi thip hon hoic canh tranh véi céac
phuong phap con lai trén hau hét cic bo dif liéu. Két qua nay cho thily AdaptMCSC va
MinSMC c6 kha ning duy tri chét lugng nghiém tuong duong véi phuong phap tham
lam, dong thoi mang lai 1oi thé dang ké vé hiéu qua tinh toan, nhu sé dudc thé hién rd

hon théng qua céc két qua vé s6 vong lidp va thdi gian thuc thi & cdc phan tiép theo.
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Hinh 2.1: So sdnh tong chi phi cta cdc thuat toan tham lam, MinSMC va AdaptMCSC

theo cdc gia tri ngudng 7.
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Bang 2.5: So sanh ty 1€ cai thién cia AdaptMCSC so véi cac thuét toan co sd, trong do

Cost(Baseline)—Cost(Adapt) % 100

Y cai thlﬁ_‘,ll = Cost(Baseline)

Dataset AdaptMCSC vs. Greedy AdaptMCSC vs. MinSMC

Email EU 0% ~ 17% 0% ~ 16%
Facebook 8% ~ 23% 0% ~ 6%
NetHEPT 0% ~ 3% —1% ~ 2%
Overall 0% ~ 23% —1% ~ 16%

2.4.2.2. S6 vong lip tuan tu

Hinh [2.2] trinh bay s vong lip tuan tu cla cac thuit toan GREEDY, MinSMC va
AdaptMCSC trén ba bd di liéu Email EU, Facebook va NetHEPT véi cac gia tri nguong
T. Nhin chung, cic thuit toan MinSMC va AdaptMCSC yéu cau s vong lip tuan tu it
hon dang ké so véi thuat toan tham lam truyén thong.

Cu thé, trén bo dif liéu Email EU, thuit toan GREEDY can tif 1,807 dén 9,532 vong
ldp khi T tidng ti 0.1¢(V') dén 0.5¢(V), trong khi MinSMC va AdaptMCSC chi can khoang
51-198 va 33—-88 vong ldp tuong ting. Xu hudng tuong tu cling dugc quan sat trén cac bd
dit liéu 16n hon nhu Facebook va NetHEPT. Chang han, trén NetHEPT véi 7' = 0.5¢(V),
GREEDY can t6i 56,290 vong lip, trong khi MinSMC va AdaptMCSC chi can 307 va 187
vong lap tuong ung.

Mot diém dang chu y 1a céc thuat toan MinSMC va AdaptMCSC dugce xay dung
nham tin dung hiéu qué ning luc tinh todn song song. Trong mdi vong lip, nhiéu phép
danh gia ham 10i ich c6 thé dudc thuc hién dong thdi trén cac ludng xt 1y khac nhau. Vi
vay, khong chi s6 vong lip tuan tu dudc gidm dang ké so v6i GREEDY, ma chi phi thuc
té cla tiing vong lip ciling dudc cai thién ro rét khi trién khai trén cac hé thong da 16i
hodc moi truong song song.

T cac két qua thuc nghiém, c6 thé thiy ring MinSMC va AdaptMCSC viia duy tri
chit lugng nghiém tuong duong véi phuong phap tham lam, vita giam dang ké s6 vong
lidp tuan tu. Dang chd y, thuat toan AdaptMCSC thudng dat sb vong lip nhd nhét trong
phan 16n cdc thiét 1ap thuc nghiém. Quan sat nay phu hop véi cac phan tich ly thuyét
da trinh bay trudc d6, khi AdaptMCSC dudc thiét ké nham giam do phifc tap song song
(adaptive complexity) trong qua trinh lua chon phan tii. Nhd co ché chon theo ngudng
két hop véi viéc danh gia dong thdi nhiéu phan tif trong mbi vong lip, thuit todn c6 thé

cat giam dang k& s6 budc tuan tu so véi cac phuong phap tham lam truyén thong.
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Hinh 2.2: S6 vong ldp tuan tu cla cdc thuit toan GREEDY, MinSMC va AdaptMCSC
trén ba bd du liéu Email EU, Facebook va NetHEPT v6i cac gia tri ngudng 7' €
{0.19(V),0.2g(V),...,0.59(V)}. Truc tung dudc biéu dién theo thang logarit.
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2.4.2.3. Thoi gian chay

Hinh trinh bay thoi gian chay cta céac thuat toan trén ba b dit liéu Email EU,
Facebook va NetHEPT véi cac gia tri ngudng 7' € {0.1g(V'),0.2g(V),...,0.5¢(V)}. Nhin
chung, thdi gian chay ctia cdc thudt todn c6 xu huéng ty 1& véi sb vong 1ip tuan tu dudc
trinh bay trong Hinh Diéu nay 1a hop 1y vi trong mdi vong lip, cac phép danh gia
ham 16i ich clia c4c phan ti thudng dudc thuc hién dong thdi trén nhiéu ludng xi 1y, do
d6 chi phi tinh todn chi yéu phu thudc vao s6 vong lip tuan tu clia thuat todn.

Tuy nhién, trong thuc té, thdi gian chay khong hoan toan ty 1& tuyén tinh véi sd
vong ldp. Nguyén nhan la do s6 lugng ludng xi ly ctia hé théng tinh toén 1a hitu han, din
dén viéc mot s6 phép tinh van phii dugc thuc hién tuan tu hoidc chia sé tai nguyén tinh
toan. Ngoai ra, cac chi phi phu trd nhu quan ly bd nhé va dong bod héa giita cac ludng
ciing c¢6 thé anh hudng dén thdi gian thuc thi tdng thé clia thuat toan.

Quan sat cu thé cac két qua thuc nghiém cho thay thut toan Tham lam c6 thdi gian
chay 16n nhit trén ca ba bo dit liéu, do sd vong ldp tuan tu rat 16n. Chang han, trén bo
di liéu NetHEPT v6i T' = 0.5¢(V), thdi gian chay cuia thuat toan tham 1én t6i 562,900
gidy, trong khi MinSMC va AdaptMCSC chi can 1an lugt 3,070 va 1,870 gidy. Piéu nay
cho thdy AdaptMCSC nhanh hon khoang t6i 301 1an so v6i tham lam va t6i 1.64 1an so véi
MinSMC. Tuong tu, trén cac bo dit li€éu Email EU va Facebook, hai thuat toan MinSMC
v AdaptMCSC déu cho thiy su cai thién dang ké vé thdi gian chay so v6i phuong phap
tham lam.

Thuat todn AdaptMCSC do tic gia dé xuét thuong dat thsi gian chay nhé nhit trong
hau hét cic thiét 1ap thuc nghiém. Piéu nay phan 4nh truc tiép uu thé cta thuit toan
trong viéc gidm do phtc tap song song ctia qud trinh lua chon phan tif, ti d6 lam gidm
s6 vong ldp tuan tu can thiét.

AdaptMCSC thé hién uu thé rd vé thoi gian chay trén NetHEPT, dic biét khi ngudng
yéu cau cao, dong thdi duy tri chit luong 18i giai canh tranh. Tuy nhién, mtc céi thién
vé chi phi so véi MinSMC con tuong dbi nhd, khoang 3,6% trén Facebook va 4,7% trén
NetHEPT tai cé4c thiét 1ap da néu. Hiéu qua ting téc phu thudc vao tai nguyén tinh toan
song song va c6 thé giam trén dit liéu nho hoic khi chi phi danh gid ham muc tiéu thap.
V6i pham vi thuc nghiém trén ba bo dit liéu, chua di co s6 d€ xac dinh bo dit liéu ma

thuat toan hoat dong yéu hoic khdi quat hiéu qua cho céc cu tric mang khic.
2.5. KET LUAN CHUONG

Trong chuong nay, luan an tip trung nghién ctiu bai toan MCSC, mot 16p bai toan

toi vu c6 nhiéu tng dung trong tri tué nhan tao, nghién cu tic nghiép va phan tich di
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liéu. Muc tiéu dit ra 1a xdy dung céc thuat toan vira c6 két qua ly thuyét tot vé chat lugng
nghiém, vira téi wu chi phi tinh toan, dic biét 1a do phic tap song song, nham dap tng
yéu cau clia cac bai toan quy mo 16n.

Vé phuong dién ly thuyét, luan 4n dé xuit thuit todn AdaptMCSC cho bai toan MCSC
v6i ham ¢ l1a submodular, don di€u tang va nhan gia tri thuc. Thuat toan nay dat ty 1&
xap xi tiéu chudn kép tiém cén cac két qua tot nhat hién nay, dong thdi cai thién dang ké
do phtc tap truy van ciing nhu do phic tap song song, nhat 12 khi loai bd dugc su phu
thudc vao tham s6 7' trong qua trinh phan tich. Bén canh d6, bién thé sit dung tha tuc
THRESHSEQBI con gidp dua do phtc tap truy van xudng gan tuyén tinh theo kich thudc
dau vao.

Céc két qua thuc nghiém trén nhiing bd dit liéu thuc ciing cling ¢ cic phan tich
ly thuyét da néu. Cu thé, thuit toan AdaptMCSC van gilt dugc chit luong nghiém tuong
duong vdi cac phuong phap hién c6, trong khi giam dang ké s6 vong lip tuan tu va thoi
gian thyc thi, dac biét trén cac tap du li€u 16n.

Mic du dat dudc nhitng két qua kha quan, cac thuit toan dé xuit trong chuong van
dugc xay dung duéi gia thiét ham muc tiéu 12 submodular don diéu ting va dif liéu dudc
truy cip theo md hinh tinh. Do d6, hiéu qua ly thuyét ctia cc thuit todn chua dudc bao
dam dbi véi cac 16p ham téng quat hon hoic trong cidc moi trudng ma dit lidu thay ddi
lién tuc theo thdi gian. Bén canh do, mac du do phic tap song song da dudc cai thién
déng k& vé& mat ly thuyét, viéc trién khai trén cic hé thdng phan tdn hoic cic nén ting
xt 1y dif liéu cuc 16n vin can dugc nghién ciiu sdu hon dé€ danh gia day di kha ning mé
rong trong thuc té.

Trong thdi gian t6i, mot huéng nghién cfu ddng quan tam 1a tiép tuc cai thién cac
chiin ly thuyét ctia thudt toan, dic biét theo huéng gidm hon nita su phu thudc vao tham
s6 e. Ngoai ra, viéc md rong cac ky thuat dé xuit sang cdc mo hinh dit liéu dong, mo
hinh ludng dit liéu, ciing nhu cdc kién triic tinh todn song song va phan tidn quy mo 16n
13 nhitng huéng nghién ctiu tiém niing nham nang cao kha ning tng dung clia cic thuit

toan trong cac hé thong dit liéu hién dai.
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CHUONG 3
BAI TOAN PHU :-SUBMODULAR VGI CHI PHI TOI THIEU

Nhu da trinh bay & chuong trudc, bai toan Phu submodular véi chi phi toi thiéu
(MCSC) Ia mdt bai toan CO quan trong, da dudc nghién ctiu su rdng trong cac linh vuc
nhu nghién cifu tdc nghiép, tri tué nhan tao va phan tich dit liéu vé6i nhiéu ting dung quan
trong nhu hoc chii dong, tém tit dif liéu, t&i uu héa phiic 10i xa hoi va lan truyén anh
hudng trén OSN [76], 1}, 79, 935]].

Tuy nhién, trong nhiéu ting dung thuc té, khi mot phan ti dudc Iya chon vao 19i giai,
n6 khong chi don thuan dugc chon hay khong chon ma con c6 thé dugc gan vao mot trong
nhiéu loai quyét dinh khac nhau. Piéu nay dan t6i mo hinh ra quyét dinh da lua chon,
trong d6 mdi phan tif dugc gin duy nhit vao mot trong & phuong 4n loai trit 14n nhau.
M0 hinh nay xuét hién tu nhién trong nhiéu bai toan ting dung quan trong nhu ti da héa
4nh hudng theo nhiéu chii dé trong OSN, bd tri cam bién da loai, lua chon dic trung da
16p trong hoc may va tdi da hoa do bao phu thong tin [11], 16, 06, [73, (07, 98, (99, 03]. bé
md hinh héa cac bai toan nay, khai niém ham k-submodular da dugc giGi thiéu nhu mot
su m& rong tu nhién cia ham submodular ¢d dién [99]. Haim k-submodular cho phép
bi€u dién cic quyét dinh da lua chon trong khi vin bdo toan nhiéu tinh chét cu tric
quan trong cua SO. Tu do, bai toan Phu k-submodular dugc hinh thanh nhu mdt mé
rong tu nhién ctia bai toan Phii submodular, trong d6 ham muc tiéu thda man tinh chét
k-submodular thay vi submodular thong thudng. Bai to4n nay da thu hit nhiéu sy quan
tam nghién ctiu gan diy do vai trd quan trong trong cdc bai todn t6i uu hoéa trén dit lidu
c6 cau tric da nhan hoic da loai [96], 97, 03].

Trong chuong nay, luan an nghién ctiu bai toan Phu k-submodular trong CO, xét
hai thiét 1ap chinh 1a chi phi dong nhét va chi phi tdng quét. V6i mdi trudng hop, cc
TTXX hiéu qua dudc dé xuét kém theo phan tich vé bdo dam ly thuyét va do phiic tap
tinh todn. C4c thuit toan ciing dudc danh gia thuc nghiém trén dit liéu thuc té dé ki€ém
chiing hiéu ning. Mot s6 két qué chinh ctia chuong da dugc cong bd trén tap chi Asia-
Pacific Journal of Operational Research (SCIE/Q3) va tai hoi nghi International

Symposium on Information and Communication Technology (SoICT) nam 2025.
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3.1. PAT VAN DE VA PHAT BIEU BAI TOAN

Bai toan t6i uu ham k-submodular 12 mot bai to4n quan trong trong nghién ciiu tic
nghiép va tri tué nhan tao, do ¢6 kha ning mo hinh héa cdc qua trinh ra quyét dinh da
lua chon, trong dé mdi phin ti phai dudc gin vao mot trong k phudng 4n loai trir 1an
nhau. Ciu tric nly déng vai trd nén tang trong nhiéu iing dung thuc tién, chang han nhu
t6i da héa anh hudng véi & chii @ trong mang xa hoi [L1}, 16, {73, [76] (77, [78]], bd tri cAm
bién da loai [[I1} 6, [73. [77], lua chon dic trung da I16p [79], va tbi da héa do bao phu
thong tin [75} (74]. Khong chi gidi han & cac vi du trén, cac ham k-submodular con cung
cip mot su md rong giau tinh khai quat ctia tinh submodular ¢ dién, cho phép xdy dung
cac mo hinh c6 co sé 1y thuyét chit ché cho nhitng bai todn lién quan dén canh tranh, da
dang héa, phan cum va du doén c¢6 céu tric. Trong bdi canh cdc hé thong tri tué nhan tao
hién dai ngay cang doi hdi viéc ra quyét dinh ddng thdi trén nhiéu nhém, nhiéu nhin va
nhiéu phuong thic di liéu khdc nhau, viéc nghién ctiu cac thuat toan hiéu qua cho bai
toan t6i uu k-submodular tré nén thiét yéu nham dam bao kha ning mé rdng va duy tri

cac bao ddm ly thuyét manh mé.
3.1.1. Ham k-submodular

Cho tipnén V = {e1, es,...,e,} vamot s6 nguyén k. Ky hiéu [k] = {1,2,... k} va
dit
(k+ 1)V ={(Vi,Va,..., Vi) | Vi CV, Vi € [K], V; NV} =0, Vi # j}

12 ho cdc bd gom k tap con ddi mot rdi nhau cla V, dugce goi 1a mot k-tap (k-set).

V6i x = (X1,Xo,...,Xy) € (k+ 1), ta dinh nghia supp;(x) = X;, supp(x) =
Uiep Xi- Tap X; dudc goi la tap thi i cta x. Ngoai ra, ky hiéu 0 = (0,...,0) 1a k-tap
rong.

Néu e € X; thi ta viét X(e) = i va ndi rang i 1a vi tri cia phan ti e trong X; ngudc
lai, néu e ¢ supp(x) thi x(e) = 0. Viéc thém mot phan i e ¢ supp(x) vao tap X; dudc ky

hiéu bdi x U (e, 4). Ta ciing c6 thé biéu dién

X = {(el,il), (62,i2), P (€t7it)}a

trong do e; € supp(x) va i; = X(e;) véi moi 1 < j < ¢. Trong trudng hop X; = {e} va
X; = (0 v6i moi j # i, khi d6 x dugc ky hiéu gon 1a (e, 7).

V6i hai k-tap x = (X1, Xo, ..., X;) vay = (Y1, Ys,...,Y;) trong (k+1)Y, ta ky hiéu
x C y néu va chi néu X; C Y; v6i moi i € [k].

DE don gian, ta gia st rang ham ¢ 1a khong am, tiic 1a g(x) > 0 véi moix € (k+1)V,
va dudc chuin hod, nghia 1a ¢(0) = 0. Mot ham ¢ : (k + 1)V — R, dudc goi la k-
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submodular néu véi moi x = (X1, Xo,...,X;) vay = (Y1,Ya,...,Y;) trong (k+ 1)V, ta

co
9(x) +9(y) = g(xmy) +g(xUYy),
trong do
XMy= (Xlﬂyl,...,XkﬂYk)
va

XUy =(Z1,....Z),  Zi=X;uy;\|JX;0Y5).
J#

Céc tinh chét dic trung cia hAm k-submodular dudc thé hién thong qua hai diéu kién
quan trong sau day: truc giao submodular (orthant submodularity) va (don diéu cdp)
pairwise monotonicity. Hai tinh cht nay c6 thé xem nhu su mé rong tu nhién ctia tinh
chét loi ich bién gidm ddn (diminishing returns) trong trudng hop ham submodular ¢
di€n sang khong gian (k + 1)V. Cu thé, ta c6 cc dinh nghia sau.

Tinh truc giao submodular (Orthant submodularity) [68]. Ham ¢ dugc goi la

c6 tinh truc giao submodular néu

Aveiyg(X) = Ae9(y)

v6i moi X,y € (k+1)" thdamanx Cy, e ¢ supp(y) vai € [k].
Tinh don diéu cap (Pairwise monotonicity) [68]. Ham ¢ dugc goi la don diéu

titng ciip néu véi moi i, j € [k], i # j, ta ¢
Aen9(X) + A jyg(x) = 0.

Theo [68]], néu ¢ 13 ham k-submodular thi g thda mén c3 hai tinh chit truc giao va don

diéu cap.

Chi y. Ham k-submodular 1a mot mé rong tu nhién ctia ham submodular ¢6 dién va ké
thita nhiéu tinh chét ciu tric quan trong trong CO. Mot sb trudng hop dic biét dang chi

y gom:

- Khi k& = 1, khong gian (k + 1) suy bién thanh ho cic tip con ctia V, va khi d6

ham k-submodular tré thanh ham submodular ¢6 dién.

- Khi k = 2, hAm k-submodular tuong tng véi 16p hAm bisubmodular, von da dugc

nghién ctiu rong rai trong to1 uu rdi rac.
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- Ham k-submodular cho phép mo hinh héa céc bai toan ra quyét dinh da lua chon,
trong d6 mdi phan ti clia tip nén V c6 thé dudc gan vao t6i da mot trong k loai
khac nhau hoic khong dudc chon. Diéu niy lam cho mé hinh k-submodular dic
biét phit hgp d€ biéu dién cic bai todn phan loai da nhin, t6i wu héa dnh hudng
theo nhiéu chi dé, cling nhu c4c bai toan tdi uu héa trén dif liéu c6 cau tric da

loai.

- Tuong tu nhu trudng hop submodular, nhiéu bai todn tdi vu trén ham k-submodular
c6 thé dudc gidi xAp xi hiéu qua bing cac thut toan tham lam hoic céac ky thuat
CO chuyén biét, diéu nay khién 16p ham nay tré thanh mot cong cu quan trong

trong cac bai toan t6i uu héa quy md 16n.

Miic dit ham k-submodular ké thita nhiéu tinh chat ciu tric quan trong ctia ham submod-
ular, viéc tbi vu trén 16p ham nay thudng thach thic hon ddng k€. Mot sd nguyén nhan

chinh bao goém:

- Khong gian 1i giai 16n hon dang ké. Trong khi bai todn submodular ¢8 dién chi
xét cdc tap con ctia V' (kich thudc 2/V'1), khdng gian (k + 1)V clia cc k-tap c6 kich
thudc (k+1)IVI. Diéu nay 1am ting dang ké do phiic tap clia viéc tim kiém 15i gidi

toi uu.

- Chu tric tuong tic phic tap gitra cac nhan. Trong mo hinh k-submodular, moi
phan t& khong chi dugc chon hay khong chon ma con phai quyét dinh thudc vé
loai nao trong £ loai. Su tuong tac gitia cac loai nay lam cho viéc phan tich 1gi ich

bién tré nén phiic tap hon so véi trudng hgp submodular ¢6 dién.

- Kho thiét ké thuét toan tham lam truc tiép. Nhidu k§ thuat tham lam hiéu qua
cho ham submodular khong thé 4p dung truc tiép cho ham k-submodular do su
phu thudc gitta cdc thanh phan cta k-tap, dan dén viéc can phat trién cac ky thuat

phan tich va thiét ké thuat toan méi.

- P phiic tap Iy thuyét cao hon. Trong nhiéu bai todn tbi uu héa lién quan dén
k-submodular, viéc dat dudc cac bao dam xap xi tdt thuong khé hon va doi hoi

céc k¥ thuat phan tich tinh vi hon so véi cdc bai todn submodular ¢d dién.

Nhiing thach thic nay khién viéc thiét ké cdc TTXX hiéu qua cho c4c bai toan t6i vu trén
ham k-submodular trd thainh mdt huéng nghién citu quan trong va dang thu hiit nhiéu su

quan tAm trong nhiing nim gan day.
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3.1.2. Bai toan Phu k-submodular

Gia stt mdi phan tif e € V dudc gan mdt chi phi duong c(e), khi d6 téng chi phi ctia

mot nghiém x dudc xac dinh bédi

Trong chuong nay, LA nghién ctdu bai toan Bao phu k-Submodular (kSC), dudc dinh

nghia nhu sau.

Pinh nghia 3.1 (Phu %£-Submodular (kSC)). Cho mdt ngudng 7' > 0, bai toan kSC yéu
cAu tim mot nghiém x = (X1, Xo, ..., X}) € (k+ 1)V ¢6 tdng chi phi nhd nhit ¢(x) sao
cho g(x) > T.

LA xem xét trudng hop bai toan ludn ton tai 16 giai, tdc 14

T < ma X).
- xe(k’—k}l()v g< )

Mot thé hién clia bai todn kSC dugc ky hiéu bsi bd (V, k, ¢, 7). Goi o 1a 16i gidi t6i
uu ciia bai todn va ky hiéu opt = c(0) 1a gid tri t6i wu tuong ng. Dinh nghia c¢,,;, =
mingey ¢(€), Cmazr = MaXeey c(€).

V6i trudng hop c(e) = 1,Ve € V, bai toan dugc goi 1a Phi k-Submodular dﬁng
nhét (uniform-cost k-submodular cover). Khi d6 bai toan di tim 13i gidi x v6i s6 luong
phan ti |supp(x)| nhé nhét sao cho g(x) > T.

Trong trudng hop nay, ta khong con xét dén su khac biét vé chi phi gitta cac phan ti
ma chi quan tAm dén s6 lugng phan tif dugc Iya chon. Trudng hop nay c6 nhiéu y nghia
thuc tién va thudng xuit hién trong cac bai toan lua chon tip con kich thudc nhd nhat
nham dat dugc mot miic bao phi mong mudn, do d6 dugc nghién citu chuyén sau trong

luan an.
Chi y. Dudi day 1a mot s6 dic diém phan biét gitta bai todn kSC va MCSC:

- Thd nhét, do ham k-submodular 13 mot md rong tdng quat ctia ham submodular, trong
d6 mbi phan ti ¢6 thé duge gan vao mdt trong k& nhan khic nhau, nén ciu triic khong
gian nghiém trd nén phtc tap hon dang ké so véi trudng hgp submodular ¢6 dién. Vi
vy, bai toan Phui k-Submodular (kSC) nhin chung kho6 hon bai toan Phu Submodular
truyén thong. Do su khéc biét nay, cac ky thuat va két qua xap xi da biét cho bai toan
Pht Submodular khong thé 4p dung truc tiép dé€ suy ra cac ty 1& xap xi cho bai toan
kSC.
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- Th hai, bai toan con gip nhiing khé khiin dang ké vé mit tinh toan. Cu thé, khong
gian nghiém clia bai todn 1a (k + 1)V, ¢6 kich thudc ting theo cip sb mil theo |V,
khién cho viéc ddnh gid gid tri hAm va tim kiém 10i gidi trd nén ton kém hon so véi
trudng hop submodular thong thudng. Piéu nay dit ra thach thiic 16n trong viéc thiét

ké cac thuat to4n hiéu qua cho bai todn.

Déi véi trudng hop tdng quat k > 2, bai todan kSC c6 thé dude xem 12 bai toan dbi ngiu
ty nhién cta bai toan tdi da héa k-submodular dudi rang budc knapsack, von da ducc
nghién ciu sau rong [98) 93, [71]. Khudn khé nay cho phép md hinh héa thong nhat cac
tinh huéng trong d6 can luwa chon mot k-tap c6 chi phi téi thiéu sao cho gia tri tién ich,
dudc do bdi mot ham k-submodular, vugt qua mot ngudng yéu cau. Cach mo hinh nay
phan anh tu nhién nhiéu bai todn thuc tién, bao gdm lan truyén thong tin va quang céo
truc tuyén trong OSN, bd tri cAm bién da loai, lua chon dic trung da 16p, cing nhiéu tGng
dung khac dudc trinh bay dudi day.

Ung dung 1: Anh huéng ngudng véi k cht dé (ITk). Trong céc kich bin market-
ing lan truyén va goi y san pham, mot doanh nghiép c6 thé mong mudn trién khai mot
chién dich quang cdo gdom k nhém san pham khac nhau va tidc dong dén it nhat 7' ngudi
dung trong OSN. D€ giam thiéu tdng ngan sach, doanh nghiép can lua chon mot tip cac
ngudi dung c6 anh hudng 16n, di kha ning tao ra mic lan tda mong mudn. M6 hinh nay
12 st mé rong tu nhién ctia cdc m6 hinh lan truyén thong tin c6 dién cho trudng hop mot
chti dé (k = 1) [1}[100], dong thi mS rong bai todn ngudng anh hudng dudc nghién ciu
trong [81].

Xét mot do thi c6 huéng G = (V, E), trong d6 V 1a tip ngudi dung va F 1 tap cc
canh bi€u dién mdi quan hé dnh hudng gitta cic ngudi dung. Mbi canh (u,v) € E dudc
gan mot trong s6 w;(u, v), bi€u dién mitc do anh hudng tif ngudi dung w t6i ngudi ding
v d6i v6i chii dé i. Mdi ngudi ding v c6 mdt ngudng anh hudng 6;(v) € [0,1] cho mdi
chti dé 4, biéu thi mic anh hudng tdi thiéu can thiét dé€ ngudi dung d6 dudc kich hoat
trong chii dé tuong tng. Ngoai ra, mdi ngudi ding « c6 mot chi phi lua chon ¢(u) > 0,
phan 4nh chi phi d& chon ngudi ding dé lam hat giéng khdi phat qua trinh lan truyén
4nh hudng dudi mot md hinh khuéch tan M cho trudc.

V6i mot ngudng anh hudng muc ti€u 7', muc ti€u cua bai toan la lya chon cac tép
hat gidng S; cho mbi chi dé i € [k] sao cho téng chi phi lua chon 1a nhd nhit, dong thai
tong sd ngudi ding dudc kich hoat dat it nht 7. Néi cach khac, bai todn yéu cau tim
nghiém s = (S,...,S;) € (k+ 1)V sao cho

1 S
se(rlrfl—}-%)‘/ C( )
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v6i diéu kién
g(s) =E U oi(Si)|| = T,
1€[K]

trong d6 o;(.S;) 1a tap cac dinh dudc kich hoat béi tap hat giong S; trong chii dé i.

Ham anh hudng o(-) dudc biét 12 mot ham don diéu va k-submodular [6]. Do dé,
v6i mot ngudng dnh hudng 7' cho trudc, bai todn trén c6 thé dudec mo hinh héa nhu mot
trudng hop cua bai toan kSC.

Ung dung 2: Ngudng doanh thu véi chi phi t6i thiu (Revenue Threshold-RT)

Cho d6 thi G = (V, E), trong d6 V' 1a tap céc dinh dai dién cho khach hang va mbi
canh (u,v) € E c6 trong s w,, > 0 biéu dién mic do lién hé gitta hai khach hang u va

v. Muc tiéu 12 phan bd k loai san phdm cho khach hang bing cach xdc dinh mot k-tap
S = (51,52, . ,Sk),

trong d6 S; C V 1a tap khach hang dugc phan bb sin pham loai i, va cac tip Sy, ..., Sk
ddi mot r0i nhau (tdc 12 mdi khach hang dudc gan nhiéu nhit mot loai san pham).
Ham doanh thu ctia mot phuong an phan bd S dugc dinh nghia béi

S (Z ww> o

ueV i=1 \veS;
vOi a5 € (0,1). Ham f(s) 1a mot ham k-submodular va don diéu [95]].
Gia st mdi khach hang v € V khi dugc chon dé phan bd sdn phidm sé& phat sinh mot
chi phi ¢(v) > 0. Khi d6, chi phi cia mdt phuong an S = (51, ..., Si) dugc xac dinh 1a

k
c(s) = Z Z c(v).

i=1 veSs;
V6i mot nguong doanh thu cho trude 7' > 0, bai todn Nguong Doanh thu véi Chi
phi Tbi thiéu theo k-loai dugc phat biéu nhu sau:

min c(s) véi diéu kién s) > T.
se(k+1)V 5) N gls) 2

N6i cach khdc, muc tiéu ctia bai todn 1a tim mot phuong dn phanbd s = (51, ..., S;)
c6 téng chi phi nhd nhit sao cho doanh thu thu dugc dat it nhit ngudng yéu cau 7.

Ij'ng dung 3: Lua chon ddc trung k-16p v6i ngudng thong tin. Lua chon dac trung
12 mot bai todn nén tang trong hoc may, gitip xt Iy hiéu qua di liéu c6 sb chiéu 16n bing
cach loai bd cic dic trung du thita hoic khong lién quan [[101, (99, [102]]. Trong bdi canh

da 16p, muc tiéu 12 lya chon mot tap gdom k dic trung giau thong tin, dong thdi gan mdi



78

dic trung cho mot bién du doan phu hop. Cau triic nay tu nhién din dén mot md hinh
ham k-submodular. Trong thuc t&, mdi dic trung thuong di kém mot chi phi, phan 4anh
do phiic tap tinh todn, chi phi thu thap hodc chi phi xt ly. Viéc tich hop yéu t6 chi phi 14
thiét yéu, bdi viéc lya chon qud nhiéu dic trung dit do c6 thé 1am gia ting dang ké chi
phi tinh toan. Do do, bai toan lya chon dac trung k-16p v6i ngudng hudng t6i viéc lua
chon céc dic trung giau thong tin nhit, gdn ching cho céac bién du doan thich hop, sao
cho mdi dic trung dudc chon déu déng gép lugng thong tin vuct mdt ngudng xac dinh
trude, ddong thoi kiém soat tdng chi phi.

3.2. CAC NGHIEN CUU LIEN QUAN VA PONG GOP CUA LUAN AN

Nghién cttu vé t6i vu cadc ham k-submodular khéi ngudn tit trudng hop dic biét cia
bai todn bisubmodular (tuong ting v6i k = 2) trong cong trinh [99]]. Tiép d6, Ward va
cong su [68] da dit nén méng cho bai todn téi da héa ham k-submodular khong rang
budc, véi mot thuat toan tham lam xic dinh dat ty 1& x4p xi 1/3. Trong cong trinh sau
do6 [69], ty 1& nay dudc nang 1én 1/2, dong thdi mot bién thé tham lam ngiu nhién dudc
dé xuét véi ty 1& xap xi ky vong k/(2k — 1) thong qua co ché chon phan ti dua trén phan
phdi xdc sudt. Nham tranh yéu t6 ngiu nhién, [103] da dua ra mot thuat toan xac dinh
dat cung ty 1& xap xi k/(2k — 1), nhung phai danh d&i bang chi phi truy van rit cao, 1én
t6i O(n?k?).

Sau dé, bai todn tiép tuc dugc md rong sang cac bdi canh cé rang budc, bao gom
rang budc luc ludng (cardinality) va cac dang rang budc tong quat hon. Cu thé, [11]]
xem xét trudng hop ham don diéu véi hai kiéu rang budc luc lugng: (i) rang budc tong
trén toan bd nghiém va (ii) ring budc riéng 1€ trén tiing thanh phan. Trong hai trudng
hop nay, cdc thuat toan tham lam dat ty 1& x4p xi 1an lugt 1a 1/2 va 1/3. Nhiing nghién
ctu tiép theo da cai thién hiéu ning thong qua nhiéu huéng tiép can khac nhau, nhu tdi
uu héa da muc tiéu [96]], phan tich dua trén regret [104], va cac md hinh xt ly du liéu
ludng [73] [105]]. Ngoai ra, [70] ciing d& xuit mot thuat todn tham lam dat ty 1& 1/2 cho
truong hgp c6 rang budc matroid.

Pé6i v6i rang budc knapsack, mot mé rong tu nhién cia rang budc luc luong, [71]
da dat dudc két qua xap xi diu tién véi ty 1& (1/2 — 1/(2¢)) bang phuong phap tham
lam. Tuy nhién, cdch tiép cAn nay doi hoi sd luong truy van rét 16n, 1én t6i O(n*k3). Két
qué sau d6 dugc cai thién 1én 1/2 trong [72] nhd st dung ky thuit mé rong da tuyén
(multilinear extension) v6i do phiic tap da thiic. Gan day, [95] da dé xuit mot thuat todn
thuc tién véi ty 1& x4p xi 1/3 va chi phi truy vin gan tuyén tinh O(nk).

Bai todn kSC dudc gidi thiéu 1an dau trong [74]], noi cic tac gia dua ra nhiing két
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qua ban dau cung mot TTXX tiéu chuan kép. Tuy nhién, hé sd xap xi dat dudc con kha
han ché trong bdi canh nay (xem Bang . Do dé, viéc thiét ké cac TTXX da thic véi
ddm bdo 1y thuyét chit ché hon, dong thdi vAn ddm bio hiéu qua thuc nghiém, van 14
mot thach thic ddng ké.

Gan day, [75] da nghién citu bai toan kSC trong mo hinh xt ly ludng va dé xuit cac
TTXX tiéu chuan kép véi bao ddm (%, %) . Tuy nhién, cdc phuong phdp nay chua
dam bao thdi gian chay da thidc trong trudng hop tdng quat, dong thdi chi phi tinh toan
c6 thé ting cao do phu thudc vao sd 1an quét dif lidu va cac rang budc vé bo nhd.

Téng hop cic két qua hién c6 cho thiy ring viéc phat trién cidc TTXX hiéu qua vé6i
thoi gian chay da thiic cho bai todn kSC vAn 12 mot huéng nghién ciiu mé va can dudc
tiép tuc khai théc.

Pong gop cta Luin an. Luin 4n tip trung nghién cdu bai toan kSC trong hai
trudng hop chinh: (1) chi phi déng nhét (uniform-cost) va (2) chi phi tdng quat (general-
Cost).

a. Truong hop bai todn Phu k-Submodular dong nhdt.

Déi véi trudng hop chi phi dong nhat, luan 4n dé xuét thuit toan FBiU va phan tich
cac dam bdo ly thuyét clia thuat todn xdp x7 tiéu chudn kép. Cu thé, thuit todn trd vé mot
nghiém s sao cho kich thudc nghiém dugc khéng ché so v6i nghiém tdi vu va dong thoi
gi4 tri ham muc tiéu dat dugc mot ty 1€ nhét dinh so véi ngudng yéu cau. Bang trinh
bay so sanh giita thuat toan FBiU dudc dé xuét trong ludn 4n va thuit todn cia Pham
va cong su trong [74]. Két qua cho thiy thuit todn FBiU dat dudc dam bio xap xi tiéu
chuin kép manh hon d4ng ké. Cu thé hon, khi thiét 1ap 6 = ¢, thuit toan ddm bao nghiém
thu dudc c6 kich thude

|supp(s)| < (1 +¢€) (1 + ln(%)) opt << %opt.

v6i € = 0.1 trong thuc nghiém, dong thai dat gia tri ham muc tiéu

1—¢
2

T

g(s) >

trong d6 opt 1a kich thuéc nghiém tdi uu.

b. Truong hop bai todn Phii k-Submodular tong qudt

Dé6i véi trudng hop chi phi tong quat, ludn 4n dé xuit hai thuat toan x4p xi tiéu
chuin kép xac dinh cho bai todn kSC trong thdi gian da thiic, bao gdm thuat toan Tham
lam md réng (Extended Greedy) va thuat toan FBi. C4c thuit toan nay dudc thiét ké
nhidm dong thdi cai thién cdc ddm bao ly thuyét vé chit luong nghiém va giam do phiic

tap truy van so vdi cdc phuong phap hién c6 trong tai liéu. Cu thé, thuit todn Extended
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Bang 3.1: Céc thut todn cho bai toan kSC. Cip (z,y) biéu dién ty 1& xip xi tiéu chuin
kép (z,) clia mot thudt todn, tiic 12 thuat todn tra vé nghiém s sao cho |supp(s)| < z - opt

vag(s) >y T, Vv6iz,y>0.

Tai liéu Ty 1é xap xi Do phikc tap truy van
FBIU (Thuat toén@ LA) (%bg(%), 1%5) O(M]og(%))
Thuit todn ludng [74] (U—;ﬁ 1;) o (m: 1og€<n))

Greedy dat do phiic tap truy vin O(n?k) va dam bao ty 1& xap xi tiéu chuin kép
(=(D)+=) %)
2 € e /2
ddi vé6i trudng hop ham 16i ich ¢ 1a don diéu, va
(1(1 (1)+2+e) 1—6)
3 UM\ e e /7 3
dbi véi trudng hop g khong don diéu.
Bén canh d6, LA dé xuét thuat todn FBi cho truong hop ham 1¢i ich don diéu, vé6i

do phic tap truy vin O(% log(2)log(})), dong thoi dat ty 1& xap xi tiéu chudn kép gan
tuong duong véi tham lam mé rong. FBi hiéu qua khi kich thuée di liéu n 16n. Vi du khi
n > 2.000, k = 100, e = 0.1 thi tham lam m& rong can t6i 400 triéu truy van con FBi can
khoang 198 triéu truy van.

Bang [3.2| trinh bay so sanh gilia cac thuat todn dugc dé xult trong ludn an véi cac
thudt todn tién tién hién nay cho bai todn kSC. C6 thé thiy ring cic thuit toan cia luin
an dat dudc dam béo tot hon vé chi phi nghiém so véi cac thuat toan ludng trong [75],

dong thoi giam dang ké do phtc tap truy van tir dang khong da thiic xudng con da thiic.

Thuét toan Ty 1é xap xi Db phiic tap truy vin Loai thuit toan
Ham don diéu

Tham lam mé rong (LA) (%(log(%) + LEe), 156) O(n?k)

FBi (LA) (31 +00n(d) + 52, 552)  O(2 log (2) log(}))

Thuat todn 2 [73] (#2255 5) O(nk loifg’zfi) ) Ludng

Thuit todn 3 [73] (26?:6) 7 1;) 0 (nklog(sT(B maxf;‘(,ii[? g((e,i)))”)) Lubng

Ham khéong don diéu

Tham lam md rong (LA) (%(103;(%) + Ztey, 1;) O(n?k)

Thuat todn 2 [75] (555, 59 O(nk“Eniiic)) Ludng

Thuét todn 3 [[73] <3:é1__€) , lge) 0 (nk log(<T(B maxfo‘;‘(/l’fe[;“] g((e’i))rl)) Ludng

Bang 3.2: Cac thuit todn cho bai todn kSC. B9 (z,y) bi€u dién ty 1& x4p xi tiéu chuin

kép (2,y).
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So sanh véi cac thuat toan [73], ta ¢6 so sanh cu thé hon nhu sau:

- Thuéat todn tham lam md rong dat dudc cuing mifc bdo dam vé gid tri ham muc
tiéu nhu céc thuat toan trong [75], nhung cho ty s xap xi t6t hon dang ké, tic 1a
can trén ctia chi phi nghiém so véi chi phi tdi uu dugc gidm xubng. Cu thé, miic
cai thién dat trén 1.5 1an d6i v6i trudng hop ham ¢ don diéu va trén 2 1an ddi véi
trudng hop ham ¢ khong don diéu. Diéu nay dua trén co sé cac danh gid sau:

3—e¢ 1 1 1+e€
=155 (I () )+
2¢(1 —¢€) — 2(11 € * € *

va

4—¢€ 1 1 2+¢

iy (D) 125 4
3e(l—e) = 3 (n € * € *

- Thuét toan FBi dat dudc ty 1& xap xi tiéu chuan kép tiém can véi Tham lam md

rong, sai khac mot dai lugng nhd 1a 1 + € tuy nhién gidm do phiic tap truy van

xubng Q(log?n)) lan.

3.3. THUAT TOAN CHO TRUONG HOP CHI PHi PONG NHAT

Phan nay trinh bay thuét toan FBiU dé xuét cho bai todn kSC trong trudng hop ham
tién ich ¢ 1a don diéu va cdc chi phi ctia mbi phan ti c(e) = 1,Ve € V.

Trude hét, LA md ta thuat toan FBiUOpt, mot bién thé tham lam ngiu nhién gia
dinh da biét (udc dodn) kich thudc t6i uu opt (hay tuong duong 1a kich thudc nghiém
t6i wu). Thuat todan FBiUOpt déng vai trd nhu phién ban don gian héa cia FBiU nham
thuén tién cho viéc phan tich. Sau d6, LA trinh bay thuét toan day di FBiU, trong dé
loai b gia dinh phai biét trudc opt.

3.3.1. Thuat toan FBiUOpt (biét udc lwgng t6i wu)

Thuat toan FBiUOpt nhan dau vao 1a mot thé hién (V, g, k, T), mot gid tri uéc dodn
v ctia kich thudc nghiém tbi uu, cing hai tham s6 chinh x4c e € (0,1/2) va é > 0. Ta dinh
nghia lai ham g nhu sau: ¢ : (k 4+ 1)V — R, bdi

9(-) < min{g(-), T/2},

luu y rang ham thu dudc van 1a k-submodular va don diéu.

Y tudng chinh ctia FBiUOpt 1a sit dung 1y miu ngiu nhién trén tap V \ supp(s)
nham giam sb luong truy véan, dudi gia dinh da biét udc luong v. Theo d6, thuit toan
thuc hién t6i da [ 4 log (5) ] vong lip. Tai moi vong lip j, thuat toan 1dy mau déu mot tap

con R/ ¢6 kich thudc Y tit V' \ supp(s), sau d6 chon cdp (e, i) v6i e € R/ vai € [k] sao
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Thuat toan 3.1: Thuat toan FBiUOpt
Input: Mot thé hién (V, g, k,T), 6 € (0,1),v € (1,n), T
Output: Mot nghiém s
1: s < 0, Binh nghia lai ham ¢ : (k +1)" + R, nhu sau g(-) + min{g(-), 7/2}

2ty L% In %J + 1, T + min{tg, v}

3. for j=1t0T do

4 R’ < chon ngiu nhién Y phan td tif tip V' \ supp(s)
5: (e,i) <= argmaxeer jc(k) D(e,)9(S)

6: S < sl (e, i)

7. end

8: return s

cho Igi ich bién A, ;) g(s) la 16n nhit, va cAp nhat nghiém theo s < s Li (e, 7). Thuat todn
két thiic sau s6 vong lip da dinh va tra vé& nghiém cubi cling s. Gia ma chi tiét dudc trinh
bay trong Thuit toan

Dé phan tich Thuat toan Luan an st dung cac ky hiéu sau:

- (ej,4;) 1a cdp phan tif dugc thém vao tai vong 1dp thd ;.

- s={(e1,i1),..., (es,ir)} 1a nghiém cudi ciing, v6i t = |supp(s)).

- 8/ ={(e1,i1),...,(ej,i;)} la nghiém sau j vong lap, trong d6 s’ = x va s’ =s.
- V6i moi k-set x thoa |supp(x)| = v, dat

Xj:(Xl_lsj)I_lSj, Xj_%:(Xl_lSj)LlSj_l.

- XJ = supp(x?~1) \ supp(s’1).

- uf = {(u1,41), ..., (ur,i,)} 12 tp cdc phan ti thudc x* nhung khong thuoc st, véi

r = |supp(u')].
- 112 =s'U {(u1,01), ..., (ug, i)} v6i 1 < € <r,va 116 = s'.

Viéc phan tich nham thiét 1ap cac bao dam ly thuyét va hé sd x4p xi ctia thudt toan dudc

khéi dau tir bd dé co ban nhung c6 vai tro then chdt sau day.

Bé deé 3.1. Tai méi vong ldp j ciia Thudt toa'n néu chon

T = min {V \ supp(s), nojtl log (%) } ,

v—7+1
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thi ta co

Pr[RINX/ =] < %
Chitng minh. Tai vong lip thd j, cdc phan ti di dudc chon & cic vong trudc thude
supp(s’~!) nén khdng dudc xét lai. Vi vay, R/ dudc 1dy miu déu va khong hoan lai tir tip
V \ supp(s’~1). Dat

Nj=|V\supp(s | =n—j+1, K;j=|X>v—j+1, rj=|R|

Do ldy miu khong hoan lai, x4c suit chinh xdc d&€ R/ khong chita phan ti nao thudc X7

N

la

N;—K; ri—1
Pr[ijXJ':@]:M: I (1— K; )

() e\ Nt

Do N; —t < Nj, taco

Pr{RI 1 X = ] < ( - %) j G3.1)
J
< exp <—%) . (3.2)
J

Néu r; = N; thi toan bd cdc phan ti con lai duge chon va xdc suét trén biang 0. Nguge

lai, theo cdch chon kich thuéc mau,

7n.>L10 (E)
T u—j+1 8\5)/)-

Két hgp véi K; > v — j + 1, ta dugc K]{[—:J > log (%) . Do d6,

i 10 <o - (3) -

]

BG dé sau day thiét 1ap mot bit dang thic then chdt, lién hé truc tiép gitta phan
gia tri muc tiéu con thiéu ctia nghiém tdi uu va gid tri dat dudc bdi nghiém trung gian
ctia thuét toan tai vong lip hién tai. Cu thé, khi tip mau ngau nhién R’ chifa it nhit mot
phan ti “t6t” trong X/, ta chiing minh rang muc cai thién con lai cia nghiém tbi vu so
v6i nghiém hién tai x/ c6 thé dugc khdng ché bdi gid tri tich iy clia nghiém xay dung
s/. Két qua nay déng vai trd nén ting cho viéc suy ra bao ddm xap xi toan cuc ctia thuat

toan.

B& dé 3.2. Sau vong ldp j ciia Thudt toa’n gid sit RV N X7 £ (), ta co

g(x) — g(x7) < g(s7).
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Chitng minh. Pitx/~2 = (xUs/) LUs’~!, va xdc dinh nghiém trung gian s’~2 nhu sau:
- Néuej € X7 thisi~2 = s/~1 L (e, X(e;)).
- Néue; ¢ XJ thisi—z =g/ 1,

Khi dé, ta c6 chudi bat dang thic

g(x71) = g(x!) < g(x'71) — g(xI73), (3.3)
<g(s"2) - g(s'), (3.4)
< g(s') —g(s"), (3.5)

trong do:
- Bét dang thic suy ra tu tinh don diéu cta ham f;
- Bét dang thic 12 hé qua tryc tiép ctia tinh k-submodular cta f;
- Bét dang thic dugc dam bio bdi quy tic Iva chon phan tii ctia thuat todn.

Cong hai vé theo I = 1, ..., j, ta thu dudc

J
9(0) — g(x) = 3~ (9(x'") - g(x) (3.6)
=1
J
<37 (ol o6 ) G.7)
=1
< g(s'). (3.8)

Pinh 1y 3.1. Vdi 6 € (0,1) va §log(3) < n, thudt todn[3.1] sit dung

O (k‘nlog(vlog ( ))log ( ))

truy vdn va, vdi xdc sudt it nhdt 1 — 6, trd vé nghiém s thoa

[supp(s)| = glog(%), o(s) > (1 . optlog@)) g

Chitng minh. Thuat toan thuc hién tdi da t = [ log(3)] vong lap for. Trong mdi vong
lip, thudt toan st dung kY truy van. Do vay do phtc tap truy van cia thuat todn dudc
xac dinh boi

[$klog(5)]

Z k‘T—/{?ZU_jii n _an—t-i—]logn)

i=1 jelt]

= O(knlog(t) log(g)).



85

Ap dung B3 dé véi viéc xét x = o (16i gidi tbi vu) véi mdi vong lip j thi Pr[X/NR7 =
0] < 6. Theo dang thiic hgp (union bound) clia x4c sudt, ta cé

PrEje[j, X NRI =0] < 2t <. (3.9)
Trong d6 ¢ 14 sb vong lip for ctia thudt toan. Suy ra
Pr[Vj € [j], X’ N R # 0] >1-6. (3.10)

Dua trén diéu diéu kién X7 N R7 # 0,V € [;], 4p dung BS de | ta thu dugc

T —g(s’) < g(0) — g(s’) (3.11)
= g(0) — g(0’) + g(0’) — g(sf’) (3.12)

<9+ > Apeoenf (3.13)

ec X
< g(s’) + opt mgm(x(f(sj L (e, i) — f(s')) (Do X7 C supp(0), nén | X7| < opt)
ec X’
(3.14)
< g(s’) +opt(g(s’*) — g(s7)) (3.15)

Ap dung bit déng thic trén qua ¢ vong lip (v6i gia thiét ring su kién X7 N R7 #£ () xdy

ra véi moi j), ta co

2 t—1
T —2g(s") < <1 opt> (T —29(s"")) (3.16)
< e (T —29(s" ")) (3.17)
< ¢ w7  (I3p lai bat déng thic (3.17) trong ¢ vong) (3.18)
< e iz 108 (3.19)
= e 2T (3.20)
Do do, ta suy ra
ols) > 5 (1- e le) 7
hoan tit chiing minh. []

3.3.2. Thuat toan FBiU

Thuat toan chinh FBiU (Thuéit toan , trong dé loai bd gia dinh ring da biét
trudc mot udc lugng v cta kich thudc nghiém tdi wu. Thuat toan FBiU trudc hét xay
dung tap ing vién

O={(1+e':1<(1+¢'<n,iecN}
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Thuat toan 3.2: Thuat toan FBiU
Input: Mot thé hién (V, g, k, T), g don diéu, € € (0,1/2), 6 > 0
Output: Mot nghiém s

1 O={(1+¢':ieN, 1< (1+¢)<n}

2. foreach v € O do

s | s, FBIUOPt(V. g, k. T, v,0)

4: end

s: s < argmax{g(s,) : [supp(s,)| < vlog(1), v € O}

6: return s

cac gid tri v. V6i mdi v € O, thuat toan goi thii tuc con FBiOpt(V, £, k,v,d) dé tinh
mot nghi€ém wng vién s,. Sau khi sinh ra toan bo cac nghiém ung vién, FBiU lua chon
nghiém c6 gid tri ham muc tiéu 16n nhét trong s6 cac nghiém théa man rang budc kich

thude [supp(s,)| < vlog(}) (Dong . Cubi cuing, thuat todn xult ra nghiém dudc chon s.

Dinh ly 3.2. Vdi ¢ € (0,1/2),6 € (0,1), vdi xdc sudt it nhdt 1 — 6, Thudt todn trd

vé mot nghiém xdp xi tiéu chudn kép (%bg(%), 17_5) va c6 do phiic tap truy vin

O (e 10g (3)).

Chitng minh. Thuat toan[3.2] goi thii tuc FBiUOpt ding |O| 1an. Do d6, tdng sb truy van
dudc chan trén bdi

Z O(lm log(v log(%)) log (%)) <0 (lm logq4.(n)log (n log(%)) log(%))

veO
o (ssginng(2))
Vi1 < opt < n, ton tai mot chi s6 j € N sao cho
opt < v =(1+¢€) < (1+ €)opt.

Theo cic bdo dam ly thuyét ctia thuat toan FBiUOpt (Pinh Iy , ta co

jsupp(s,)] = 3 1og (5 ) <~ 1og(5) opt (3.21)
Hon nita, véi xac suat it nhat 1 — 4,
g(s) > (1 _ e—o”ptlog%)) % (3.22)
> (1 _ e—logGs)) g (do v > opt) (3.23)
> 19T (3.24)

2
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Do d6, theo quy tic tim kiém cta thuét toan, FBiU ludn lua chon dugc mot nghiém thoa

man cdc bao dam ly thuyét da néu. ]
3.3.3. Thuc nghiém

Dé& danh gia hiéu qua ctia thuat todn FBiU, LA tién hanh so sanh thuat to4n dé xuét

véi c4c phuong phép tién tién nhét hién c6 trong tai lidu.
3.3.3.1. Thiét lap thuc nghiém

LA tién hanh danh gi4 thuc nghiém thuat toan FBiU thong qua viéc so sanh vdi hai
phuong phdp co sé tiéu bi€u hién nay 1a GREEDY [11]] va STREAMING [74]]. Viéc so
sanh dudc thuc hién dua trén ba tiéu chi chinh: (i) chat lugng nghiém (do bang sb luong
phan tit trong tap 10i giai), (ii) s6 1an truy vin ham, va (iii) thdi gian thuc thi cda thuat
toan.

Céc thi nghiém dudc trién khai trén bai todn ing dung k-type Product Revenue
Cover, st dung hai bo dit liéu dai dién: (i) mot d6 thi Erdos—Rényi (ER) sinh ngiu
nhién vé6i tham sd (n = 2000,k = 3) va xéc suit canh p = 0.01; (ii) mang Emai véi
(n = 1005, k = 5).

Cho tap nén V gdm n ngudi dung trong OSN va mot nghiém k-sets = (Sy, Sa, ..., Sy) €
(k + 1)V, LA xét ham tién ich duéi dang gid tri doanh thu md rong, tuong tu nhu
trong [23]], dugc dinh nghia béi

S <Z wm> o

ueV i=1 \weS;

trong d6 a,,; € (0,1) md hinh héa mic do nhay cdm ctia ngudi dung v dbi v6i sdn phdm
i. Ham f 1a don diéu va k-submodular trén V.

Trong toan bd cic thi nghiém, cac tham s6 dudc ¢d dinh 6 mifc e = 0.1 va § = 0.1.
3.3.3.2. Két qua thuc nghiém

Cic két qua thuc nghiém dudc minh hoa trong Hinh [3.1]va[3.2] Mbi hinh trinh bay
su ddi chiéu gitta thuat todn dé xuit FBiU va hai phuong phdp co s 1a GREEDY va
ludng, dua trén ba tiéu chi chinh: (i) kich thudc nghiém thu dudc, (i) s6 1an truy vin
ham, va (iii) thoi gian thuc thi ctia cac thuat toan. Nhiing két qua nay cho phép danh gia
dong thdi chat lugng 18i gii cling nhu chi phi tinh todn ciia tiing phuong phdp trén cic
b0 dit liéu khac nhau.

a. Chét luong 10i giai (kich thuéc)

'https://snap.stanford.edu/data/email-Eu-core.html


https://snap.stanford.edu/data/email-Eu-core.html
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Thuét toan FBiU duy tri cac nghiém co6 kich thuéc nhd gon, trong dé kich thude
nghiém ting tuyén tinh theo ngudng 7'. Trén dd thi ER, FBiU tao ra cic nghiém c6 kich
thu6c tir 8 dén 27 phan tit, nhé hon ding ké so v6i GREEDY (18-62) va tuong duong
v6i ludng (18-29). DBbi véi tap dit liéu Email, FBiU chi can tir 1 dén 4 phan ti dé dat
dugc tinh kha thi, trong khi GREEDY can t6i 10 phan tif va ludng c6 thé can téi 30 phan
tti. Két qua nay cho thiy FBiU c6 kha niing tao ra cac nghiém gon nhe hon trong khi van
dam bao cac rang budc bai toan.

b. S6 lugng truy van

FBiU th€ hién uu thé ro rét trong viéc gidm s lugng truy van ham. Trén di liéu
ER, s6 truy vin ctia FBiU nhd hon khoang 3—4 1an so v6i GREEDY va tuong ducng
hoic thip hon ludng. Trén dif liéu Email, su khac biét con rd rang hon: FBiU chi can
khoang 103-10* truy vén, trong khi GREEDY va ludng yéu cau tir 10* dén 10° truy van.
Piéu nay cho thiy FBiU vugt troi vé hiéu qua tinh todn so véi GREEDY. Tai bo dit liéu
ER, STREAMING cho két qué truy van kh4 tdt, tuy nhién két qua nay khong 6n dinh
trén bo du li€u Email (co kich thudc 16n hon).

c. Thoi gian

Xét vé thoi gian thuc thi, FBiU vugt tréi hon han so v6i ca GREEDY va ludng. Trén
do thi ER, thoi gian chay cta FBiU dao dong tir 118 dén 1543 gidy, thip hon ding k&
so v6i GREEDY (409-3305 gidy) va ludng (1365-1679 giy). Trén di liéu Email, FBiU
chi can tf 1 dén 15 gidy, trong khi GREEDY méat 8-87 gidy va ludng 1én t6i 370-600
gidy. Nhin chung, FBiU dat muc ting tc khoang 3—12 1an so v6i GREEDY va 1én t6i 40
1an so v6i ludng, cho thiy tinh hiéu qué cao va dic biét phu hop véi cac ting dung yéu

cau thdi gian xt 1y nhanh.
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ER (n=2000,k=3)
®FBiU MGREEDY 4 STREAMING
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°
2 40
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®FBiU MGREEDY 4 STREAMING
400K

w
o
o
~

Number of queries
N
o
=
=

100K %
G~ =
0K
01 02 03
THV)

(b)

ER (n=2000,k=3)
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Hinh 3.1: So sanh hiéu niing (chi phi, s6 lugng truy van va kich thudc nghiém) gitta
FBiU va cac phuong phap GREEDY va ludng trén bo dit liéu ER.
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Email (h=1005,k=5)
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Hinh 3.2: So sanh hiéu ning (gia tri ham muc tiéu, s6 luong truy vain va kich thuéc
nghiém) gitta FBiU va c4c phuong phap GREEDY va ludng trén bo dit liéu Email.
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3.4. THUAT TOAN CHO BAI TOAN PHU k-SUBMODULAR TONG QUAT

Trong phan nay, luan 4n tip trung xay dung cic thut toan gidi bai todn kSC trong
bdi canh tdng quat, bao gdm: (i) Thuat toan tham lam mé rong (Extended Greedy), va
(ii) thuat toan FBi, dugc dé xuat nham rit ngan thdi gian thuc thi cia bién thé tham lam
md rong khi ham muc tiéu la don diéu.

Céc phuong phap dé xuét cho thiy su cai thién dang ké vé hiéu ning, thé hién
khong chi qua phan tich 1y thuyét ma con dudc xac nhan thong qua cic két qua thuc

nghiém.
3.4.1. Thuat toan tham lam mé rong

Y tudng cla thuit toan dudc ké thita tir thuat todn tham lam cd dién cho bai todn
Submodular Cover [64] (mdt truong hop dic biét ciia kSC), va dudce tong quat hoa dé
xt 1y ham muc tiéu k-submodular. Cu thé, thay vi chon mot phan ti theo kiéu nhi phan
(chon/khdng chon), trong bdi canh k-submodular mdi phan ti khi dudc chon con phai
dudc gdn vao mot trong k nhan loai trit 1an nhau. Do d6, tai mdi budc, thuat todn lua
chon moét cip (e, i) (phan ti—nhan) cé mdt dé loi ich 16n nhat, tic ti s6 gitta do ting bién

va chi phi, va lip lai cho dén khi gid tri hAm dat mot ngudng x4p xi mong mudn.
3.4.1.1. Mo ta thuat toan
Xét mot thé hién (V, g, k, T), trong d6 g : (k + 1)V — R, 1a ham k-submodular va

T 1a ngudng can dat. Thuit todn nhan thém tham s6 chinh x4c e € (0, 1). Thuat toan khéi

tao nghiém s < 0 va xay dung ham phu

%, néu h don diéu,
Be) « min{g(), T}, a=

. néu h khong don diéu.
Ham A(-) van 1 k-submodular khi ham ¢ don diéu va khi g khong don diéu véi diéu kién
g(-) < T. Sau d6, thuat toan thuc hién tdi da n vong 1ip;  mbi vong lip, chon cip (e, )
(véi e chua nam trong supp(s)) sao cho mat do Igi ich bién Aeiyh(s)/c(e) 1alon nhét, roi
cap nhat s < s U (e, ). Thuat toan dung khi A(s) > (1 —€)aT.
3.4.1.2. Phan tich Iy thuyét

Dé phan tich bdo dam nghiém, luin 4n st dung cdc ky hiéu sau:

e (ej,i;): cdp phan ti-nhidn dugc thém & 1an chon thy j trong vong ldp chinh cta
Thuét toan

o s={(e1,i1),..., (e, i) }: nghiém thu dugc khi két thic thuat todn, véi t = [supp(s)).
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Thuat toan 3.3: Thuit toan tham lam mé rong (Extended Greedy) cho bai

toan kSC
Input: Thé hién (V, g, k, T) clia bai todn kSC, tham s6 ¢ € (0, 1)

Output: Nghiém s

., néu g don diéu,
LS+ 0; o+

[SU] N N

., néu g khong don diéu
2. Pinhnghia h: (k+ 1)V — R, bdi h(-) < min{g(-), T}
3. while h(s) < a(l —€)T do

4: (e,1) < arg MaXec v\ supp(s), ic[k] A(%)@;L(S)
5. S < sLl(e, )

6: end

7: return s

e s/ ={(e1,i1),...,(ej,i;)}: nghiém sau khi da chon j cdp, 1 < j < ¢; dats’ = 0 va

=s.
e 0: nghiém tdi vu ctia bai todn.

e 0/ = (oUs/)Us’ vao/~V/2 = (oUs’/) Us’~!: cac nghiém trung gian phuc vu so

sdnh gitta 0 va s7.

o /712 néu ¢; € supp(o) thi 712 = §/71 11 (¢j,0(¢;)); néu e; ¢ supp(o) thi
§i-1/2 _ gj—1

o u' = {(u1,i1),..., (ur,i,)}: tAp céac cdp thudc o' nhung khong thuodc s’, v6i r =
[supp(u’)].
° uf :StI_I{(ul,il),...,(ul,il)}, 1< STVéuB =s'.

B4 dé sau thiét 1ap mbi quan hé then chdt gitta nghiém t6i vu va nghiém tham lam sau j
budc.

B& dé 3.3. Sau vong lap thit j < t cua Thudt todn ta co:
a) Néu h don diéu thi h(0) — h(07) < h(s?).

b) Néu h khong don diéu thi h(o) — h(07) < 2h(s?).
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Chiing minh. Ching minh a). V6i moi 0 <[ < ¢, taco

h(0"™1) — h(o') < h(0"™!) — h(o1/?) (3.25)
< h(sTV2) — p(sth (3.26)
< h(s') — (s, (3.27)

trong d6 (3.25)) do tinh don diéu cua h, (3.26) do tinh k-submodular cua h, va (3.27) do

quy tac chon tham lam cta thuét toan. Cong vé theo/ =1,...,j suy ra

o) — 1)) = 37 (o' — 1) < 37 (h(sh) — h(s D) < n(s).
=1

=1
Chirng minh b). Khi / khong don diéu, xét hai truong hop.
Truong hop 1: e; ¢ supp(0). Khi d6 supp(o'~1) C supp(o') va ¢; € supp(o!) \
supp(0'~1). Lay p € [k], p # 4;. Do tinh don diéu theo cip (pairwise monotonicity), ta c6

h(0') + h(0' " U (e, p)) — 2h(0") = A, iyh(071) + A, k(0171 > 0.
Suy ra
h(o'~") = h(o') < h(0'~" L (e, p)) — h(0o')
< h(s" U (e, p)) — h(s™1) (3.28)
< h(s!) — n(sY), (3.29)

trong d6 (3.28)) do tinh k-submodular va (3.29) do quy tic chon tham lam.
Truong hop 2: ¢; € supp(o). Khi d6 supp(o'~') = supp(0!). Néu o!~(¢;) = ol(¢))
thi 2(0'~!) — h(0') = 0 < h(s!) — h(s'"1). Néu o' !(¢;) # 0!(¢;), nho tinh don diéu theo

cap tacod
h(Ol) + h(Ol_l) — 2h(ol_1/2) = A(el’ozﬂ(el))h(Ol_l/Q) + A(el’oz(el))h(ol_lm) > 0.

Suy ra

Két hop hai trudng hop cho moi [,
h(o'™) — h(o') < 2(h(s") — n(s'"™ ).

Congtheol =1,...,jsuyra

J
h(0) — h(0') <Y “2(h(s") — h(s'™")) < 2h(s?),
=1
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Bing céch st dung cdn than BG dé[3.3| cung véi cach xdy dung ham h, ta thu dugc
két qua vé hiéu ning ctia thuat todn Tham lam md rong nhu dudc phat biéu trong Dinh
ly [3.3] sau day.

Pinh ly 3.3. Vdi moi ¢ € (0,1), thudt todn c6 do phiic tap truy vdan O(n’k) va dat
dugc cdc ty 1é xdp xi tiéu chudn kép sau:
- Néu g la ham don diéu, thudt todn dat ty 1é xdp xi
(1 (1 (1) n 1+€) 1—6)
- ni|-— .
2 € e /2
- Néu g la ham khong don diéu, thudt todn dat ty 1¢é xdp xi
(1 (1 (1) n 2+€> 1—6)
= (In(- .
3 € e /3

Ngoai ra, trong truong hop chi phi déng nhdt (tiic la c(e) = 1 vdi moi e € V), thudt todn

dat ty 1é xdp xi tiéu chudn kép
1
(a (1 +1In (—)) ya(l — e)) :
€

, neu g don diéu,

trong do

Wi~ NI

. néu g khong don diéu.

Chitng minh. Tru6c hét, ta phan tich do phc tap truy vAn cda thuit toan. Thuit todn
c6 nhiéu nhit n vong lip chinh. Trong mdi vong lip, d€ tim mot cip (e,i) & Dong 5,
thuét todn cAn nhiéu nhét nk truy van. Do d6, tdng dd phic tap truy van ctia thuét toan
1a O(n%k).

Tiép theo, ta chiing minh chin Iy thuyét d6i véi nghiém thu dudc.
Truong hgp ¢ l1a ham don diéu. Khi do, theo cach xay dung, ham £ ciing la ham don
diéu. Ap dung B& dé[3.3] ta c6

T — h(s"™') < h(0) — h(s'™)
= h(0) — h(o'™ 1) + h(0™1) — A(s™h)
< h(s"1) + Aeoeph(s™)

e€supp(ot—1

~—

\supp(s)
ZEESUPP(Oi‘l)\suz?p(st—l) A(e»O(e))h@t_l)

Zeesupp(otfl)\supp(stfl) C(e)
A h(st—l)
< h(s1) + opt max (c.0(¢)) 3.31
< h( ) P e€supp(0t~1)\supp(s'~1) c(e) ( :
N p(at—1
< h(s'Y) 4 opt I AT (3.32)

c(et)
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Trong d6, phép bién d6i tir (3.30) sang (3.31)) dua trén bat dang thic quen thudc

ding v6i moi s6 duong ay,...,a; va by, ..., b. Bit dang thic (3:32) c6 dudc tlf quy tic
lua chon ctia thuat todn tham lam md rong, nghia 1a thuét toan ludn chon phan ti c6 ty
1¢ 10i ich bién trén chi phi 16n nhat. Tir (3.32)), ta suy ra

h(st) — h(s'1) > c(et)%pist_”.
Do do
T —2h(s") =T — 2h(s" ") — 2(h(s") — h(s" ")) (3.33)
< T—2n(s) - 24&)% (3.34)
2¢(et) _
< (1 = ) (T — 2h(st1)) (3.35)
< (T = 2n(stY). (3.36)

Ap dung lién tiép bat dang thic (3.36), ta thu dudc

_2¢(sh)

T —2h(s") <e "o T

Do ¢ 1a vong lidp cudi cling clia vong while, theo diéu kién diing ctia thut toan, ta c6
g(s) > h(s)=h(s") > (1 —e)T/2 va h(s"™1) < (1 —e)T/2.
Két hop v6i bit dang thiic

_2e(st1)

T—2h(s" 1)y <e "em T,

ta suy ra
1 opt ( T )
< S .
c(s') < i In T—on(s1) (3.37)
<P (1) do h(s'™1) < (1 — eT/2. (3.38)
€

Miit khéc, tir (3.32)) ta c6 thé chin chi phi cta phan ti dudc chon & vong lip cubi
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nhu sau:
h(st) — h(s=1)
t
<
() = 5T o
T —n(s"1) t
< <
S 7 Qh(st—l)OPt (Vl h(s") T)
h(st=1)
< -~ 7
= (1 T one 1) ) Ot
(1—e)T
< (1 + e e)T) opt (V1 h(s" ) < (1 e)T/Q)
1+e€
< .
S 5 opt

Do dé, téng chi phi ctia nghiém cubi ciing dugc chin béi

e(s) = e(s1) + e(e!) < (m (1) 41 +€)°—'Dt.

€ € 2

Xét tiép trudng hop chi phi dong nhét, tifc 1a c(e) = 1 véi moi e € V. Khi d6, viéc
phan tich trd nén don gidn hon. Néu opt = 1 thi thuat todn ludn tim dugc nghiém tdi vu,
vi n6 chon phan tii ¢6 1gi ich bién 16n nhét.

Néu opt > 2, tui ta co

1\ opt 1
|supp(s')| = |supp(s'™1)| + 1 < ln(g) % +1< (ln(—) + 1) -

Truong hop g 1a ham khong don diéu. Khi d6 h ciing 1a ham khong don diéu. Ta diéu
chinh B dé va stt dung cach 1ap luan tuong ty nhu trong trudng hop don diéu. Ap
dung B& dé[3.3] ta dugc

T — h(s") < h(0) — h(s")
= h(0) — h(o") + h(0") — h(s")
< 2h(s!) + Z Aeo(enhl(s)
e€supp(o?)\supp(st)
h(s"h) — h(s")

< 2h(s") + opt (3.39)

(e )
Bién d6i tuong tu véi trudng hop ¢ don diéu ta dudc

3c(et)
opt

T — 3h(s!) < (1 — ) (T —3h(s"™1))

c(et)
<e e (T = 3h(s'™h)

_3estThH

<e o Tl
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Mat khac, ta c6
g(s) =h(s)=h(s") > (1 —e)T/3 va h(s'!) < (1—-e)T/3.

Tu do suy ra

va do do

Tuong tu, tu (3.39) ta cé

h(s") — h(s'™")
clel) < T — 3h(si- 1) opt
< IhE) o 1)) (Vi h(s') < T)
- 2h(s'1)
= ( T — 3h(s' 1)) opt
< ( T g_l 6_7;)/;:/3) opt (Vi h(st™1) < (1 - e)T/3)
2 opt

Vi vay, tong chi phi ctia nghiém cubi cling dudc chin bdi

cls) = e(s' ) + o)) < (n (1) 42t ‘) £

€ €

Trong trudng hop chi phi dong nhét, ta tiép tuc phén tich tuong tu nhu trong trudng hop
don diéu. Néu opt < 2, thuat toan ludn chon phan tit don c6 gid tri f 16n nhit, ky hiéu 14
(emax, Imax). Khi do,

T < h(0) < 2h(emax, imax) < 2h(s'),

suy ra g(s') > h(s') > T/2. Vi vay, thuat toan diing ngay sau vong ldp dau tién va tra vé
mot nghiém thoa man

|supp(s’)| = 1 < opt.

Néu opt > 3, tir 1ap luan trén ta thu ducc

1 t t 1 t
|supp<st>|:|supp<st—1>|+1s1n(—)°%+°§ (m( )+1) g
€
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Céc phan tich trén cho thdy mot s6 diic diém quan trong cta thuét toan Tham lam
md réng dbi vé6i bai toan kSC:
- Y tudng phdn tich dua trén sy suy gidm theo ham mii. Mot két qua then chét trong qua
trinh chting minh 1a viéc thiét 1ap dugc bat dang thiic

_ Be(sh

T — Bh(s") <e™ o T,

trong d6 f = 2 d6i v6i trudng hop ham muc tiéu don diéu va 3 = 3 dbi vé6i trudng
hop khong don diéu. Bit dang thiic nay cho thiy khoang cach giita nghiém hién tai va
ngudng muc tiéu 7 giam theo ham mi theo tdng chi phi clia nghiém da chon. Day la

co s dé suy ra cdc chin trén d6i véi chi phi cia nghiém thu dudc.

- Vai tro ciia quy tdc lua chon theo mdt do lgi ich. Tai mdi vong 1dp, thuat toan lua chon
phan tif ¢6 ty 1¢ gitta 10i ich bién va chi phi 16n nhét. Quy tic nay bao ddm mdi don vi
chi phi bd ra mang lai miic cai thién 16n nhét cho ham muc tiéu, dong thdi tao cau nbi

gitta nghiém hién tai va nghiém t4i wu trong qua trinh phan tich 1y thuyét.

- Sw khdc biét giita truong hop don diéu va khong don diéu. Dbi v6i ham muc tiéu don
diéu, tinh chét ting ctia ham cho phép dat dugc bit dang thiic manh hon véi hé sd
B =2, tit d6 dan dén ty 1& x4p xi t6t hon. Nguoc lai, trong trudng hop khong don diéu,
viéc kiém soat 10i ich bién tré nén kho khin hon va dan t6i hé sb 3 = 3, phan anh do

kho cao hon cua bai toan.

- Truong hop chi phi déng nhdt. Khi moi phan ti ¢6 cling chi phi, viéc phan tich dudc
don gidn héa dang k€ do chi phi clia nghiém ty 1& thuan vé6i s6 luong phan ti dugc
chon. Nho d6, c6 thé thiét 1ap truc tiép cac chin d6i véi kich thudc nghiém ma van

duy tri dudc cac dam bao ly thuyét vé chat luong 15i giai.

- Uu diém ciia phuong phdp dé xudt. Thuat toan Tham lam md réng dat dudc cac ddm
bao xap xi tiéu chuin kép cho ca hai trudng hop ham muc tiéu don diéu va khong don
diéu. Pong thdi, do phiic tap truy van chi § mic da thic O(n?k), thip hon dang ké
so v6i nhiéu phuong phap trudc day. Bén canh do, thuét todn c6 ciu tric don gian, dé

trién khai va c6 kha ning mé rong tét trén cac bo dit lidu 16n.
3.4.2. Thuét toan xp xi nhanh FBi cho ham don diéu

Mic du Thuét todn tham lam md rong dat dugc bao dam xép xi tot, dd phiic tap truy
van O(n?k) c6 thé trd nén ton kém trén dit liéu 16n. Vi vay, ludn 4n dé xuat thuat toan

Xép xi nhanh (Fast Bicriteria Approximation Algorithm, ky hiéu FBi) cho trudng
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hop ham rang budc 1di ich g don di¢u va T' < maxye(i41)v 9(X'). Thuat todn FBi dat Xap
xi gan tuong duong Tham lam md rong nhung chi can O(nklogn) truy van (bd qua cic
hang s phu thudc ¢, 6), qua d6 giam manh chi phi tinh toan.

Mot k§ thuit phd bién d€ ting téc tham lam 1a dung threshold greedy két hop véi
viéc dodn gia tri tdi vu (chang han qua day {(1 + €)'} trén mién [cyin, ¢(V)]) [24]. Tuy

nhién, cach lam nay c6 thé can

1log(—c(v)) = O(1 log (ccmax))
€ Crmin € Cmin

1an dodn. Vi cpax, Cuin 12 céc sb thuc duong bat ky nén ti 18 ciax/cmin €6 thé lon bat ky

va do vy s6 lan doan da néu khong phai la da thiic theo kich thuéc dit lidu (tic 1a da
thuc theo n va k, tdc 1a poly(n, k)).

P& khic phuc, luin 4n xay dung mot khung thuét todn gdm 2 thanh phan: (i) trich
chon tlf V hai tap con quan trong Vj (gdm céc phan ti chi phi rit nhd) va V' (gdm céc
phan ti “trién vong” dé€ uéc luong gid tri toi uu véi sd 1an doan chi cd O(logn)); (ii) két
hop TTXX cho bai toan tdi da héa k-submodular khong rang budc [69] véi phuong phap
tham lam ngudng [24] d€ sinh cdc nghiém dng vién chét lugng. DE trinh bay rd rang,
trude hét luan 4n mo ta bién thé FBIOpt gia st c6 mot uSc luong v thda (1—e)v < opt < v,
sau d6 trinh bay phién ban day di FBi loai bd gia dinh nay.
3.4.2.1. Thuat toan FBiOpt (biét trudc wéc lugng toi uu)

a. M6 ta thuat toan

Thuit toan FBiOpt nhan (V, g, &k, T), mot ude lugng v thda (1 — ¢)v < opt < v, va
hai tham s6 € € (0,1/2), 6 € (0,1). Thuat todn chay ti da [In(1/8) /€] vong ldp. Mbi vong
1ip quét mot 1an tp V va chi thém cac phan ti c6 mat do 10i ich vudt ngudng dong

(1—e)(T — 2h(s)) |

v

0 <+

Thuat todn ditng s6m néu dat h(s) > (1 — 6)T/2.

b. Phan tich Iy thuyét

Tuong tu nhu thuét toan tham lam mé rong, dat (e;, i;) 1a cdp duge thém thi j va s’
12 nghiém sau j 1an thém; dit s; 1a nghiém sau vong 1dp ngoai thy j ctia Thudt toan
Céc ky hiéu 0/, 0/~1/2 u!, u! dugc dinh nghia tuong ty.

B dé 3.4. Sau vong ldp ngoai thit j cua Thudt todn ta co:
a) Néu h don diéu thi h(0) — h(07) < h(s;).

b) Néu h khong don diéu thi h(o) — h(e?) < 2h(s;).
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Thuét toan 3.4: TTXX nhanh véi uéc luong tdi uu (FBiOpt)

10:

11:

12:

13:

14:

15:

.....

Input: Thé hién (V, g, k, T), § € (0, 1), uSc lugng v ctia 16i giai tdi uu opt
Output: s

s« 0

Dinh nghia » : (k + 1)V ~— Ry bdi h(-) + min{g(-), T}

for [ =1to [In(1/4)/¢| do

0« (1 —¢€)(T — 2h(s))/v

foreach e € V' \ supp(s) do

i < argmaxe(y A e,i)(S)

if 20"5) > § then

c(e)
‘ S < sU (e, 1)

end
if h(s) > (1 —9)T/2 then
‘ return s

end

end

end

return s
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Chitng minh. Chiing minh tuong tu BS dé do quy tac chon nhan i (t6i da héa do ting
bién v6i phan tif e dang xét) trong Thuat toan [3.4] tuong dong v6i Thuat todn ]

Pinh ly 3.4. Vdi moi e € (0,1/2),6 € (0,1), ham g don diéu va gid sit v(1 —€) < opt < v,
thudt todn thuc hién nhiéu nhdt

o()

truy vdn va trd vé mot nghiém dat ty 1é xdp xi tiéu chudn kép
1 1 140 1—-90
(1 m(=)+—2) =2}
(2( +6€)<n(5)+ 5 ) 2 )

Chitng minh. Thuat toénbao gom hai vong 1ap. Vong 1dp ngoai thuc hién O (1 log(5))
1an 13p va trong mdi 1an 1dp can tbi da nk truy vén téi ham h. Do d6 tng sd truy van clia
thuat toan nhiéu nhat 1a O (“£1og()) . Tiép theo, ta chiing minh dam bao xap xi ciia
thuat toan. Xét hai truong hop sau.

Truong hop 1. Gia sit vong Lip chinh két thiic tai vong lip

1 1
=|-In(=)]|.
= [l
Ky hiéu s* 1a s; sau khi két thic vong 13p thi j < I cla vong 1dp chinh. Do A(-)

12 ham don diéu va c6 tinh chit orthant-submodular, moi phan tif khong dudc chon tai

vong lip t déu c6 mat do 1oi ich nho hon 6. Do d6 ta c6

T — h(s;j) < h(0) — h(s;)
= h(0) — h(0) + h(0") — h(s") (3.40)
ShS+ D Dpeaeph(s?) ©41)
e€supp(0')\supp(s's)
< h(s') + Z 0 - cle) (3.42)

e€supp(07)\supp(s'i)
(1 —e)(T —2h(s;-1))
v

< h(s") + opt

< h(sj) + (1 —€)(T — 2h(sj-1))- (3.44)

(3.43)

Trong d6 phép bién ddi tir (3.40) sang (3.41)) sit dung B& dé[3.4] Ap dung lip lai bt ding
thuc trén, ta thu dugc

—2h(s)) < (1 — )T < e~T < 6T (3.45)
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Do do6
g(sy) > h(s)) > (1 —0)T/2.

Trong trudng hop nay, thuit toan khong théa diéu kién diing ciia thuat todn tai vong lip
I —1,suyrah(s;_;) < (1 —&)T/2. Mit khéc, theo quy tac Iya chon phan ti méi dua vao

S;, ta co
h(si) = h(si-1) > > Afeinh(s=) (3.46)
e€supp(s;)\supp(si—1)
> (c(si) — c(si-1))0 (3.47)
_ (C(Si) - C(Si—l))(lv_ E)(T - Qh(s’i—l)) . (348)

O day s<¢ biéu dién tip s tai thoi diém ngay truée khi phan tit e duge thém vao nghiém.
Sap xép lai bt dang thic (3.48) ta dudc

T — 2h(s;) < (1 _2- 6)(0(52) - C(Si_l)))(T ~2h(si_1)) (3.49)
< I (s y)). (3.50)

Ap dung I3p lai bat dang thic trén v6ii <1 —1taco

_2(1-9)els_q) _20-9)%e(s_1)

ST <T—2h(s)_|)<e v " T<e o T (3.51)

Suy ra c(si-1) < gi2qp In(5) . Mit khéc, tir (3.48) va dinh nghia ctia ham h(-) ta c6 thé

chin chi phi ting thém & vong lip cudi:

o) —clsiy) < STt (3:52)
= f__z};f?sl[_% 1 - e (3.53)
< (1 + T(1_—<16)_T§)2T) 1 v : (3.54)
< 25(11——’__56)20pt (Do v < %) (3.55)
Do d6
ols)) < 2(1"—32)2111(%) + %opt (3.56)
- i (m(%) : 1%5) opt (3.57)
< %(1 +6¢) (m (%) + #) opt. (3.58)
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Bét dang thiic cubi cing suy ra tif 1= < 1+ 2¢, ap < 146 véiee (0,1/2).
Truong hgp 2. Gid st vong lidp chinh két thic sém hon, tic 1a 1 < L1n(3) , tic 1a thuat

to4n thoa diéu kién ditng & vong lip I. Khi d6
Ms) > (1= 0)T/2,  hisi1) < (1-8)T/2.
Tuong tu nhu 14p lun trude do, ta van cé

(1) < mf—ftym(%)

va

149
I —
~ 20(1—¢)

Do d6 ciing suy ra chiin vé chi phi ctia 19i gidi. Két hop hai trudng hop trén, ta thu ducc

c(sy) — c(si-1) opt.

dam bao x4p xi cia nghiém tra vé bdi thuit toan. ]
3.4.2.2. Thuat toan FBi

Tiép theo, luan 4n trinh bay thuit toan FBi (Thuit todn bing cach loai bd gia
dinh biét truéc v. Thuat todn gdm hai pha.
Pha 1 (trich chon tap con). Tt V, thuit toan xay dung hai tap con:

- Vj: tAp céc phan tif c6 chi phi rat nho, sao cho téng chi phi ¢(Vp) bi chiin bdi mot

hing s6 ti 1& eopt;

- V': tap céc phan ti “trién vong” c6 chi phi nim trong mot khoang hop ly dé c6
thé tim uSc luong clia gid tri tdi vu v6i s6 1an doan c¢d O(logn).

Thuat toan khéi tao 15i gidi ban dau x « 0, sau d6 tim 13i giai cho bai todn Toi da ham
k-submodular (unconstrained submodular maximization, ky hi€éu UkSM), tic la tim 16i
gidi x € (k+ 1)V sao cho g(x) 16n nhit. Do d6 g(x) > T'. Sau khi 4p dung TTXX véi ty 1&
1/2 v6i khung dé xuét trong [69] va cu thé dbi vé6i thuat toan tham lam trong [11]. Thuat
toan [11]] tim 13i gidi cho bai todn t6i da ham don diéu k-submodular vé6i rang budc kich
thudc. Thuat toan nay hoan toan c¢6 thé 4p dung tim 15i giai cho bai toans UkSM véi kich
thu6c dau vao 1a n véi hé s6 tat dinh 12 1/2. Pay ciing chinh 13 1y do thuit to4n FBi ap
dung dudc véi diéu kién T < maxy e (p41)v 9(X)-

Tiép theo, thuit todn 1an lugt gan mdi phan ti e € V' \ supp(x) vao mdt vi tri dudc
chon ngiu nhién i € [k] va cAp nhit x < x U (e, 7). Buc nay nhiam bio ddm hai muc
dich:

- Do ¢ 12 ham don diéu nén g(x LI (e,i)) > g(x). Vi vay, viéc b6 sung cdc phan tir

vao x khong lam giam gia tri ham muc tiéu.
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- Sau khi tit ca cdc phan ti cia V dudc gdn vao X, ta ¢é supp(x) = V. Néu x théa
man ngudng yéu cau thi x 12 mot nghiém kha thi. Do d6, chi phi cla x cung cip

mot chin trén cho chi phi cia nghiém tdi vu.

Sau d6, thuat toan sap xép cac phan ti theo chi phi khong gidm dan tic 12 supp(x) =

{e1,...,en} VOic(e1) < cle2) < ... < c(ep), sau do tim

j < min {@ : g({(61,X(61))7 R (ei7x<€i>>}) = T}'

Phan i j ludn ton tai vi sau khi 4p dung thut toan trong [69], thut toan ludn tim thiy
x sao cho g(x) > 7. Tt d6 suy ra hai ngudng chi phi ¢,,, = €'c(e;)/n va cpr = jc(e;) d€
xdc dinh Vj va V’. Cubi cling, Pha nay tra vé cdc gia tri Vj, V' 1a c4c tap nén méi dé€ tim
161 giai cho Pha sau.
Pha 2 (sinh tap nghiém @ng vién va chon nghiém t6t nhat).

Thuit todn trude hét tim mot nghiém nén X, trén V; bang cac dp dung thuit todn
[69] nhu mdt tng vién tiém ning. Pinh nghia ham bién ¢/(-) = g(xoLI-) —g(Xo) va ngudng
con lai 7. Tiép theo, thuat toan goi FBiOpt nhiéu 1an trén mién V' véi cac gia tri doan
vi = (em) /(1 — €)Y, [bgllel (ﬂﬂ dé tim cdc nghiém tng vién s;. Chi ¥ riing véi viec
duyét v; trong khoang trén sé tim “ quét ” hét cic chi phi trong V' va do vy luén dua
mot uée luong cia 10i giai tdi uu ddi véi (V/, ¢, ') v6i sai s6 khong qua 1 — € 1an. Cudi
ciing, thuét toan chon nghiém c6 chi phi nh nhit thda ngudng va tra vé nghiém két hop
véi X.
3.4.2.3. Phan tich Iy thuyét

Piat V; = V' \ (Vo U V). BS dé sau cho thiy o khong chiia phan ti trong V3, dong
thdi téng chi phi ctia Vj 12 rit nhd.

B& dé 3.5. Sau khi két thiic dong 8 trong Thudt todn Vo, V! dugc xdc dinh. Khi do ta
co supp(0) N Vi = O va ¢(Vp) < 'opt.

Chiing minh. Sau buéc “lip day”, ta c6 supp(x) = V va ddy chi phi c(e;) < --- < ¢(ep).

Chi sb j 1a nho nhat sao cho

g({(el, X(el)), e (ej,X(ej))}) Z T.

Trudc hét ching minh c(e;) < ¢(0,), V6i 0, = arg max,c supp(o) €(0) 12 phan ti dit
nhit trong nghiém tdi uu. Gia st ngugc lai c(e;) > c(o0p). Vi supp(0) C V = supp(x), ton
tai j' < j sao cho supp(0) C {e1,...,e;}. Dt

-/

% = {(er.x(e1)), .. (e, X(e)}.
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Thuat toan 3.5: Thuét toan FBi (Fast Bicriteria)

10:

11:

12:

13:

14:

15:

16:

Input: Thé hién (V, g, k, T), g don diéu; € € (0,1/2), 5 € (0,1)
Output: Nghiém s

. X+ 0; ¢« ¢/8,x + nghiém ctia UkSM trén (g, V, k) bang TTXX 1/2

trong [69]
foreach e € V' \ supp(x) do
‘ chon ngdu nhién i € [k] va X + X U (e, i)
end
Sap xép céc phan tif trong supp(x) = {ey, ..., e, } theo thif tu chi phi khong gidm
j < min {z cg({(en,x(e1)), . (6, X(e)}) = T}
Cm < €clej)/ny  ep  jele))
Vo< {eeV:cle)<em}y Vi+{eeV:cen<cle) <cyl
X + nghiém ctia UkSM trén (g, Vp, k) bang TTXX 1/2 trong [L1] véi thiét 1ap
kich thudc bang n
To - g(X0); ~ dinh nghia ¢'(-) - g(Xo U+) — g(xo)
T «+ T — 2Ty
for i = 0 to ’VIOgl_lel (122)—‘ do

Vi 4 /(1 =€)’

s; + két qua cta FBIiOpt vé6i dau vao (V', ¢/, k, T, €, 8, v;)
end
S < argmin {c(si) Dg(siUxg) > (1 — 5)T/2}

return s LI X
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Do tinh don diéu cua g,
T < g(o) < g(x') < g(x),

mau thun véi tinh t6i tiéu cla j. Vay c(e;) < c(op) < opt.
Tur dinh nghia j, ta cling c6 opt < 25:1 c(e;) < jc(e;). Moi phan t trong V; ¢6 chi
phi > cjs = jc(ej) > opt, nén khong thé thudc supp(o), tic supp(0) NV; = B. Cudi cing,

véi moi e € Vj taco c(e) < ¢y = €'c(ej)/n nén
‘c(e;
(V) < Vol - S4) < de(e,) < dop,
n
o

Pinh ly 3.5. Vi moi e € (0,1/2) va § € (0,1), gid sut g la mot ham don diéu va k-
submodular. Khi do, Thudt todn|3.5|trd vé mot nghiém dat ty 1é xdp xi tiéu chudn kép

(o)) 15)

va c6 dé phikc tap truy vin

Chitng minh. Tru6c hét, ta chiing minh do phuc tap truy van ctia thuat todn.

Phdn tich d phiic tap truy vdn. Trong giai doan thi nhit, thut todn can O(nk) truy van
dé tim nghiém x bang cach goi thut toan UkSAlg trong [69]. Sau d6, thut toan cin thém
nhiéu nhét O(nk) truy van dé€ xdc dinh chi s6 j. Vi vay, téng sd truy van trong giai doan

thtt nhit 12 O(nk). Trong giai doan thi hai, thuit to4n thuc hién

.92
qn 1 n
{bgl/u—w (—ﬂ +1=0 (g (2))

vong lap. O médi vong lip, thudt todn goi thi tuc FBiOpt, ma theo két qua dd chiing minh

o2 (3))

Do d6, téng sb truy van ctia giai doan thi hai 12

@) (%flog (%) log(%)) :

trudc d6 cé do phiic tap truy van
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Két hop hai giai doan, ta thu dudc tdng do phtic tap truy van ctia thuét toan:

O(nk) + O <Z—§ log (%) log(%)) =0 (Z—f log (%) 10g(%)> .

Tiép theo, ta chiing minh céc chiin ly thuyét d6i v6i nghiém do thuit toan tra vé. Gia st
Ty dudc dinh nghia 6 Dong 10 ctia Thuat toan Ta xét hai truong hgp sau.

Truong hop 1. Gia st Ty > T/2.

Trong trudng hgp nay, theo cach xay dung cua thuat toan, ta cd

g(s) = g(x0) = T/2.
Mt khdc, chi phi clia phan nghiém ban dau théa man
c(x) < ¢(Vp) < €opt.

Do d6, trong trudng hop nay nghiém thu dudc da théa man ngay cdc ddm bao can thiét,
va dinh ly dugc chung minh.

Truong hgp 2. Gia st Ty < T/2.

Ky hiéu opt’ 12 gid tri t6i uu ctia bai toan kSC trén thé hién con (V' ¢, k,T"). Ta c6

cm = min ¢(e) < opt’ < (V).
ecV’

Ngoai ra, day gia tri
Cm
Vi = (1 _ E/)i
dugc xay dung sao cho ting dan tif ¢, dén ¢(V’) v6i cong bdi 1/(1 — €'). Vi vay, ton tai
mot chi s6 i trong vong 1ip chinh sao cho

opt’
Optlﬁviﬁlp

— 6/ :
Xét hai tap con clia nghiém t6i uu o:

o' ={(e,i) : e € supp(0) \ Vo, i = 0(e)},
x' = {(e,i) : e € supp(0) NV, i = o(e)}.

N6i cach khdc, o/ 12 phan clia nghiém t6i tu ndm ngoai V4, con X’ 1a phan clia nghiém
t6i uu ndm trong Vp. Tt BS dé[3.5|va tinh don diéu cda ham g, ta ¢6

9(0') + 9(x') = g(0'UX) > g(0) = T.
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Bit dang thic trén cho thiy tong gid tri ctia hai phan nghiém o’ va X’ it nhit bang ngudng
yéu cau 7. Mit khéc, do x, dudc tinh bang TTXX cho bai toan tdi da héa k-submodular
khong rang budc UkSM trong [69], ta co

1
To = g(Xp) > — a, u).
0=9(Xo) = %&ﬁff)%g( )

Tu do suy ra

9(0') > T — g(x') (3.59)

>T— max g(u) (3.60)
ue(k+1)%

> T — 2Ty. (3.61)

Bit dang thifc nay cho thiy o’ 12 mot nghiém kha thi ctia thé hién con (V', ¢/, k, T'), trong
do T' =T — 2T,. Hon niia, ta co

opt’ < ¢(0") < ¢(0) = opt.

Nghia 12 chi phi t6i vu ctia bai toan con khong vudt qua chi phi tdi vu cia bai toan ban
dau. Theo Pinh 1y khi ap dung thu tuc FBiOpt trén thé hién con, ta thu dugc nghiém

s; thoa man
1 1 149
c(s)_2(1+66)<log 5 + 5 )opt

Do do, khi ghép nghi€ém s; véi X, ta co

c(si Uxo) < (Vo) + c(s;)

1 146\ opt
< / (_)
_eopt+(1+6€)(log 5 +— ) 5

1 1
<(l+e <1og (5) + %5) %pt,

Vi e = 8¢ va opt’ < opt. Tiép theo, ta phan tich gid tri ham muc tiéu clia nghiém ghép

/

S; LIXg. Do
gfsi %) — g(x0) = o't = LT
nén
g(si Uxg) > O_T(S)T/ + To
_ (- 5)(; —2T) T

- 2
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Nhu vy, nghiém ghép s; LI xo dat dudc gia tri it nhét bang (1 — §)7/2. Cubi cling, theo
quy tac lya chon & Dong 15, thudt toan ludn tra vé mdt nghiém s sao cho

(1-96)T

g(s) > 5

dong thoi

c(s) <c(siuxp) < (1+¢) (log (%) + #) %pt.

3.4.3. Thuc nghiém

Nhim déanh gid cdc thuit toan dudc dé xuat trong luan 4n, bao gdm Tham lam md
rong va FBI, tac gia tién hanh d6i chiéu cic phuong phap nay véi nhitng thuit ton tién
tién hién c6, dudc téng hop trong Bang Viéc so sanh dudc thuc hién dua trén ba ti€u
chi chinh: (i) chét lugng nghiém thu dudgc, (ii) s6 1an truy vén t6i ham muc tiéu g, dai

dién cho chi phi tinh todn, va (iii) thdi gian thuc thi trong thuc té.
3.4.3.1. Thiét lap thuc nghiém

Luén 4n tién hanh d4nh gia thuc nghiém hai thuit toan dé xuat, gdm Tham lam mé
rong (Extended Greedy) va FBi, thong qua viéc so sanh v6i cac phuong phép tién tién
hién c6 trén hai ing dung dién hinh cta bai todn kSC: (i) bai toan ITk va (ii) bai todn
Ngudng doanh thu - RT. Thuit toan Tham lam mé rong c6 bao dam ty 1& x4p xi trong c4
hai trudng hop va céc thuat toan dé xuit déu dudc danh gid trén hai bai toan nay. Riéng
ddi véi RT, thuat toan FBi khong c6 bao dam ty 1& xip xi va chi dudc st dung nhu mot
thuat toan heuristic d€ phuc vu so sdnh thuc nghiém.

Céc thut todn dbi sanh dudc Iua chon dua trén nhiing két qua tot nhat da dugc
cong bd trong tai lidu (xem Bang [3.2)), bao gdm:

- Thuit toan 2 trong [75]: mot thuét toan dang ludng cho bai toan kSC. Vi ham

k-submodular don diéu, thuat toan dat ty 1& xap xi (ﬁv 15¢), trong khi dbi

v6i ham khong don diéu dat (364—_6), 12¢). Do phic tap truy vin tuong tng la

(1—e

1 , N X o« R . . , 2 A N 2,
@] (nk%) , trong d0 ¢ VA ¢ 1an Iugt biéu thi chi phi nho nhat va 16n

nhit ctia cac phan ti.

- Thuét toan 3 trong [75]: mot bién thé ctia Thuét toan 2 nham loai bd gia dinh vé
viéc biét trudc khoang chi phi. Thuat toan nay duy tri cing ty 1é x4p xi nhu trén,
nhung xay dung cic ngudng dua trén gia tri muc tiéu 7. Do phic tap truy vin

dugc bidu dién béi O (nklog!(eT(B Deseeruck gLCA) >).
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Trong toan bd cic thi nghiém, cac tham s6 dudc cb dinh & mic e = 0.1 va § = 0.1.
Chi phi ctia phan tif dugc khdi tao trong (0,1] [81], 93]]. Gia tri T dudc 14y trong tap
{0.1g(x), 0.2¢9(x), 0.3g(x), 0.4¢(x), 0.59(x) }, trong d6 x la 16i gidi cua UkSM trén tip V
dugc xdc dinh bang thudt toan hé sd xap xi 1/2 trong [69]. Céc tham sb dudc trinh bay
trong Bang Trong phan thuc nghiém, LA st dung b6n bd dif liéu chuan vé OSN tai

Bang 3.3: C4c tham sb st dung trong thuc nghiém

Tham s6 Gia tri

€0 0.1 [93, 73]

Chi phi phan ti  Khéi tao ngiu nhién trong khoang (0, 1] [81} 03]
Nguong T {0.19(x), 0.2¢(x), 0.3¢(x), 0.4¢(x), 0.5g(x)} [81]

SNAP | dudc théng ké trong Bang

Mang Ij'ng dung S6 dinh  S6 canh Nguf;n
Barabasi—Albert 1Tk 1,000 ~ 5,000 M0 hinh BA [106]]
Facebook ITk 4,039 88,234  SNAP [92]
Email-Eu-core = RT 1,005 25,571 SNAP [92]
GR-QC RT 5,242 14,496  SNAP [92]

Bang 3.4: Cac b0 di liéu su dung trong thuc nghiém

3.4.3.2. Két qua thue nghiém

a. Chi phi loi giai

Tu cac Hinh va c6 thé quan sat rang chi phi ctia 15i giai thu dugc bdi cic
thuat toan c6 su bién dong theo cic gia tri ngudng 7. Khi T ting, chi phi ctia tit ca cac
thuat toan déu ting theo xu hudng tuong tu. Tuy nhién, nhin chung cic dudng biu dién
chi phi nam kha gan nhau, cho thy chit lugng 15i giai ctia cidc phuong phép la tuong
duong.

Miic du tai mot s6 gid tri ctia 7' ¢6 thé xuat hién su chénh 1éch nhit dinh giita cac
thuat todn, su khac biét nay khong qud ddng ké va xu hudng tong thé ctia cac dudng biéu
dién van tuong tu nhau khi 7 ting. Trong mot s6 trudng hodp, thuit toan ciia Wang c6 thé
cho chi phi 16n hon, trong khi Thuat toan Tham lam mé rong dat dugc chi phi nho hon.
Nhin chung, cic phuong phap déu dat dudc chit lugng 15i gidi tuong duong vé mit chi

https://snap.stanford.edu


https://snap.stanford.edu

111

phi. Pang chu y, Thuat toan Tham lam mé rong va Thuat toan FBi dudc dé xuét trong
ludn 4n ludn cho chi phi nim trong cuing mot khoang véi cdc thuit toan dbi sanh, cho
thiy cdc phuong phdp dé xut vin ddm bio chit lugng 10i gidi canh tranh trong cac tng
dung IT.

Tuong ty, tif cic Hinh 3.5/ va[3.6{c6 thé quan sit ring chi phi ctia 16i gidi ciing ting
dan theo ngudng 7'. Tuy nhién, cic dudng biéu dién chi phi vin nam kha gin nhau, cho
thiy su khéc biét giita cac thuat toan 12 khong 16n.

Dé danh gid r6 hon vé hiéu qua cta thuat todn dé xuit, Bang[3.5|bi€u dién so sanh
theo ty 1& gidm chi phi clia thuat toan dé xuét. Trong da s6 céc trudng hop, Thuat toan

Bang 3.5: Thong ké sb so sanh theo trudng hop clia thuit todn dé xult v6i cac thuit toan

theo téng s6 15 truong hop ctia 7.

Thuat toan Tham lammérong FBi  Tham lam mé rong hoac FBi
S6 trudng hop tét hon ca Thuat 8/15 10/15 15/15

toan 2 va Thuat toan 3 trong [[75]

Ty 1€ 53.3% 66.7% 100%

Tham lam md rong va FBi cho chi phi nhd hon hoac tuong duong so véi cac thuat toan
con lai va it nhat mot trong hai thuat todn t6t hon céc thuat todn con lai.

b. S& lugng truy van

Tir cac Hinh [3.3(b) va[3.4(b), c6 thé nhan thiy sy chénh léch déng ké vé s6 lugng
truy van gilfa cac thuat toan trong ting dung IT. Cu thé, Thuit toan 2 trong [75] s& dung
s6 truy van 16n nhat va hau nhu khong bién ddi theo cdc gid tri cia ngudng 7', duy tri &
mtc vai triéu. Diéu nay cho thiy thuit todn phai ddnh gid mot lugng 16n ing vién trong
qua trinh Iva chon phan tit. Trong khi d6, Thuat toan 3 trong [75] gidm dang ké sb truy
vén so véi Thuat todn 2, nhung vin & miic cao va ¢6 xu huéng ting khi 7T ting.

Tréi lai, cac thuat todn dudc dé xuit trong luin 4n thé hién vu thé rd rét vé chi phi
truy van. Thuét todn Tham lam mé rong (LA) st dung it truy van hon dang ké so véi cac
phuong phap clia Wang va chi ting dan theo 7. Pang chi y, thuit toan FBi (LA) thudng
dat sd luong truy van thip nhit trong phan 16n céc trudng hop khio sat. So v6i Thuat
todn 2, cac phuong phap dé xuat ¢ thé gidm sb truy van tif mot dén hai bac do 16n, cho
thiy hiéu qua vuot trdi vé mit tinh todn.

Xu hudéng tuong tu cling dudc quan sat trong ing dung RT thong qua cac Hinh[3.5(b)
va b). Thuét toan 2 tiép tuc yéu cau sb truy van cao nhat va gan nhu khong phu thudc
vao T, trong khi Thuat todn 3 c6 cdi thién nhung van ting dang ké khi 7 16n dan. Ngudc

lai, hai thuat todn Tham lam md réng va FBi duy tri mic truy van thap hon 16 rét va chi
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—— Thuét toan 2 (Wang)
0.175 { =#— Thuat toan 3 (Wang)
== Tham lam md rong (LA)
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(a) Chi phi cua loi giai
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(b) S6 luong truy van (truc tung & thang log)
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(c) Thoi gian chay (truc tung & thang log)

Hinh 3.3: So sanh hi€u nang cua cac thuat toan trén mang Barabasi—Albert (BA) theo

nguong 7" voi ung dung IT.
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(a) Chi phi cua 16i giai
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S8 lugng truy van (log-scale)
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(b) S6 lugng truy van (log-scale)
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(c) Thoi gian chay (log-scale)

Hinh 3.4: So sanh hiéu nang cua céc thuat toan theo ngudng 7" véi ung dung IT: (a) chi
phi ctia 16i giai; (b) s6 luong truy van; (c) thdi gian chay.
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(b) S6 luong truy van (truc tung & thang log)
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(c) Thai gian chay (truc tung & thang log)

Hinh 3.5: So sanh hiéu ning ctia cac thuit toan trén bd di liéu Email-Eu dbi v6i ting

dung RT theo ngudng T (a) chi phi clia 18i gidi; (b) s6 luong truy véan; (c) thoi gian chay.
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—8— Thuat toan 2 (Wang)
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S8 luong truy van (log-scale)
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(b) S6 luong truy van (truc tung & thang log)

e

\ 4 > 4

102

Thai gian (log-scale)

—®— Thuat toan 2 (Wang)

Thuét toan 3 (Wang)
—&— Tham lam md& rong (LA)
—4— FBi(LA)

T T T T T T T T T
0.10 015 0.20 0.25 0.30 0.35 0.40 0.45 0.50
T

(c) Thoi gian chay (truc tung & thang log)
Hinh 3.6: So sanh hiéu ning ctia cic thuat toan trén bd dif liéu Email-Eu dbi v6i tng
dung RT theo céc gia tri ngudng 7°: (a) chi phi ctia 18i gidi; (b) sd luong truy van; (c) thoi
gian chay.
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tang cham theo 7.

Tong thé, sd luong truy van cia cac thuit toan dé xuat trong luin 4n dudc giit &
mtc thip va 6n dinh hon so vdi cdc phuong phdp hién c6, ngay ca khi ngudng muc tiéu
tang lén.

Nhiing quan sét thuc nghiém nay ciing phut hdp véi phan tich ly thuyét vé do phic
tap truy van dudc trinh bay trong Bang Cu thé, cédc thuat toan cia Wang c6 do phiic
tap phu thudc vao kich thudc tap nén va cac tham sb lién quan dén ngudng, dan dén chi
phi truy vAn cao trong thuc nghiém. Ngudc lai, Thuat toan Tham lam md rong va FBi
dugc thiét ké nhiam han ché s6 1an danh gid ham thong qua cac chién lugc lua chon phan
t hiéu qua, tir d6 dat dudc chi phi truy vn thip hon dang k€ trén cac bo dit liéu khao
sat.

c. Thoi gian

Tu cac Hinh C) va c), c6 thé nhan thiy xu huéng thdi gian chay tuong dong
v6i két qué vé s6 lugng truy van. Cu thé, Thuat todn 2 trong [75]] c6 thdi gian thuc thi 16n
nhit trong tit ci cc phuong phdp so sanh va gan nhu khong bién d6i theo ngudng 7.
Diéu nay phu hdp vdi viée thuat todn phai thuc hién mot sd luong truy van rat 16n trong
qua trinh xu ly.

Thuét toan 3 trong [75]] gitip rit ngan dang ké thai gian thuc thi so véi Thudt todn 2,
tuy nhién chi phi nay vin c¢6 xu huéng gia ting theo 7. Trai lai, c4c thuat todn dudc dé
xuat trong luan 4n cho thdy hiéu ning vudt troi hon. Cu thé, Tham lam md rong (LA)
va FBi duy tri thoi gian chay thap hon 1o rét so v6i Thuat todn 2, dong thdi trong nhiéu
trudng hop dat hiéu qua tuong duong, tham chi tot hon Thuat toan 3.

Xu huéng nay ciling dugc ghi nhan trong tUng dung RT qua cdc Hinh [3.5[c) va
c). Thuét toan 2 tiép tuc c6 thdi gian chay cao nhét va it chiu anh hudng ctia T, trong
khi Thuat todn 3 tuy nhanh hon nhung van ting ding k€ theo ngudng. Tri lai, hai thuat
toan Tham lam md rong va FBi duy tri thoi gian chay thip va chi ting nhe khi T ting.

Mot quan sat dang chd y 13 su thay ddi cta thdi gian thuc thi gan nhu tuong ting
truc tiép v6i xu huéng cta sb luong truy vin. Piéu nay cho thdy phan 16n chi phi tinh
todn clia cac thuit todn xuat phat tif qud trinh danh gida ham muc tiéu. Do d6, trong thuc
nghiém, thdi gian chay gan nhu ti 1& thuan vdi s6 lugng truy vén, phu hop véi cdc phan
tich ly thuyét vé do phiic tap truy vin dudc trinh bay trong Bang 3.1| Cac thuat toan ctia
Wang, do can thuc hién nhiéu truy vin hon, din dén thdi gian thuc thi cao hon; ngugc
lai, cic phuong phap dé xuét dat hiéu qua tot hon nhd gidm dang ké s6 1an danh gia ham.

Trén mang Barabasi—Albert (BA), FBi chua dat thdi gian chay thap nhit tai mot sd

ngudng T nhé, mic du st dung it truy van hon céc thuit toan ddi sanh. Piéu nay cho
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thiy viéc giam s truy van chua bdo ddm cai thién tuong dng vé thdi gian thuc thi. Khi
ngudng 7T cao, thuat toan Tham lam md rong ciing c6 thé chay cham hon FBi va Thuat
toan 3 cia Wang trén BA. Vé chi phi 10i gi4i, FBi va Tham lam m& rong 1an lugt tot hon
c4 hai thuat todn dbi sanh trong 10/15 va 8/15 trudng hop, cho thiy uu thé vé chit lugng
chua dong déu gitta céc thiét 1ap.

Két qua téng hop trén ca hai ting dung IT va RT cho thiy céc thuat toan dé xuit,
bao gdm Tham lam md réng va FBI, dat hiéu ning canh tranh so v6i cac phuong phap
clia Wang. Xét vé chét luong nghiém, cic phuong phap nay cho két qua tuong duong.
Ngugc lai, & khia canh chi phi truy vén, sb 1an ddnh gid ham dugc cit gidm ding ké,
thudng gidm tir mot dén hai bac do 16n. Nhd d6, thai gian thuc thi ciing dudc rit ngin
1o rét trong phan 16n céc kich ban thuc nghiém. Nhin chung, cic thuit toan dé xuét vira

duy tri chat luong 15i gii, vita cai thién dang ké hiéu qua tinh toan.
3.5. KET LUAN CHUONG

Trong chuong nay, luan an tap trung nghién cttu bai toan Phu k-Submodular (kSC),
mot dang md rong tu nhién clia bai toan phi submodular ¢& dién trong bdi canh ra quyét
dinh da lya chon. M6 hinh nay cho phép biéu dién nhiéu ting dung quan trong trong tri
tué nhan tao, nghién ctiu tic nghiép va phan tich di liéu, nhu lan truyén anh hudng theo
nhiéu chi dé, t6i uu doanh thu véi nhiéu san pham, hay Iua chon dic trung da 16p.

Xét trén phuong dién ly thuyét, lusn dn dé xuit cic TTXX tiéu chuin kép hiéu qua
cho c4 hai kich ban chi phi dong nhét va chi phi tdng quét. Cu thé, trong trudng hop chi
phi dong nhit, thuit toan FBi cung cAp bdo dam xap xi dudc cai thién ddng k& so vé6i cac
phuong phap truéc d6. Ddi véi chi phi téng quat, hai thut toan Tham lam md rong va
FBi dugc xay dung, trong d6 Tham lam md rong ap dung cho ca ham don diéu va khong
don diéu, con FBi gitip cat giam dang ké do phiic tap truy vén trong khi van duy tri chit
lugng nghiém & miic canh tranh. Vé thuc nghiém, cic két qué trén nhiéu bo dit liéu thuc
va tdng hop cho thiy céc thuat toan dé xuat ludn dat chit luong nghiém tuong ducng
v6i cac phuong phép tién tién hién c6. Pong thdi, sd luong truy van va thdi gian thuc thi
dugc cat giam dang ké so véi cc thuat toan ciia Wang, cho thy uu thé ro rét vé hiéu qua
tinh toan va kha nang md rong.

Bén canh nhiing két qua dat dudc, nghién ciu trong chuong van con mot sd han
ché. Céc thuit todn dé xuit chi yéu dudc xay dung cho mo hinh kSC tinh va chua xem
xét cac bdi canh dit liéu dong, ludng hodc phan tdn. Ngoai ra, cic két qua hién tai mdi
tap trung vao mo hinh phu k-submodular co ban va chua xét dén cac rang budc thuc tién

nhu céng bang, matroid hay nhiéu miic ngan sach.
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CHUONG 4
BAI TOAN TOI PA HAM SUBMODULAR VOI RANG BUOC CHI PHI CONG
BANG

O Chuong 2 va Chuong 3, ludn 4n tip trung nghién ctu cdc bai toan tdi thiéu héa
chi phi nhim dat mot ngudng gid tri ham muc tiéu cho trudc. Cu thé, Chuong 2 d& xuit
céc thuit toan song song cho bai toan MCSC, con Chuong 3 phit trién cac TTXX tiéu
chuén kép cho bai toan kSC trong ca hai trudng hop chi phi dong nhét va chi phi tdng
quat. Tiép ndi cac noi dung nay, chuong nay tip trung vao Dang 2 ctia SO 1a bai todn SM
12 mot trong nhiing bai toan trung tAm ciia tri tué nhan tao va toi uu t& hop, v6i nhiéu ting
dung quan trong trong thuc tién nhu tdi da &nh hudng trong OSN [1}, 43, 107, 93], lua
chon tap dai dién [[108,109], phan bd tai nguyén va khai thac dit liéu quy md 16n [108], 4].
Do tinh chit biéu dién t6t hiéu dng 1gi ich gidm dan, cac ham submodular cho phép md
hinh héa tu nhién nhiéu bai todn tdi wu trong cac hé thong phiic tap.

Tuy nhién, trong mot s6 hudng nghién ctiu gan day, yéu to chi phi va su phan bd
ngan sach gitta cac nhdm ngudi dung trong 16i giai thudng bi bo qua hodc chi dugdc xét
mot cach gidn tiép. Diéu nay din dén cic 10i gidi tuy dat gid tri hAm muc tiéu cao nhung
c6 thé thidu cong biang hoic khong hop 1é trong cic kich ban thuc té, noi mdi nhoém
ngudi dung chiu cac rang budc tai nguyén khac nhau. Mot vi du tiéu bi€u la bai todn
tdi da hoa anh hudng trong OSN [[1]]. Trong bdi canh nay, viéc lya chon tip hat gidng
thudng dudc thuc hién trén nhiéu nhém ngudi dung khac nhau, chang han nhu phan theo
khu vuc dia ly, s6 thich hodc dic diém nhan khiu hoc. Trén thuc té, mbi nhém thudng ¢
mot mic ngan sach riéng, din dén yéu ciu ki€ém sodt chi phi theo huéng cin bing giita
cac nhom trong qua trinh lya chon.

Tir nhitng han ché d6, chuong nay tap trung nghién ctu bai toan tdi da héa dnh
hudng duéi rang budc chi phi cong bing giita cac nhém ngudi dung. Ludn dn dé xuét
cdc mo hinh t6i vu phut hop, dong thdi phat trién cac TTXX c6 bao dam ly thuyét nham
dung hoa gitta gi4 tri 4nh hudng dat dudc va tinh cong bang vé chi phi trong nghiém. Céc
két qua lién quan dén bai toan SMFC da dudc cong bd tai hoi nghi Asian Conference
on Intelligent Information and Database (ACIIDS) (Rank B) ndm 2025 va hoi nghi

Symposium on Information and Communication Technology (SOICT) ndm 2024.
4.1. PHAT BIEU BAI TOAN

Dinh nghia 4.1. (Bai toan SMFC)
Input:

- Cho trudc mot tip nén V, mot ham submodular don diéu f : 2V — R,
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V dudc chia thanh K nhom Cy,Cy,...,Ck v6i C; C V,U;C; =V, C;N Cj = 0.

M&i phan ti « € V ¢6 mot chi phi duong c(u).

Chi phi tong 1a B > 0.

Ty 1é cong bang o € (0,1).

Output:

- Muc tiéu 12 tim mot tap S C V sao cho gia tri f(S) 12 16n nhét, dong thoi thod

man cac rang budc sau:

1. Tong chi phi clia tap dudc chon khdng vudt qua ngan sach tdng, tic 1a
c(S) < B.

2. Téng chi phi c4c phan ti dudc chon trong méi nhém khong vuot qua oB:
c(SNC;) <aB,Vi € [K].

Trong nhiéu bbi canh ting dung thuc té, dic biét 12 bai todn IM, cic phan tif clia tap
nén thudng dudc phan thanh nhiéu nhém ngudi dung khac nhau, phan anh cac dic trung
nhu vi tri dia ly, sé thich hodic nhan khau hoc. Khi d6, viéc lua chon tip hat giéng khong
chi bi rang budc bdi ngan sich tdng ma con can ddp ting yéu cau vé tinh cong bang giita

cac nhom.

- Rang bujc ngdn sdch tong xac dinh nguoén liwc téi da ma chién lucc tdi uu dudc
phép st dung. Trong nhiéu dng dung thuc té nhu quang cdo, marketing, phan bd
tai nguyén hay lua chon tip hat giéng trong OSN, ngan sach luon hitu han. Do d6,
tap nghiém phai dudc lua chon sao cho tdng chi phi khdng vugt qui mic ngan
sach B da duoc cap.

- Rang budc ngdn sdch theo nhom nhdam ddam bdo tinh cong bang trong viéc phan
bd chi phi gilta cic nhém. Khi tap dit liéu dugc chia thanh nhiéu nhém dua trén
cac dic trung nhu khu vuc dia ly, do tudi, gi6i tinh, cong dong hoic céc thudc
tinh nhan khau hoc khac, viéc don qua nhiéu ngan sach vao mot nhoém c6 thé dan
dén sy mit cin bang va lam giam co hoi dudc dai dién ctia cac nhém con lai. Vi
vy, mbi nhém chi dudc st dung tdi da mot ty 1€ o clia ngan sach téng. Can luu
y rang rang budc nay chi 1a chdn trén ¢(S N C;) < aB: né gidi han chi phi téi da
ma mdi nhom dudc phép st dung, nhung khéng bao ddm mdi nhom phai nhan
dudc mot miic ngan sach téi thi€u. N6i cach khac, mot nhém van c6 thé khong

¢6 phan tif nao dudc chon trong nghiém. Loai rang budc nay xuét hién phd bién
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trong cdc bai toan t6i uu cong bang (fair optimization), phic 16i xa hoi (social
welfare optimization), phan bé tai nguyén va tdi da anh hudng cong bang trong
OSN, noi bén canh muc tiéu tdi uu héa hiéu qua con cin dam bao su can bang va

dai dién gilta cac nhém ddi tuong khac nhau.

Ung dung trong t6i da anh hudng Trong nhiéu bai todn thuc tién lién quan dén mar-
keting lan truyén va phd bién thong tin trén OSN, ngudi dung thudng dugc phan thanh
cac nhém dua trén nhiing dic trung nhu vi tri dia ly, do tudi, s6 thich hodc cic yéu td
nhan khiu hoc. Trong cac chién dich quang b4 hodc truyén thong cong dong, bén canh
muc tiéu t6i da héa pham vi lan truyén thong tin, viéc phan bS nguodn luc hop 1y va can
bang giifa cic nhém ngudi dung ciing 1a mot yéu t6 quan trong dudc quan tam.

Do d6, bai toan dit ra 1a lua chon mot tap hat giéng c6 kha ning t6i da héa mic
dd lan tda thong tin trén OSN, dong thdi ddm bio ngan sach dudc phan bd mot cach can
dbi gitta cdc nhém ngudi dung.

Xét mot do thi c6 huéng G = (V, E), trong d6 V' 1a tp ngudi ding trong OSN va
E 1a tap céac canh biéu dién mbi quan hé anh hudng giiia cdc ngudi dung. Khi mot tap
ngudi ding S C V dudc chon 1am tap hat gidng ban diu, qua trinh lan truyén thong tin
dién ra theo mdt mo hinh khuéch tan M cho trudc, chazlng han nhu m6 hinh IC hoac LT.

Ky hiéu f(S) 1a s6 luong ky vong ngudi dung dugc kich hoat sau khi qu4 trinh lan
truyén két thiic. Him f(-) dugc biét 1a mot ham don diéu va submodular [1]]. Trong thuc
té, mdi ngudi ding u € V ¢6 mot chi phi lua chon ¢(u) > 0, phan dnh chi phi d€ chon
ngudi dung d6 1am hat giébng. Tong ngan sach danh cho chién dich lan truyén dudc ky
hiéu la B.

Gia st tap ngudi dung V' dudgc phan chia thanh K nhém Cy,Cy, ..., Ck, trong d6
moi C; C V biéu dién mot nhém ngudi dung ¢6 chung dic diém (vi du cung khu vuc
hodic cung phan khiic khach hang). P dam bdo tinh cong bang gifta cic nhém, ngan
sach stt dung cho mo6i nhém khong dudc vudt qua mot ty 1€ o € (0,1) clia tdng ngan
sach. Muc tiéu ctia bai todn 13 Iua chon mot tap hat gidng S C V sao cho miic lan truyén
4nh hudng trong mang 1 16n nhit, dong thdi théa man cic rang budc ngan sach tdng va

rang budc cong bing gitta cdc nhém. Cu thé, bai toan dudc phat biéu nhu sau

s 1)

Thoa man: ¢(S) < B,
c(SNC;) <aB, Vie|K].

Bai toan trén 12 mot trudng hop cla bai toan tbi da héa ham submodular don diéu dudi

nhiéu rang budc knapsack. Cac rang budc theo nhém c6 thé dudc hi€u nhu cac rang budc
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ngén sach bd sung nham dam bao tinh cong bang trong viéc lua chon céc hat gidng.
Vi céc phan ti thudc 15i gidi kha thi e luon phai didm bao c(e) < aB. Do vay ta gia
st da loai hét cac phan ti ¢6 chi phi ¢(e) < aB ra khéi tap V.

D€ dé hinh dung hon trong bdi canh phan b chi phi cong bing, ta xét vi du sau
Vi du 4.1. Gia st mang xa hoi dugc chia thanh ba nhém nguéi dung:

C7 = nhém ngudi dung thanh thi
C = nhom ngudi dung ngoai thanh

C'3 = nhom ngudi dung nong thon.

Téng ngan sich clia chién dich 1a B = 100 triéu dong va chon o = 0.4. Khi d6, ngan sach

danh cho cédc hat gibng thudéc mdi nhém khong dude vudt qua
aB = 0.4 x 100 = 40 triéu dong.
Gia st thuat toan lua chon tip hat gidong S v6i phan bé chi phi:
c(SNCh) =38, c(SNCq) =34, c(SNCs) =28.

Khi do,
c(S) =38+34+28 =100 < B

va
c(SNC;) <40 = aB, Vi € [3].

Vi vay, S théa min ca rang budc ngan sach tdng va rang budc cong bang. Nguoc lai, xét

mot tap hat gidng S’ ¢6 phan bd chi phi
C(S/ NCh) =70, C(S/ N Cy) = 20, C(S/ N Cs3) = 10.

Mac du
c(S") =70+20 + 10 = 100 < B,

tap S’ khong thda man rang budc cong bang vi
c(S'NCL) =70 > 40 = aB.

Do dd, S’ khong phai 1a mot nghiém kha thi. Nhu vay, rang budc theo nhém ngén thuét

toan don qua B ngin sach vao bat ky nhom nao.
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Tuy nhién, rang budc nay chi gidi han chi phi t6i da cia mbi nhém va khong bao
dam mdi nhém nhan dugc mot mifc ngan sach t6i thiu. Chang han, xét tap hat gidng S”

c6 phan bo chi phi
C(S” N 01) = 40, C(S” N CQ) = 40, C(S” N Cg) = 0.

Khi d6 ¢(S") = 80 < B vac(S"NC;) < 40 = aB v6i moi i € [3], nén S” van la mot
nghiém kha thi, mic di nhém ngudi ding nong thon C3 khong cé hat gidbng nao. Viée
bd sung chiin dudi vé chi phi cho tiing nhém 12 mot mé rong ctia mo hinh va chua duge

xem xé€t trong luan an.
4.2. CAC NGHIEN CUU LIEN QUAN

P6i v6i ham muc tiéu don diéu, George L. Nemhauser va cic cong su [14] 1a
nhitng ngudi dau tién dé xuit TTXX tdi uu cho bai todn t6i SM dudi rang budc kich
thu6c (SMC). Thuat todn tham lam c6 dién dat ty 1& xAp xi 1 — 1/e thong qua viéc lua
chon tuan tu phan tif c6 do ting bién 16n nhit, v6i do phiic tap truy vin O(nk), trong d6
n 1a kich thuéc tip nén va k 1a gi6i han Ivc luong. K€ tif cong trinh nén ting nay, nhiéu
huéng tiép can di dugc phét trién nham cai thién hiéu qua tinh todn.

Mot nhanh nghién ctu quan trong tip trung vao viéc giam do phiuc tap. Cong
trinh [24] da d& xuat TTXX hing s6 véi thoi gian O(nlogn) trong mo hinh streaming,
dua trén chién lugc tham lam theo ngudng (threshold greedy), von sau d6 trd thainh mot
ky thuat phd bién. Hudng tiép can nay da thiic ddy cdc nghién cifu nhiam dua do phiic
tap truy van vé muic gan tuyén tinh. Gan day, cic cong trinh [55] va [18] da dat dudc cac
TTXX gan tbi uu 1 — 1/e vé6i thoi gian tuyén tinh. Tuy nhién, cic phuong phap nay chi
ap dung cho truong hdp don di€u va khong md rong dude sang ham khong don diéu.

Bai toan SM ciing dudgc md rong sang cac rang budc phic tap hon, dac biét 1a rang
budc chi phi (SMK), cong trinh ndi bat [57, 58] dua ra thuat toan tham lam rdi rac dat
ty 1& xAp xi 1 — 1/e tdi uu nhung c6 do phiic tap truy van rét cao, 1én t6i O(n®). Nhiing
nghién ctiu gan day tiép tuc cdi thién hudng nay. Cong trinh [59] gidm sb phép doan
xubng hai va ha do phiic tap xudng O(n?logn) trong khi van giit ty 1& 1 — 1/e. Tuy nhién,
cac thuat toan nhanh hon nhu trong [24] sau d6 dudc phat hién c6 sai sot [60]. Cong
trinh [60] khic phuc bang cach sit dung k¥ thuat da tuyén, dat xap xi gan 1 — 1/e nhung
v6i chi phi tinh todn rat cao O((l/e)o(l/64)n log®n).

Trong bdi canh dif liéu 16n, c4c thuit todn tuyén tinh trd nén dic biét quan trong.
Cong trinh [18]] dé xuét thuat todn thdi gian O(n) véi ty 1& xap xi 1/2, dong thdi chi ra
cac gidi han ly thuyét dbi v6i do phiic tap truy van. Bén canh d6, mo hinh streaming

ciing dudc nghién cu rong rai nhd kha ning xu 1y dit lidu 16n véi bd nhé han ché. Céc
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thuat todn trong [61} 62]] dat ty 1& xAp xi 1/(2.5 + ¢) v6i mot hodc hai lugt quét dit liéu,
trong khi [[63] cai thién ty 1€ 1én 1/(2 + ¢) nhung véi chi phi cao hon. Dang chu vy, [18]]
dat dudc thuat toan streaming v6i sb truy vin gan tuyén tinh O(n log(1/e)/e).

Ngoai ra, bai toan con dudc md rong sang trudng hop cé d rang budc chi phi, moi
rang budc tuong tng v6i mot ham chi phi khac nhau. Kulik va cdng su [110] da ching
minh rang, khi d 13 hiang s6, c6 thé dat dudc ty 1¢ xip xi 1 — 1/e — e. Ddi v6i thuit toan
ludn, cac thuit todn dugc dé xuat trong [40] chi dat ty 1& xap xi ﬁ, phu thudc tuyén
tinh vao sb rang budc d va do d6 kém hiéu qua khi d 16n. Dic biét, bai todn tdi da hoa
ham submodular duéi céc rang budc ngan sach riéng cho tiing nhom van la mot hudng
nghién cttu ma, chua cé thuat todn xip xi hiéu qua.

Cic nghién cifu vé t6i uu submodular c6 rang budc cong bang. Cic nghién
cttu hién c6 chii yéu md hinh héa tinh cong bang thdng qua cdc rang budc vé luc lugng
(xem [36]]). Cu thé, tip nén V dugc phan chia thanh K nhém C;, Cs, . .., Ck, va s6 phan

tlt dudc Iwa chon tif mdi nhém phai théa man dong thdi chin dudi va chin trén:
£1§|SQCZ|§UZ, VZG[K]

Rang budc nay bdo dam sd phan tir dudc Iya chon tif nhém C; nam trong khoang cho
phép [¢;, u;], qua d6 duy tri su can bang vé s6 luong gifta cac nhom.

Trong khi d6, luan 4n tiép can tinh cong bang theo chi phi thay vi theo luc lugng.
Cu thé, chi phi ctia cdc phan tif dudc lua chon tit méi nhém khong dudc vudt qua mot ty

1 o clia tong ngan sach:
c(SNC;) < aB, Vi € [K].

Rang budc nay ngin viéc tip trung phan I6n ngan sach vao mot nhém duy nhit, qua dé
huéng t6i su phan b chi phi cin bang hon giita cdc nhém, ngay ca khi cdc phan tif c6
chi phi lya chon khac nhau.

Mo hinh dugc xem xét trong luan dn 1a mdt bude nghién ciiu ban dau vé cong bang
theo chi phi va hién méi tip trung vao rang budc chan trén ¢(S N C;) < aB. Do do, mo
hinh chi gi6i han chi phi t6i da cia mbi nhém va khong bdo ddm mdi nhém dugc phan
bd mot mifc ngan sach tbi thi€u. Cac md rong nhu chin dudi vé chi phi hodc cic ngudng
chi phi khac nhau cho tiing nhém chua dudc xem xét va c6 thé 1a nhitng huéng nghién
ctu tiép theo.

Dong gop cua Ludn an. LA nghién cdu bai todn SMFC trong hai trudng hop: (i)
chi phi déng nhdt, trong d6 chi phi cia mdi phan ti déu bang 1, va (ii) chi phi tong quit,
trong d6 mdi phan ti c6 thé c6 mot chi phi duong bat ky.
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Bang 4.1: Tém tit cac két qua chinh ctia luan 4n cho bai toan SMFC. n = |V| 1a kich
thu6c tap nén, k 12 ngan sach trong trudng hop chi phi dong nhét, o € (0,1) 1 ty 1& cong
bing gilta cac nhém, va e > 0 1a tham sb danh ddi gitta chat lugng nghiém va thsi gian

chay cua thuat toan.

Thuat toan Truong hop Héséxapxi Do phitc tap
TGFastU  Chi phi dong nhét (c(e) = 1) 1/2 —¢ O (Zlog &)
TGFast Chi phi tong quat (c(e) > 0) e o(% log(no‘Q—J(;Z))

4.3. THUAT TOAN DE XUAT

Trude hét, luan 4n xem xét trudng hop dic biét khi cac phan ti c6 chi phi dong
nhat. Trudng hop nay gitip 1am 16 cic y tudng cot 16i clia thuét toan va cho phép phan
tich don gian hon vé mit ly thuyét. Sau do, cac két qua va ky thuat dugc mé rong dé xi
ly trudng hop chi phi téng quat, trong d6 chi phi clia cic phan ti c¢6 thé khac nhau. Su
mé rong nay cho phép mo hinh héa chinh xdc hon nhiéu bai todn thuc té, ndi chi phi lua

chon cic phan ti khong dong nht.
4.3.1. Thuét toan cho truong hep dic biét khi chi phi dong nhét

Trudc hét, ludn 4n xem xét mot trudng hop dic biét nhung quan trong ctia bai todn
SMFC, trong d6 mdi phan tif e € V ¢6 chi phi dong nhét, tic 1a ¢(e) = 1, va tdng ngin
sach B 12 mot sd nguyén. Trong trudng hop nay, rang budc chi phi c6 thé dugc dién giai
tuong duong nhu mot rang budc luc luong, tif d6 cho phép thiét ké cac thuit toan hiéu
qua hon.

Déi véi thiét 1ap ndy, ludn 4n dé xuat thuat toan TGFastU (Tham lam ngudng nhanh
cho chi phi déong nhdt- Threshold Greedy for Uni-cost). Thuét toan TGFastU ké thira va
diéu chinh y tudng ctia phuong phéap tham lam ngudng [24] nhiam lua chon cic phan tir
c6 déng gép 16n, dong thdi bao dam khong vi pham cac rang budc phan bd theo nhom.
Cu thé, thuat toan khdi tao tp nghiém S = ) va trudc hét xac dinh gia tri udc lugng anh
hudng 16n nhét cia mot phan tit don 18, ky hiéu 12 M = max.cy f({e}).

Phan chinh cia thuit todn dudc thuc hién trong mot vong ldp ngoai, véi s6 vong
18p bi chan trén boi logy /(¢ (k/€) + 1. O vong ldp thi i, thudt todn duyét qua tit ca cic
phan tii e € V' \ S va thém e vao tap nghiém néu viéc thém nay khong vi pham rang buoc
phan bd theo nhém va rang budc ngan sach tdng, dong thdi thoa man diéu kién déng gép

bién clia e khong nhd hon ngudng hién tai 6, trong d6 6 = (1 — ¢)! M. Sau mdi vong 1ap
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Thuat toan 4.1: Thuit toan TGFastU

Input: Tap nén V, ham submodular f : 2V — R, tip c4c nhém

C={Cy,Cy,...,Cx}, ty 1& cong bing o € (0, 1), ngan sich B = k, tham
s6 chinh xéc € > 0
Output: Tap nghiém S
. S 0, M + maxecy f({e}), 8 < M;
while 0 > eM /k do

—

»

3: foreach e € V do

4: if |SNC(e)| < ak and |S| < k then
5: if f(SU{e})— f(S) > 6 then
6: ‘ S« SuU{e};

7: end

8: end

9: end

10: 0« (1—¢€)0;

11: end

12: return S,

ngoai, gid tri ngudng # dugc giam theo hé sd (1 —¢). Thuat toan két thiic khi 6 < eM/k va
trd vé tap nghiém S. Gia ma chi tiét ctia thuat toan TGFastU dudc trinh bay trong Thuat
toan

Dinh ly 4.1. Thudt todn c6 do phiic tap truy vdn la O (% log é) va trd vé mot nghiém
co 1y 1€ xdp xi 1/2 — € cho bai todn SMFC vdi truong hop chi phi dong nhat.

Chitng minh. Trudc hét, xét sb vong ldp ngoai ctia Thuit toin Do ngudng 6 dugc
gidm theo hé s6 (1 — ¢) va thuat toan diing khi § < eM/k, sb vong ldp ngoai dudc chin

k
logli<ﬁ)+1:w+l

.1
+1 (Vl Zl—i—e)
1—c¢

trén bdi

suy ra sO vong 1ap ngoai 1a O (Llog £). Trong mbi vong lip, thudt toan duyét qua toan
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bd tap R dé danh gid dong gop bién, do d6 mdi vong lip tdn O(n) thai gian. Vi vay, tdng
do phtc tap thdi gian cla thudt toan 12 O (2 log £).

Tiép theo, ta ching minh ty 1& xAp xi. Gid st S = {s1, 52, ..., 5} 12 tAp nghiém thu
dudgc sau khi két thic vong lip chinh (néu |S| < k, ta bd sung cac phan ti réng dé di
kich thuéc). Ky hiéu s; 12 phan ti dudc thém vao & buéce thif 4, S; = {s1,...,8i}, val(s;)
1a gid tri ngudng tai thoi diém s; dudc thém vao S.

Goi O = {01, 09, ...,05} 12 tAp nghiém t6i uu. Vi chi phi dong nhat thi rang budc
trd thanh rang budc matroid [111]]. Nhd tinh chit md rong clia matroid, ton tai mdt anh

xa sao cho {s1,...,s;_1,0;} ludn ton tai véi moi i. Ta chiing minh ring
f(si| Sie1) =2 (L =€) f(oi | Sim1), Vi

Bit dang thifc nay hién nhién ding néu s; dudc chon & vong lip dau tién. Trong cac
trudng hop con lai, néu o; chua dugc chon & cac vong lip trude, thi do quy tic lua chon
theo ngudng clia thut todn, ta c6 f(o; | Si_1) < 0(s;)/(1 — ¢€), tit 6 suy ra bét dang thiic

trén. Nha tinh submodular cua f, ta co

Suy ra
1—€
>
£(8) > 5—1(0)
1 €
(2 22— e)) f0)
1 €
> (= — < ).
- (2 6) f<0)7 (do 2(2—6) —67 €€<O72)>
Diéu nay chiing minh ty 1& xp xi 1/2 — € clia thuét todn va hoan tit chiing minh. ]

4.3.2. Thuat toan cho truong hop tong quat

Trong muc nay, LA dé xuét thuat toan TGFast (Tham lam ngudng nhanh- Threshold
Greedy Fast), cho bai todn SMFC. Thuit toan dat dudc ty 1& xap xi a5 — 6 trong do
e € (0,1) 1a mot hang s6 nhd tuy y. Y tudng clia thuat toidn TGFast md rong thuat todn
cho trudng hop chi phi dong nhit TGFastU véi tiéu chi lua chon phan ti dua trén 1y ¢

mdt dé (density ratio), tic la ty 1€ gitta do tang bién cua ham muc tiéu va chi phi ctua
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Thuat toan 4.2: Thuit toan TGFast

10:

11:

12:

13:

14:

15:

W

Input: Tap nén V, ham submodular f : 2V — R, tip cdc nhém

C={Cy,...,Ck}, ty 1é cong bang o € (0,1), ngan sach tdng B, tham s6

chinh xac e > 0
Output: Tap nghiém S C V
S 0, emax ¢ argmaxeey f(€), M < f(emax), 3
while 0 > 2% do
foreache € V' \ S do
if ¢(S) + ¢(e) < B then
if c(SNC(e)) + c(e) < aB then
if %ﬁ)_ﬂs) > () then
S+ Su{e};
end

end

end
end
0« (1—¢€)0;

end

S’ Argmaxxe(s fe .. }} f(X),
return S’

2x
a+2°

0 «+

nM .
aB?
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phan ti. Cach tiép can nay cho phép lua chon céc phan ti ¢ dong gép 16n trong khi van
dam bao khong vi pham céc rang budc vé chi phi téng va chi phi theo nhém trong mdi
vong lap.

Thuit toan khéi tao tap nghiém S = () va truSc hét tim mot phan th e =
arg maxecy f(e) ¢O gia tri don 1& 16n nhit, dong thdi dit M = f(emay). Phan chinh
cua thuat toan dudc thuc hién trong mot vong lap ngoai, trong d6 mdt nguong 6 dudc su
dung dé€ kiém soat viéc chon phan ti. Ban dau, 6 dudc dit ti 1& v6i M va sau mbi vong
1dp ngoai, gid tri nay dudc giam theo hé sb (1 — e).

Tai mbi vong ldp, thuat todn duyét qua cac phan ti trong V \ S. Mot phan tif e
dugc thém vao tap S néu viéc thém e khong vi pham rang budc ngan sich tdng, khong
vi pham rang budc chi phi theo nhém, va dong thdi thod man diéu kién ty 1&¢ mat do
f(e] S)/c(e) > 6. Thuat todn diing khi ngudng ¢ nhd hon mot gia tri bién duge xac dinh
trude. Cudi cling, thuit toan tra vé nghiém tot hon gitta tap S thu dudc va nghiém don
phan tif {eqay )

Dinh ly 4.2. Thudt todnco’ do phiic tap truy van O(2 log(n%t2)) va trd vé mot nghiém
hop 1é c6 ty 1é xdp xi 555 — ¢ cho bai todn SMFC, trong do o € (0, 1) la h¢ s cong bang

cua bai todn va € la tham so chinh xdc cua thudt todn thoa man QLH > e

Chitng minh. Thuit toan trudc hét tim phan t¥ ey, bing cach duyét qua toan bo tap V,
do d6 can O(n) truy vin ham.

Ban dau, ngudng ¢ dugc ddt bang 2L va sau méi vong ldp ngoai, gid tri nay dugc
gidm theo hé s6 (1 — ¢). Thut toan diing khi 6 < i—]\g, trong do 8 = 0?—42‘2 Do d6, s vong
lap ngoai dudc chén trén baéi

) \1
SRLLUNTE ST -
€ 1

_6_

5
+
< —log <E> +1 (do log(1+¢€) > E, e € (0, 1)) :
€ 15} 2

Trong mdi vong lip ngoai, thuit toan duyét qua tdi da n phan tir. V6i chi ¥ rang £ la
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hing s, tong sb truy van ham t6i da la

n <logl16 (%) + 1) <n <§ log (%) 1>
)

Ban dau, S = () nén hién nhién kha thi. Mdi phan ti e chi dugc thém vao S khi dong thai

théa man
c(S)+cle)<B va ¢(SNC(e))+cle) <aB.

Do d6, sau mdi 1an cip nhat, rang budc ngan sich tdng va rang budc chi phi ciia nhém
chita e van dudc béo toan; chi phi clia cac nhém con lai khong thay ddi. Suy ra, theo
quy nap, tip S ludn kha thi. Ngoai ra, sau budc tién xit 1y, moi phan tif e € V déu thoa
man c(e) < aB, nén {epay } cling kha thi. Vi thudt todn tra vé mot trong hai nghiém S va
{emax} nén nghiém cudi cung S’ ludn kha thi.

Tiép theo, ta phan tich ty 1& xap xi. Goi opt 1a gid tri t6i uu clia bai todn. Do M 1a

gia tri don 18 16n nhét, ta c6 M < opt < Mn. Vi viy, ton tai mot s6 nguyén i sao cho

v=(1-€¢M < opt < (1—e)"'M < 1” .
— €
Xét vong l1dp ma tai do
o LY
~ aB’

Truong hop 1. Khong ton tai phan ti e € O \ S sao cho f(e | S) > 6 c(e) va viée
thém e khong vi pham rang budc theo nhom.

Truong hop 1.1. Khong ton tai phan td e sao cho dong thdi
c(Su{e}) < B va f(e|S)>0c(e).

Khi d6, do tinh submodular cua f, ta c6

FO) =9 < ) flel$) (4.1)
ecO\S
< Z 0 c(e) (4.2)
ecO\S
<po-"" (4.3)
(6]

Suy ra
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vado doé f(S57) > f(9).
Truong hop 1.2. Ton tai mot phan tif e thod mén

c(Su{e})>B va f(e|S)>0c(e).

Khi do,

. J(5U1e)

S c(Su{e})b

- 2

BO  pv
Truong hop 2. Ton tai phan tii e € O \ S sao cho f(e | S) > #c(e) va viée thém e

vi pham rang budc theo nhém. Vi liic nay chi phi tdng 16n hon B khi thém phan ti e,

nén ta co
fSu{e}) > f(S) + fle| S)
. (C(S) + c(e))ﬁv
- aB
> pu.
Suy ra
2 2
Két hop hai trudng hop trén, ta thu dudc
: BB
N> PP
f(S)_mm{l a’Q}U
. «
a2 !
> _
> a+2(1 €) opt
>( ¢ _ ) t
“\a+2 €) oPt
Diéu nay hoan tat chiing minh dinh ly. ]

4.4. THUC NGHIEM VA KET QUA

Trong phan nay, luin 4n tién hanh cdc thi nghiém nham danh gia hiéu ning cla hai
thuat todn dé xuat TGFastU va TGFast ddi v6i bai todn SMFC trong bdi canh tdi da héa
4nh hudng. Cu thé, c4c thi nghiém dudc thiét ké d& d6i chiéu cac phuong phap dé xuit
v6i nhitng thuat todn hién cé dua trén hai tiéu chi chinh: (i) chdt luong nghiém, dudc do
ludng thong qua mic do lan truyén anh hudng dat dudc, va (ii) thoi gian thuc thi cia

thuat toan.
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4.4.1. Thiét lap thuc nghiém

Céac thi nghiém dudc thiét k& nhim danh gid hiéu ning cla thuit todn dé xuét
TGFastU va TGFast thong qua viéc so sanh véi phucng phép tién tién OPIMC [112] cho
bai toan Tbi da 4nh hudng (IM). Viéc dbi sanh dudc thuc hién dua trén hai tiéu chi chinh:
(1) chdt lwong nghiém (mic do lan truyén anh hudng dat dudc) va (2) thoi gian thuc thi.

M0 t4 ngan gon céc thut toan so sanh nhu sau.

- OPIMC [112]]: OPIMC 1a mét trong nhitng TTXX hiéu qua nhit cho bai toan IM, véi
muc tiéu tim tap hat giéng S ¢6 |S| < k sao cho gid tri lan truyén anh hudng 1(S) 1a
16n nhét. Tuy nhién, do 15i giai ctia bai toan IM c6 thé khong 1a 15i gidi hop 1& dbi véi
bai todn SMFC, LA diéu chinh OPIM dé& 4p dung cho bai toan SMFC thong qua cac
stta d6i hop ly nhu sau:

— Tru6c hét, sinh Ny, tp mau tuong tu nhu trong [112].

— V6i mdi nhém C;, OPIMC dudc diéu chinh d€ 1an ludt lua chon ngudi dung c6
1y 1é dnh hudng trén chi phi 16n nhit trong khi tap nghiém S thod man ca rang

budc chi phi theo nhém va rang budc chi phi tong.

Nho co ché nay, moi tap hat gidng dudc tao ra déu 1a nghiém hop 1é clia bai toan
SMFC, tic luon bao dam tinh cong bang theo ngin sach nhom trong subt qua trinh

xay dung 101 giai.

- Max Degree: Day la mdt phuong phap heuristic don gian nhung dugc stt dung rong
rii trong céc bai todn lan truyén anh hudng trén OSN [94] (1], [113]]. Thuat toan thuc
hién viéc sap xép cdc dinh theo thit tu gidm dan cta béc, sau d6 1an ludt Iva chon va
thém cac dinh vao tap nghiém, mién 13 vin thda man cic rang budc vé chi phi tdng

cliing nhu chi phi trén tiing nhém.

Du liéu. Cac thi nghiém st dung cac tip dit liéu OSN cong khai tu SNA, dudgc
liét ké trong Bang Nhitng bd dit liéu nay di dudc st dung phd bién trong nhiéu
nghién ctu truée day 114, 112, 113} [100].

Thiét 1ap tham s6. TAt ca cdc thi nghiém dugc tién hanh dudi moé hinh IC, trong d6
xé4c suét lan truyén trén mdi canh (u, v) dudc thiét 1ap 1a p(u, v) = 1/|Ni,(v)|. Cach thiét
1ap nay ké thira tif cac nghién ctu trude [, 113,100, 112]. Trong qué trinh thuc nghiém,
ngan sach B dudc thay doi trong tap 100, 150, 200, 250, 300, 350, 400 cho tiing bd dit liéu.
Pong thdi, s6 nhém dudc cb dinh & mic K = 10 va ty 1é cong bang o = 0.1. Céc tham

Thttps://snap.stanford.edu/data/
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Bang 4.2: Cac tap di liéu

Tap du liéu S6 dinh  S6 canh Loai
Musae-Github 37.700  289.003 V6 hudng
Gemsec-Deezer  41.773  125.826 V06 huéng
Gemsec-Facebook 50.515  819.306 VO hudng
Google Plus 211.200 1.506.896 Co hudng

s6 € = 0.1 va § = 0.1 cling dudc lua chon theo cac thiét 1ap phd bién trong céc cong trinh
trude (1100, 1112].

4.4.2. Két qua thuc nghiém

32000 { —e— OPIMC 80000 1 —e— OPIMC
TGFastU TGFastU
—#— MAX-DEGREE | —#— MAX-DEGREE
30000 4 75000
70000 -
28000 4

65000

26000 -

Gig trif
Gia tri f

60000 -

24000 -

55000
220001 50000 1 /
20000 45000

1060 15‘00 20‘00 25‘00 30‘00 35‘00 40‘00 45‘00 50‘00 1060 15‘00 20‘00 ZSbO SDbO 35‘00 40‘00 4560 50‘00
B B

(a) (b)

Hinh 4.1: Gi4 tri ham f (dnh hudng) clia c4c thuét todn vdi trudng hop chi phi dong nhét
trén dit liéu (a) Facebook, (b) Google Plus.

a. Chét luong 16i giai Hinh[4.1/va Hinh[4.3|trinh bay gid tri ctia ham f (twong tng
v6i miic do lan truyén anh hudng) thu dudc bdi cac thuit todn trén cac bo dit liéu khac
nhau.

Trong truong hop chi phi dong nhét, két qua thé hién trong Hinh [4.1| cho thiy
thuat toan OPIMC dat gi4 tri lan truyén anh huéng nhinh hon so véi cac phuong phap con
lai trén bd dit liéu Facebook. Tuy nhién, miic chénh léch nay khong déng k€, ludn dudi
5% so vdi thuat toan TGFastU, qua d6 cho thiy hai phuong phap c6 chat luong 15i giai
tuong duong trong bdi canh nay. Ngugc lai, trén mang Google Plus, thuit toian TGFastU
dat gid tri lan truyén cao hon khi ngan sach ting, phan 4nh kha ning lua chon tap hat
gibng hiéu qua ctia phuong phap dé xuét. Két qua thuc nghiém cho thy TGFastU dat gia
tri muc tiéu rat gan v6i OPIMC trén ca hai bo dit liéu. Cu thé, khoang cach giita hai thuat
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Hinh 4.2: Thoi gian chay clia cdc thuat toan vdi trudng hop chi phi dong nhét trén dit
liéu (a) Facebook, (b) Google Plus.

u

toan chi dao dong tir khoang 1.3% dén 4.3%, va trong phan 16n cac trudng hop thap hon
2%. Piéu nay cho thady TGFastU duy tri chit lugng nghiém gan tuong duong OPIMC
trong khi vin théa man cic rang budc cong bang ctia bai todn.

Trong trudng hop chi phi téng quat, két qua trong Hinh cho thiy thuat todn
TGFastU luon dat gia tri hAm muc tiéu cao nhit trén tit ca cic bo dit liéu, bao gdm
Musae-Github, Gemsec-Deezer, Gemsec-Facebook va Google Plus. Cu thé, khi ngan
sach ting, gia tri ham f thu dudc bdi TGFast tdng 6n dinh va vudt troi so v6i hai thuat
to4n so sanh 1a OPIMC vda MAX-DEGREE. Két qui nay phu hop véi cac phan tich ly
thuyét da trinh bay trudc d6, trong d6 TGFast dudc thiét ké v6i cac bdo dam xap xi cho
trudng hop chi phi tong quat, trong khi cdc phuong phdp con lai khong ¢ cdc dam bao
tuong ting. Két qua thuc nghiém cho thdy TGFast dat gid tri muc tiéu vuot troi so vdi
OPIMC trén ca hai bo dit liéu. Cu thé, TGFast cai thién tif khoang 6% dén 31% so véi
OPIMC va duy tri vu thé nhat quan trén moi miic ngan sach. Diéu nay cho thiy viéc khai
thac hiéu qua ngan sach toan cuc va ngan sich theo nhém gitip TGFast dat chit lugng
nghiém t6t hon ddng ké so véi cdc phuong phép t6i da anh hudng truyén thong.

Nhin chung, cic két qua thuc nghiém cho thiy thuat todn dé xuét khong chi duy tri
chét lugng 16i gidi canh tranh trong trudng hop chi phi dong nhit ma con thé hién hiéu
ning vugt trdi trong bdi canh chi phi tdng quat

b. Thoi gian

Hinh [4.2] va Hinh [4.4] trinh bay thdi gian thuc thi cla cac thudt toan trén cac bd dit
liéu khac nhau.

Trong truong hop chi phi dong nhét, két qua ¢ Hinh 4.2| cho thiy thoi gian chay
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Hinh 4.3: Gi4 tri ham f (dnh hudng) clia cc thuat todn vdi trudng hop chi phi tong quat
trén cac bo du li€u: (a) Musae-Github, (b) Gemsec-Deezer, (c) Gemsec-Facebook va

(d) Google Plus.
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Hinh 4.4: Thai gian chay ctia cc thuat todn véi trudng hop chi phi tdng quat trén cdc b
du liéu: (a) Musae-Github, (b) Gemsec-Deezer, (c) Gemsec-Facebook va (d) Google

Plus.



136

ctia OPIMC ting nhanh theo ngin sach B va ludn cao hon dang k€ so véi cac phuong
phdp con lai. Ngudc lai, thuét toan dé xuit TGFastU duy tri thdi gian thuc thi thip va
tdng gan tuyén tinh theo B. So véi MAX-DEGREE, TGFastU c¢6 chi phi tinh toan nhinh
hon nhung van thip hon rit nhiéu so véi OPIMC. Diéu nay cho thiy TGFastU dat dudc
su can bang hop 1y gitta chit lugng nghiém va chi phi tinh toan.

Két qua thuc nghiém cho thiy TGFastU c6 thdi gian thuc thi thip hon dang ké so
v6i OPIMC, véi miic ting toc tit khoang 2.5 1an dén hon 10 1an trén cac bo dit liéu khao
sat. Su khdc biét ndy trd nén ro rét hon khi ngin sich ting, cho thy TGFastU c6 kha
ning md rong tét hon va phit hop véi cac OSN quy mo 16n.

Trong truong hgp chi phi téng quat, két qui & Hinh[4.4|cho thiy thuat toan TGFast
c6 thdi gian chay &n dinh va tuong d6i thap trén tit ca cac bo dit lidu. Cu thé, trén cic
bd Musae-Github, Gemsec-Deezer va Gemsec-Facebook, thdi gian thuc thi cua TGFast
gan nhu khong thay ddi khi ngan sich ting va ludn thip hon rd rét so véi OPIMC. Trén
bd Google Plus, su khéc biét cang 16 khi OPIMC ting rat nhanh theo B, trong khi TGFast
van gilt muc chi phi tinh todn thip. K&t qua thuc nghiém cho thiy TGFast c6 thdi gian
thuc thi thip hon OPIMC trén tit ca cic bd dit liéu, v6i mifc ting tdc dao dong tif khoang
1.2 1an dén 3 1an. Dic biét, trén cac mang c6 quy mo 16n hon, TGFast thé hién vu thé 1o
rét khi thdi gian chay chi bang khoang 33%—67% so vi OPIMC.

Nhin chung, cic két qua thuc nghiém cho thiy cdc thuit toan dé xuit khong chi
dam bdo chit luong nghiém tot ma con cai thién dang ké hiéu qua tinh todn so véi cic
phuong phap so sanh, dic biét trén cdc bo dit liéu 16n va trong bdi canh chi phi tdng
quat. Tong hop lai, cac két qua thuc nghiém cho thiy thuit toan dé xuat dat dugc chat
lugng 15i gidi tot nhat trong khi van duy tri thdi gian chay canh tranh. Dic biét, 1gi thé
cua TGFast trG nén ro rét hon khi kich thudc tap dit li€u tang 1én.

4.5.KET LUAN CHUONG

Trong chuong nay, luan 4n da nghién ctiu bai todn Toi da ham submodular vdi rang
budc chi phi céng bang (SMFC), mot md hinh tdi vu méi c6 y nghia thuc tién trong nhiéu
ting dung nhu tdi da 4nh hudng trong OSN, lua chon tip dai dién va phan bé tai nguyén.
Khic véi cac mo hinh t6i da héa submodular truyén théng chi xét rang budc ngan sach
téng, bai toan SMFC con yéu cau kiém soat chi phi phan bé trén titng nhém phan ti, qua
d6 phan 4nh tot hon cc yéu cau cong bang trong cac hé thong thuc té.

Vé mit ly thuyét, luan 4n da xay dung mo hinh tbi vu cho bai todn va dé xuét hai
TTXX tuong dng vdi hai thiét 14p chi phi khac nhau. Trong truong hop chi phi dong
nhét, luan 4n phat trién thuat toan TGFastU dua trén chién lugc tham lam theo ngudng,
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dat ty 18 xap xi 1/2 — € v6i do phiic tap thdi gian O (£ log £). Déi véi truong hop chi phi
tong quat, luin 4n d& xuét thudt toan TGFast, m3 rong y tudng tham lam theo ngudng
thong qua tiéu chi mat do 10i ich trén chi phi, dong thdi ching minh ty 18 xap xi %5 —
v6i do phiic tap truy van O(2 log(n®t2)). Céc két qua nay cho thdy phuong phap tiép can
dé xuét khong chi c6 cac bdo dam ly thuyét rd rang ma con dat hiéu qua tinh todn tot.

Vé thuc nghiém, cic thuit toan dudc danh gia trén nhiéu bo dit liéu OSN thuc té
dudi mo hinh lan truyén anh hudng. Két qua cho thiy, trong trudng hop chi phi dong
nhét, thuat toan TGFastU dat cht lugng nghiém canh tranh véi phuong phdp tién tién
OPIMC, thAm chi vuot troi trén mot s6 bd dit lidu, dong thdi van duy tri thdi gian thuc thi
thip hon ddng k€. Ddi véi chi phi tdng quat, thuat todn TGFast thé hién uu thé ro rét so
v6i cac phuong phép so sanh ca vé gia tri ham muc tiéu 1an hiéu qua tinh todn, dic biét
trén céc tap dit liéu quy mo 16n. Nhitng két qua nay phu hop véi cac phan tich ly thuyét
da dugc thiét 1ap trude do.

Mic du da dat dugc céc két qua kha quan, bai toan SMFC vain con nhiéu huéng
nghién cifu md. Trong tucng lai, c6 thé md rong cac thuat toan dé xuit cho trudng hop
ham submodular khong don diéu, cdc mo hinh dif liéu ludng hodc phan tdn, cling nhu
cdc rang budc cong bang phiic tap hon. Bén canh d6, viéc cai thién ty 1¢ x4p xi va giam
do phuc tap tinh toan cho cidc mang quy md rat 16n van 1a nhiing thach thic quan trong

ca vé mit Iy thuyét 14n thuc tién.
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KET LUAN VA KIEN NGHI

Luan an tap trung nghién ctu 16p bai toan SO bao ba bai toan: (1) Phi submodular
v6i chi phi tdi thi€u (MCSC), (2) Phi k-Submodular véi chi phi tbi thiéu (kSC) va (3) Toi
da h6a ham submodular dudi rang budc chi phi cong biang (SMFC). Day 1a mot 16p bai
todn c6 kha ning mod hinh héa linh hoat nhiéu ting dung thuc tién, bao gom tbi da héa
4nh hudng trén mang xa hoi, lya chon dic trung, hé thdng khuyén nghi, phan b3 ngin
sach tiép thi, cling nhu cac bai toan phan bd tai nguyén dudi cac rang budc cong bang.
Trong cic ting dung nhu lan truyén thong tin trén mang xa hoi, tiép thi va phan b tai
nguyén, tdi uu submodular véi chi phi gitip Iua chon phuong 4n dat hiéu qué cao trong
diéu kién ngudn luc hitu han. Chang han, d6i v6i hoat dong truyén théng, MCSC md hinh
héa yéu cau dat mic anh hudng mong mudn vdi chi phi nhoé nhét, con kSC mé rong yéu
cau nay sang viéc phan bd cic hat gibng cho nhiéu chii dé. SMFC huéng dén tdi da héa
hiéu qua truyén thong dudi cdc gi6i han chi phi, dong thoi bao dam cong bing trong
phan bd ngan sach giita cic nhém ngudi dung. Ba bai todn vi thé gan véi nhiing yéu cau
bd sung cho nhau trong cing mdt ting dung: tiét kiém chi phi, phan b6 nguén Ivc cho
nhiéu thanh phan va bio ddm cong bing. Viéc nghién ctiu cdc mo hinh nay khong chi c6
y nghia vé mit ly thuyét ma con déng vai trd nén tang trong thiét ké cac hé thong phan

tich dit liéu hién dai. Trong khuon khd luan 4n, cac két qua chinh dat dugc bao gom:

1. Pbi véi bai todn MCSC: Luan 4n dé xuit mot thuat todn song song hiéu qua
cho bai todn phti submodular véi chi phi tdi thi€u. Thuat toan dat ty 1& xap xi tiém can
v6i cdc két qua tot nhat hién nay, dong thdi cai thién dang ké do phic tap thich nghi va
kha niing song song héa. Cac phan tich ly thuyét chiing minh chat lugng nghiém cuia
thuat todn, trong khi cdc thuc nghiém trén dit liéu thuc cho thiy uu thé rd rét vé thoi
gian thyc thi va kha ning mé rong. K&t qua nay gép phan thu hep khodng cach giita

cac dam bdo ly thuyét va yéu cau trién khai trong thuc té.

2. P6i véi bai toan kSC: Luin 4n md rong mo hinh phi submodular sang mién
k-submodular va dé xuit cac thuat todn x4p xi tiéu chuan kép cho ca truong hop chi
phi dong nhét va chi phi téng quat. Cac thuat todn dat dugc hé sd xAp xi tot hon cic
két qua trude day, dong thoi gidm dang ké do phiic tap truy vin ham muc tiéu. Két qua
thuc nghiém cho thiy cic phuong phap dé xuit duy tri dudc chit luong nghiém cao
trong khi giam dang ké chi phi tinh toan, qua d6 nang cao kha ning tng dung d6i véi

cac bai toan du liéu 16n.

3. P6i v6i bai toan SMFC: Luan 4n nghién ctiu mot md hinh t6i wu méi két hop
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gitfa hiéu qua tdi vu va yéu cau cong biang trong phan bd chi phi. Hai thudt toan xap
xi dudc dé xuat tuong ting véi trudng hop chi phi dong nhat va chi phi tdng quat, kém
theo cdc bdo dam ly thuyét vé hé sd xap xi. Céc két qua dat dugc md rong pham vi
nghién cifu cta tdi wu submodular sang cic hé théng cé rang budc cong bing, gop
phan giai quyét cdc yéu cau ngay cang quan trong trong cac ng dung di liéu va mang

x4 hoi hién dai.

Mic du da dat dudc cac két qua ly thuyét va thuc nghiém quan trong, cic nghién ciu
trong luin 4n van con mot s6 han ché nhit dinh. C4c thuat toian dudc dé xuit chd yéu
dudc nghién ciiu trong cdc mo hinh tbi vu tinh va chua xem xét day di cdc dic trung ctia
dit liéu quy mo rat 16n hoic dif liéu thay ddi theo thsi gian. Bén canh d6, cac md hinh
dugc khao sat méi tip trung vao mot sd dang rang budc chi phi va cong bing cd ban,
trong khi nhiéu dng dung thuc té thudng doi hdi cac rang budc phic tap hon. Trong thdi
gian tdi, cdc két qua clia luan an c6 thé dudc mé rong theo mot s6 huéng nghién ciu
chinh sau.

Thi nhét, phat trién cac thuat toan téi uu submodular va k-submodular trong cac
md hinh xt ly di liéu quy mo 16n nhu mo hinh ludng (streaming), song song va phan
tan. Dong thdi, nghién ciu cac ky thuat gidm s6 1an truy vin ham muc tiéu nham nang
cao kha niing 4p dung dbi véi cac tap dif lidu c6 kich thudc rat 16n.

Thit hai, mé rong cdc mo hinh t6i uu hién tai sang cic dang rang budc phiic tap
hon, chang han nhu nhiéu rang budc ngan sich ddng thdi, cac yéu ciu cong bang da miic
hoic céc rang budc két hop phat sinh trong céc bai toan thuc té.

Thit ba, nghién ctiu cdc bai toan tbi wu trong moi trudng dong va bat dinh, noi di
liéu, chi phi hoic cac tham s ctia hé thong c6 thé thay ddi theo thdi gian. Pay 12 huéng
nghién ctiu c6 tiém ning ing dung cao trong cac hé thong mang xa hoi, hé thong khuyén

nghi va cac nén tang dit liéu hién dai.
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